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APPROXIMATE MAXIMUM PRINCIPLE FOR DISCRETE APPROXIMATIONS
OF OPTIMAL CONTROL SYSTEMS WITH NONSMOOTH OBJECTIVES AND
ENDPOINT CONSTRAINTS *

BORIS S. MORDUKHOVICH! AND ILYA SHVARTSMAN?

Abstract. The paper studies discrete/finite-difference approximations of optimal control problems
governed by continuous-time dynamical systems with endpoint constraints. Finite-difference systems,
considered as parametric control problems with the decreasing step of discretization, occupy an inter-
mediate position between continuous-time and discrete-time (with fixed steps) control processes and
play a significant role in both qualitative and numerical aspects of optimal control. In this paper we
derive an enhanced version of the Approximate Maximum Principle for finite-difference control systems,
which is new even for problems with smooth endpoint constraints on trajectories and occurs to be the
first result in the literature that holds for nonsmooth objectives and endpoint constraints. The results
obtained establish necessary optimality conditions for constrained nonconvex finite-difference control
systems and justify stability of the Pontryagin Maximum Principle for continuous-time systems under
discrete approximations.
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1. INTRODUCTION

The classical result of optimal control theory is the Pontryagin Maximum Principle (PMP), which provides
necessary optimality conditions for control systems governed by differential equations under various constraints;
see the seminal book [8] and also, e.g., [4,11] with the references therein for more recent developments and
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applications. For the basic optimal control problem written as

minimize ¢o(z(t1))

subject to

(t) = f(x(t),u(t),t) ae teT:=tot1],
(P) x(to) = xo € R,

u(t) e U(t) a.e. t € [to, 1],

pi(a(t) <0, i=1,. .1

wi(z(t1)) =0, i=1+1,...,14+q,

the PMP asserts that every optimal control u(t) satisfies the maximum condition

H(z(t),p(t),u(t),t) = urél%) H(z(t),p(t),u,t) ae teT, (1.1)

along the corresponding trajectory Z(t) of the primal system in (P) and the solution p(t) of the adjoint system
p(t) = =V H(Z(t), p(t),u(t),t) ae teT, (1.2)

when f is smooth in z, with an appropriate transversality condition on p(t1) vie gradients or subgradi-
ents of smooth or nonsmooth functions ¢; at Z(t1). The Hamilton—Pontryagin function, or the unmaximized
Hamiltonian, in (1.1) and (1.2) is given by

H(1.7p) 'U/, t) = <p? f(x’ 'U/, t)>’ p G Rn' (1'3)

This paper is devoted to the study of discrete approximations of the continuous-time control problem (P)
that are formalized as follows:

minimize @o(zy(t1))

subject to

en(t+hn) =xn(t) +hnf(rn(t), un(t),t),

I'N(t()) =x9 € IR",

(PN) ) un(t) € U®), teTy:={toto+hy,...,tr—hn),
pilzn(t1)) <0, i=1,....1,

lpi(en(t1))] <6 >0, i=1+1,...,l+q,

t1 —1
hy = 1NO’ NEIN::{LQ,...}.

We treat (Py) as a sequence of discrete-time optimal control problems depending on the natural parameter
N = 1,2,... This sequence clearly arises from the Euler finite-difference replacement of the derivative in the
differential equation of (P):

i(t) ~ w as h — 0. (1.4)
It is worth noting that we use here the uniform Euler scheme (1.4) just for simplicity; the approach and results
obtained below can be carried over to other (including higher-order) approximation schemes.

Apart from the inevitable usage of discrete approximations in computer simulations and calculations of
control systems with continuous time, there are deep interrelations between qualitative aspects of optimal control
for continuous-time systems and their finite-difference approximations. On one hand, the method of discrete
approximations has been very instrumental in deriving new necessary optimality conditions for various kinds
of continuous-time control systems governed by differential equations and inclusions; see, e.g., [3,4,10] and the
references therein. On the other hand, it has been well recognized that the Discrete Maximum Principle (DMP),
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as an analog of the PMP with the ezact maximum condition (1.1), does not generally hold for the discrete-
time problems (Py) with fized steps hy if the admissible velocity sets f(xz,U(t),t) are not convex; see [4],
Sections 6.4.1 and 6.5.23 for more details, examples, and historical background. This convexity assumption is
rather restrictive, while the possibility to avoid it for continuous-time systems is due to a certain property of
“hidden convexity” that is inherent in such systems and plays a crucial role (in one way or another) in any
known proof of the PMP.

