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TRANSPORT PROBLEMS AND DISINTEGRATION MAPS

Luca GRANIERI! AND FRANCESCO MADDALENA!

Abstract. By disintegration of transport plans it is introduced the notion of transport class. This
allows to consider the Monge problem as a particular case of the Kantorovich transport problem, once
a transport class is fixed. The transport problem constrained to a fixed transport class is equivalent to
an abstract Monge problem over a Wasserstein space of probability measures. Concerning solvability
of this kind of constrained problems, it turns out that in some sense the Monge problem corresponds
to a lucky case.
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1. INTRODUCTION

Optimal transport problems, also known as Monge—Kantorovich problems, have been very intensively studied
in the last years giving rise to numerous and important applications to PDE, Shape Optimization and Calculus
of Variations, so we witnessed a spectacular development of the field. The interested reader may look at the
monographs and lecture notes [3,5,10,13,17-20] where the subject is fully developed.

Let us briefly recall the formulations of the Monge—Kantorovich problems.

Let X,Y be two compact metric spaces and let ¢ : X x Y — RT be a Borel cost function. The Monge problem
is formulated as follows: given two probability measures p € P(X), v € P(Y) find a measurable map t : X — Y
such that txu = v (# denotes the push-forward of measures) and such that ¢ minimizes the total cost, i.e.

i { [ o)) g = v} )

It may happens that the set of admissible maps is empty (e.g. p = d, and v = %((5y +6.)). Then the problem
could be reformulated in its Kantorovich’s relaxation: find v € P(X x Y') such that 71';1&#’}/ = p and 7@7 =v (r!
and 72 are the projections on the factors of X x Y') and such that v minimizes the total cost, i.e.

min {/ c(x,y) dy(z,y) | F#’y = u, 773#7 = z/} . (1.2)
v XXY
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The admissible measures v for the Kantorovich problem are called transport plans. We denote by I7(u, ) the set
of transport plans with marginals ¢ and v. If ¢ is admissible for the Monge problem then the measure associated
in the usual way to the graph of ¢, i.e. v = (Ix X t)xpu, is admissible for the Kantorovich problem. However the
class of admissible measures for the Kantorovich problem is never empty as it contains p ® v. Moreover, the
Kantorovich problem is a linear one. Existence of minimizers for the Monge problem is difficult and may fails,
while for the Kantorovich problem the semicontinuity of ¢ is enough to ensure existence of minimizers.

If X =Y, and ¢ = d is the distance function, for p > 1 the cost

defines a distance on P(M) called p-Wasserstein distance.
Let us recall that by Kantorovich duality (see [3,13,19,20]) the 1-Wasserstein distance between p and v,
which we will simply denote by W, can be expressed as follows

W(p,v) = Sup{/de(u —v)|pe€ Lipl(X)}, (1.3)

where Lip; (X) denotes the set of Lipschitz function having Lipschitz constant not greater than one.

Description of the results

A relevant tool in mass transportation theory is constituted by the Disintegration theorem (Thm. 2.1) of
measures which states that every transport plan v € P(X xY') can be written as v = f(z)®u where f(z) € P(Y).
We shall call disintegration map every f: X — (P(Y), W) such that

f@)@pe (u,v).

In this paper we relate the structure of the set of transport plans I7(u, v) with the push-forward of disintegration
maps. Indeed, given the measure v = f(x) ® u, obviously p is the first marginal of , while the second marginal
depends on the disintegration map f. An interesting feature of transport plans appears by looking to the measure
fap. Precisely, if n = g(z) ® p is another transport plan, it results (see Lem. 2.5):

fa = gup = myy = whn.

Therefore, the second marginals can be fixed by looking to the push-forward of disintegration maps. In this way
the set of transport plans IT(p, ) can be structured in transport classes (see Def. 2.7) by setting n € [y] & fup =
gu 1. Roughly speaking (see Example 2.8), fixing a transport class leads to consider a constrained transport
problem with respect to splitting masses or traveling ones. Lemma 2.3 shows that all transport plans induced
by transport maps belong to the same transport class. Moreover, by density of transport maps in I7(u, v), it
follows that (see Prop. 2.9) such transport class characterizes the transport plans induced by transport maps.
Therefore, in this perspective the Monge problem can be seen as a constrained Kantorovich problem, namely

min{/xc(x,t(w)) dy t#uzy}:min{/xxyc(x,y) dy 76[5S®,u]},

for a given transport map s. By density of transport maps, the Kantorovich transport problem also corresponds
to

min{/XXyC(w,y) dy : WGH(M,V)}Zmin{/XXyC(x,y) dy : WGMW},

for a given transport map s.



890 L. GRANIERI AND F. MADDALENA

Hence the Monge problem represents a particular case of a more rich structure of problems, obtained by
fixing a transport class in the Kantorovich formulation of transport problems. In this context, considering
transport problems in a fixed transport class is quite natural. Since we are looking to the push-forward trough
disintegration maps, fixing a transport class results equivalent (see Sect. 2) to consider measures A € P(P(Y))

satisfying the barycenter constraint
/ A dAN) =
P(Y)

The corresponding transport class is given by the transport plans f(z)®@pu such that fup = A. In this formulation
we see that fixing a transport class is equivalent to consider transport maps f sending p into A. So it is natural
to consider the following Monge—Kantorovich problem in the class A:

M) =it { [ ctwp) drly=Fom fn=a]. (1.4

The above transport problem leads to consider an abstract Monge problem between the space X and P(Y'). Let
us consider the following transport cost

(e, \) € X x P(Y) : é(a,\) = /Y oz, ) d.

