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DIFFERENTIAL GAMES OF PARTIAL INFORMATION
FORWARD-BACKWARD DOUBLY SDE AND APPLICATIONS*

Eppie C.M. Hur' AND Hua X1a0?

Abstract. This paper addresses a new differential game problem with forward-backward doubly
stochastic differential equations. There are two distinguishing features. One is that our game systems
are initial coupled, rather than terminal coupled. The other is that the admissible control is required to
be adapted to a subset of the information generated by the underlying Brownian motions. We establish
a necessary condition and a sufficient condition for an equilibrium point of nonzero-sum games and a
saddle point of zero-sum games. To illustrate some possible applications, an example of linear-quadratic
nonzero-sum differential games is worked out. Applying stochastic filtering techniques, we obtain an
explicit expression of the equilibrium point.
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1. INTRODUCTION

Game theory is a useful tool which helps us understand economic, social, political, and biological phenomena.
Stochastic differential game problems have increasingly attracted more research attentions, and the related
games approached solutions are widely used in social and behavioral sciences. Herein, we are primarily interested
in stochastic differential games of forward-backward doubly stochastic differential equations (FBDSDEs, for
short). This research is inspired by finding an equilibrium point of a linear-quadratic (LQ, for short) nonzero-
sum differential game of backward doubly stochastic differential equations (BDSDEs, for short). Now we explain
this in more detail.

Let T be a constant and ((Z,y , P) be a complete probability space, on which two mutually independent

standard Brownian motions B(-) € R! and W(-) € R? are defined. Let A/ denote the class of P-null sets of F.
For each t € [0, T, we define
Fe=FV v FE, (1.1)
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where F}V' = N'Vo{W(r) = W(0): 0 <r <t} and F = NV o{B(T) — B(r) : t <r < T}. Note that the
set Fy,t € [0,T] is neither increasing nor decreasing, so it does not constitute a filtration. Let £4.(£2; S) denote
all classes of Fr-measurable random variables {£ : 2 — S} satisfying E|{[P < oo, and L% (0,T;S) denote all
classes of Fi-adapted stochastic processes {z(t) : [0,T] x 2 — S} satistying ]E[fo | (t |pdt] < +o00.

There exists an interesting financial phenomenon in the market that two players work together to achieve a
given goal at certain future time. Inspired by this financial phenomenon, Wang and Yu [15] studied a kind of
nonzero-sum differential game in which the game system is governed by

—dY"VR(t) = g(t, YUV (t), ZU V2 (L), v1(t), va(t))dt — ZP02 (1) dW (1), Lo
YU (T) = €. (1.2)
Here ¢ is a given random variable denoting the future goal at the terminal time 7', and v1(-) and vo(:) are
F}V-adapted control processes of Player 1 and Player 2, respectively. Note that (1.2) is a nonlinear backward
stochastic differential equation (BSDE, for short) which was originally introduced by Pardoux and Peng [11].
It is well known that there may exist so called informal trading such as “insider trading” in the market (for
more argumentations about this, see e.g. [1,3] and references therein). That is, the players at the current time ¢
possess extra information of the future developing of the market from ¢ to 7" that is represented by ffT, as well
as the accumulated information FV from 0 to t. Clearly, Wang and Yu’s model cannot capture this case. In
order to make up the above-mentioned limitation of system (1.2), we introduce the following BDSDE originally
discussed by Pardoux and Peng [12], whose dynamics are described by

_dYULUz (t) = g(t7 y 2 (t)a Zvve (t)7 U1 (t)a V2 (t))dt
+ gt Y (t), 2902 (t), 1 (t), va (1)) AB(E) — ZP2 (1) dW (1)
YU (T) = €.
Here the integral with respect to dB(t) is a “backward It6 integral” and the integral with respect to dW (t) is a

standard forward Ito integral, which are two types of particular cases of the It6—Skorohod integral. The extra
noise B(+) generates ]—' “r which represents the information concerning the future market development. It is very
natural that we require the control processes v;(+) and va(+) to be Fi-adapted, rather than only F}V-adapted
or ffT—adapted.

We introduce an LQ nonzero-sum differential game of BDSDESs, which inspires us to study the differential
game theory of FBDSDEs. In detail, we consider the following 1-dimensional linear BDSDE:

—dY(t) = [A1Y(t) + BlZ(t) + Chy (t) + D1’L)2(t)]dt
+ [A2Y (t) + BoZ(t) + Covy (t) + Dava(t)]dB(t) — Z(t)dW (1), (1.3)

and the performance criterion, for i = 1, 2,

1 T
Ti(1(),ea()) = - §E{<FMY<0>,Y<0>> + [ [pavo.ven

+ <Fi32(t), Z(t» + <FZ‘4’U1(t),’U1(t)> + <Fi51)2(t),1)2(t)>} dt} (14)

For simplicity, we assume that & is a real-valued random variable, all the coefficients in (1.3) and (1.4) are
1-dimensional, | = d =1, Fj1, Fjo, Fi3 > 0, F;4, Fi5 > 0.
We are to seek a (ul() 2(+)) € Uy X Ua, for all (vq(-

); v
{J(m(‘)»u 2(1)) 2
J(ui (), u2() =

2(+)) € Uy X Ua, such that

(v1(+), u2(")),

J
J(ua (), va(+))-
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Here U; x Uz is a certain admissible control set for Player 1 and Player 2. If such a (u;(-),uz(-)) exists, we call
it an equilibrium point. For simplicity, we denote this problem by Problem (LQNZB).

