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MULTIPLICITY AND CONCENTRATION BEHAVIOR OF POSITIVE
SOLUTIONS FOR A SCHRODINGER-KIRCHHOFF TYPE PROBLEM
VIA PENALIZATION METHOD *: **
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Abstract. In this paper we are concerned with questions of multiplicity and concentration behavior
of positive solutions of the elliptic problem
Lou= f(u) in IR,
(P:) u>0 in IR,
u e HY(IR),

where € is a small positive parameter, f : R — R is a continuous function, £. is a nonlocal operator
defined by

Louw =M (1/ |Vul® + is/ V(w)u2> [—EQAU-I- V(z)u],
€ Jr3 3 3

M :R; — IRy and V : IR> — IRare continuous functions which verify some hypotheses.
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1. INTRODUCTION

In this paper we shall focus our attention on questions of multiplicity, concentration behavior and positivity
of solutions for the following problem
Lou= f(u) in R,
(P:) u>0 in IR,
u e HY(IR),
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where ¢ is a small positive parameter, f : R — R is a continuous function, L. is a nonlocal operator defined by

Lou=M (é /]RS |Vul? + 6% /IR/3 V(m)uz) [—e?Au+ V(z)u],

M :TR; — R, and V : IR* — IRare continuous functions that satisfy some conditions which will be stated later
on.

Problem (P.) is a natural extension of two classes of very important problems in applications, namely,
Kirchhoff problems and Schrodinger problems.

a) When € = 1 and V = 0 we are dealing with problem

—M(/ Vu2dx>Au:f(u) in R,
- u>0 in R, uec H (R,

which represents the stationary case of Kirchhoff model [17] for small transverse vibrations of an elastic string
by considering the effect of the changes in the length during the vibrations.

In fact, since the length of string is variable during the vibrations, the tension in the string changes with time
and depends of the L? norm of the gradient of the displacement u. More precisely, we have

M(t)=—+—t, t>0,

where L is the length of the string, h is the area of cross-section, E is the Young modulus of the material and
P, is the initial tension.

Moreover, problem (F;) is catch nonlocal because of the presence of the term M ( / |Vu|2> which im-
R3

plies that the equation in (P:) is no longer a pointwise identity. This phenomenon causes some mathematical
difficulties which makes the study of such a class of problem particularly interesting.

The version of problem (P:) in bounded domain began to call attention of several researchers especially after
the work of Lions [20], where a functional analysis approach was proposed to attack it.

We have to point out that nonlocal problems also appear in other fields as, for example, biological systems
where u describes a process which depends on the average of itself (for example, population density). See, for
example, [3] and its references.

The reader may consult [1-3,9, 10, 14, 21] and the references therein, for more informations on nonlocal
problems.

b) On the other hand, when M = 1 we have the problem

—e?Au 2u=f(u) in K
{sA +V(z)u= f(u) in R, )

w>0 in R ue HY(R),

which appear in different models, for example, it is related to the existence of standing waves of the nonlinear
Schrodinger equation

4
ieaa—t = —c AV + (V(z) + E)W — f(¥), Yz € RY, (1.2)
9 X 2N . . .
where f(t) = [t[P"*uv and 2 < p < 2* = N_3 A standing wave of (1.2) is a solution of the form ¥(z,t) =

exp(—iEt/e)u(x). In this case, u is a solution of (1.1). Existence and concentration of positive solutions for the
problem (1.1) have been extensively studied in recent years, see for example the papers [7,8,11,12,15,24] and
their references.
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A considerable effort has been devoted during the last years in studying problems of the type (P:), as can be
seen in [4,16,18,23,27,29] and references therein. This is due to their significance in applications as well as to
their mathematical relevance.

Before stating our main result, we need the following hypotheses on the function M:

(My) There is mg > 0 such that M (t) > mg, YVt > 0.
(M3) The function ¢ — M(t) is increasing.
(Ms) For each t; > to > 0,

where my is given in (M).
The potential V' is a continuous function satisfying:
(V1) There is Vp > 0 such that Vp = xlélu% V(z).
(Vo) For each 6 > 0 there is a bounded and Lipschitz domain 2 C IR® such that

V()<Halsi)nV, O={zeQ:V(x)=Vy} #0

and
Il; = {x € R : dist(z,I) < 6} C Q.

Moreover, we assume that the continuous function f vanishes in (—oo,0) and verifies

(f1)

lim m =0
t—o+ 3
(f2) There is ¢ € (4,6) such that
m 20 g,
t—o00 tq_l

(f3) There is 6 € (4,6) such that
0<OF(t) < f(t)t, Vt > 0.

(f1) The application

is non-decreasing in (0, 00).

The main result of this paper is:

Theorem 1.1. Suppose that the function M satisfies (M1)—(Ms), the potential V satisfies (V1)—(Va) and the
function f satisfies (f1)—(fa). Then, given § > 0 there is € = £(0) > 0 such that the problem (P:) has at least
Catry, (I) positive solutions, for all e € (0,). Moreover, if u. denotes one of these positive solutions and 1. € R®
its global mazimum, then

lim V(n.) = Vo.

e—0

A typical example of function verifying the assumptions (M;)—(Ms) is given by M (t) = mq + bt, where mgy > 0
k
and b > 0. More generally, any function of the form M (t) = mg + bt + Z bt with b; > 0 and ; € (0,1) for
i=1
all i € {1,2,...,k} verifies the hypotheses (M7)—(Ms).
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A typical example of function verifying the assumptions (f1)-(f4) is given by f(t) = z:ci(tJr)q"'_1 with
i=1
¢; > 0 not all null and ¢; € [0,6) for all ¢ € {1,2,...,k}.
Recently some authors have considered problems of the type (P.). For example, He and Zou [16], by us-
ing Lusternik—Schnirelmann theory and minimax methods, proved a result of multiplicity and concentration
behavior for the following equation

—(e2a+be/ Vul2) Au+ V() = f(u) in IR
R3

u >0 in IRg,
ue H'(IR),

(1.3)

assuming, between others hypotheses, that f € C'(IR) has a subcritical growth 3-superlinear and the potential
V verifies a assumption introduced by Rabinowitz [24], namely,

(R) Voo = liminf V(z) > Vp = iél{st(l’) > 0.

|z|— o0

In [27], Wang, Tian, Xu and Zhang have considered the problem

—(e2a+be/ Vul?) Au + V(@) = Af(u) + Jutu in T
R

uw>0 in IR,
u € HY(IR?).

(1.4)

Assuming that f is only continuous, has subcritical growth 3-superlinear and the potential verifies (R), the au-
thors showed that (1.6) has multiple positive solutions when A is large enough, by using Lusternik—Schnirelmann
theory, minimax methods and a approach as in [26] (see also [25]).

Other results for the problem Schédinger—Kirchhoff type can be seen in [4,18,23,29] and references therein.

Motivated by results found in [4,12, 16, 27], we study multiplicity via Lusternik—Schnirelmann theory and
concentration behavior of solutions for the problem (P:). Here we use the hypotheses (V1)—(V2) that were first
introduced by Del Pino and Felmer [12] for laplacian case. For p-laplacian case, see [5].