We set
M ) =int { [ o @) aul fon =1} (15)

For every transport class A (see Prop. 3.2) we have
M, p, A) = MK (e, p,v).

Therefore, every existence result for the Monge problem M (¢, i, A) in the abstract setting corresponds to an
existence result for the Monge—Kantorovich problem in the transport class A. Of course, minimizing in a
transport class could be as difficult as for the Monge problem since, of course, the transport classes are not in
general closed. However, by this reformulation it comes out that the Monge case is peculiar. More precisely,
since the Monge problem is a particular case of transportation in a transport class, one may asks what happens
for others transport classes. In other words, the matter consists in establishing if the abstract Monge problem
admits solutions. The existence results for the Monge problem are usually stated in the following form: under
some assumption on the spaces, on the first marginal g and on the cost ¢(z,y), for every second marginal v the
Monge problem admits solutions. For the abstract Monge problem M (¢, u, A) this is not the case. For discrete
measures A, see Section 4, for the quadratic cost it results that M (¢, u, A) may not admit solutions. Therefore,
in the abstract setting, it could be also interesting to consider, under some assumption on the spaces, on the first
marginal g and on the cost ¢(z,y), the question for what kind of second marginals the corresponding Monge
problem admits solutions. From this point of view, in some sense the Monge problem corresponds to a lucky
case.

Disintegration maps and variational problems

Our main motivation in introducing the notion of transport class is inspired from variational problems arising
in elasticity and shape analysis. Actually, a regular transport map can be viewed as a deformation of an
elastic body X into the deformed configuration Y. Since the mass is preserved, we may refer to these maps as
reformations of X into Y. Then, in the setting of nonlinear elasticity, one usually look for minimizers ¢ : X — Y
of the stored energy [ + W (Vt) dz. In this kind of approach of course X and Y should be also regular. For
instance, if X is connected, Y has to be connected too. In order to deal with more general situations also
allowing fragmentations, in [14] it is studied the notion of transport plan as a weak notion of reformation.
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FIGURE 1. An isometric fractured reformation.

Precisely, the role of deformations in classical elasticity is played by the disintegration maps corresponding to
transport plans. For instance, the configurations in Figure 1 are isometric, in the sense that the disintegration
map corresponding to the transport plan that splits the mass one half on the right and one half to the left is an
isometry with respect to the Wasserstein distance, although they cannot be compared by regular reformations.

To state a correspondent variational theory, some troubles appear. In this kind of problems, a key role is
played by invertibility properties of maps. By change of variables formula, one is lead to deal with a push-forward
condition like fxp. The matter is that by considering disintegration maps f, the corresponding push-forward is
not constant with respect to f and may change, adding an extra difficulty to handle with minimizing sequences.
This phenomenon disappears in the classical approach since the push-forward of transport maps txp = v is
fixed. Therefore, from this point of view it comes out quite natural to classify transport plans through the
notion of transport class. We refer the reader to [14] for details.

2. DISINTEGRATION MAPS AND TRANSPORT CLASSES

Let X,Y C R be two compact sets and let M(Y) be the space of Radon measures on Y. A map \ :
X — M(Y) is said to be Borel, or equivalently weakly*-measurable, if for any open set B C Y the function
x € X +— A (B) is a real valued Borel map. Equivalently, x +— X, is a Borel map if, for any Borel and bounded
map ¢ : X XY — R, it results that the map

reX /Yw(w,y)dkx

is Borel.

Theorem 2.1 (Disintegration theorem). Let v € P(X x Y) be given and let 7t : X x Y — X be the first
projection map of X x Y, we set u= (') zvy. Then for p— a.e. x € X there exists v, € P(Y) such that

(i) the map x — v, is Borel,

(ii) Vo € Cb(X X Y) : fXXy 90(1" y)d’}/ = fX (fy (p(l‘, y)dVar(y)> d,u(x)
Moreover the measures v, are uniquely determined up to a negligible set with respect to .

Let v € II(u,v), as usual we will write v = v, ® p, assuming that v, satisfy the condition (i) and (ii) of
Theorem 2.1. Obviously, the transport plan p ® v corresponds to the constant map x — v, =v. Let t : X — Y,
be a transport map, observe that for the transport plan 7; := (I x t)gpu, the Disintegration Theorem yields
Yt = Oy(z) @ p. Therefore, the disintegration procedure for a transport plan v = f(z) ® pu produces a map

f: X — (PY),W), st. z+— f(x) is Borel. (2.1)
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We shall refer to such maps f as disintegration maps. For a transport map ¢ the corresponding disintegration
map is given by @+ d;,). Of course, it is possible to look at a disintegration map as a Borel map between X
and (P(Y),W). Indeed, we have the following result.

Lemma 2.2. A map f: X — (P(Y),W) is a disintegration map if and only if f is Borel.