Applying Theorem 4.1 in [5], we conclude that if the equilibrium point exists, then it is necessary to satisfy
the following form:

{ ur(t) = —Frg' (Crya (t) + Caz (1)),
us(t) = —Fy5' (D1ya(t) + Daza(t)),

where (y;, z;) (i = 1,2) is the solution of the FBDSDE

_ay(t) = [AlY(t) + B1Z(t) — Oy F (Chian () + Caz (1))
— D1F2_51 (Dlyg(t) —+ DQZQ(t))] dt
+ |:A2Y(t) + BgZ(t) — 02F1_41 (Clyl(t) + Ozzl(t))
— DaFys' (Diya(t) + Dazo(t))dB(t) — Z(t)dW (¢),
dy;(t) =(Aryi(t) + Azzi(t) + FioY (t))dt + (Buyi(t) + Bazi(t) + Fiz Z(t))dW (t)
— zi(t)dB(1),
Y(T) =&, yi(0) = FuY(0).

(1.5)

We note that equation (1.5) is exactly the type of time-symmetric forward-backward stochastic differential
equation (FBSDE, for short) (see [13]), but with an initial coupled constraint. This kind of equations possesses
fine dynamics and contains BSDEs, BDSDEs and initial coupled FBSDEs as a special case. Then, it is natural
to investigate some differential game theory derived by them.

Recall that F; represents the full information arising from the market, which may contain the past, present
and future information. Due to this, in principle, it is not completely available to the players. However, it is
possible that the players possess a subset of F; which is denoted by &;. In order to distinguish & from F;, we
call & a sub-information or partial information of F;. Note that & could be the §-delayed information defined
by Fi—s)+, where § is a given positive constant delay. Here we require the control processes v1(-) and v (-) to
be &-adapted. This implies that the players will only depend on &; to choose their control strategies. Based on
the above-mentioned arguments, we are interested in initiating a study of differential games of initial coupled
FBDSDEs with partial information.

Up till now, to our best knowledge, there are only two papers about optimal control of BDSDEs and ini-
tial coupled FBSDEs (see [5,17]), and a few studies about differential games of BSDEs (see [15,16]). For
the topics about the optimal control and differential games of terminal coupled FBSDEs or FBDSDEs, refer
to [2,4,7,10,14,19,20,22, 23], specially the monographs [9,21], etc. However, little or none has been done on
differential games of BDSDEs, initial coupled FBSDEs and FBDSDESs, and our research can just right make up
this scarcity. Also, some comparisons between our results and the existing literature are specified in conclusion
section.

The rest is organized as follows. Section 2 formulates a nonzero-sum game of initial-coupled FBDSDEs with
partial information. Applying classical convex variation and adjoint techniques, a maximum principle, also called
a necessary condition, is established for an equilibrium point (refer to Thm. 2.1). By virtue of the concavity
assumptions of certain functions, we derive a verification theorem, also called a sufficient condition, which is the
main result in this paper (refer to Thm. 2.3). To illustrate the theoretical results, we work out an LQ nonzero-
sum differential game. Applying Theorem 2.1, Theorem 2.3 and the stochastic filtering techniques of FBSDEs,
an explicit expression of the equilibrium point is obtained. Likewise, Section 3 gives a maximum principle and a
verification theorem for a saddle point of zero-sum differential games. Finally, Section 4 gives some concluding
remarks.
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2. NONZERO-SUM DIFFERENTIAL GAMES

2.1. Problem formulation

Let U; be a nonempty convex subset of R¥ (i = 1,2). The processes v1(t) = vy (t,w) and va(t) = va(t,w) are
the control processes of Player 1 and Player 2, respectively. We always use the subscript 1 (resp. the subscript 2)
to characterize the variable corresponding to Player 1 (resp. Player 2). We denote the set of all open-loop controls
for Player ¢ (i = 1,2) by

T
U = {vz() 20, 7] x 2 — UZ|UZ() is &-adapted and satisfies IE/ lv; (1))2dt < oo} ,
0

where & is a sub-information of F; available to the players, i.e.
gt Q ft, for all t.

Each element of U; is called an admissible control for Player ¢ on [0, T] (i = 1,2). Uy x Uz is called the set of
open-loop admissible controls for the players.
We introduce the mappings

f:00,T] x R™ x R™*! x R™ x R™*? x U; x Uy — R™,
F:00,T) x R™ x R™! x R™ x R™*? x Uy x Uy — R™*4,
g:[0,T] x R™ x R™*4 x U; x Uy — R™,

G:[0,T] x R™ x R™*4 x U; x Uy — R™*!,
(b:RmHRna Qovgpi:Rm_)Rlv FYa’Yi:RnHRla
1,1 [0,T] x R" x R x R™ x R™*4 x U; x Uy — R! (i = 1,2).