We emphasize that, at least in our knowledge, does not exist in the literature actually available results
involving problems Schrodinger—Kirchhoff type, where the potential is like that introduced by Del Pino and
Felmer [12]. This is a difficulty that occurs, possibly by competition between the growth of nonlocal term and
the growth of nonlinearity.

Here, we use the same type of truncation explored in [12], however, we make a new approach and some
estimates are totally different, for example, we show that solution of truncated problem is solution of the
original problem with distinct arguments.

Moreover, we completed the results found in [4,16,27] in the following sense:

1 - Since M is a function more general than those in [16] and [27], we have a additional difficulty. In general,
the weak limit of the Palais—Smale sequences is not weak solution of the autonomous problem. We overcome
this difficulty with assumptions different from those found in [4].

2 - Since the function f is only continuous, we cannot use standard arguments on the Nehari manifold. Hence,
our result is similar then those found in [27]. However, since the hypotheses on function V are different, our
arguments are completely different. Moreover, our result is for all positive lambda.

The paper is organized as follows. In the Section 2 we show that the auxiliary problem has a positive solution
and we introduce some tools needed for the multiplicity result, namely, Lemma 2.3 and Proposition 2.4. In the
Section 3 we study the autonomous problem associated. This study allows us to show that the auxiliary problem
has multiple solutions. In the Section 4 we prove the main result using Moser iteration method [22].
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2. THE AUXILIARY PROBLEM
Considering the change of variable z = £z in (P.) we obtain the modified problem
Lou= f(u) in R,
(P:) uw>0 in IR,
u € HY(IR?),

where

Lou=M </IR3 |Vaul? + /]R’3 V(&t:c)u2> [—Au + V(ex)ul,

which is clearly equivalent to (Px).
Since (f1) and (fy4) imply that
ft)

lim —= =0
t—0+ t
and

is a application increasing in (0, co) and unbounded, we can adapt to our case the penalization method introduced
by Del Pino and Felmer [12].

2 \%
For this, let K > — where my is given in (M7) and a > 0 such that f(a) = an. We define
0

- _{f(t)iftga,

1) Ytift>a
and N
g(z,t) = xa(@) f(t) + (1 — xa(@))f(1),

where y is characteristic function of set 2. From hypotheses (f1)—(f4) we get that g is a Carathéodory function
and the following conditions are observed:

(91)
lim 9(,1) = 0, uniformly in z € IR®.
t—0+ t3
(92)
lim 9(@,1) =0, uniformly in z € R?,
t—oo ta4—1
(93) (9)
0 <0G(z,t) < gz, t)t, Ve € Q and Vt >0
and

(i)
0 <2G(x,t) < g(x,t)t < %Vgﬁ, Ve € R\Q and V¢ > 0.

(g4) For each = € Q, the application ¢ +— 9zt) jg increasing in (0, 00) and for each x € IR*\(, the application

13
g(@,t) . e i
t — £~ is increasing in (0, a).
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Moreover, from definition of g, we have g(z,t) < f(t), for all t € (0,400) and for all z € IR®, g(x,t) = 0 for all
t € (—00,0) and for all z € IR®.
Now we study the auxiliary problem

Lou=g(ex,u), R
(P:,4) u >0, R
u e HY(IR).

Observe that positive solutions of (P. 4) with u(z) < a for each x € IR\ are also positive solutions of (P.).
We obtain solutions of (P: 4) as critical points of the energy functional

J.(u) = %J\//f </]R3 Vul? + /]RS V(et:c)u2> - /}RS Gle, ),

t ¢
where M(t) = / M (s)ds and G(z,t) = / g(ex, s)ds, which is well defined on the Hilbert space H., given by
0 0

H.={uec H(R): /]R3 V(ex)u? < oo},

provided of the inner product

(u,v)e = /}R’3 VuVov + /IR3 V(ex)uw.

The norm induced by inner product is denoted by

2= [ 19uP+ [ Vo
R? R

Since M and f are continuous we have that J. € C'(H.,R) and
J(u)v = M(||ul|?)(u,v). — / g(ex,u)v, Yu,v € H..
R

Now, we will fix some notations. We denote the Nehari manifold associated to J. by
N = {ue H\{0} : J.(u)u = 0}

and by €. the set ‘
Q. ={zecR:cxcQ}

by HZ the subset of H. given by

H ={ue€ H. :|supp (u") N Q| > 0}
and by ST the intersection S. N HI, where S. is the unit sphere of H..
Lemma 2.1. The set HY is open in H..

Proof. Suppose by contradiction there are a sequence {u,} C H.\H and v € HI such that u,, — u in H..
Hence |supp (u,}) N Q| =0 for all n € Nand v () — ut(z) a.e. in z € Q.. So,

ut(z) = lim u}(z) =0, a.ein z € Q..

n—oo

But, this contradicts the fact that uw € H. Therefore HI is open. O
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From definition of SI and from Lemma 2.1 it follows that ST is a incomplete C'*!-manifold of codimension 1,
modeled on H. and contained in the open H. Thus, H. = T,,ST & Ru for each v € ST, where 7,51 = {v €
H. : (u,v). = 0}.

Finally, we mean by weak solution of (P. 4) a function u € H. such that

M (Jull2) (s, ). = / o u)o, Vo H..
R3

Therefore, critical points of J. are weak solutions of (P: ).

Lemma 2.2. The functional J. satisfies the following conditions:
a) There are a, p > 0 such that
Jo(u) > o, with ||u||e = p.

b) There is e € H.\B,(0) with J.(e) <0

Proof. The item a) follows directly from the hypotheses (M), (¢1) and (g2).
On the other hand, it follows from (M3) that there is ;3 > 0 such that M (t) < (1 +¢) for all ¢ > 0. So, for
each uw € HY and ¢t > 0 we have
|tu|| / G(ex,tu)

ﬂﬁnung + Lt = | Glew, tu).
2 4 Q.

Je(tu)

A

From (g3)(i), we obtain Cy,Cy > 0 such that

71 71
Jo(tu) < 7t2\|u\|§ + Z#Hu“? - C1t0/ (qu)‘9 + Cy|supp(u™) N Q.

e

Since 6 € (4,6) we conclude b). O

Once f and M are only continuous the next two results are very important, because allow us to overcome
the non-differentiability of A (see Lem. 2.3 (A3) and Prop. 2.4) and the incompleteness of ST (see Lem. 2.3

(A4)).

Lemma 2.3. Suppose that the function M satisfies (M1)—(Ms), the potential V' satisfies (V1)—(Va2) and the
function f satisfies (f1)—(fs). S

(A1) For each w € HF, let h: Ry — R be defined by hy(t) = J-(tu). Then, there is a unique t, > 0 such that
h.,(t) >0 in (0,t ) and hl(t) <0 in (ty,o0).

(Az) there is T > 0 independent on u such that t,, > 7 for all u € ST. Moreover, for each compact set W C ST
there is Cyy > 0 such that t, < Cyy, for all u € W.