Proof. Let f: X — (P(Y), W) be Borel and let A C Y be an open set. Observe that f(z)(A) = [, xa(y)df(x).
For a l.s.c. function ¢ over Y, define

I,: (P(Y), W) =R, I,(\:= /’P(Y) e(y)dA. (2.2)

Since W metrizes the weak™ topology of measures, we have that I, is a l.s.c. map. For every « € X it results

/ p()df () = L(f()).
Y

If f is a Borel map, it follows that the map f(-)(A) : X — R is also Borel as composition of a l.s.c map and a
Borel one. Hence f is a disintegration map. Vice versa, observe that by the Ascoli—Arzeld Theorem the space
Lip,(Y) is compact with respect to the uniform convergence. Fixed a countable dense subset D C Lip,(Y), by
Kantorovich duality we have

W(v1,v2) =  sup / uwd(vy — ) = sup/ u d(vy — o).
w€Lip, (V) JY ueD JY

Since = — f(x) is Borel, we have that, for every u € Lip;(Y), gy : X — R defined by g, () := [, u d(v — f(x))
is a Borel map . To check that f is a Borel map, it is sufficient to observe that

B = (g (o) =4

ueD

is Borel since g,, is Borel and D countable. It remains to check the above equality. If € A we get |g,(z)| < r,
for every w € D. Hence, by definition of g,, it follows that W (v, f(z)) < r and then f(x) € B(v,r). On the
other hand, if f(x) € B(v,r), i.e. W(v, f(x)) < r, by Kantorovich duality |g.(z)| := | [ v d(v — f(x))| < r for
every u € D. This implies x € A. O

Let X C RY, we recall that the barycenter of a measure i € P(X) is given by

B(u) = /X z du.

Disintegration maps naturally produce measures of the form fgu on the space (P(Y),W). By the following
lemma, we see that this point of view is equivalent to fix the second marginal of transport plans induced by
transport maps.

Lemma 2.3. Let t,s : X — Y be two given Borel maps, p € P(X) and let f,g : X — P(Y) defined by
f(x) = Ot(a)> g(z) = ds(a)- Then
tpn = spi S fpu=gpu. (2.3)

Proof. Assume fup = gup and for any ¢ € C(Y') let us consider the function I, defined in (2.2). Observe that
I, € C((P(Y),W)). Hence we have

/ L) ) = / 1) Ao = J 1t @) dn = [ o) au
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o [ ([ eware)ae= [ ([ o do)) (2.0

!/w@dﬂ@=wW@%!/w@dﬂw=wM@%
Y Y

Since

by (2.4) we get
[ ete@) au= [ ols@)) d
X b'e

By the arbitrariness of ¢ we infer tup = syp.
Vice-versa, for every ¥ € C((P(Y'),W)) let us consider the function ¢(y) = ¥(d,). Observe that ¢ € C(Y").
If tup = sup we compute

/w (fgm) = /w )) dp = /Wt(w
_/X(p(( z)) dp = /ch(s(x)) dLL:/)/1/) d(gpm).

By the arbitrariness of 1) we obtain fup = gup. O

Corollary 2.4. Let t,s : X — Y be two given Borel maps, p € P(X), let f,g : X — P(Y) defined by
f(@) = 0y(a), 9() = 02y and let v = f(x) @ p, n = g(x) @ p. Then

TYY = TEN S fapn = gpp. (2.5)

Observe that the first part of the proof of the above Lemma works for general transport plans v = f(z) ® u,
n = g(z) ® p. Actually, by (2.4) we get the following

Lemma 2.5. Let p € P(X), f,g : X — PY), v = f(x) @ pu, n = g(x) ® p be given. Then the following
implication holds true
fap = gup = myy = 740, (2.6)
Therefore, also for transport plans, the second marginal can be fixed by fixing the push-forward of disintegration
maps.
Notice that in general the converse of (2.6) is not true as we show in the next example.

Example 2.6. Let f : X — P(Y) defined by f(z) = v and let v = f(2)®@pu. Let n = g(z) @ p where g(x) = dy(z)
for a given transport map ¢ : X — Y with txu = v. For every ¢ € C((P(Y), W)) we have

¢M%M:A¢@mmm

P(Y)
while
. ¢ d(fyp) =9 v).
For any ¢ € C(Y)) let us consider (A |fY oy d)\| (A)]. We compute
Awwwmnz [ ot 0| = /w D= [ fetw)

However, on the other hand (v | Iy ey d1/|.
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FI1GURE 2. Transport plans in the same class.

The above arguments allow to characterize transport plans through the push forward of disintegration maps.
We introduce the following notion of transport class.

Definition 2.7 (Transport classes). Let v, n € IT(u,v) with v = f(2) ® u, n = g(z) ® u be given. We shall say
that v and n are equivalent (by disintegration), in symbols v ~ ), if fuu = gupu.

For any given n € IT(u,v) with n = g(x) ® u, we shall call transport class of 7 the equivalence class of
transport plans given by

m={v=f@)@ul| far=gzn} (2.7)

Notice that in the case of discrete first marginal 1 = )", «;0,,, for any disintegration map it is easily seen that
fup = Zaiéf(zi)-
i

Therefore, transport classes are fixed by the range of f.

Example 2.8. Let
1 1 1 1 5
H= 5511 + 5512 + 5513’ V= 6591 + 6592’

Consider the transport plan which uniquely splits the mass at x;. This transport plan corresponds to the
disintegration map

f(l‘l) :3(a6y1 +b5y2)7 f(l‘z) :6y2’ f(l‘g) :5y27 a=b= 1 (2'8)

6
By changing the point at which the mass is splitted, the range of the corresponding disintegration map does
not change. For instance, for the second transport plan in Figure 2 we get the following disintegration map
1
9(1'1) :5y27 9(1'2) :3(0’52/1 +b5y2)a 9(1'3) :5yQa a=b= E
It follows fup = g4p. Analogously, all the transport plans with only one splitted mass belong to the same
transport class.
On the other hand, by changing the number of splitted masses the corresponding disintegration range is
changing.
Indeed, by looking at Figure 3, we may consider the disintegration map

h(z1) = 3(a/5y1 + b/5y2), h(x2) = 3(6/5y1 + d/5y2)a h(z3) = 0y,
/ 3 b/ 7 / 2 d/ E.

a

T30 T30 ¢ T 300 30

In such a case we have that fup # hyp. On the other hand, by keeping fixed the number of splitted masses,
the transport class may be changed by modifying the amount of traveling masses. Consider for instance the
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1 e
X2 ..;.yl
L3 @l [ 3e Yo

FiGURE 3. Two splitting masses.

disintegration
k(z1) ("6, +0"5y,), (22) = 3(c"dy, +d"dy,),  k(zs) = dy,,
a//:i b//:g C//:i d”:ﬁ
30° 30’ 30 30°

We get hyp # kyp.
Therefore, to fix a transport class leads to consider a constrained transport problem, with respect to splitting
masses or traveling ones.

