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PARTIALLY OBSERVED OPTIMAL CONTROLS OF FORWARD-BACKWARD
DOUBLY STOCHASTIC SYSTEMS *

YUFENG SHI' AND QINGFENG ZHU?/!

Abstract. The partially observed optimal control problem is considered for forward-backward doubly
stochastic systems with controls entering into the diffusion and the observation. The maximum principle
is proven for the partially observable optimal control problems. A probabilistic approach is used, and
the adjoint processes are characterized as solutions of related forward-backward doubly stochastic
differential equations in finite-dimensional spaces. Then, our theoretical result is applied to study
a partially-observed linear-quadratic optimal control problem for a fully coupled forward-backward
doubly stochastic system.
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1. INTRODUCTION

It is well-known that the maximum principle, the necessary condition of the optimal controls, which is a
milestone-like result in the optimal control theory, was established for the deterministic control systems by
Pontryakin’s group [18] in the 1950’s and 1960’s. Since then, a lot of work has been done on the forward
stochastic control systems such as Bismut [6], Kushner [11], Peng [16] and Meng [14], etc. Maximum principles
of forward-backward stochastic systems have been studied extensively in the literature. We refer to [21,25,27]
and references therein. They only established some necessary maximum principles in the cases the control
domains are convex or the forward diffusion coefficients can not contain control variables.

In order to provide a probabilistic interpretation for the solutions of a class of semilinear stochastic partial
differential equations (SPDEs in short), Pardoux and Peng [15] introduced the following backward doubly
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stochastic differential equations (BDSDEs in short):
T T _
Y(t)=¢ +/ f(s,Y(s), Z(s))ds +/ 9(s,Y(s), Z(s)) d B(s)
t ¢
T —
—/ Z(s)dW(s), 0<t<T. (1.1)
¢

Note that the integral with respect to {B(t)} is a “backward Itd integral” and the integral with respect to
{W(t)} is a standard forward Ité integral. These two types of integrals are particular cases of the It6—Skorohod
integral (for details see [15]). Due to their important significance to SPDEs, the researches for BDSDEs have
been in the ascendant (c¢f. Bally and Matoussi [3], Shi et al. [20], Zhang and Zhao [30,31], Ren et al. [19], Hu
and Ren [9] and their references).

Peng and Shi [17] introduced a type of time-symmetric forward-backward stochastic differential equations,
i.e. so-called fully coupled forward-backward doubly stochastic differential equations (FBDSDEs in short):

y(t) =+ / £ (5,(5), Y(5), 2(5), Z(5)) ds — / 2(s) A B(s)

+ / 9 (5,(5), Y (s), 2(s), Z(5)) AW (s),
0 T T N (12)
Y(t) = & (y(T)) + / F (s,9(s), Y (s), 2(5), Z(s)) ds + / Z(s) AW (s)

T K -
+ / G (5,y(s). Y (), 2(5). Z(s)) TB(s).

In FBDSDE (1.2), the forward equation is “forward” with respect to a standard stochastic integral H}W(t), as
well as “backward” with respect to a backward stochastic integral HB(t); the coupled “backward equation”
is “forward” under the backward stochastic integral HB(t) and “backward” under the forward one. In other
words, both the forward equation and the backward one are types of BDSDE (1.1) with different directions of
stochastic integrals. So (1.2) provides a very general framework of fully coupled forward-backward stochastic
systems. Peng and Shi [17] proved the existence and uniqueness of solutions to FBDSDE (1.2) with arbitrarily
fixed time duration under some monotone assumptions. FBDSDE (1.2) can provide a probabilistic interpretation
for the solutions of a class of quasilinear SPDEs.

BDSDE and FBDSDEs can provide more extensive frameworks for stochastic Hamiltonian systems arising
in stochastic optimal control problems. Recently, Han et al. [7] investigated the necessary condition of op-
timal controls and obtained a stochastic maximum principle for backward doubly stochastic optimal control
systems. Almost simultaneously Bahlali and Gherbal [2] independently proved necessary and sufficient opti-
mality conditions for backward doubly stochastic control systems. Complete information maximum principles
of forward-backward doubly stochastic control systems of (1.2) have been studied in [28,29]. They established
maximum principles in the case the control domain is convex or the diffusion coefficients can not contain a
control variable.

However, in the control problems above, the information of the control problems is assumed to be completely
observed. This is not reasonable in reality. Generally speaking, the controllers can only get partial information at
most cases. This motivates us to study the partially observed optimal doubly stochastic control problems. The
subject of stochastic maximum principles for partially-observed forward stochastic optimal control problems
has been discussed by many authors, such as Bensoussan [5], Haussmann (8], Baras et al. [4], Li and Tang [12],
Tang [23], etc. Li and Tang [12] obtained the maximum principle for the partially-observed forward stochastic
optimal control problem in which the control variable is allowed to enter the diffusion and the observation
coefficients. Moreover, the control domain is not necessarily convex. Tang [23] extended the result in [12] to the
case with correlated noises between the system and the observation. A general maximum principle was proven for
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the partially-observed optimal control and the relations among the adjoint processes were established. Adjoint
vector fields were introduced as the solutions to some backward stochastic partial differential equations (BSPDEs
in short) and their relations were established. Under suitable conditions, the adjoint processes were characterized
in terms of the adjoint vector fields, their differentials and Hessians, along the optimal state process. The optimal
control problems for partially-observed forward-backward stochastic systems have been studied extensively in
Shi and Wu [22], Wang and Wu [24] and Wu [26]. They established maximum principles in the case the control
domain is convex or the forward diffusion coefficients can not contain a control variable.