(As) The map me : HF — N given by m.(u) = tyu is continuous and me := M. is a homeomorphism

s&

between SF and N.. Moreover, m " (u) = i
(Ay) If there is a sequence (uy,) C ST such that dist(u,,dST) — 0, then ||me(uy)||c — oo and Je(me(u,)) — oo.

Proof. To prove (A;), it is sufficient to note that, from the Lemma 2.2, h,(0) = 0, hy(t) > 0 when ¢ > 0 is
small and h,(t) < 0 when ¢ > 0 is large. Since h, € C'(IRy,IR), there is ¢, > 0 global maximum point of h,,
and hl (t,) = 0. Thus, J.(t,u)(t,u) = 0 and t,u € N.. We see that t,, > 0 is the unique positive number such
that h!,(t,) = 0. Indeed, suppose by contradiction that there are t; > t3 > 0 with hl (1) = h!,(t2) = 0. Then,
fori=1,2

M(tzul2)Ju]2 = /Wg<ex,tiu>u.
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So,

M) L[ falenta) o
R

ltaull2 - flufl? (tiu)?

Therefore,

[trul|2 [t2ull2 [lull?

It follows from (Ms) and (g4) that

mo (1 1 1 glex,tiu)  glex,tau)]
Te\z " 2) 2T 3 5| Y
[ull2 \t7 t3 [[ull2 (R3\Q:)N{teu<a<tu} (t1u) (tau)

+ L/ [g(mﬂflu) B glex, tau)] A
[[ull2 (R\Q.)N{a<tzu} (tyu)3 (tau)3 |

By using the definition of g we obtain
mo (1 1) < 1 / |:% 1 ftauw)]
—= |5 | > — — = | u
lullz2 \7  #3 ull2 Jar\oonituca<tiuy LK (w)? (t2u)? |

L1 (1 1)/ o
— =33 bu”.
Jull2 K \t7 5] Jiwe\ao)nfa<tau}

4
Multiplying both sides by Al and using the hypothesis t; > to, it follows that
11

M(|[tull?)  M(|[tau]2) 1 / [9(6907?51“)_9(6337752“)] 4
w | (tiu)? (tau)?

12 12

‘1 ‘2
313 Vo 1 f(tau)
2 1t3 0 2 4
mollul? < 512, [ R - fl,
2 1 J(IR\Qo)N{teu<a<tiu} 1 2
1
+ —/ Vou?.
K Jire\ao)n{a<tou)
Therefore,
t3 1 )
molul? < - (725 ) % | Vou
t%_t% K (IR\Q)N{t2u<a<tiu}
2 t 1
+(2 : 2>/ —f( 2U)U2+—/ Vou?.
7 — 13 (R\Q)N{tau<a<tiu} lau K (R3\Q.)N{a<tou}
So,

1 1
2 o 2« 2yl
WMLK@M%quu
Since u # 0, we have that mg < % < my, but this is a contradiction. Thus, (A4;) is proved.
(Az) Now, let w € ST. From (M), (g91), (92) and from the Sobolev embeddings

moty, < M(12)t, = / glex, tyu)u < éCltﬁ + gC’gtg.
e 4 q
From previous inequality we obtain 7 > 0, independent on u, such that ¢, > .
Finally, if W C SZ is compact, suppose by contradiction that there is {u,,} C W such that ¢, = t,, — oc.
Since W is compact, there is u € W with u,, — u in H.. It follows from the arguments used in the proof of item
b) of the Lemma 2.2 that

Je(tpuy) — —oc. (2.1)
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On the other hand, note that if v € AL, then by (g3)(i)
1 !
(v) — g JL(0

— 1 1
M(Jlvll2) = gM(IlwIDIIIZ + 5 /}Rg\Q lg(ex, v)v — 6G (e, v)].

Je(v) =

N

>

DO =

From (g3)(ii) we have

1~ 1 -2\ 1
> = 2y 4 2 2 (V—2) 1 2
Te(w) 2 3R] = 5 M(lel2) ol (QQ)KAﬁmew,

and so ) ) 0o\ 1
> 27 2y _ = 2 2_ (T4 & 2
Je(v) 2 g M(|lvllz) — M lvli2)vllz ( 55 )Klvllg

M) +m)

By using the hypothesis (M3), we derive M\(t) t, for all t > 0. Then,

0—4 m 0—-2\ 1
(0) > (=2 2 2, Moy 2 (07 2) 2y e
o) = (T ) BRI + G0l - (57 ) ol

Fr()m (M ), we COIlC]ude
v 2 mo K v c*

Once {tnun,} C N the previous inequality contradicts (2.1). Therefore (Ag) is true.
(A3) First of all we observe that 7., m. and m_' are well defined. In fact, by (A;), for each u € H, there
is a unique m.(u) € N:. On the other hand, if u € A then v € HX. Otherwise, we have |supp(ut) N Q.| =0

and by (g3)(ii)
1
o<memw@a/wam=/' glez,utyut < & V(cx)u?.
R R\, K Jre\q.
Hence, from (M)

a contradiction. Consequently m_ ! (u) = Tz € SF, mz1 is well defined and it is a continuous function. Since,

tuu

m;l(mg(u)):mgl(tuu): = u, VUGS:_,

tullulle

we conclude that m. is a bijection. To show that m. : H} — N is continuous, let {u,} C HI and u € HI be
such that u,, — win H.. Thus u, /||uy||c — w/||ullc in He and from (Ag), there is tg > 0 such that t(m—y = to.

funTe
s (un/||unlle) € N, we obtain

Tun
M (t2 ) b S ex, t(_ U ) v, Vo eIN
()] ") ™ Yl S I & ) lunlle )™ '

Passing to the limit n — oo, it follows that

Since,

1 U
M(t3)ty = —/ g <5x,t0—> u.
’ lulle Jire [lulle

Hence o € N: and, by (A1), t(_u_) = to, showing that me(u,) = Me(r22—) — Mme( i ) = me(u) in H..

n
Tulle [t e

So, m. and m,. are continuous functions and (Ajs) is proved.
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(A4) Finally, let {u,} C ST be a sequence such that dist(u,,dS) — 0. Since, for each v € ST and n € IN,
we have
ul (z) < |up(z) — v(x)| ae in z € Q,
it follows that

/ (uh)® < ianr |un, —v|?, Vn € INand Vs € [2,6]. (2.2)
Q. veIST JQ.

Hence, from (V1), (V2) and Sobolev’s embedding, there is C'(s) > 0 such that
s/2
| whr e {/ (19 (= )2 + V() (un — v)2]}
Qe Qe

vedST
< O(s)dist(un,057)%, Vne N

From (g1), (g92) and (g3)(it), there are positive constants C; and Cs, such that, for each ¢t > 0

/ G(ex,tuy) g/ (tun) +— V(ex)u
R R\Q.