By Lemma 2.3 it follows that all transport plans induced by transport maps belong to the same transport
class. Since the transport maps are dense in IT(u, ) we can prove the following result.

Proposition 2.9. Let s : X — Y be a transport map, i.e. such that sup = v, with p non-atomic, and let
N = (I X 8)pp= >0y @u. If v € [n] then there exists a transport map t : X — Y such that v = 65y @ p, i.e.
the transport plan v is induced by a transport map t. In particular, if v = f(x) @ p, it results t(x) = B(f(x))

[-a.€..
Proof. By applying Theorem 9.3 of [3], see also [10], and the same argument employed in Theorem 2.1 of [3],

we find a sequence of Borel maps t, : X — Y such that

v=lm o) @k (tn)gp=v VneN

and therefore d; () ® p € [], ¥n € N. Consider ¢(y) = ly|?. By the push-forward constraint we get

@ dn = [ otta(o) du= [ o) a= [ i < -+x.

Let us consider ¢ € C((P(Y), W)) defined by ¥(d,) = |y|?. In fact, setting A C P(Y) the set of Dirac deltas,
the function ¢ is Lipschitz, with respect to the Wasserstein distance, over A. Hence it suffices to consider any
Lipschitz extension of ¢ on the whole P(Y"). For every n € N, since ((L )it = (0s)4 4 We have

[ i@ = [ 0660, 0) du= [ 06,0 d= [ s (2.9)

Therefore, by passing to a subsequence, we may suppose that ¢, is weakly convergent and let ¢t be the weak
limit of ¢,,.

Let v = f(z) ® u. By definition of weak convergence, by approximation with continuous functions, for any
g € L2(X,RY) we get

L<97t>du: lim [ (g,tn)dp = lim X(/y(g,y)détn(z)(y)) du

n—-+00 X n—-+00

/s (/Y<9’y> v <x>) = <9’ /X df(x)>du = [ 0Bt
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Therefore ¢, — B(f(x)). On the other hand, since v € [n], i.e. fup = (8, )xp, and by (2.9) we have

Jscsenian = [ 19.w)Pau= [ 15— [ 1o Pd

Then, it follows that ¢, strongly converges to 3(f(x)), hence by [3], Lemma 9.1, we deduce that v = d;,) ® p
with ¢(z) = B(f(z)). O

Of course, the above arguments hold true as well by considering LP(X, ) with p > 1. This corresponds to
consider the transport cost dP(z,y).
Proposition 2.9 allows to reformulate the Monge transport problem as follows:

mm{Ad%ﬂmﬁm:tﬂmﬂ}:mm{émf@wdvzvem®M}, (2.10)

for a given transport map s.
By density of transport maps, the Kantorovich transport problem can be seen as

min{/}(xyc(x,y)) dy : veﬂ(u,u)} :min{/Xxyc(w,y) dy : wemw}, (2.11)

for a given transport map ¢.
Therefore, the Monge problem corresponds to minimize the functional | xy C(,y) dy in a fixed transport
class of IT (s, v), while the Kantorovich one corresponds to minimize the same functional on the whole IT(, v).

3. MONGE—KANTOROVICH PROBLEMS ON TRANSPORT CLASSES

In the previous section we have seen that the Monge problem could be seen as a particular case of minimization
on a transport class. Since the transport classes are determined through the push-forward of disintegration maps,
they can be assigned by probability measures A over (P(Y), W).

Actually, consider f @ p € II(p,v) and A = fupu. Since (m2)4(f @ p) = v, for every ¢ € C(Y) we have

Jewar= [ ([ ew asw)an= [ 1.6 a
:AmuQmMM:Am(éwwM}m

Therefore, in order to define a transport class, the measure A has to satisfy the constraint

/ AdA=uw. (3.1)
PY)

Hence, every probability measure A over (P(Y'), W) satisfying (3.1) defines a transport class [n] = {f @ p :
fan= A}

For instance, the transport class [ ® v]| corresponds to the measure A = §,. While for a transport map ¢,
the transport class [0y(,) ® p] corresponds to A = [ 05,y dpt. On the other hand, the transport class in (2.8)
corresponds to the discrete measure A = %(5%1 + %55”. In this perspective, transport plans in the transport
class A can be seen as transport maps between p and A. It is then natural to consider the Monge—Kantorovich
problem in the class A defined as follows

M) =it { [ o) dr = F o fan =4} (3.2)

By Proposition 2.9, the Monge problem corresponds to the transport class A = fX 05,y dpt-
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Remark 3.1. Observe that for a discrete transport class A = Y. a;dy,, the Monge—Kantorovich problem in
the class A yields the optimal allocation problem consisting in the determination of a Borel subdivision {U;} of

X minimizing
S [ ([ cteman)au
—Ju \Jy

under the constraint ZZ a;\; = v. For existence results in this framework see Section 4.