In this paper, we study the optimal control problems of partially-observed forward-backward doubly stochastic
systems whose control domains are convex, but with the control variables capable of entering into the diffusion
terms. We derive the maximum principle under some suitable conditions, which can be viewed as the counterpart
of the results in Zhang and Shi [29] with complete observation. The main difficulty which we encounter is the
partial observation. We use a pure probabilistic approach of Li and Tang [12]. Firstly, by Girsanov’s theorem we
reformulate our original partially-observed optimal control problem (2.1)-(2.5) to (2.1)-(2.3), (2.5) and (2.6),
which is quite similar to a completely observed one. The only difference lies in the admissible control sets. One
advantage of this approach is that it need neither the Zaka’s equation as adopted in Haussmann [8] nor the
theory of stochastic flows as adopted in Baras et al. [4]. So we get around the complicated stochastic calculus
in infinite-dimensional spaces. Secondly, we obtain some estimations of the variational observed process and
the difference between the perturbed observed process and the sum of the optimal and variational observed
processes. Then we give the variational inequality. Finally, by the classical duality technique we prove the
maximum principle.

To illustrate our theoretical results, we give an example for a partially-observed linear-quadratic (LQ in short)
fully-coupled forward-backward doubly stochastic optimal control problem. Moreover, we can prove that the
observable control variable is really optimal.

We emphasize that our problems should be distinguished from the optimal control problems with partial
information, where a subfiltration is given to represent the information available to the controller instead of
an observation process. For problems with partial information, there is a rich literature (c¢f. Baghery and
Oksendal [1], Huang et al. [10], Meng [13] and the references therein).

The rest of this paper is organized as follows. In Section 2, we state our partially observed optimal control
problems and the main assumptions. In Section 3, we obtain the partially observed doubly stochastic maximum
principle. Finally in Section 4, we discuss forward-backward doubly stochastic LQ optimal control problems to
show the applications of the theoretical results.

2. PRELIMINARIES AND PROBLEM FORMULATION

Let (£2,F,P) be a completed probability space, {W(t)},5. {B(t)};5o and {X(¢)},5, be three mutually
independent standard Brownian motions, with values respectively in R, R! and R", defined on (§2,F, P).
Let N denote the class of P-null sets of F. For each ¢t € [0, 7], we define

FV =a{W(r); 0<r<t}VN,
FX =0 {X(r); 0<r <t} VAN,
Fop=0{B(r)=B(t); t<r<T}VN,

and
Fe=FV vFE, vtelo,T].

Note that {F}";t € [0,T]} and {F*;t € [0,T]} are increasing filtrations and {ffT;t € (0,71} is an decreasing
filtration, and the collection {Fy;t € [0,T]} is neither increasing nor decreasing. E denotes the expectation
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on (2, F, P). We introduce the following notations:

M?(0,T;R™) ={v(t),0 <t < T :v(t) is an R"-valued, Fj-measurable process

T
such that ]E/ lu(t)[2dt < oo},
0

MZx(0,T;R™) ={v(t),0 <t < T :v(t) is an R"-valued, F;*-measurable process

T
such that ]E/ lu(t)[2dt < oo},
0

L*(2, Fr, P;R") ={¢: € is an R"-valued, Fr-measurable random variable
such that E|¢]? < oo},

L2, F%, P;R") ={¢: £ is an R"-valued, Fi -measurable random variable

such that E|¢|? < oo}

For a convex subset U C R¥, let
T
Uaal0,T] = L v(t) : [0,T] x 2 — Ulv(t) is F;*-measurable, IE/ lw(t)|?dt < oo p .
0

For any given admissible control v € U4, we consider the following forward-backward doubly stochastic control
system:
dy(t) = f(t,y(t),Y (1), 2(t), Z(t), v(t)) dt — =(t) d B(t)
—
+g (t,y(t), Y (1), 2(2), Z(t),v(t)) dW(2),
AY (1) = —F (£, y(t), Y (1), 2(), Z (), v(t)) dt + Z(8) AW (2) (2.1)
G (1), Y (1), 2(8), Z(1), v()) dB(),
y(0) ==z, Y(T)=2(y(T))),
where (y (1), Y (-),2(),Z(-),v (")) € R® x R® x R**! x R"*d x Rk € R™ is a given constant, and T > 0,

] x R® x R x R™*! x R**4 x RF — R™,
] x R® x R"® x R™*! x R**4 x RF — R™,
}XR"XR”XR"XZXRnXdXRk—)R"XZ,
]

x R™ x R™ x Rnxl X Rnxd X Rk _ Rnxd7

We assume that the state processes (y (-),Y (), 2z (), Z (-)) cannot be observed directly, but the controllers can
observe a related noisy process X of the state processes which is described by