1
<ot [ )t 0t [ (e et

€ e

< C,0(4)t*dist(un, SH)*

1
+ CQC(q)tqdist(un785:)q + Kt2'
Therefore,
limsup/ Glex,tuy,) < t2 V> 0.
n—oo

From definition of m., we have

liminf J. (me(up)) > liminf J, (tuy,) > M( 2~ it2, v t>0.

n— 00 n— 00 K

It follows from (M;) and from the particular choice of K, that

lim Je(me(uy)) = oo.

n—0o0

Since %M\(tiﬂ) > Je(me(up)), for each n € IN, we conclude from (Ms) that ||me(uy,)|le — oo as n — oco. The
Lemma is proved. O

We set the applications R
V. :H - Rand ¥, : ST — IR,

by U.(u) = Jo(Me(u)) and ¥, := (¥, )ios-

The next proposition is a direct consequence of the Lemma 2.3. The details can be seen in the relevant
material from [26]. For the convenience of the reader, here we do a sketch of the proof.

Proposition 2.4. Suppose that the function M satisfies (My1)—(Ms), the potential V satisfies (V1)—(Va) and
the function f satisfies (f1)—(fa). Then:

(a) ¥. € CY(HF,R) and

P (u)v = WI( <(w)v, Yu € HF and Vv € H..
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(b) ¥. € CY(SH,R) and
L (u)v = ||me(w) || JL(me(u))v, Yo € T,ST.
(c) If {un} is a (PS)q sequence for W, then {mc(uy,)} is a (PS)q sequence for J.. If {un} C N is a bounded
(PS)a sequence for J. then {m-1(u,)} is a (PS)q sequence for ¥..
(d) wis a critical point of W, if, and only if, m.(u) is a nontrivial critical point of J.. Moreover, corresponding
critical values coincide and
inf ¥, = inf J..
S’;’ N

Proof. (a) Consider u € H and v € H.. From definition of @E, definition of ¢, and mean value Theorem,

~

U (u+ s0) — Ve (1) = Je(bypso(u+ 50)) — Jo(tyw)
S JE (tqusv (’LL + S'U)) - JE (tqusvu)

= JL(tysso(u + T50)) byt s0 80,

where |s] is small sufficient and 7 € (0,1). On the other hand,

@E(u + sv) — fg(u) > Je(tu(u+ sv)) — Jo(tyu) = JL(ty(u + ssv))tysv,

where ¢ € (0,1). Since u +— t,, is a continuous application, it follows from previous inequalities that

iy We(u+ sv) — We(u) _ tu ! (tuu)v = %JQ(@S(U))U.
S5— S Ulle

Since J. € C1, it follows that the Gateaux derivative of @E is linear, bounded on v and it is continuous on u.
From ([28], Prop. 1.3), ¥. € C*(H},R) and
_ e (w)

V! (uyy = W”eJé(ﬁlg(u))v, Vu € H and Yo € H..

The item (a) is proved.
(b) The item (b) is a direct consequence of the item (a).

(c) Once H. = T,ST @ R u for each u € S, the linear projection P : H. — T,,St defined by P(v +tu) = v
is continuous, namely, there is C' > 0 such that

o]l < Cllv+tulle, Vue ST veT, ST and t € R. (2.3)
From item (a), we obtain
()]l = sup ¥(u)v = [Jwlle sup Ji(w)v, (2.4)
veTy ST veTy ST
lvlle=1 [lvlle=1

where w = m.(u). Since w € Nz, we conclude that

J(w)u = J;(w)ﬁ —0. (2.5)

By (2.4), we have

JL(w)(v + tu)
122l < Jwlll 2wl = llwlle sup  ==ermr—
veT, s tem HU+ uHE
vt tuz£0
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Hence, from (2.3) and (2.5)
JL(w)(v
1@ < ol @) < Clulle: swp 229 ),
veT, ST\{0} o]l

showing that,

122 (W)l < [lwllell T (w)ll < ClIEL ()], ¥ ue ST (2.6)

Since w € Nz, we have ||w|| > 7 > 0. Therefore, the inequality in (2.6) together with J.(w) = ¥.(u) imply the
item (c).

(d) It follows from (2.6) that ¥/ (u) = 0 if, and only if, J.(w) = 0. The remainder follows from definition
of ¥.. O

By using (M;)—(Ms) we have, as in [26], the following variational characterization of the infimum of J.
over N.:

ce = inf Je(u) = inf maxJ.(tu) = inf maxJ.(tu). (2.7)
ueN uweHS >0 uest t>0

The main feature of the modified functional is that it satisfies the Palais—Smale condition, as we can see from
the next results.

Lemma 2.5. Let {u,} be a (PS)q sequence for J.. Then {u,} is bounded.

Proof. Since {u,} a (PS)q sequence for .J., then there is C' > 0 such that

1
C+ |Junlle > Je(uy) — EJ;(un)un, Vn € IN.

From (M3) and (g3), we obtain

0—2 1 5
> | — — A
C+ [unlle = ( 20 ) (mo K) llunllz, Vn € IN.

Therefore {u,} is bounded in H.. O

Lemma 2.6. Let {u,} be a (PS)q sequence for J.. Then for each & > 0, there is R = R(§) > 0 such that

limsup/ [[Vu,|* 4+ V(ez)ul] <&
R\ Br

n—0o0

Proof. Let ng € C*=(IR?) such that
0 se x € Bg(0)

nr(z) =
1 se x ¢ Bsr(0),

C
where 0 < ngr(z) <1, |Vng| < i and C is a constant independent on R. Note that {nru,} is bounded in H..
From definition of .J.

/ NRM (lun])?) [[Vun|? + V(ex)ud] = J(un) (uanr) + / g(ersun)uniin
R3 R3

- / M(l[tn]2)tn Vet V.
1IR3
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Choosing R > 0 such that Q. C Br(0) and by using (M;) and (g3)(ii), we have
mo [ o [Fuaf? + V(ex)u] < . ) ()

+ / L V(eayuzan - / M([ftn 21t Vet V.
we K R

Therefore,
1
(0= 52 ) [ e 9 4 Vo] < 2w wme)l + [ M Byun V()L

By using Cauchy-Schwarz inequality in IR, definition of nr, Holder’s inequality and the boundedness of {u,}
in H., we conclude that

C
/ [[Vun[? + Vex)u2] < O (un) (unn)| + -
R\ Br R

Since {unnr} is bounded in H. and {u,} is a (PS)4 sequence for J., passing to the upper limit of n — oo, we
obtain

limsup/ [[Vu,|? + V(ez)ul] < ¢ £,
R\ Br R

whenever R = R(§) > C/¢. O

The next result does not appear in [12], however, since we are working with the Kirchhoff problem type, it
is required here.

Lemma 2.7. Let {u,} be a (PS)q sequence for J. such that u, — u, then

lim [[Vu,|* + V(ex)ui] = /B [[Vul® + V(ex)u?],

n—0o0 BR

for all R > 0.
Proof. We can assume that ||u,||. — to, thus, we have |lul|. < to. Let 1, € C=°(IR®) such that

1 se x€ B,(0)

np(@) =

0 se z ¢ Byy(0).

with 0 < n,(z) <1. Let,
Po(x) = M([[unll?) [[Vun — Vul® + V(ez)(un — u)?].