The notion of transport class leads naturally to consider an abstract Monge problem between the space X
and P(Y"). Consider the following transport cost

V(@A) € X x P(Y) : &z, \) = /Y o, y)dA. (3.3)

We have the following

Proposition 3.2. For every transport class A C II(u,v) we have
M(&, u, A) = MK (e, i, v).

Proof. It suffices to observe that for any disintegration map f : X — P(Y") such that fuu = A, it results

[ e sy an= [ ( / c(x,wdf(x)) di= [ clog)aif o) 0

Observe that by the above proof it follows that f is a solution of M (¢, u, A) if and only if f ® p is a solution
of MK (c,pu,v). Therefore, every existence result for the Monge problem M (¢, u, A) in the abstract setting
corresponds to an existence result for the Monge—Kantorovich problem in the transport class A. The abstract
setting has the advantage of considering a nice cost, since it is linear with respect to the second variable. Of
course the disadvantage is the passage from the space X xY C RY xR¥ to the space X x P(Y). Observe that the
transport classes are always non-empty provided p is non-atomic. Indeed, it is well-known, see for instance [17],
Theorem 2.4, that whenever p is non-atomic transport maps between p and v always exists. Therefore, the only
obstacle in considering transport classes relies in the presence of atoms of p.

Proposition 3.3. c is continuous, l.s.c., Caratheodory, normal iff ¢ is.

Where we say that a measurable map ¢(z, y) is Caratheodory (resp. normal) if ¢(x, -) is continuous (resp. l.s.c.).

Lemma 3.4. Let c: X x Y — [0,400] be a Borel cost function satisfying

‘C(xlay) —C(.’Eg,y” SO[(.’El _1'2)7 (34)
for a given map o : X — R continuous at x = 0 and such that a(0) = 0. We have the following

1. If ¢(z,-) is continuous then ¢ (and hence ¢) is continuous.
2. If ¢(x,-) is l.s.c. then ¢ (and hence ¢) is l.s.c.

Proof. Let ¢(x,-) be continuous. If (z,,,yn) — (z,y) on X XY we compute

le(z,y) = c(@n, yn)| < le(x,y) — (@, yn)| + (@, yn) — c(@n, yn)|
< le(x,y) — (@, yn)| + alz — zn) — 0,
as n — +oo. If ¢(x, ) is L.s.c. considering
(Zn, Yn) = c(@n, yn) — (@, yn) + c(@,yn),
by (3.4), passing to the liminf we obtain

liminf e(xy,, yn) = liminf c¢(z, y,) > c(z,y). O

n—-+4oo n—-+oo
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In general, for the existence of optimal transport plans in the Kantorovich problem at least the lower semicon-
tinuity property of the cost function is usually required. Actually, some regularity of the cost function is needed
to obtain a useful duality theory or to ensure that the infimum of the Kantorovich problem is equal to the
infimum of the Monge problem (see for instance [3,17]). However, it is not hard to verify that the Kantorovich
problem admits solutions under more weak requirements on the cost function (see for instance [6]).

For reader’s convenience here we provide some details based on disintegration maps.

Let m, = f,®u be a minimizing sequence for the Monge—Kantorovich problem (1.2). Passing to a subsequence
we may suppose that 7, — f @ u = € II(u,v). Now, for any ¢(z) € C(X), o(y) € C(Y), we get

[ vt ar= [ v ([ ewase)au= tm [ o ([ ct)an @)

= lim [ p@)e(y) dm. (3.5)
XxY

By density of continuous functions, the above limit holds for ¢» € L' (X, i) as well. Therefore, if the cost function
has the form c(x,y) = a(z)b(y), with a € L', b € C, then by (3.5) it follows that 7 is an optimal transport plan.
Arguing component-wise, the same reasonings apply to linear costs c(z,y) = (a(z),y). For a Caratheodory
cost function ¢(x,y), i.e. a Borel map such that c(z,-) is continuous, observe that the disintegration maps
fn: X — PY) C M(Y,R) belongs to L>=(X, M(Y,R)), which is the dual of L*(X,C(Y)). Therefore, by
passing to a subsequence we may suppose that f, = f, i.e.

in_ [ ( / w<x,y>dfn<x>) b= [ ( / w<x,y>df<x>) du Vi € LV(X,C(Y).

n—-—+o0

The above continuity property shows that # = f ® p is an optimal transport plan, provided that
Jy-sup, c(z,y) dp < +-o0.

If ¢(z,y) is a normal cost, i.e. a Borel measurable map such that ¢(z, ) is lower semicontinuous, then it can
be reduced to a Caratheodory cost by standard approximation procedures. For instance (see [9]), we may write

c(z,y) = Sl}le an(x)bn(y), brn € CY).

Hence, the cost ¢; = sup,<; a;b; is Caratheodory and c¢;  c. Since

/ Cj (1‘, y)dﬂ'n < / C(Z‘, y)dﬂ'na
XxXY XxY

passing to the limit we obtain

/ ¢j(x,y)dr < lim inf/ c(z,y)dm,.
XxY XxY

n—-—+oo

Passing to the limit with respect to 7 we get that 7 is optimal. By representation of weakly™* l.s.c. functionals
(see [4]), the same reasonings apply to normal cost on X x P(Y). For a related result see also [12].

In the following we compare the Kantorovich problem (1.2) with the abstract version formulated using the
transport classes.