X(t) = /O h(s, 5" (s), Y (s), v(s))ds + T (£), (2.2)

where W(t) denotes a stochastic process depending on the control variable v(t), 0 < ¢ < T, and

h:[0,T] x R x R" x R¥ — R".
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Next we will give some notations:

Y -F
¢ i At Q) ! (t.¢)
= ) t7 = t7 N
z ¢ -G ¢
Z g
We use the usual inner product (-,-) and Euclidean norm |- | in R?, R"*¢ and R™*!. % appearing in the

superscripts denotes the transpose of a matrix. All the equalities and inequalities mentioned in this paper are
in the sense of dt ® dP almost surely on [0, 7] x {2. We assume that

(1 For each ¢ € Rvtntnxitnxd = A (. ¢} is an Fy-measurable process defined on
[0, T) with A (-,0) € M2 (0, T;Rntnxitnxd),

(H2) A(t,¢) and @ (y) satisfy Lipschitz conditions: there exists a constant k£ > 0, such that

|A(t, Q) — A(t, Q)| < k[¢—(|, V¢ ¢eRvintnxinxd "y e (0,77,
{@(y) — oW <kly—yl, Vy, yeR"
The following monotonic conditions introduced in [17], are main assumptions in this paper.
(At ¢) = A(t,C) . ¢~ () < —ul¢—¢
(H3) V¢=(y,Y,2,2)", (= (3,Y,7,2)" € R* x R" x R™*! x R™*?, vt € [0,T].
(@) —2H),y—9y) 20, Vy, g €R",

2
)

or
(H3)/ V¢=(y.Y,2,2)", (= (3.Y,%2Z)" € R" x R" x R™! x R"™*4 vt € [0,T].
(@(y) -2 ),y —y) <0, Yy, g€ R",

where p is a positive constant.

We have the following two parallel existence and uniqueness theorems.

Proposition 2.1. For any given admissible control v (-), we assume (H1), (H2) and (H3) hold. Then FBDS-
DEs (2.1) has a unique solution (y(t),Y (t),z(t), Z(t)) € M? (0, T; R rinxtinxd),

Proposition 2.2. For any given admissible control v (-), we assume (H1), (H2) and (H3)" hold. Then FBDS-
DEs (2.1) has a unique solution (y(t),Y (t),z(t), Z(t)) € M? (0, T; R rinxtinxd),

The proof of Proposition 2.1 can be seen in [17]. For reader’s convenience we give the main line of the proof
of Proposition 2.1 in Appendix. The proof of Proposition 2.2 is similar, we omit it.
We assume:

(i) F, f, G, g, ® are continuously differentiable with respect to (y,Y,z,Z,v), y and Y, respectively;
(H4) < (ii) the partial derivatives of F, f, G, g, @ are bounded;

(iii) h is continuously differentiable in (y,Y,v), its derivatives and h are all uniformly bounded.

Lastly, we need the following extension of It6’s formula (for more details see [15]).
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Proposition 2.3. Let a € 52 ([O,T};Rk), B € M? ([O,T];Rk), v € M? ([O,T};R’”l), 5 e M? ([O,T];RkXd)
satisfy:
t t - t N
= d dB O(s)dW .
o) =)+ [ Bes+ [0 TB6) + [66dWe). 0<i<T

Then
@) = a(0)2—|—2/0t (a(s),ﬁ(s))ds—i—Q/Ot (a().7() TB(s))
=3 (a8 W) - / () ds + / 6(s) ds,
Ela(t) = Eja(0)] + 28 (0(s). B(s)) ds — B / (s ds +E / 6 ds.

Here S? ([O,T];Rk) denotes the space of (classes of dP ® dt a.e. equal) all F-progressively measurable
k-dimensional processes v with

IE( sup |v(t)|2> < 0.

0<t<T

Under the above hypotheses, for every v(-) € Uy,q, the state equation (2.1) admits a unique solution (y,Y, 2z, Z) €
M?2(0,T;R™) x M?(0,T;R") x M? (O,T;R”Xl) x M? (O,T;R”Xd). (see Peng and Shi [17]).
Define dP? = p(t)d P, where

) t N 1 t
)= exo { [ (6.5 90160, 060). TX) = 5 [ o)V o) Pas
Obviously, p¥(t) € R is the solution to the following stochastic differential equation (SDE in short):

N
{ dp”(t) = p?(t)(h(t, " (t), Y (1), v(t)), d X (1)),
p’(0) =1.

Hence by Girsanov’s theorem and (H4), P¥ is a new probability measure and (W (-), W(), B(+)) is a RIFd+r.
valued standard Brownian motion defined on the new probability space (£2, F, PV). Note that the integrals with

respect to {X (¢)} and {W(t)} are standard forward Ito integrals.
We introduce the following cost functional:

(2.3)

T
J(v() = E {/O 1({t,y" (), Y (t), 2° (1), Z2°(t), v(t))dt + ¢ (y"(T)) + W(YU(O))} ; (2.4)

where E¥ denotes the expectation with respect to the probability space (£2, F, P¥), and
1:]0,T] x R™ x R™ x R™*! x R"*? x R¥ — R,
Y R" - R,
~v:R® = R.