Assumption (H1): For any (y,2,Y,Z,v1,v2) € R® x R™! x R™ x R™*4 x U; x Uy, we assume that

oy, 2,Y, Z v, 0), f(,y,2,Y, Z,v1,02),9(+, Y, Z,v1,v2) and g(+,Y, Z,v1,v2) are continuous with respect to ¢.
Also, we assume that f, f, g and g are continuously differentiable with respect to (y, z,Y, Z, v1,v2), and their
derivatives with respect to (y, z,Y, Z,v1,v9) are uniformly bounded. I,11,l2, ¢, 1, @2,7,71 and 2 are contin-
uously differential with respect to (y,z,Y,Z,v1, ve) and their derivatives with respect to (y,z,Y, Z,v1,v2)
are continuous and bounded by K(1 + |y| + |z] + Y| + |Z] + |v1] + |v2]). For any (y1, 21, Y1, Z1, u1, uz),
(y2, 22, Yo, Za,v1,v2) € R™ x R™! x R™ x R™*4 x Uy x Us, there exist constants k > 0 and 0 < ¢ < 1
such that

|F(t,y1, 21, Y1, Z1,un, uo) — f(t o, 22, Ya, Zo,v1,02)|° +19(t, Y, Z1, ur,us) — g(t, Ya, Zo, v1,v2)[?
< k(1 —yel® + Y1 = Y2l + 121 — Zo|* + [ur — v1]* + |uz — v2|?) + |21 — 22|
In the following, we specify the nonzero-sum differential game of forward-backward doubly stochastic systems.
Given £ € L2.(2;R™) and ¢ € L2(2;R"), we consider an FBDSDE
=AY () = g(8, YU (E), 272 (t), vi (), v2(t) )dE
+ g, YR (), 22 (1), v (1), w2 () A B(t) — 270 (H)dW (8),
dy”v 2 (t) = ft, "2 (1), 202 (1), YU 2 (1), 2702 (), 01 (1), va(£))dE
+ Ft,y vz (1), 27002 (), Y02 (8), ZV02 (8), vy (), va (£))dW (1)
— 2" (1)dB(t),
your(r) =g, yt(0) = o(Y02(0)),  0<t<T.

(2.1)
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Under the assumption (H1), for any (vi(-),v2(+)) € Uy x Uz, there exists a unique solution (y"»V2(-), 2712 (-),
Y”h”?(-),Z”l’”?(-)) € E%_—t(O,T;R") X E%_—t(O,T;R"Xl) X Ei—t(O,T;Rm) X Ei—t(O,T;Rde) to equation (2.1)
(see [12]).

Consider a performance criterion

T
Ji(vi(),v2(-)) =E /O Li(t,y o2 (t), 2002 (1), Y 2 (t), 2702 (t), v (t), va(t)) dt

+oi(Y2(0) | 4y (1))

For any (vi(-),v2(:)) € Ui X Uz, we assume that [;(-,y"v2(+), 2002 (+), Y02 (-), Zv0v2 () vy (+), va(r)) €
L%y (0,T;R) and v; € LL(;R) (i = 1,2).
Problem (NZSG): Find (uq(-),uz(-)) € Ur x Us such that

{Jl(ul(')vu2(')) > Ji(vi(+), uz2(-)),
Ja(ui(-),u2()) > J2(ua(:),v2(+)),

for all (v1(:),v2(+)) € Ur x Uz. We call (u1(-),us(-)) an open-loop equilibrium point of Problem (NZSG) (if it
does exist). It is easy to see that the existence of an open-loop equilibrium point implies that

Ji(ui(),uz2(r)) = sup  Ji(vi(+),u2(")),
v () EUL

Jo(ur(-),uz(-)) = sup  Ja(ua(-),v2(")).
UQ(')EZ/{Q
2.2. Necessary condition

Suppose that (ui(-),u2(-)) is an equilibrium point of Problem (NZSG) with the trajectory (y(),

z(),Y(),Z()) of (2.1). For all t € [0,T], let v;(t) € U; be such that u;(-) + v;(:) € U; (i = 1,2). Notice
that U; is convex, then for 0 < e, p<1,i=1,2,

ule(t) = ul(t) + 61}1(t) € U, UQp(t) = UQ(t) + p’Uz(t) ceUy, 0<t<T.

For simplicity, we denote

t) f( (t)aZ(t)aul(t)aHZ(t))v

g(t) =g(t,Y u1(t),uz(t)),
YUe(t) = y(u1+ev1,uz)( t), YUz (t) = y(ul,uﬁpvz)(t)’
hi(e, p)

Ji(u1 + evr, us + pu2),

define the processes

- d
1 —
Yo = de

d u
— Y20 (t)] ,=0,

YR Wm0, V20 = o

and make the similar notations for f,g,1;, 4", 2° ,Z% i =1,2. For i = 1,2, we have the following variational
equations:

—dY'(t) = §'()dt + §(t)AB(t) — Z'(t)AW (1),
(t)dt + f° <t>dW<t> 2 (t)dB(t),

, 51(0) = ¢y (Y(0))Y(0)
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where
§'(t) =gy OV (t) + gz() Z°(t) + g, (H)vi(t),
§t) =gy ()Y (t) + gz(t) 27 (t) + Go, (H)vi(2),
Fit) = fy 07 (&) + £=(0)2° () + fy (Y (8) + f2() 2 () + fo, (t)vi(t),
Fi6) = F, 05 () + LD () + fr 0V (8) + F2(8)2°(t) + fur (H)uil?),
[(t) = Liy (43" (£) + Liz(£) 2" () + Liy ()Y (£) + Liz(£) Z°(£) + Liw, (£)v3 (t)

Next, we define the generalized Hamiltonian function H; : [0,T] x R™ x R"*! x R™ x R™*4 x Uy x Uy x R" x
R x R™ x R™*4 as follows:

Hi(tay727K Z7 Ula”?apiaﬁiv%'a@) £ <qi7f(yazaK Z7 Ulav2)> + <@7f(yazax Z7 1)1,1}2)>
- <pzvg(K Z7U15U2)> - <ﬁiag(Y7ZavlaU2)> +li(y727Y7ZaU17U2)'

Let (u1,u2) € Uy x Up with the solution (y(-),2(-),Y(:), Z(-)) of equation (2.1). We shall use the abbreviated
notation H;(t) defined by

Hi(t) = H(t,y(t), 2(), Y (1), Z(t), ur (t), uz(t), pi(t), pi(t), ¢i(t), Gi(t)).-
The adjoint equations are described by the following generalized stochastic Hamiltonian systems:
(t) = — Hyy (t)dt — Hiz(1)dW (1) — pi(£)dB(1),
(t) = H;, (0)dt + H} ()AB(t) — qi(t)dW (¢),
pi(0) = — ¢y (Y (0)) — 63 (Y(0))4:(0),
4i(T) =7}, (y(T)).

Then we have the following maximum principle for equilibrium points of Problem (NZSG).

dp;
—dg;

Theorem 2.1. Let (H1) hold and (u1(~), ug()) be an equilibrium point of Problem (NZSG). Furthermore,
(y(),z()7 Y(-),Z(~)) and (pz‘('),ﬁz’('),qi(~),%(-)) are the solutions of (2.1) and (2.2) corresponding to the

control (uq(-), ua(-) ), respectively. Then it follows that

(BIH;,, ()], v1(t) = u (1)) <0 (2.3)
and

(BIH,, (8)|&], va(t) — ua(t) ) <0 (2.4)
are true for any (vi(-),v2(+)) € Uy X Us, a.e. a.s.
Proof: Since (u1(-),u2(-)) is an equilibrium point, we have

ol
Oe

Ji(ur + evi, ug) — Ji(ur, ug)
€

<0.

©,0) =l
Then
02 o (e, 0)lems
T g A
— B /0 (hy(t)z}l(t) FlLOF ) + by OV + Lz 2N ) + L, (t)vl(t))dt

+ B(pry (Y(0) Y (0) + 71, (4(T))34(T) ) (2.5)
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Applying Itd’s formula to (p1(¢), Y'1(¢)) and (g1(t), 5" (t)), and integrating from 0 to T', we have
E(aply (Y(O))Y1(0)>
= = E(p1(0) + ¢3 (Y (0)) 1 (0), Y (0)) = —(¢3-(Y (0))q1 (0), Y (0))
—EAT@wmmwmw+ﬁwﬁvﬁﬂw+ﬁwﬁw?Wr4ww?%>
+ 91 ()30, (Bo1 () + 41 () f2() 2 (8) + @ () f2 () 21 (1) = iz ()2 1(t))dt, (2.6)
and

By (u(T)) (T >) (@3 (Y (0)a1(0), 7 (0))
+E / V() + g7 (0 f2(0)21(8) + 65 (6)fu, (E0r () — Ly (5" 0)
~ 2O + GO OV O + G OF2(0210) + @ (1) ()t (2.7)

Substituting (2.6) and (2.7) into (2.5), for all v; € Uy such that u;(-) +v1(-) € Uy, we get
0
0>—hi(e,0)]e=
> 5cle 0)le=o

T —
=2 / (a1 (1) Fon (8) + @5 (0 For (O + DG (1) + B3 (D70 (8) + Ly () )01 ()l

—E / ORI dt E / Hm m(t)>‘5t] at

which implies that (2.3) is true. (2.4) can be proved by the same method as shown in proving (2.3). O
If (v1(+),v2(+)) is adapted to F, we have the following corollary.

Corollary 2.2. Suppose that & = F; for all t. Let (H1) hold, and (u1(~), UQ()) be an equilibrium point

of Problem (NZSG). Moreover, (y(),z(),Y(),Z()) and (pi(-),;ﬁi(-),qi(~),(ji(~)> are the solutions of (2.1)

and (2.2) corresponding to the control (u1(~), u2(~)>, respectively. Then it follows that

<Hi‘vl (t),v1(t) — ul(t)> <0
and
(30, (1), 02(t) — ua(t)) <0

are true for any (vi(-),v2(+)) € Uy x Uz, a.e. a.s.

2.3. Sufficient condition

In what follows, we aim to establish a verification theorem, also called a sufficient condition, for an equilibrium
point. For this, we introduce an additional condition as follows.

Assumption (H2): ¢(Y) = MY, where M is a non-zero constant matrix with order n x m.
Note that this is a standard assumption in the optimal control theory of forward-backward stochastic systems
(see [10], etc.).
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Theorem 2.3. Let (H1) and (H2) hold. Let (y,2,Y,Z) (pi, Pis qi» Gi) be the solutions of equations (2.1)

and
and (2.2) corresponding to the admissible control (u1(~),uz(-)), respectively. Suppose that v; and ~y; are concave
inY andy (i = 1,2) respectively, and that for all (t,y,2,Y,Z,) € [0,T] x R* x R"*! x R™ x R™*4,

(y7 27Y7 Za Ul) — Hl (tvya Z, K Z7 V1, ’UQ(t),Z)l(t),ﬁl(t),Ql(t), ql(t))v (28)

(y,2,Y,Z,v2) — Ha(t,y,2,Y, Z,ui(t), v, pa2(t), p2(t), g2(t), G2(t)) (2.9)

are concave. Moreover,

B[ Hi(t, (), 2(8), Y (6), Z(), wa(0), ua (8), pa(8), 51 (0), 01 (1), 01 (1) | €1

= Séll?] E [H1 (t,y(t), 2(1), Y (£), Z(t),v1,u2(t),p1 (), pr(t), 1 (t), 31 (1)) ]St] ) (2.10)

B[ Ha(t, y(t), 2(8), Y (6), Z(2), wa(6), ua(£), pa(8), P (), 42(8). @2(0) | €1

= sup E [Hz (£.y(1), 2(), Y (£), Z(t), ua(t), v2, p2(t), p2(t), q2(1). G2 (¢)) ]St] . (2.11)

va € Usz

Then (u1(+), u2(+)) is an equilibrium point of Problem (NZSG).