The failure of the DMP may create a potential instability of the PMP in modeling and numerical calcula-
tions of nonconvex continuous-time systems when using discrete approximations. Observe, however, that such
stability would be justified by showing that merely an approzimate counterpart of the PMP holds, with a cer-
tain perturbation of the maximum condition (1.1) diminishing together with the discretization step hy | 0 as
N — oo.

For smooth optimal control problems with no endpoint constraints, the first result of this type was obtained by
Gabasov and Kirillova [1] under the name of “quasi-maximum principle” by using an analytic device exploiting
the smooth and unconstrained nature of the family of parametric discrete problems considered therein.

Considering constrained control problems of type (Py) with smooth data required a completely different
approach invoking the geometry of endpoint constraints under multineedle variations of optimal controls. It
has been initiated by Mordukhovich [2], where a certain finite-difference counterpart of the hidden convexity
property for sequences of constrained discrete-time systems was revealed and the first version of the Approximate
Maximum Principle (AMP) for smooth control problems (Py) was established; the reader can find all the details
and discussions in [4], Section 6.4 and commentaries therein.

The version of the AMP given in [2,4] for smooth constrained problems (Py ) can be formulated as follows. Let
the pair (an,Zn) be optimal to (Py) for each N € IN such that the control sequence {ay} is proper (see [2,4]
and Section 3 below for the exact definition and discussions). Then for any £ > 0 there exist multipliers A;y as
i=0,...,l+ ¢ normalized to

AN+ Ay =1 (1.5)

satisfying the sign and perturbed complementary slackness conditions
Aiv >0 for i=0,...,0 and [ANngi(@n(t1))| <e for i=1,...,1, (1.6)
and such that the approrimate mazrimum condition

H(i‘N(t),pN(t-l-hN),ﬂN(t),t) > Iélgé)H(i'N(t),pN(t+hN)7U,t)_67 teTly, (1.7)

holds for all N sufficiently large along the corresponding trajectory of the adjoint system

pn(t) =pn(t+hn) + hN%—Z(i"N(t)va(t + hy),un(t),t), teTy, (1.8)

with the endpoint/transversality condition

l+q
—pn(t1) = Z Ain Vi (Zn (t1))- (1.9)

=0

The presented version of the AMP from [2,4] plays actually the same role as the DMP for studying and
solving discrete-time smooth optimal control problems with sufficiently small stepsizes without imposing the
restrictive convexity assumption on the sets f(Zn(t),U(t),t), t € Tn. We refer the reader to, e.g., [4,7] and
the bibliographies therein for more discussions and applications of the AMP to chemical engineering, periodic
control, biotechnological and ecological processes, etc.

By analogy with the continuous-time problem (P), it would be natural to expect that an extension of the
AMP in form (1.5)—(1.9) could be obtained for problems (Py) with nonsmooth cost and constraint functions ¢;
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via well-recognized subdifferentials of convex and nonsmooth analysis. But it has been surprisingly shown in [5]
that this is not true even in the case of the simplest convex nondifferentiable cost function ¢o(z) = |x — r| in
the absence of any endpoint constraints on trajectories of linear one-dimensional control systems in (Pp). This
reveals a potential instability of the PMP under discrete approximations of problem (P) with such a simple and
standard type of nonsmoothness when the AMP in form (1.5)—(1.9) is applied. Note that nonsmooth control
problems are not only highly challenging theoretically, but are important for various practical applications to
engineering design, finance, environmental science, economics, etc.; see, e.g., [4,10,11] and the references therein.