We also assume

(i) 1 is continuously differentiable in (y,Y, 2z, Z, v), its partial derivatives are continuous in (y,Y, 2z, Z, v)
and bounded by (1 + |y| + |Y| + |z| + |Z] + |v]);

(ii) the derivatives of ¢ and y with respect to y, Y are bounded by C (1 + |y|) and C (1 + |Y]),
respectively.
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Our partially-observed optimal control problem is to minimize the cost functional (2.4) over v(-) € U,q subject
0 (2.1) and (2.2), i.e., to find u(-) € Uyq satistying

J(u())= min J(v(")). (2.5)

U(')euad

Obviously, cost functional (2.4) can be rewritten as

T
J(u() =E {/0 p" (DI, y° (1), YV (1), 2° (1), 27 (1), v(t))dt + p*(T)(y"(T)) + W(YU(O))} : (2.6)

Then the original problem (2.5) is equivalent to minimizing (2.6) over v(:) € Uyq subject to (2.1) and (2.3).
Our main target is to find the necessary condition of the partially-observed optimal control u(-) in the form of
Pontryagin stochastic maximum principle.

3. PARTIALLY-OBSERVED STOCHASTIC MAXIMUM PRINCIPLE

For the convex admissible control set, the classical way to derive necessary optimality conditions is to use
the convex perturbation method. Let u(-) be an optimal control and (y(-),Y (), z(+), Z(+)) be the corresponding
optimal trajectory. Let v(-) be such that u(-) + v(:) € Uzq. Since U,q is convex, then for any 0 < ¢ < 1,
uf(-) = u(-) + ev(-) is also in U,q. We denote the solution of (2.1) and (2.3) corresponding to the control u°(-)

by (y°(-),Y*(-),2°(), Z2°(-)) and p°(-).
For convenience, we introduce the notations

p(t) = o(t,y(t), Y (1), 2(1), Z(t), u(t)),
¢ (1) = @(t,y=(1), Y= (1), 25 (1), Z°(1), u(t) + ev(t)),

where ¢ denotes one of F, f, G, g,l, and their partial derivatives.
We introduce the variational equations consisting of a FBDSDE and another forward SDE as follows:

dy*(t) = [f,(O)y* () + fy Y H(E) + f2(0)21 () + fz(£) Z1 () + fo(t)v(t)]de
Flag Oy () + gy (OYHE) + g ()21 (1) + gz Z1 () + go ()] d W () — 21(t) d B(t),

AY'H(t) = —[F, (t)y' (t) + Fy ()Y (t) + F.(t)z"(t) + Fz(t) Z' (t) + F, (t)v(t)]dt (3.1)
—[Gy (W)Y (t) + Gy (YL (t) + G2 ()21 (t) + G2 () Z1(t) + Gu(t)o(t)] d B(t) + Z1(t) d W (1),

y'(0) =0, YYT)=a,yT)y"(T),

and

{ dp!(t) = [ (A" (£) + p(t) (hy ()Y (£))" + p(t) (hy ()Y 1 (£))" + p(t) (ho(B)(1))*] d X (1), (3.2)
= 0.

By (H4), it is easy to see that (3.1) and (3.2) admit unique measurable solutions (y!(t),Y1(t), z1(¢), Z1(t)) €
M?2(0,T;R"™) x M?(0,T;R™) x M2(0,T; R™") x M?(0,T;R™*?) and p'(t) € MZ« (0, T;R), respectively.

By Lemma 4 in [29] and Lemma 3.1 in [32], we can get the solutions depending on parameter to forward-
backward doubly stochastic control system.
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Lemma 3.1. Assume that (H1)—(H4) hold. Then we have

M-y @)
tim LU0
lim yo-ve =Y'(t)
e—0 IS
25 () — 2 (1)

lim ——— =2 (1),
lim zZ° (t) -7 (t) _ Zl (t)
e—0 £

W) —p@)
lim - =p (1)
Since u(-) is an optimal control, then
e T () = J(u(-)] = 0. (3.3)

From this and Lemma 3.1, we have the following

Lemma 3.2. Let assumptions (H1)—(H4) hold. Then the following variational inequality holds:

T
E“/O [P (0 1) + L0y (1) + (O (1) + ()21 (1) +12(H 21 (1) + 15 ()u(t)] dt

+E [y (y(T))y" (T)] + E* [y (Y (0) Y (0)] + E* [0~ (T)p (T)(y(T)] = 0. (3.4)

Proof. Let € — 0 in (3.3). From Lemma 3.1, we derive

T T
et {E/ (o= ()1 (t) — p(t)l(t)]dt} — ]E/ [ (®)1(E) + p(OLy (1) (1) + p(O-(HY (1)
0 0