For each R > 0 fixed, choosing p > R we obtain

P, = / P, < M(||un||§)/ [[Vu, — Vul® + V(ez) (un — )] .
Br Br R?
By expanding the inner product in IR,

Py < M(fJunl?) / [Vunl? + V() (un)?] 1,
Br

—2M( ||un|| / [Vu,Vu+ V(ex)u,uln,

+ M(|fun]2) / [IVul? + V(ea)u?] 1.
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Setting
1L = M(Jun|?) / (1Vun? + V(ez) (un)?] 1y — / 9(E%, Y YTl
1IR3 1R3
Ig,p = M(”un”g)/ [VunVu + V(ex)uyuln, — / g(ez, up)um,,
R3 1IR3
B =~ M(ju?) / Vit Vot + V(€))7 + M (i) / [1Vul? + V(ex)u?] n,
1IR3 1IR3
and

I;’lt,p :/ g(sx,un)unnp _/ g(Em,un)unp.
R R

We have that,
0< /B By <L 112, + |13 |+ 1L . (2.8)
R

Observe that
I = T () () — M(un ) /w 4 Vi V.

Since {u,n,} is bounded in H,, we have J.(u,)(un1,) = 0,(1). Moreover, from a straightforward computation
] 0.

lim {limsup |I,1L7p] =0. (2.9)

P30 | n—oo

lim limsup‘M(|un|§) / wn ViV,
R

p—00 |: n—oo

Then,

We see also that
12 = J! () (1) — M([Jun]|?) /}RB WV V.

By arguing in the same way as in the previous case,

J;(un)(unp) = on(1)

and
lim {limsup ‘M(|un|§)/ uVunVnp} =0.
p— n—oo R3
Therefore,
lim {limsup |12 p] =0. (2.10)
p—0 n— oo ’
On the other hand, from the weak convergence
lim |I} | =0,V p>R. (2.11)

n— 00

Finally, from
U, — u, in Lj . (IR®),1 < 5 < 6,

we conclude that
lim |I | =0,V p>R. (2.12)

n—0o0
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From (2.8), (2.9), (2.10), (2.11) and (2.12), we obtain

0 < limsup P, <0.

n— oo Br

Hence, lim P,, = 0 and consequently
n—oo BR

lim [WwF+WmMﬂ=A[WW+VWWﬂ- 0

n—0o0 Br

Proposition 2.8. The functional J. verifies the (PS)q condition in H..

Proof. Let {u,} be a (PS)4 sequence for J.. From Lemma 2.5 we know that {u,} is bounded in H.. Passing
to a subsequence, we obtain
Up — u, in He.

From Lemma 2.6, it follows that for each £ > 0 given there is R = R(§) > C/¢ with C > 0 independent on &
such that

n— 00

limsup/ [[Vu,|? + V(ez)ul] <&
R\ Br
Therefore, from Lemma 2.7,

ull? < Tim inf [Ju, |2 < limsup [|u, |2
n—0o0

= lim sup {/ [[Vun? + V(ez)ul] + / [[Vu,|? 4+ V(ez)ul] }
n—o0 Br R*\Br

= / [[Vul? + V(ex)u?] + limsup/ [[Vu,|? 4+ V(ez)ul]
Br R\ Br

n—0o0

</[ww+wwWM¢
Br

where R = R(§) > C/¢&. Passing to the limit of £ — 0 we have R — oo, which implies

Jull? < limine |2 < limsup |12 < [lull2
n—00 n—00

and 8o ||up||e — |Julls and consequently w, — u in H.. O

Since f is only continuous and V' has geometry of the Del Pino and Felmer type [12], in the next result (which
is required for the multiplicity result) we use arguments that don’t appear in [12] and [27].

Corollary 2.9. The functional ¥. verifies the (PS)q condition on ST .
Proof. Let {u,} C SF be a (PS)4 sequence for ¥.. Thus,
U (un) — d

and
1. (un)|, — O,



404 G.M. FIGUEIREDO AND J.R.S. JUNIOR

where |.|| is the norm in the dual space (T}, ST)". It follows from Proposition 2.4(c) that {m.(u,)} is a (PS)q
sequence for J. in H.. From Proposition 2.8 we conclude there is u € ST such that, passing to a subsequence,

me(upn) — me(u) in He.

From Lemma 2.3 (A3), it follows that
up — uin ST O

Theorem 2.10. Suppose that the function M satisfies (My)—-(Ms), the potential V' satisfies (V1)—(V2) and the
function f satisfies (f1)—(fa). Then, the auziliary problem (P. a) has a positive ground-state solution for all
e>0.

Proof. This result follows from Lemma 2.2, Proposition 2.8 and maximum principle. O

3. MULTIPLICITY OF SOLUTIONS OF AUXILIARY PROBLEM

3.1. The autonomous problem

Since we are interested in giving a multiplicity result for the auxiliary problem, we start by considering the
limit problem associated to (P-), namely, the problem

Lou = f(u), R
(Po) u>0, R
u e HY(IR)

Lou=M (/ |Vul? +/ Vou2) [—Au + Vou] ,
R3 R

which has the following associated functional

Ip(u) = %J\? (/]Rs IVul? + /w V0u2> - /N F(u).

This functional is well defined on the Hilbert space Hy = H'( ) with the inner product

(u,v)o —/ VuVov + / Vouw
fulg = [ 19up s [ Vo
R3 R3

fixed. We denote the Nehari manifold associated to Iy by
No = {u € Ho\{0} : I}(u)u = 0}.

where

and norm

We denote by Hy the open subset of Hy given by
HY = {u € Hy : |supp (u")| > 0},

and S;F =Sy N ng, where Sy is the unit sphere of H.

As in the section 2, SO+ is a incomplete C™!-manifold of codimension 1, modeled on Hy and contained in the
open Ha'. Thus, Hy = TuSS' @® IR u for each u € S, where T,,S;” = {v € Hy : (u,v)o = 0}.

Next we enunciate without proof one Lemma and one Proposition, which allow us to prove the Lemma 3.7.
The proofs follow from a similar argument to that used in the proofs of Lemma 2.3 and Proposition 2.4.
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Lemma 3.1. Suppose that the function M satisfies (M1)—(Ms) and the function f satisfies (f1)—(f4). So:

(A1) For each u € Hy, let h : Ry — IR be defined by h,(t) = Io(tu). Then, there is a unique t, > 0 such that
h.,(t) > 0 in (0,t,) and hl,(t) <0 in (t,,0).

(Az) there is T > 0 independent on u such that t, > T for all u € Sg . Moreover, for each compact set W C Sg
there is Cyy > 0 such that t,, < Cyy, for all u € W.

(As) The map m : Hf — Ny given by m(u) = t,u is continuous and m := T7L|S+ is a homeomorphism between

0

Si and Ny. Moreover, m~1(u) = Tl

(Ay) If there is a sequence (uy,) C Sg such that dist(u,,dS{) — 0, then ||m(un)|lo — oo and Io(m(uy,)) — oo.

We set the applications R
LPO:HJHIRandWO:SJHIR

by Wo(u) = Ip(f(u)) and ¥ := (@0)‘5;.