Lemma 3.5. For every transport class A C II(u,v) it results

MK (e, 1,v) < ME(&p, A).
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Proof. Let 1 = N(z) @ p € II(u, A). We compute

/XXP(Y) cdr= /x </7>m (/y c(gc’y)d/\) dN(gﬁ)) dys

- ( / c(x,y)df(@) du=[ o) dfow. (3.6)

where f(z) = fp(y) A dN(z). It remains to check that (m2)4(f ® u) = v. By (3.1), for every ¢ € C(Y) we have

f(Lear)an= [ ([ (Lo avio)au= [ sones
- /pm fol 4= /pm </y o) dA) = /Y ely) dv. -

Observe that the above definition of f(z) = B(N(x)) can be seen as a generalized barycenter map. Indeed, we
have the following

Lemma 3.6. The generalized barycenter map 5 : P(P(Y)) — P(Y) defined by
BN = / A AN
PY)

s 1-Lipschitz with respect to the Wasserstein distance.

Proof. First observe that if ¢ € Lip;(Y") then I, € Lip;(P(Y’)). Fixed ¢ € Lip,(Y") we get

[ o an) - s = | N ( X dA) AN — )
_ /P(Y) L) dNG — Na) < WML, Aa).

Taking the supremum with respect to ¢ € Lip,(Y) it results
W(ﬁ('/\/'l)aﬁ(-/\é)) SW(Nl,NQ) 0

Observe that a probability measure A on P(Y') defines a transport class iff its generalized barycenter is equal
to v.

Lemma 3.7. If ¢ is normal then there exists a transport class A C II(p,v) such that
MK (c,u,v) = MK(¢,u, A).

Proof. Let m, = fp, ® p € II(u,v) be a minimizing sequence for MK (¢, p,v). Set A, = (fn)xp. By passing to
a subsequence we have that A,, — A with respect to the weak convergence of measures. Observe that

/ </ © dA) dA :/ I,(A\) dA= lim I,(\) dA, = lim I(fn(x)) du
PY) \JY PY) n—+o0 Jp(y) n—+oo Jx

= dim . (/Y w(y)dfn(fﬂ)> dp = /Yso dv.
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Therefore, A defines a transport class. Consider the transport plans 7, = (I X f)gp € I (1, Ay,). Passing to a
subsequence we may also suppose that weakly 7, — 7 € IT(u, A). Since ¢ is normal we get

MK, u,A) < / ¢ dm < liminf ¢ dm,
XxP(Y) noF0 X xP(Y)

~ liminf /X &, f(2))du

n—-+00

n—-+oo

= lim inf </ oz, y)dfn(w)> dpu = MK (e, p,v).
x \Jy
The result follows by Lemma 3.5. O

By the above analysis the Kantorovich problem over X x P(Y") is essentially equivalent to the usual Kantorovich’s
one. Indeed, if ¢ is normal (for instance if the cost ¢ satisfies the conditions of Lem. 3.4) by Lemma 3.7 we have
MK (c,p,v) = MK (¢, p, A) for a transport class A. If # = N (z)®y is an optimal transport plan for M K (¢, i, A),
for such transport class A, setting f(x) = fp(y) A dN(z), by (3.6) it follows that f(z) ® p is an optimal plan
for MK (c, u,v). For a related relaxation procedure see [11].

4. EXISTENCE AND UNIQUENESS FOR THE MONGE PROBLEM

In the previous section we have seen that the Monge—Kantorovich problem is essentially equivalent to the
transport problem on transport classes. Of course, the Monge problem reveals hard to handle. For linear cost
c(z,y) = {x,y), which is equivalent to the quadratic cost c¢(z,y) = | — y|? because of the expansion |z — y|? =
|z|? + |y|? — 2(z, y), it is relatively easy to find existence and uniqueness of optimal transport maps. We expect
some advantage by considering the special form of the cost ¢ for the Monge problem on a transport class.
In order to handle with the abstract Monge problem, we review here some usual tools for solving the Monge
problem. The available approaches to existence and uniqueness rely more or less on two basic facts. The first
one is based on the notion of c-cyclical monotonicity. A set S C X x Y is said c-cyclical monotone if for any
finite set of pairs (z1,%1), ..., (zk, yx) and any permutation o the following inequality holds true

c(zi,yi) < Z c(Zi, Yo (i) -

k k
i=1 i=1

A fundamental fact in mass transportation is that the support of every optimal transport plan is a c-cyclical
monotone set and every c-cyclical monotone set is contained in the c-superdifferential 9% (or contact set) of a
c-concave function v, where

Fp={yeY : Y@@') - () < c(@,y) —clz,y) Va' € X}. (4.1)
A function 1 is said to be c-concave if there exist A x B C Y x R such that

— inf t.
V@ = el sy

For details we refer the reader for instance to [17,20]. The c-transform of ¢ is defined by °(y) = inf e x{c(z,y)—
(x)}. It can be shown that y € 0% < ¢¥(z) + ¢¥°(y) = c(x,y). If one is able to show that for p a.e. v € X
the c-superdifferential is single valued, then every transport plan is supported on the graph of a transport map
(see [3,17,20]). Namely, there exists a unique solution of the Monge problem. The same reasonings apply as well
directly to the abstract problem M (¢, u, A). In other words, if the é-superdifferentials is single-valued, then the
Monge problem M (¢, u, A) admits a unique solution. In this framework the two Monge problems are essentially
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related. Indeed, suppose that the é-superdifferentials contain just one Dirac delta and let 1 be a c-concave

function. We set ~
A={6,:yec A} x BCPY) xR

and ¢(x) = inf ) yeaxp(z,A) +t. It follows that ¢ is é-concave and h(z) = ¥ (x). Recalling that é&(x,d,) =
¢(x,y), the following implications hold true

y € %Y (x) & (@) —(x) < (@, y) — c(z,y)
=S 1;(1") - zz(x) <@, 6y) — é(z,0,) & 6y € 861;(1‘).