+ ()62 (1) + p(t)lZ (1) Z1 () + p(t)15(t)o(t)]dt.
Similarly, we have
e 'E[(Y#(0)) —v(Y(0)] — E[y-(Y(0)Y(0)],
e E[p* (D) (y*(T) — p(T)d(y(T))] — Elp(T)vy (y(T))y" (T)] + Elp" (1) (y(T))]-

Then, we have

E /OT[Pl(t)l(t) + )y (1) + ol ()Y (1) + p(O)1E ()2 () + p(t) 5 () Z (1) + p()L; (v (t))dt
+Elyy (Y (0)YH(0)] + El[p(T) 4y (y(T)y" (T)] + Elp" (T4 (y(T))] = 0.
Thus (3.4) follows. The proof of Lemma 3.2 is completed. O
Noticing the term p~1(¢)p'(¢) in the above variational inequality (3.4), we let I'(t) = p~1(¢)p'(¢) and from
equations (2.2), (2.3) and (3.2), for the optimal control u(-), we have

{dm) = [y by, Yoy (6) + by (6.9, Y)Y () + o (. Y, )o(0)) T (0) 55
0.

'(0)
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To derive the maximum principle, we first introduce the adjoint equation corresponding to (3.5), which is an
auxiliary BSDE and whose solution is denoted by (P(-),Q(-)) € Mz« (0,T;R) x Mz (0,T;R"),

{ —dP(t) = I(t)dt — Q(t) d W (¢), (3.6)
P

(1) =4(T)).
Next, we introduce the adjoint equation corresponding to variational equation (3.4), which is a FBDSDE

and whose solution is denoted by (p(-),q(-),k(-),m(-)) € M?2(0,T;R"™) x M?(0,T;R"™) x M?(0,T;R"*!) x
M?(0, T; R™*%),

dp(t) = [Fy-()p(t) — f()q(t) + G5 (k) — g5 (O)m(t) — b3 (H)Q(E) — Iy (£)]dt
+HFZ(Op(t) — f5(8)a(t) + G (Dk() — g5 (Bm(t) — Lz(O] AW (t) — k(t) d B(2),

dq(t) = [Fy(O)p(t) — £ (D)a(t) + GL0)k(E) — gy (O)m(t) — by (H)Q (t) Ly (t)]dt 3.7)
FIEZ(@O)p(t) — FZ(#)q(t) + GZ )k

) —
t) — gr(Oym(t) — L(0)] d B(t) +m(t) dW (1),
(

p(0) = —w(Y(0)), o(T)= -2 (y(T))p(T) + 1y (y(T))-

Under (H1)—(H4), by the result on forward-backward doubly stochastic differential equations (see Peng and
Shi [17]), we can show that equation (3.7) admits a unique solution (p(t), q(t),k(t), m(t)) € M?(0,T;R") x
M2 (0,T;R"™) x M2 (0, T; R"*!) x M2 (0, T; R"*%).

We define the Hamiltonian function H : [0, T] x R® x R? x R"*! x R"*4 x RF x R" x R" x R"*! x R"*4 x R" — R
as follows:

H(t,y,Y, 2,2, 0,p,q,k,m, Q) = (q(t), f(t,y,Y, 2, Z,0)) = (p(t), F(t,y,Y, 2, Z,v)) + (m(t),9(t, y, Y, 2, Z,v))
—(k(t),G(t,y,Y, 2z, Z,v)) + (Q(t), h(t,y, Y, v)) + U(t,y,Y, 2, Z,v). (3.8)
Denote H(t) = H(t,y(t), Y (t),z(t), Z(t),v(t),p(t),q(t), k(t),m(t),Q(t)) and its derivatives, then adjoint equa-

tions (3.7) can be rewritten as the following stochastic Hamiltonian system’s type FBDSDE and whose solution
is denoted by (p(-),q(-), k(-), m(-)),

dp(t) = —Hy (t)dt — Hz () AW (t) — k(t) d B(t),
dq(t) = —H,(t)dt — H.(t) d B(t) +m(t) AW (1), (3.9)
p(0) = —w (Y (0), q(T)=—Py(y(T))p(T) + y(y(T))

Starting from the variational inequality (3.4), we can now state the main result of this paper.

Theorem 3.1 (Partially-observed stochastic maximum principle). Suppose (H1)-(H4) hold. Let u(-) be an
optimal control for our partially-observed optimal control problem (2.5), (y(-),Y(-),2(-),Z(:)) be the opti-
mal trajectory and p(-) be the corresponding solution of (2.3). Let (P(-),Q(:)) be the solution of (3.6) and
(p(+),q(:), k(-),m(:)) be the solution of adjoint equation (3.7). Then the following maximum principle

E“[(H,y(t,y(t), Y (8), 2(1), Z(t), u(t), p(t), a(t), k(t), m(1), Q(t)), v — u(t))|F{] = 0,
Vv e Uae. te€[0,T],as. (3.10)

holds, where the Hamiltonian function H is defined by (3.8).
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Proof. Applying Ito’s formula to (y'(t),q(t)) + (Y1(t),p(t)) + (I'(t), P(t)). By the variational equa-
tions (3.1), (3.2), variational inequality (3.4), auxiliary BSDE (3.6) and adjoint equation (3.7), we obtain

E /T (L)) + L0y (8) + (Y (8) + ()2 () + 1) 21 (1) + (Ho(t)] dt
0
+E [y (y(T))y" (T)] + E* [y (Y(0) Y (0)] + E*[p~ (T)p"(T)w(y(T))]

T
=5 [0~ FL0p0) + 51040 ~ G OmO) + KR + (1), ()t

T
= ]E“/O (Hy(t,y(t), Y (), 2(t), Z(t), u(t), p(t), a(t), k(t), m(t), Q(£)), v(t))dt = 0.