Proposition 3.2. Suppose that the function M satisfies (M1)—(Ms) and the function [ satisfies (f1)—(fs). So:
(a) Wo € CY(HF,IR) and

W (u)v = %I()(fn(u))v, Yu € Hf and Yv € Hy.
0

(b) ¥y € CH(SF,R) and
o (u)v = [|m(w)lloLy(m(u))v, Yo € TSy

(¢) If {un} is a (PS)q sequence for Wy then {m(u,)} is a (PS)q sequence for Iy. If {u,} C Ny is a bounded
(PS)a sequence for Iy then {m~1(u,)} is a (PS)q sequence for Wy.
(d) w is a critical point of ¥y if, and only if, m(u) is a nontrivial critical point of Iy. Moreover, corresponding
critical values coincide and
inf WO = inf Io.
st No

Remark 3.3. As in the section 2, there holds

co = ulenj\f[O Ip(u) = ulerg; r{1>ag< Ip(tu) = ulensfg r{1>ag< Iy(tu). (3.1)

The next Lemma allows us to assume that the weak limit of a (PS)q sequence is non-trivial.

Lemma 3.4. Let {u,} C Hy be a (PS)q sequence for Iy with u, — 0. Then, only one of the alternatives below
holds:

a) u, — 0 in Hy

b) there is a sequence (y,) C IR® and constants R, 3 > 0 such that

lim inf ui >06>0.
"7 JBr(yn)

Proof. Suppose that b) doesn’t hold. It follows that for all R > 0 we have

lim sup/ u? = 0.
" yelR’ JBR(y)

Since {uy} is bounded in Hy, we conclude from ([28], Lem. 1.21) that

u, — 0in L*(IR?),2 < s < 6.
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From (M), (f1) and (f2),
0 < molfunlo < [ Flunes + 0u(1) = 0u(1).

Therefore the item a) is true. O

Remark 3.5. As it has been mentioned, if u is the weak limit of a (PS),, sequence {u,} for the functional Iy,
then we can assume u # 0, otherwise we would have u,, — 0 and, once it doesn’t occur u,, — 0, we conclude
from the Lemma 3.4 that there are {y,} C IR® and R, 8 > 0 such that

liminf/ uz > 3> 0.
Br(yn)

n— 00

Set vy (z) = un(z + yn), making a change of variable, we can prove that {v,} is a (PS)., sequence for the
functional Iy, it is bounded in Hy and there is v € Hy with v, — v in Hy with v # 0.

In the next Proposition we obtain a positive ground-state solution for the autonomous problem (F).

Theorem 3.6. Let {u,} C Hy be a (PS)., sequence for Iy. Then there is u € Ho\{0} with u > 0 such
that, passing a subsequence, we have u, — u in Hy. Moreover, u is a positive ground-state solution for the
problem (Fp).

Proof. Arguing as Lemma 2.5, we have that {u,} is bounded in Hy. Thus, passing a subsequence if necessary,
we obtain

Uy — u em Hy, (3.2)
U, —uem Lj (IR*),1 <s5<6 (3.3)
and
[unllo = to. (3.4)
So, from (3.2) we conclude that
(Un,v)o — (u,v)o, Yv € Hp. (3.5)

On the other hand, due to density of C§°(IR*) in Hy and from convergence in (3.3), it results that

/}RS Flun)o — /]RS F(u)v, Yo € Ho, (3.6)

Now, from convergence in (3.2) and (3.4), occurs

lull < lim inf |[u,|[§ = £,
n—oo

and from (My) it follows that M (||u(|2) < M (#3).

Since (M3) implies that the function ¢t — %]/\4\(15) — 2M(t)t is non-decreasing, we can argue as in [4] and to
prove that M (t3) = M(||u]|3) and the theorem now follows from fact that functional Iy has the mountain pass
geometry and from ([28], Thm. 1.15). O

The next lemma is a compactness result on the autonomous problem which we will use later.

Lemma 3.7. Let {u,} be a sequence in H'(IR®) such that Io(un) — co and {un} C No. Then, {u,} has a
convergent subsequence in H'(IR?).
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Proof. Since {u,} C Ny, it follows from Lemma 3.1 (A3), Proposition 3.2(d) and Remark 3.1 that

Un,

- €Sy, YneN (3.7)
l[unllo

Vy, = mfl(un)

and
o (vn) = To(un) — co = in_fWU
SO

Although SS' is incomplete, due to Lemma 3.1 (A4), we can still apply the Ekeland’s variational principle ([13],
Thm. 1.1) to the functional & : V — IRU {oo} defined by & (u) = Wy(u) if u € S and &(u) = oo if u € IS,
where V = S is a complete metric space equipped with the metric d(u,v) = ||u — v||o. In fact, from Lemma 3.1
(A4), & € C(V,IRU{o0}) and, from Proposition 3.2(d), & is bounded from below. Thus, we can conclude there
is a sequence {0, } C S such that {9} is a (PS),, sequence for ¥, on S7 and

[on = onllo = on(1). (3.8)

The remainder of the proof follows by using Proposition 3.2, Theorem 3.6 and arguing as in the proof of
Corollary 2.9. O

In the next subsection we will relate the number of positive solutions of (P: 4) to topology of II, for this we
need some preliminary results.

3.2. Technical results

Let 6 > 0 fixed and IIs C 2. Let n € C§°(]0,00)) be such that 0 < n(t) < 1, n(t) =1if 0 <t < /2 and
n(t) = 0if t > §. We denote by w a positive ground-state solution of the problem (Fy) (see Thm. 3.6).
For each y € Il = {z € Q: V(z) = Vi }, we define the function

oul) = nllze gl (221

Let t. > 0 be the unique positive number such that

1..,) = 1)
I?Zag(t]e(t ey) = Je(tTey)

By noticing that tgivy € N, we can now define the continuous function

Y1 — N,
y — 1 (y) =t 2z y.
Lemma 3.8. Let Il C Q. Then,

lim J. (Y:(y)) = co uniformly in y € IL.

e—0
Proof. Arguing by contradiction, we suppose that there exist 6o > 0 and a sequence {y,,} C II verifying
| Je, (Ye, (yn)) — co |> 0g where £,, — 0 when n — oo. (3.9)

n

From definition of 7%, (v, ), we have

1~ _ _
Je, (Te, (yn)) = EM (tEW,HTsn,yann) - /IR} G (€nx7t5ﬂ,T5n7yn) (3.10)
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and
J;n(Tsn (Yn)Yz, (yn) = 0. (3.11)

EnZT—Yn
En

Using definition of 7%, (y,) again and making the change of variable z = , we have

e estn) = 537 (2, ([ 19 00Dl + [ Viens +) ez )
- [ Glews  mmtenlenzu).

Moreover, putting
22 = /}RB IV (1(lenzl)u(2)? + /}RB Vi(en + yn) (n(lenz)u(2)?

the equality in (3.11) yields

M(i2, 12) :L/ lg(snzwn,tann(anI)w(Z))
T2 A (tenn(lenzl)w(2))?

En n
For each n € INand for all z € Bs (0), we have ¢,z € Bs(0). So,

En

1 (n(lenzNw(2))".