Proof : Let (v1(+),u2(+)) and (uy(
(y¥2, 2¥2, Y2, Z¥?) to equation (2

,02(+)) € Uy x Uy with the corresponding solutions (y**, 2", Y"1, Z¥) and
). We define the following terms

)
1
Hi(t) = Hi(t,y(t), 2(8), Y (£), Z(t), ua (), ua(t), p1.(8), pr (1), 1 (2), (1)),

Hi'(8) = Ha(t,y™ (8), 27 (8), YU (£), 27 (), 01 (8), wa(8), pr(8), Pr(E), a (), @ (1)),
Hy?(t) = Hu(t,y* (t), 2 (1), Y2 (1), 2% (t), ua (t), v2(t), p1.(8), P1(8), 1 (t), @1 (1)),
for) = f(ty™ (), 27 (8), Y (1), 27 (), 01 (t), ua(t)),

fv2(t) = f(t,yv2,ZU?,YUQ,ZUQaul(t)a’UQ(t))a

and similar notations are made for f**, f2, ...

By virtue of the concavity property of ¢1 and 1, we have for V v () € Uy
Ji(v1(-),ua(-) = Ji(ur(-),ua(-)) < L+ I + I (2.12)

with
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Applying Itd’s formula to (g1 (¢),y"* (t) — y(t)) and (p1(t),Y "1 (¢t) — Y (1)),

+ (@ (), F (1) = f(O) — (H. (1), 2" (1) — Z(t)>)dt, (2.13)

+ (Pa(8), g7 (1) — g(1)) + (Hiz(t), 2" (t) — Z(t)>)dt, (2.14)

+ 0.9 (0) = 900) + (06" () — (1) ). (2.15)
Substituting (2.13)-(2.15) into (2.12), it follows immediately that
Ji(vi(),ua()) — Ji(ui (), u2("))
T
< ]E/O (Hfl (t) — Hi(t) — (Hiy (t), Y (t) = Y(t)) — (Hiz(1), 2" (t) — Z(1))
— (HT, (), y" (1) — y(t)) — (H{,(t), 2" (t) — Z(t)>>dt~ (2.16)

Since v — E{H1 (t,y(t), 2(2), Y (t), Z(t),v1, u2(t), p1(t), g1 (£), @ (1)) ’St] is maximum for v; = u; and since vy (%)

and g (t) are &-measurable, we get

E {%Iﬁ (t, y(t), 2(t), Y (t), Z(t),u1(t), ua(t), p1(t), p1(t), g1 (t), @ (t)) (vi(t) — ui(t)) ’r‘ft]

=E [%Hl (t, y(t),z(t),Y(t),Z(t),vl(t),uz(t),m(t),ﬁl(t),(h(t),f?l(t))|5tL » (v1(t) = wa (1))
<0. o (2.17)
Combining (2.8), (2.16) with (2.17), we conclude that
Ji(v1(), u2(t)) = Ji(ua(), uz() <0, (2.18)
for all v1(-) € U;. Repeating the similar proceeding as shown in deriving (2.18), we can prove that
Jo(ur(+), v2(+)) = J2(ua (), uz()) < 0.

Based on the arguments above, (u1(-),u2(+)) is an equilibrium point of Problem (NZSG). O

Corollary 2.4. Suppose that & = F; for allt and that (H1), (H2), (2.8) and (2.9) hold. Suppose that ¢; and ~;
are concave in'Y andy (i = 1,2), respectively. Let (y,z,Y, Z) and (p;, Pi, @i, ;) be the solutions of equations (2.1)
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and (2.2) corresponding to the admissible control (u1(-),ua(-)), respectively. Moreover,

Hy(t, y(t), 2(t), Y (), Z(t), ur (t), ua(t), pr(t), pr(t), i (t), 1 (1))

= SEUI?J Hy(t,y(t), 2(t),Y (), Z(t), v1, uz(t), pr (), pi(t), g1 (t), qu (t))

Hy(t, y(t), 2(t), Y (t), Z(t), ur(t), ua(t), p2(t), p2(t), g2(t), 3(t))

= sup Hy(t,y(t),2(t), Y (t), Z(t), u1(t),va, p2(t), P2(t), g2(t), G2 (1)) -

va€ Usz

Then (u1(-),uz(+)) is an equilibrium point of nonzero-sum differential games.