Because v(t) satisfies u(t) + v(t) € U, we have

E* /0T<Hv(t,y(t),Y(t),Z(t),Z(t),u(t),p(t),q(t),k;(t),m(t),Q(t)),v —u(t))dt > 0, Vv € U.
This implies that
E*(Hy(t,y(t), Y (1), 2(8), Z(t), u(t), p(t), ¢(1), k(t), m(t), Q(t)), v — u(t)) = 0, Vv € U.
Now, let v € U be a deterministic element and F be an arbitrary element of the o-algebra FX. And set
w(t) =vlp +u(t)lo_F.

It is obvious that w is an admissible control.
Applying the above inequality with w, we get

E*[1p(Hy(t, y(t), Y (1), (1), Z(1), u(t), p(t), ¢(t), k(t), m(t), Q(F)), v — u(t))] = 0,
VF € FX,

which implies that
E“[(H,y(t,y (1), Y (), 2(1), Z(t), u(t), p(t), a(t), k(t), m(t), Q(t)), v — u(®))|F{] = 0,
Yo e U,a.e. t € [0,T],a.s.

The proof of Theorem 3.1 is completed. |

4. APPLICATIONS IN L) CONTROL PROBLEMS

In this section, we give an example to show applications of the main results in this paper. We desire to apply
our maximal principle to forward-backward doubly stochastic LQ control problems. For notational simplification,
we assume d = = 1 and U = R. Let us consider the following:

-
dy”(t) = [A1()y" (t) — bY™"(t) + A2(2)2"(t) + Bu(t)v(t)]dt — 2" (t) d B(t)
—
+[As(t)y”(t) + Bz (t)v(t)] d W (t),

AYU(t) = —[ay®(t) + AL ()Y (£) + A5(£) 27 (£) + Bs(t)u(t)]dt + Z¥(t) W (t) (4.1)
~[As ()Y (1) + Ba(t)o(t)] d B(t),

y'(0) =z, Y(T)=cy"(T),
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and observation
AX(t) = F(t)dt + dW(t), t € [0,T], X(0) = 0. (4.2)

The cost functional is

[/ M(t)v*(t)dt + Rr(y*(T))* + So(Y(0))?] (4.3)

where constants a > 0, b > 0, ¢ > 0, M(t) > 0, Ry > 0 and Sy > 0. Functions 4,(:), i = 1,2,3, and
Bi(+), i =1,2,3,4, are bounded and deterministic, M ~1(-) is also bounded. W (-), B(-), X (-) are three mutually
independent standard Brownian motions on ({2, F, P).

For any given v(-), it is easy to show that the monotonic condition (H3) holds. Then FBDSDE (4.1) admits
a unique solution (y(-),Y(-), 2(-), Z(+)). By (3.8), the Hamiltonian function is given by

H(t,y,Y,z,Z,v,p,q,k,m) = q( )[ ( ) U( ) - bYU( ) +A2(t)zv(t) +Bl(t)v(t)]
— p(D)]ay® (1) + AL (E)Y"(8) + A3(1)Z°(t) + Bs(t)u(1)]
— k(1) [A2()Y <>+<B4<> ()] +m(t) [As(B)y® (1) + Ba(tyo(t)]  (44)

According to Theorem 3.1, if u(+) is optimal, then
u(t) = =M1 (6)(Bi(OE" [q(t)|F] — Bs(OE" [p(t)|F;*] + Ba()E® [m(t)|F;* ] — Ba(t)E" [k(t)| F*]).  (4.5)

where (p(+),q(-), k(-),m(-)) is the solution of the following FBDSDE:

dp(t) = [()+&U()+h@Mm&+AA)®3W®—k®HMW
dg(t) = — [A1(D)g(t) — ap(t) + As(t)m(t)] dt — As(t)g(t) d B(t) — m(t) AW (t), (4.6)

p(0) = —RoY"(0), ¢(T) = —cp(T) + Sry"(T).

Similarly, it is easy to verify that the monotonic condition (H3) holds, then FBDSDE (4.6) admits a unique
solution (p(-), q(-), k(-), m(")).