EnZ +Yn € Bg(yn) c Iy C Q.
Since G = F in , it follows from (3.10) that

1~
Jen (Te (yn)) = 5 M2, A%) - /}RB F (te,n(lenz|)w(z)) (3.12)
and
M2, A%) 1 / ftean(lenz)w(2)) 4
- - enz|)w(z))". 3.13
22 A e | (e aenzu() (m(lenz])w(2)) (3.13)
From the Lebesgue’s theorem, when n — oo
17z wall2, = A% = [lw]3, (3.14)

[ Szl — / o
/F o —>/ o (3.15)

We see that there is a subsequence, still denoted by {¢. }, with ¢., — 1. In fact, since n = 1 in B%(O) and
B;(0) C B%(O) for n large enough, it follows from (3.13) that

M@E2A2) 1 (te, w(2)
2 A2 >A$L/B()[<t6nw<z))51 w(z)"

From continuity of w (which follows from standard regularity theory), there is 2 € IR® such that w(Z) =

“min w(z). So, from (f4)
Bs (0)

and

1St w(3) / w(zyt < MEA (3.16)
B (0)

t2, 4%
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Suppose by contradiction that there is a subsequence {¢., } with ., — oco. Thus, passing to the limit as n — oo
in (3.16), we conclude, from (M3) and (f3), that the left side converges to infinity and the right side is bounded,
which is a contradiction. Therefore, {t.,} is bounded and passing to a subsequence we have t., — ¢, with
to > 0.

From (3.13), (3.14), (M;) and (f4) we have that ¢ty > 0. Thus, passing to the limit as n — oo in (3.13), we
have

M (82| w]|2) w20 = /}RS F(tow)w. (3.17)

Since w € Ny, we obtain to = 1. So, passing to the limit of n — oo in (3.12) and using (3.14) and (3.15) we
obtain

lim J., (7%, (yn)) = lo(w) = co,
n—oo

which is a contradiction with (3.9). O

Let’s consider the specific subset of the Nehari manifold

Ne={ueN::Jo(u) < co+ hi(e)},
where hy : Ry — IR, is a function such that 7. (II) C N. and lir% hi(g) = 0. Observe that hy exists due to the
E—

Lemma 3.8. In particular, N # () for all small € > 0.
Now we consider p > 0 such that IIs C B,(0) and x : R> — IR® defined by

x se |z|<p

x(z) = px

— se x| > p.
|z

We also consider the barycenter map . : No. — IR® given by

/]RS dexula)

[

Since IT C B,(0), the definition of x and Lebesgue’s theorem imply that

Be(u) =

liH(l) Be(Ye(y)) = y uniformly in y € II. (3.18)

The next result is fundamental to show that the solutions of the auxiliary problem are solutions of the original
problem. Moreover, it allows us to show the behavior of such solutions in the norm |.| ;e ps\0,)-

Proposition 3.9. Let {u,} be a sequence in H'(IR®) such that
Je, (un) — cof2
and
J/

En

(upn)(un) =0, ¥Yn € IN

with €, — 0 when n — oo. Then, there is a subsequence {Jn} C R such that the sequence vy, () = un(z + )
has a convergent subsequence in H'(IR®). Moreover, passing to a subsequence,

Yn — Yy with y € T1,

where Yp, = €nln -
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Proof. We can always consider u,, > 0 and u, # 0. As in Lemma 2.5 and arguing as Remark 3.5 we have
that {u,} is bounded in H*(IR*) and there are (7,,) C IR® and positive constants R and « such that

lim inf u? > a > 0. (3.19)

n—oo Br(in)

Considering v, (z) = u,(x + J,) we conclude that {v,} is bounded in H*(IR*) and therefore, passing to a
subsequence, we get
v, — v, in H(IR)

with v # 0. For each n € IN, let ¢,, > 0 such that v,, = t,v, € Ny (see Lem. 3.1 (41)). We have that

cp < Io(gn) = ;/\(tz ”unH ) / F(tnun)

1
< 3 t2||un||€ / G(enx, thuy,).

Hence,
cp < Io(ﬁn) < Je(tnun) < Js(un) =co+ On(l)a (320)

which implies,
Iy(vy) — co and {v,} C Np. (3.21)

Thus, {7, } is bounded in H'(IR*) and %, — . From well-known arguments we can assume that ¢, — to with
to > 0. So, from uniqueness of the weak limit we have v = tgv, v # 0. From Lemma 3.7 we obtain,

Up — U in HY(IR?). (3.22)

This convergence implies

vnatizvinHl(IR?’)
0

and
In(?) = ¢ and I} (0)0 = 0. (3.23)

Now, we will show that {y,} is bounded, where y,, = £, . In fact, otherwise, there exists a subsequence {y, }
with |y,| — oco. Observe that

mollvnl < [ gens + v
R
Let R > 0 such that Q C Bg(0). Since we may suppose that |y,| > 2R, for each z € B r (0) we have
lenz + Ynl = |yn| — lenz| 2 2R— R = R.
Thus,

mollunll? < / Flow)on + / F(on) 0.
Bsi(o) IRS\BE&(O)

Since v, — v in H'(IR?), it follows from Lebesgue’s theorem that

/ fop)v, = 0,(1).
IR?’\B%(O)
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On the other hand, since f(v,) < Y2v,,, we obtain

mOH'Un”(Q) < VOU?L—’_OW(]‘)?

K B r (0)

and therefore,

1
(0= 52 ) enllo < 000

which is a contradiction. Hence, {y,,} is bounded and we can assume y,, — 7 in IR®. We see that 7 € Q because
if 7 ¢ Q, we can proceed as above and conclude that |[v,|/o < 0,(1).

In order to prove that V(y) = Vi, we suppose by contradiction that Vo < V(7). Consequently, from (3.22),
Fatou’s Lemma and the invariance of R? by translations, we obtain

1~ ~ —~ -
co < liminf [—M (/ Vo, |* +/ V(enz+yn)v3) —/ F(vn)}
n—oo |2 R R3 R?
< liminf J. (t,un)
n—oo

< liminf J. (u,) = co,
n—oo

which is a contradiction and the proof is finished. a

Corollary 3.10. Assume the same hypotheses of Proposition 3.9. Then, for any given ~vo > 0, there exists
R > 0 and ng € N such that

/ (IVun|* + [un]?) <72, for all n > ny.
BR(gn)C

Proof. By using the same notation of the proof of Proposition 3.9, we have for any R > 0

/ (IVun? + |un|?) :/ (IVvn]? + [vn]?) .
BR(gn)C BR(O)C

Since (v,,) strongly converges in H'(RY) the result follows. O
Lemma 3.11. Let § > 0 and I; = {x € IR’ : dist(x, M) < 6}. Then,

lim sup inf |B.(u) —y| = lim sup dist(5:(u),Ils) = 0.
e=0 uE/\~/E yells e=0 uE/\NfE

Proof. The proof of this Lemma follows from well-known arguments and can be found in [5], Lemma 3.7. O

3.3. Multiplicity of solutions for (Pc.a)

Next we prove our multiplicity result for the problem (P: 4), by using arguments slightly different to those
in [27], in fact, since ST is a incomplete metric space, we cannot use (directly) an abstract result as in ([11],
Thm. 2.1), instead, we invoke the category abstract result in [26].