2.4. An example

In this section, we first work out an L(Q nonzero-sum differential game, and then specify how to apply the
foregoing theoretical results to find an explicit expression of the equilibrium point.
Consider the linear FBDSDE

=AYV (t) =[ao(t) + ar ()Y V2 () 4 az(t) 2772 () + as(t)vi (t) + aa(t)va(t)]dt
+ bo(t)dB(t) — ZV2(£)dW (t),
dy" 2 () = [co(t) (b)Y R () + ea(t)Y VR (1) + ea(t) 200 (t)] dt (2.19)

+ do(£)dW (t) — 202 (£)dB(t),

YRR(T) = € g7 (0) = MY 0),

and the performance criterion, for i =1, 2,

+ (e ()Y 2 (1), Y02 (1)) + (eaa (1) 27072 (2), 2072 (1)) + (ear ()vi(?), vi(t)>)dt

+ (eis (T)y"™ 2 (T), y"™*(T)) + (eis (0)Y2(0), Y“’“2(0)>] : (2.20)

Here, we assume that all the coefficients in (2.19) and (2.20) are bounded and deterministic functions of t;
€il,- .-, € are symmetric nonnegative definite; and e;7 is symmetric uniformly positive definite. The set of
admissible controls is defined by

U; = {vi(+) | vi(+) is an RFi-valued &-adapted process

T
and satisfies IE/ v2(t)dt < oo}, i =1,2.
0

Here
& :N\/U{W(r) 0<r St}.
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For simplicity, we only deal with the case of 1-dimensional coefficients. Our task is to find (u1(+), ua(+)) € Uy XUa,
such that

Ji(ui(),u2(r)) = sup  Ji(vi(+),u2(")),
v () EUL

Ja(ur(-),uz(r)) = sup  Ja(ur(:),v2("))-
va () EUs

Solving: we find the equilibrium point by three steps.

(i) Seek candidate equilibrium points.

Let G;(t) denote the filtering of ¢;(-) with respect to &, i.e. ¢i(t) = E(qi(t)|&). The similar notations are
made for ¢;(t), pi(t), pi(t),...,i = 1,2. We write down the concrete Hamiltonian function:

Hi(t,y,Z,Y, Za vlanvpivﬁivqiv(ji) £ <qi,Co(t) +cay+ Cg(t)y + C5(t)Z> + <q_lvd0(t)>
—(piyao(t) + a1 ()Y + a2(t)Z + as(t)v1 + asa(t)va) — (Pi, bo(t))
1

- 5 (<€i1(t)y, y> + <€Z‘2(t)z, Z> + <€i3(t)Y,Y> + <€Z‘4(t)Z, Z> + (en(t)vi, Uz>> (2.21)

According to Theorem 2.1, we confirm that the candidate equilibrium points must satisfy the following form:

{Ul(t) = —ei7 (Haz ()1 (8),
(2.22)
us(t) = —eqy (t)aa(t)pa(t),
where (pi(+),5:(+), @i (-), @i(+)), for i = 1,2, is the solution of the following adjoint equation:
api(t) =(eia(®Y (1) + api(t) — e2(t)ai(t) )t
+ (ea()Z(t) + az(t)pilt) — es(Has(t) ) AW (1) — pi(H)AB (o)
(2.23)
—dg;(t) :( —ea(t)y(t) + C1(t)qz'(t)>dt - (eiz(t)z(t)>aB(t) — @i (t)dW (1),
pi(0) =eiY (0) — Mq;(0), @:(T) = —eis(T)y(T),
and (y(+), 2(+),Y (), Z()) is the solution of the following state equation:
—dY (t) =[ao(t) + a1 ()Y (t) + a2(t) Z(t) — as(t)?els (£)p1(t)
— ay(t) ey (DP2(D)] At + bo(1)AB(E) — Z(H)AW (2),
(2.24)

dy(t) = [co(t) +e(t)y(t) + c2(t)Y(t) + cg(t)Z(t)] At + do(t)dW (t) — 2(t)dB(t),

Y(T)=¢, ylo)= MY(0).

(ii) Optimal filtering with & =NV a{W(r);0 < r < t}.
Equation (2.23) together with (2.24) constitutes a triple dimensional FBDSDE. In order to find the explicit
expression of the candidate equilibrium point, we need to compute the optimal filters p;(-) and pa(-) of p1(-)
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and po(+), respectively. Applying Lemma 5.4 in [18] to (2.23) and (2.24), we conclude that p;(-) and pa(-) satisfy
the following triple dimensional FBSDE:

i(t) ) 0 0 Y (t) ca) 0 0 7(t)
d| pi(t) | =4 | es(t) —c2(t) 0 Q)]+ 0 a() 0 p1(t)
pa(t) eas(t) 0 —co(t) ¢2(t) 0 0 a(t)) \pAt)
c3(1) 00 Z(t) (co(t) }
+1 0 00| @@ |+ O dt
0 00/ \ () 0
0 0 0 )<~(t)) ( 0 00\ [/Z@®)
+<¢ [ 0—es(t) 0 Gu(t) | + | ewa®)00 | | qi(t) (2.25a)
0 0 =—cs(t)) \Gt) e24(t) 00 32(t)
00 0 (ﬂ(t)) (do(t)
+|0axt) 0 n) |+ o AW (t),
0 0 az(t) ﬁg(t) 0
7(0) M 0 0 (}7(0)
p1(0) | = | ews(t) =M 0 @(0) |,
p2(0) e6(t) 0 —M ) \ G2(0)
and
Y (t) a(t) 0 0 Y (t)
—d (jl(t) = 0 C1(t) 0 ql(t)
7210) 0 0 a()) \aq()
0 —ag(t)?er; (t) —aa(t)eqq (¢) g(t)
+ —611(t) 0 0 ?1(15)
—621(t) ? 0 szt) (2.25D)
(az(t) 00 Z(t) ao(t) ( Z(t)
+{ 0 00| aq() [+ O dt — | qi(t) | dW(t),
0 00/ \ g 0 32(t)
Y(T) E[¢|Er]
@(T) | = —ews(T)y(T)
G2(T) —eas(T)y(T)

Note that (2.25a) is a forward stochastic differential filtering equation, while (2.25b) is a backward stochastic
differential filtering equation (2.25a) together with (2.25b) constitutes a coupled forward-backward stochastic
differential filtering equation denoted by (2.25), which is distinguished from the classical filtering literature (see
e.g. [8]). Now, we obtain an explicit candidate equilibrium point for the foregoing LQ nonzero-sum differential
game.