Moreover, we can prove that the admissible control (4.5) which satisfying the necessary condition of optimality
is really optimal. For any admissible control v(-), we have

T
J(u() = J(u() = %]E“{ /0 [M(#)(0(t) = u(t))* + 2M (tu(t)(v(t) — u(t))] dt
+87(y°(T) = y*(T))* + 2Sry™(T)(y" (T) — y*(T)) + Ro(Y"(0) — Y(0))* + 2RoY (0) (Y (0) — Y“(O))}

Applying It6’s formula to (y¥(¢) — y*(t))q(t) + (YV(t) — Y*(t))p(t), noting that (4.1), (4.6), we have
E*{Sry" (T)(y"(T) = y*(T)) + RoY"(0)(Y"*(0) = Y*(0))} =

T
E* /O [(B1(t)q(t) — Bs(t)p(t) + Ba(t)h(t) — Ba(t)k(t)) (v(t) — u(t))]dt.
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As M(t) > 0,Vt €[0,T], Sp > 0, Ry > 0, noting that (p(-),q(-), k(-),m(-)) are not observable, we have
T
J(v()) = J(u()) = E* {/0 [M(#)u(t)(v(t) — u(t))]dt + STy*“(T)(y"(T) — y*(T))
+ RoY*(0)(Y*(0) = Y*(0)) }

T
= E* /O [(M(t)u(t) + Bi1(t)q(t) — Bs(t)p(t) + Ba(t)m(t) — Ba(t)k(t))(v(t) — u(t))]dt

T
=]E“/O (=M ()M ()(B1()E" [g(t)|F;*] = Bs(O)E" [p(t)|F*] + B2 (t)E* [m(t)|F;]

= By(OE" [k(t)|F]) + B1(t)a(t) — Bs()p(t) + B2(t)m(t) — Ba()k(t))(v(t) — u(t))ldt
= 0.

So (4.5) is an optimal control.

Remark 4.1. Both the forward equation and the backward one in forward-backward doubly stochastic sys-
tem (4.1) are types of BDSDE (1.1) with different directions of stochastic integrals. So (4.1) includes backward
doubly stochastic LQ control problems and provides a very general framework of fully coupled forward-backward
stochastic systems.

APPENDIX: THE PROOF OF PROPOSITION 2.1

In order to prove the existence and uniqueness result for (2.1) under (H1)—(H3), we need the following
lemmas. They involve a priori estimates of solutions of the following family of FBDSDEs parametrized by
a € [0,1].

dy(t) = [f* (£.C(8) + fo (] dt + [g° (£, C(£)) + go ()] AW (t) — 2(t) d B(1),
Ay (t) = [F* (t,¢(1)) + Fo (8)] dt + [G (£,(1)) + o (1)) A B(t) + Z(t) AW (8), (A1)
y(0) =z, Y(I) =2 yT)) +¢,

where ( = (y,Y, 2, Z) and for any given o € R,

[ty Y, 2 2) =af (t,y,Y,2,2) - (1-a)Y,
9% (t,y,Y,2,72) =ag(t,y,Y,2,Z2)— (1 —a) Z,
Fe(t,y,Y,2,Z) = aF (t,y,Y,2,Z) — (1 —a)y,
G (t,y,Y,2,7Z) = aG (t,y,Y,2,Z) — (1 —a) 2,
> (y) =ad(y)+(1-a)y.

Observe that when a = 0, (A.1) is written in the following simple form

dy(t) = (=Y(£) + fo (£) dt+ (—Z() + go (1) AW () — 2(t) A B(r),
AY (1) = (—y(t) + Fo (1) dt + (—2(t) + Go () d B(t) + Z(£) AW (1), (A.2)
y(0) ==, Y(T)=y(T)+e.

We have the following lemma.
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Lemma A.1. For any x € R", (Fb, fo, Go, g0) € M? (0, T;R™EmHmxtinxd) o € [2(Q, Fr; R"), (A.2) has a
unique solution (y,Y, z,Z) in M? (O’T;Rn+n+n><l+n><d) )

Proof. The proof of uniqueness is similar to the one of Proposition 2.1 below. We only need to find a solution
for (A.2). We consider the following linear backward doubly stochastic differential equations

T T N T —
Y@=w—[[ﬂ@+m@wﬁwHM—[[M@—%wﬂdW@—[<%@dB@. (A3)

By the result of [15], the above equation has a unique solution (Y, Z). Then we can solve the following SDE

t

y(t) = 2 + /O [—y(s) — V(s) + fo ()] ds + /0 (= Z(s) + g0 (5)] AW (s) — /0 Hs)dB(s).  (A4)

Due to the result in [15], the above equation has a unique solution (y, z). And setting Y =y + Y, Z = Z, and
z = Z, we easily see that (y,Y, z, Z) is a solution to (A.2). Thus the existence is proven. O

The following a priori lemma is a key step in the proof of the method of continuation. It shows that, if for
a fixed a = a9 € [0,1], (A.1) can be solved, then it can also be solved for a € [ag, g + dp], for some positive
constant dg independent of «ag.