Therefore 0% (z) = {y}. .
Vice-versa, suppose that c-superdifferentials are single valued and let ¢ be a ¢-concave function. Consider

the c-transform (¢)¢(y) = inf,{c(z,y) — ¢¥(x)}.
We have

3y € () & d(a') = () < ela',y) — cla,y) & clz,y) — d(@) < e(a’y) =P (')
& c(z,y) = P(z) = ()(y) & y € 0(x) C Ou(x)

for a c-concave function u (see for instance [17], Rem. 3.12, Thm. 3.10). It follows that ¢)°(y) contains just one
delta. Of course this singleton condition of superdifferentials can be achieved under additional requirements on
the cost function. For a differentiable cost a general condition relies in the so called twist (or Spence— Mirrlees
in economic settings) condition, i.e.

x+— c(z,y1) — ¢(x,y2) has no critical point ¥ y1 # yo (4.2)

(see [7,10,15]). For a generalization of such condition, in the case of suitable geometries see [2]. In the case
X =Y = M with M a Riemannian manifold and for a Lagrangian cost it is enough for the cost ¢ to satisfy the
Mather’s shortening principle and the connectedness of the c-superdifferential, as it is shown in [20], Chapter 9.
Observe that in this case the connectedness is a key property. This property is easily satisfied if ¢(z,-) is
linear as happens just for the cost c¢(z,y) = (z,y). However, general forms of the cost ¢ which guarantee the
connectedness of the c-superdifferential are not known. In this perspective, the consideration of the linear cost
¢ could be useful. Observe that for a cost ¢ linear with respect to the second variable, the twist condition is not
in general satisfied. Consider for instance ¢(z,y) = (a(x),y) for possibly not invertible Jacobian matrix Va(z).

4.1. Monge—Mather’s shortening principle

By considering the cost ¢, it may happen that the ¢-superdifferential contains many points, which actually are
probability measures of P(Y), although the c-superdifferential is a singleton. However, we have the advantage
that the é-superdifferential are convex sets. Consider X =Y = M and a cost ¢ satisfying a shortening principle.
We briefly sketch the reasonings of [20], Chapter 9. Suppose that the following conditions are satisfied

1. There exists D C M with (D) = 0 such that D intersects every nontrivial continuous curve over M.
2. The cost ¢ satisfies a shortening principle.
3. The superdifferential 9¢1) is connected.

By assumption (2) it is possible to define a function F' : 7“’(%) — x with y € 9(z) having as domain the
mid point of geodesics over M. Indeed, by definition of c-superdifferential we get

Y(z1) —P(z) < clar,y) —clz,y),  P() —dlzr) < c(@,p1) — c(z1,y1)
for every y € 9°(x),y1 € 9°U(x1). It follows

c(r1,41) — ez, ) < clen,y) — ez, y) = ez, 1) + e(z,y) < el y) + (e, y1)-
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Hence, the shortening principle implies that

s < k(0 (B) o (1)), ”

By the inequality (4.3) it follows that F' is well defined and moreover it results a Lipschitz, actually also an Holder
condition works as well, map. By condition (1) and (3) it is possible to show that the set of points on which 9% is
not single valued is of null measure. Indeed, let y1, y2 € 9°¢p(z). By condition (3) consider a continuous curve p;
lying in 9% (z) connecting yi, y2. Therefore it is defined the non-trivial continuous curve m; = y**t (%) Hence,
x = F(my). By point (1) it follows that x € F(D) which is a null measure set. Since ¢(x,y) = é(z, ), we would
like to prove that the ¢é-superdifferential are a.e. single valued. The analogue condition for ¢ superdifferential is

5(1‘1, /\1) + 6(1}, )\) < 6(1‘1, )\) + 6(1}, )\1)
By definition, the above inequality leads to
MK (¢,0p,, M)+ MK(c,0:,A) < MK(¢,04,, ) + MK (¢, 85, \1).

A shortening principle should allow to estimate the distance d(z,z1) by the distance between mid points of
geodesics in M or in P(M). The main problem is to find a null set D, due to the fact that we are now dealing
with the space M x P(M).

4.2. Twist condition

Assume the cost function ¢ satisfies the twist condition (4.2). Under differentiability requirement, for instance
on an open and bounded set 2 C RY, with a uniform Lipschitz condition

le(@,y) —c(@’,y)l < K|z =2, Vyev, (4.4)

this means that the map y — V,c(z,y) is injective. It turns out that c-concave functions v are Lipschitz on (2.
Indeed, it suffices to compute

¢(952) = inf{c(m2, y) + ta (yvt) € AX B}
= inf{c(22,y) — c(21,y) + c(21,9) + 1, (y,t) € A x B} < Klz1 — z2| + ¢(21).
Moreover, if v is differentiable at x € £2, for every y € 9 (x), we have
C(l' + v, y) — C(SL’, y)

bl + 1) — ble) _ |
t - t

Passing to the limit as t — 0% we get
(Vi) = Voe(z,y),v) <0.

By the arbitrariness of v it follows Vi(z) = V,c(z,y) (see also [7]). Therefore, if p is absolutely continuous
with respect to the Lebesgue measure, then the twist condition implies that the superdifferential 9% (z) is a
singleton for p-a.e. x € 2. The same reasoning applies as well directly for the cost é. Indeed, since V,.¢(z, ) =
fY Vac(z,y) d\ we have that é-superdifferentials contains at most one delta iff the cost ¢ satisfies the twist
condition.

In the sequel we sketch a related approach to show existence and uniqueness for the Monge problem.