(iii) Verify that (u1(-),u2(-)) denoted by (2.22) is indeed an equilibrium point.

We can check that the system (2.19) and the performance criterion (2.20) satisfy the assumptions (H1) and
(H2), that v;(y) = —ei5y? and ¢;(Y) = —e;6Y? are concave with respect to y and Y respectively, and that the
Hamiltonian H; (i = 1,2) denoted by (2.21) satisfies the conditions (2.8)—(2.11). Then, from Theorem 2.3, we
conclude that (u1(-),u2(-)) denoted by (2.22) is indeed an equilibrium point.

3. ZERO-SUM DIFFERENTIAL GAMES

In this section, we study a zero-sum version of Problem (NZSG).
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We introduce the performance criterion

T
J(o1(),va() =E / Lty (1), 27002 (1), YU 02 (1), 2000 (1), v (1), 0o (1) d

oy (1) | ++(Y72(0)).

For any (v1(+), v2(-)) € Uy x Us, we assume that I(-,y"v2(-), YV1v2(-), Z90v2(), v1(+),v2(+)) € L, (0,T;R) and
v € Ly (2R).
Problem (ZSG): Find (ui(+),uz(-)) € Uy x Uy such that
J(ur(-),v2(4) < J(ui (), ua(+)) < J(vi1(), u2(t)),

for all (vi(+),v2(+)) € Uy x Us. We call (uy(+),uz(-)) an open-loop saddle point of Problem (ZSG) (if it exists).
It is well known that the zero-sum game can be regarded as a special case of the foregoing nonzero-sum game.
In fact, we let
—Ji=Jy =

If (u1(-),u2()) is an equilibrium point of Problem (NZSG), we have
{J1(u1(~),u2(-)) = Ji(vi(-), u2(-)),
Ja(ui (), ua(-)) = Ja(ua(:), v2(-)),

which implies that
J(ur(-),v2() < J(ua (), ua(-)) < J(vr(), uz(t))-
We define a new Hamiltonian function H : [0, T] x R® x R®*! x R™ x R™*? x Uy x Uy x R® x R"*! x R™ x Rm*d
as follows:
H(t, Y, ZaYv Za V1,02, P, D, ¢, (j) £ <Q7 f(y, 2, Yv Za U1, U?» + <(ja f_(ya 2, K Zv U1, 1)2)>
- <pvg(}/a Zv U1, U?» - <ﬁv§(}/a Zv U1, U?» + l(yv 2, K Zv U1, 'UZ)’
Let (u1,u2) € Uy x Us with the solution (y(-),2(-),Y(:), Z(-)) of equation (2.1). We shall use the abbreviated
notation H(t) defined by
H(t) = H(t,y(t), 2(t), Y(t), Z(t), ua (t), uz(t), p(t), 5(t), q(t), A(t))-
The adjoint equations are described by the following generalized stochastic Hamiltonian systems:
dp(t) = — Hyy (H)dt — H()dW (£) — p(H)AB(),
—dg(t) = Hy(t)dt + HZ(£)dB(t) — q(t)dW (t),
p(0) =— sﬁy( (0)) = &3 (Y(0))4(0),

Based on the above arguments, we can derive the following maximum principle of Problem (ZSG). Since some
mathematical deductions are parallel to those of Section 2, then we will omit the detailed proof.

(3.1)

Theorem 3.1. Let (H1) hold and (u1(-),uz2(+)) be a saddle point of Problem (ZSG). Let (y(),z(), Y(), Z())

and (p(~),]5(~),q(~), q‘()) be the solutions of (2.1) and (3.1) corresponding to the control (ui(-),uz(-)), respec-
tively. Then it follows that

(BIH, MI€]v1(t) = wi (1)) 2 0
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and

(BIH, MIE] va(t) = u2(t)) <0
are true for any (vi(-),v2(+)) € Uy X Uz, a.e. a.s.

Remark 3.2. If (uy(-), ua(: )) 1s an equilibrium point (resp. a saddle point) of nonzero-sum (resp. zero-sum)
differential games and (u1 (1), ) is an interior point of Uy x Uz a.s. for all ¢ € [0, T, then the inequalities in
Theorem 2.2 (resp. Thm. 3. ) are equivalent to the following equations

BIH;, ()18 = 0,i = 1,2 (resp. E[HZ, (H|€] = 0,5 = 1,2).
In the sequel, we give a verification theorem for a saddle point of zero-sum games.