Lemma A.2. Under assumptions (H1)—(H3), there exists a positive constant oy such that if, a priori, for some
ag € [0,1), and for each x € R", ¢ € L*(2,Fr;R"), (Fo, fo.Go,g0) € M? (0, T;RTmtnxinxd) (A1)
has a unique solution, then for each o € [ag,ap + &), and x € R™, ¢ € L? (02, Fr;R"™), (Fy, fo,Go,g0) €
M? (0, T; Rtntnxtinxd) (A1) also has a unique solution in M? (0, T; RnFnnxtinxd),

Proof. Since for any z € R"™, (Fy, fo,Go,90) € M2_(0,T; Rﬁ”*”*j’x””x‘i), o € L?(£2, Fr;R™), there exists a
unique solution to (A.1) for v = ay, thus for each ¢ = (§,Y,2,Z) € M?(0,T; Rvtntnxtinxd) there exists a
unique quadruple ¢ = (y,Y,z,7Z) € M? (07 T, R”"’”"’”XH‘"Xd) satisfying the following equations

dy(t) = [ (t.¢(1) (mé)+y)+ﬁwmrwwimw
+[%a< +3 (g (6.C0)) + 2()) + 90 ()] AW (),
dY(t):[Fao(t,C(t))+ (F (£,C) + 4(t)) + Fo (1)] dt + Z(t) d W (¢)
+ 6% (1.¢(1) + 6 (G (1.(1) + 2(0) + Go (1)] dB(),
y(0) =z, Y(T)=d (y(T))+ (@ HT)) — 4(1)) +¢.

where ¢ is a positive number independent of ag and less than 1. We will prove that the mapping defined by
(= a0+5(§) - M2 (O’T;RnJrnJrnlernxd) — M2 (O’T;RnJrnJrnXlJrnXd)

is contractive for a small enough 0. Let (= (.Y 7,2") e M? (0, T;Rentnxitnxd) and (' = (y,Y',2/,Z') =
Ioco+5 (C/), and

(=C-0=(3Y22)=(-9.V-V'2-7.2-7),
E:C_C/: (gvi}agaz\) :(y_y/,Y—Y/,Z—Z/,Z—Z/).
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~

Applying Itd’s formula to (g,Y) on [0,7] and by virtue of (H2) and (H3), we have, since Egy = 0,
E(Y(T), 0 (@ (y(T)) = @ (y(T)") + (1 — o) Y(T) + 6 (2 (§(T)) — @ (y(T)') —y(T)))

SEATk%—umr4Wawf+5ﬁ§¢4&wﬁ+5@§iH&M1dt

Then by virtue of (H3), we can derive that

)

[9_ w} ]E/OT’(?(t)’zdt < ‘”ZJJE/OT ’E(t)’th+6(k+1)]E|§(T)| [9(T)

where § = min (1, 1). Applying 1to’s formula to [§]* on [0, 7] and by virtue of (H2), by a standard method of
estimation, we can derive that there exists a constant ¢ > 1 which depends only on k, such that

E|5(T)| < cIE/OT ‘E(t)rdt—kéc]E/oT ‘Z(t)‘zdt.

We now choose §y = W. Then for any ¢ € [0, do],
T —~ 2 1 T ~ 2 - 2
IE/ [ ar< o ]E/ o[ arEfFE)”).
0 4c 0
. 1
Since 6g < o e have for any ¢ € [0, d¢],
¢

~ 1 T 2 ~ 2
E[(T)]° < 3 (E/ )| at +E D) ) :
0

It follows that, for each fixed § € [0, dg], the mapping I,,+s is contractive in the following sense

T, 2 R 5 3 T ~ 2 ~ 2

e[ ol arepmp<d (e[ o arepor).

0 0
Thus this mapping has a unique fixed point ¢ = (y,Y, z, Z) in M? (0, T; R nnxtinxd) "which is the solution
of (A.1) for a« = ap + 9, as § € [0,0p]. The proof is complete. O

Now we can give the proof of Proposition 2.1 — the existence and uniqueness theorem of (2.1).

Proof. (Uniqueness) Let ¢ = (y,Y,2,Z) and ¢’ = (y/,Y’, 2/, Z") be two solutions of (2.1). We use the same
notations as in Lemma A.2. Applying Itd’s formula to (y,Y’) on [0,7], we have

~

T
E@am@mn»=EA<Aw«m—Aw¢@»<mw.

By virtue of (H3), it follows that

o~

T
MEA (At C(1)) — At ¢'(£)), E)dt < 0.

Thus ¢ = ¢’. The uniqueness is proven.
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(Ezistence). By Lemma A.l, for any = € R", (Fy, fo,Go,g0) € M?(0,T;RrIntnxitnxd) o ¢
L? (2, Fr;R™), (A.1) has a unique solution in M? (0, T; RmnHnxttnxd) a5 o = 0,

It follows from Lemma A.2 that there exists a positive constant dgp = dg (k, 1) such that for any ¢ € [0, dp] and
z € R™, ¢ € L? (02, Fr;R™), (Fo, fo, Go, go) € M? (0, T; R Hntnxttnxd) [(A 1) has a unique solution for o = 6.
Since §p depends only on (k, i), we can repeat this process for N times with 1 < Ny < 1+ Jg. In particular,
for a = 1 with (Fp, fo,Go,90) = 0 and ¢ = 0, (A.1) has a unique solution in M? (0,7 RrTmHnxinxd) The
proof is complete. O
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