Assume that ¢(x,y) is a Caratheodory function, hence by Lemma 3.4 ¢ is continuous. Approximate the target
measure v by a finite convex combination of Dirac deltas, say by v, € P(Y"). Consider the problem M K (¢, i, vy,).
The optimal transport plans of this approximation problem are of course extremal points of IT(u,v,,). It can
be shown that these extremal points, which are supported on the graph of a c-concave function ,,, are of the
form (Id x t)xp (see Sect. 5), i.e. the Monge problem M (¢, y, v,) admits a unique solution.
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By the uniform Lipschitz condition (4.4) it follows that the sequence of c¢-concave functions v, is equi-
Lipschitz. Indeed, fixed z, 2’ € £2, for y,, € 0.y, (x) we have

1/Jn($/) - 7/1n($) < C(x/ayn) - C(xayn) < K|£L’ - $/|,

while for y/, € .4y, (") we have

Un(x) = n(a’) < c(z,y,) — (@’ y,) < K|z — 2|,

By the Ascoli—Arzeld Theorem we may suppose that 1, — 1, uniformly on compact subsets. Observe that 1
is c-concave as well. Indeed, recall that a map 1 is c-concave iff ¢ = )¢, where

Y(x) = inf{Y(z) < f(x): f c-concave}.
Fixed € > 0, we find a large integer n such that |1, (x) — ¥ (z)| < e. Since v, is c-concave we get
P(x) <e+n(z) = P(x) < Yn(x) +e <th(x) + 2.

By the arbitrariness of € we obtain ¢ < 1.
Let y, = t,,(z) € 0.1, (x). By passing to a subsequence we may suppose that y,, — y. Since

%(33') - %(33) < C(-T/a yn) - C(.Z‘, yn) < K|l‘ - 'T/|a

passing to the limit as n — 400 we get
(') = Y(@) < c(@,y) — c(z,y).

Therefore y € d.1(x). Since the c-superdifferential is a singleton, the whole sequence y,, converges to y. We set
t(z) = y. As limit of measurable maps, t is measurable as well. Moreover, it results

[ fnan = tm_ [ pta@)an= tim [ s = [ s
0 n—-+oo o n—-+oo Jy v
Hence t4p = v. Since the graph (z,t(z)) is supported on 0.1p(x) it follows, see [17], Theorem 3.22, that ¢ is an
optimal transport map. For a related approximation procedure of the Kantorovich problem see [12].

Hence, under the twist condition for the cost ¢, we would have existence and uniqueness of optimal transport
plans in every fixed transport class. Therefore, an interesting question is that of finding condition on the cost ¢
ensuring the twist condition for ¢.

5. EXISTENCE IN DISCRETE TRANSPORT CLASSES

To treat discrete measures we sketch existence for the Monge problem in this setting. For an extensive
discussion of this case we refer to [1,8,16].

Let v = >, a;0,, be a discrete probability measure over a metric space Y. Let v be an optimal transport
plan between p and v. Denote by I' = supp(7). By optimality, we have that I" is a c-cyclically monotone set of
X xY.Define A; j ={x € X : (x,y:),(z,y;) € I'}. Let z,2’ € A; ;. By c-cyclically monotonicity we get

C(.’E, yz) + C(wlv yj) < C(.’E, yj) + C(.’El, yz) < C(:Ev yz) + C(wlv yj)
Therefore, we obtain
(@, yi) — c(z,y;) = (@', yi) — (@', y;) = A
Under the assumption of p c-continuous, i.e.
p{re X+ clz,y) —clz,y;) = Aiy}) =0,

for every y;,y; € Y, A j € R, we have that (A, ;) = 0. Therefore, since the set of splitting masses is given by
A= U” A; j, if p is c-continuous then p(A) = 0. Hence, the transport plan + is induced by a transport map.
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5.1. Existence in some transport classes

Let A be an atomic transport class. Optimal transport plan for MK (¢, i, A) are of the form ) . a;dy, @ p
(see [11,12]). For every index it results f;(z) € 9% (z). By linearity of ¢ it follows f(x) = Y. aif; € 0%(x).
Therefore, the transport map f(x) is optimal for M (&, p, (f)p)-

5.2. Non-existence in some transport classes

Consider a discrete transport class given by A = 3" a;0y,. Consider the cost c¢(z,y) = (z,y). For i, j observe
that

& M) — i, Ay) = <x,/yyd(/\i—/\j)>.

Therefore, M (¢, u, A) admits solution iff S(\;) # B(A;). Analogously, for cost ¢(x,y) = a(z)b(y), if p({z € X :
a(x) = k}) = 0 for every k € R, it turns out that M(c, p, A) admits solution iff [, b(y)d(A; — A;) # 0 for
every i, j.

In this section we have seen that the usual approaches to solve the Monge problem give rise to some difficulties
in the setting of the transport problem in a transport class. In some sense, these methods are specific for the
transport class corresponding to transport maps. The question to establish existence in different transport classes
remains open. We have shown that also for the case of a discrete transport class the answer could be negative.
Therefore, from this point of view, the Monge problem corresponds to a lucky case for the fixed transport class.
This feature of transport classes also naturally leads to the following question. The existence results for the
Monge problem are usually stated in the following form: under some assumption on the spaces, on the first
marginal 4 and on the cost ¢(x, y), for every second marginal v the Monge problem admits solutions. Having in
mind the abstract Monge problem M (¢, u, A), it could be also interesting to consider, under some assumption
on the spaces, on the first marginal g and on the cost ¢(z,y), the question for what kind of second marginals
the corresponding Monge problem admits solutions.
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