Theorem 3.3. Let (Hy) hold and ¢(Y) = MY, where M is a non-zero constant matriz with order n X m.
Let (y,2,Y,Z) and (p,p,q,q) be the solutions of equations (2.1) and (3.1) corresponding to the admissible
control (u1(~),u2(~)), respectively. Suppose that the Hamiltonian function H satisfies the following conditional
mini-mazximum principle:

E[H (6. y(t), 2(0), Y (), Z(8), w1 (), ua(0),p(t). (1), a(1). (1) ]

= intE[H(E(0.2(0.Y (0. 20, 00, ua(2).p(0). 50).a(0). 2(0) |1

?1)152/1 E [H(ta y(t)’ Z(t)’ Y(t)a Z(t)a Uy (t)a ’Uz(t),p(t),ﬁ(t), q(t)’ (j(t)) |gt} .

(a) Suppose that both ¢ and ~y are concave, and
(t,y,2,Y,Z,v2) — H(t,y,2,Y, Z ui(t), vz, p(t), B(t), q(t), 7(t))
is concave, for all (t,y,z,Y,Z,v3) € [0,T] x R"® x R"*! x R™ x R™*? x Uy. Then we have
Jur(-),v2() < J(ui(:),ua(),  for allva(-) € U,
and

J(ui(),uz()) = sup  J(ui(:), v2(:))
va () EUs

(b) Suppose that both ¢ and 7y are convex, and
(t, Y, z, K Zv Ul) - H(ta Y, =z, Yv Za v1, u2(t)’p(t),ﬁ(t)a Q(t), (j(t))
is convez, for all (t,y,2,Y,Z,v1) € [0,T] x R"® x R"*! x R™ x R™*? x U;. Then we have

J(ui(-),uz() < J(vi(e),ua(-),  for allvi(-) € Uy,

and
Tun(ua() = int (w10 ua()
(¢) If both (a) and (b) are true, then (ui(-),u2(:)) is a saddle point which implies
sup ( inf J(vl(~),vg(~))> = J(ui(+),u2(:)) = inf ( sup J(Ul(')av2('))>'

va(-)eUs Nv1()EUL vi()EUL \ (YU
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Proof.
(a) Using the similar proceeding shown in proving Theorem 2.3, we can obtain the following:

J(ur (), v2(+)) < J(ur(-),ua(:)), for all va(+) € Us.

Furthermore,

sup  J(ui(-),v2()) < J(ui(:),uz(-)).
va () EU2

Since uy(+) € Uz, we have

sup J(u1(-), v2(+)) = J(ur (), u2(-))-
va () EU2

(b) This proof is a counterpart of (a), and consequently we omit the proof for simplicity.
(c) If both (a) and (b) are true, then

J(ui (), v2()) < J(ur(),u2(-)) < J(vi(-), ua()),

for all (vi(-),v2(+)) € Ur X Ua, i.e. (u1(-),u2(+)) is a saddle point.
In the following, we have

J(ur (), us (") < nf J(01(-),us(-)) < it (v;})lep% J(U1(~)1}2(.))>7

and

Jen(a() 2 s S0z e (| d J0e0)

which imply that

sup ( inf J(v1(~),v2(~)))SJ(ul(-),u2(~))§ inf ( sup J(vl(-),vg(-))).

va(-)EUs N V1()EU 1)UL Ny () eUs

On the other hand, we derive

T <t Ji0w() < s () T(n0),00))

and

Jaa(hue() 2 sw Juoa() 2 o ( swp (a0 e0))

which show that

sup ( inf J(vl(~),vg(~)))zJ(ul(-),u2(~))2 inf ( sup J(Ul('),’l)g('))).

va(-)EUs NV1()EUL vi()EUL Ny () EUs

Combining (3.2) and (3.3), we obtain

sup ( inf J(vl(~),vg(~))>:J(ul(-),u2(~)): inf ( sup J(vl(-),vg(-))>.

va(-)eUs NV1()EUL vi()EUL \ (YU

Remark 3.4. Similar to the results in Section 2, we can also give the corresponding corollaries for maxi-
mum principle and verification theorem for a saddle point of full information zero-sum differential games. For

simplicity, we omit them here.
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4. CONCLUSION

We investigate a new stochastic differential game problem of FBDSDEs. Compared with the previous litera-
ture, our game systems are initial coupled FBDSDEs and are under the framework of partial information. We
established a maximum principle and a verification theorem for an equilibrium point of nonzero-sum differential
games and a saddle point of zero-sum differential games. We also gave an LQ nonzero-sum game to specify how
to apply the theoretical results to find an explicit expression of the equilibrium point.

The subject issue studied in this paper possesses fine generality. Firstly, the FBDSDE game system covers
many systems as its particular case. For example, if we drop the terms on backward It6’s integral or forward
equation or both them, then the FBDSDE can be reduced to FBSDE or BDSDE or BSDE. Secondly, if we
suppose that & = F; for all ¢t € [0, T, all the results are reduced to the case of full information. Finally, if the
present zero-sum stochastic differential game has only one player, the game problem is reduced to some related
optimal control. Particularly, our results are a partial extension to optimal control of partial information FBS-
DEs [17], BSDEs [6] and full information BDSDEs [5], and to differential games of full information BSDEs [15]
and partial information BSDEs [16]. In our game systems, the forward equations are coupled with the backward
equations at initial time, rather than terminal time. In this regard, this paper offers new results on the initial
time’ issue, which previous terminal time’ studies had not addressed.

Finally, since many optimization and game problems in finance and economics can be associated with forward-
backward stochastic systems, the outcomes of this paper bear much relevance in these areas.
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