Theorem 3.12. Suppose that the function M satisfies (My1)—(Ms), the potential V' satisfies (V1)—(Va) and the
function f satisfies (f1)—(fa). Then, given 6 > 0 there is € = (0) > 0 such that the auziliary problem (P )
has at least Catry, (II) positive solutions, for all € € (0,2).
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Proof. For each € > 0, we define the function ¢. : IT — S by

C(y) = m N (Te(y)), Vy €11,
From the Lemma 3.8, we have

lir% U (((y) = lir% J(Y:(y)) = co, uniformly in y € II.

Thus, the set ~
ST ={ue S :w.(u) <co+hi(e)},

is nonempty, for all e € (0,%), because (. (II) C 5;" , where the function h; was already introduced in the
definition of the set ./\75.

From up above considerations, together with Lemma 3.8, Lemma 2.3 (A43), equality (3.18) and Lemma 3.11,
there is € = £(0) > 0, such that the diagram of continuous applications bellow is well defined for € € (0, %)

—1

25 7 (1) T ¢ (D) s 1 (1) 25 1.

We conclude from (3.18) that there is a function A(e,y) with |A(e,y)| < % uniformly in y € II, for all € € (0,2),
such that B:(Y:(y)) = y + A(e,y) for all y € II. Hence, the application H : [0,1] x II — IIs defined by
H(t,y) = y+ (1 — t)A(e,y) is a homotopy between a. o (. = (. o 1. and the inclusion i : II — IIs, where
e = Bz o m.. Therefore,

cate, (m)¢e (IT) = catuy, (IT). (3.24)
It follows from Corollary 2.9 and from category abstract theorem in [26], with ¢ = ¢, < ¢g + hi(e) = d and
K = (.(IT), that ¥, has at least cat¢_(m)(c(II) critical points on S+. So, from item (d) of the Proposition 2.4
and from (3.24), we conclude that J. has at least catr, (II) critical points in N.. O

4. PROOF OF THEOREM 1.1

In this section we prove our main theorem. The idea is to show that the solutions obtained in Theorem 3.12
verify the following estimate u.(x) < a Vo € Q¢ for € small enough. This fact implies that these solutions are
in fact solutions of the original problem (]35) The key ingredient is the following result, whose proof uses an
adaptation of the arguments found in [19], which are related to the Moser iteration method [22].

Lemma 4.1. Let e, — 0% and u, € N., be a solution of (P., ). Then J., (un) — co and u, € L(R?).
Moreover, for any given v > 0, there exists R > 0 and ng € N such that

[Un| Lo (Br(gn)e) <7 for all m > ng, (4.1)
where 1, is given by Proposition 3.9.

Proof. Since J¢, (un) < ¢o + hi(e,) with lim hq(e,) = 0, we can argue as in the proof of the inequality (3.20)
to conclude that J., (u,) — co. Thus, we may invoke Proposition 3.9 to obtain a sequence (7, ) C R? satisfying
the conclusions of that proposition.

Fix R > 1 and consider ng € C°°(R?) such that 0 < ng < 1, ng = 0 in Bg/»(0), ng = 1 in Br(0)° and
|Vnr| < C/R. For each n € N and L > 0, we define n,,(z) := ng(x — 4n), ur., € H*(R3) and 21, € H. by

UL’n(ZL') = mln{un(x)? L}? ZL/”‘ = niui(,i_l)una

with 8 > 1 to be determined later.
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From definition of 2, and J! (un)zr, = 0, we have

mo {/ niui(i_l)Wun\z + 2/ nnunui(i_l)Vnn -Vu,
R3 ’ R3 ’

< (9(enz,un) —moV(enz)uy,) niunui(i_l).
R3 ’

Now, the result follows by arguing as in [6], Lemma 4.1. O
We are now ready to prove the main result of the paper.

4.1. Proof of Theorem 1.1

Suppose that § > 0 is such that II; C 2. We first claim that there exists €5 > 0 such that, for any 0 < e < &5
and any solution u € N; of the problem (P: 4), there holds

|U‘LOO(R3\QE) < a. (42)

In order to prove the claim we argue by contradiction. So, suppose that for some sequence &, — 0" we can
obtain u, € N;, such that J! (u,)=0 and

[Un|Lo @3\, ) = a- (4.3)

As in Lemma 4.1, we have that J. (u,) — ¢o and therefore we can use Proposition 3.9 to obtain a sequence
(Un) C R3 such that ,7, — yo € II.
If we take r > 0 such that B, (yo) C Ba,(y0) C 2 we have that

B, /e, (yo/en) = (1/en)Br(yo) C Qe .

Moreover, for any z € B, /., (yn), there holds

Yo _ _
’z—— <z =Yul + |0 — =

n

for n large. For these values of n we have that B, ., (Jn) C ., or, equivalently, R*\ Q. C R*\ B, ., (yn). On
the other hand, it follows from Lemma 4.1 with v = a that, for any n > ng such that r/e,, > R, there holds

[un| Lo ®a\0.,) < |Un|Le®\B,,., Ga)) < [UnlLoe®@\Br(E.) < 0

/en
which contradicts (4.3) and proves the claim.

Let €5 > 0 given by Theorem 3.12 and set €5 := min{€s,5}. We shall prove the theorem for this choice
of g5. Let 0 < € < g5 be fixed. By applying Theorem 3.12 we obtain cat, (IT) nontrivial solutions of the
problem (P: 4). If w € H. is one of these solutions we have that u € ./\75, and therefore we can use (4.2) and
the definition of g to conclude that g-(-,u) = f(u). Hence, u is also a solution of the problem (F.). An easy
calculation shows that u(x) := u(x/¢) is a solution of the original problem (P:). Then, (P-) has at least catyy, (IT)
nontrivial solutions. B

We now consider &, — 0" and take a sequence u,, € H., of solutions of the problem (P, ) as above. In order
to study the behavior of the maximum points of w,,, we first notice that, by (g1), there exists 4 > 0 such that

v
glex,s)s < EOSZ, for all z € R3, 5 < . (4.4)
By applying Lemma 4.1 we obtain R > 0 and (7,,) C R? such that

[Un| Lo (Br(Ga))e < Vs (4.5)



414 G.M. FIGUEIREDO AND J.R.S. JUNIOR
Up to a subsequence, we may also assume that

[Un|Loo(Br @) = V- (4.6)

Indeed, if this is not the case, we have |uy, | ®s) < 7, and therefore it follows from J. (u,) =0 and (4.4) that

Vo
mollunl, < [ glenmuntun < 2 [ a2,
R3 R3

The above expression implies that ||u,||-, = 0, which does not make sense. Thus, (4.6) holds.

By using (4.5) and (4.6) we conclude that the maximum point p, € R? of u, belongs to Br(y,). Hence
Dn = Yn + Gn, for some g, € Br(0). Recalling that the associated solution of (P, ) is of the form @, (x) =
un(x/ey), we conclude that the maximum point 7, of @y, is 1y, := €p¥n + €ngn. Since (¢,) C Br(0) is bounded
and £,7n, — yo € II (according to Proposition 3.9), we obtain

lim V(1) = V(yo) = Vo,

n—0o0

which concludes the proof of the theorem.
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