The main goal of this paper is to develop a new version of the AMP that holds for problems (Py) with
nonsmooth objectives and endpoint inequality constraints represented as sums of conver and smooth (in fact,
strictly differentiable) functions, while equality constraint functions remain smooth. In this version of the AMP,
which is new even for problems (Py) with all functions ¢; being smooth, we keep the approximate maximum
condition (1.7) together with the adjoint system (1.8) as well as the nontriviality and sign conditions on \;x
in (1.5) and (1.6), respectively. What is modified is that we replace the perturbed complementarity slackness
condition in (1.6) by its exact counterpart

Aivpi(@) =0 forall i=1,...,1

and replace the transversality condition (1.9) by its subdifferential analog

l l+q
—pn(t1) € Z)\iNaSOi(i') + Z AinVei(Z), (1.10)
=0 =41

where Z in is a limiting point of the sequence {Zy(t1)}, and where d¢;(Z) in (1.10) stands for the sum of the
subdifferential of convex analysis and the classical gradient at Z of the corresponding terms in the aforementioned
representations of p; as i =0,...,1[.

The rest of the paper is organized as follows. In Section 2 we recall some definitions and preliminaries needed
for formulations and proofs of the main results. Section 3 contains the exact formulations and discussions of
the assumptions and the statement of the new version of the AMP developed in the paper for the sequence
of problems (Py). We also discuss the corresponding results for discrete approximation problems of type (P )
with relaxations of endpoint constraints. Section 4 presents the proof of the main theorem split into several
lemmas, which are of their own interest. In the concluding Section 5 we discuss endpoint constraints of the
equality type and give an example showing that the new version of the AMP does not hold for such problems
without equality constraint relaxations.

Throughout the paper we use the standard notation from variational analysis, optimization, and optimal
control; see, e.g., the books [4,11].

2. PRELIMINARIES

For the reader’s convenience, in this section we present several definitions and well-known facts widely used
in what follows.
Recall that ¢: IR™ — IR is strictly differentiable at T if there is a vector Vip(Z) such that

i 2@ = elaz) = (Ve(z), a1 — 22)

= 0.
T1,22 =T ||£L’1 — ZL'QH

Strict differentiability at a point is a stronger property that just (Fréchet) differentiability, but weaker than
continuous differentiability (i.e., C') around Z. A classical example of a function that is differentiable while not

strictly differentiable at z =0 is
2?sin L, z #0,
p(z) = { @ 7

0, z = 0.



APPROXIMATE MAXIMUM PRINCIPLE 815

Note that just differentiability of the cost and constraint functions is needed for the PMP to hold in the
continuous-time problem (P) (see [4], Th. 6.37) in contrast to the corresponding strict differentiability assump-
tions required for the validity of the AMP in the previous and new forms; ¢f. Theorem 6.59 and Example 6.55
in [4] (the latter is taken from [5], Ex. 2.3) and Section 3 below.

If o: R" — IR := IRU {00} is a convex function finite at Z, its subdifferential at this point in the sense of
convex analysis is defined by

0p(z) :={v e R"| (v,x — 7) < p(z) — ¢(z) for all z € R"}. (2.1)

It is well known (see, e.g., [9]) that dp(z) # () for any T € domp = {z € IR"| ¢(x) < oo}, that ¢ is locally
Lipschitz continuous on the interior of dom¢ and that

[lv]] < £ for all v € dp(T),

where ¢ > 0 is the local Lipschitz constant of ¢ at z. Note also that the subdifferential d¢(Z) can be equivalently
represented as

dp(z) = {ve R"| (v,z) < ¢'(z,2) forall z€ R"}

via the directional derivative ¢'(Z; z) of ¢ at T in the direction z defined by

¢ (z;2):= lim Pz + aw) — ¢(7) , (2.2)

al0, w—z 6]

which, for Lipschitz functions, is equivalent to

This implies, in turn, the directional derivative representation

P@2)= sp {v,2). (2.3)
vEDP(T)

Given a convex set {2 C IR" and a point & € {2, the normal cone to {2 at T is defined by
N(@02) :={ve R"| (v,x — %) <0 forall z€ 2}. (2.4)

The following results of convex analysis are widely used in the paper; see [9] for more details.

Subdifferential sum rule. Let ¢, be convex functions on IR™ such that 1 is differentiable at £ € dom ¢.
Then we have

A+ ¢)(7) = Vip(z) + p().

Note that this sum rule is a simple particular case of the Moreau—Rockafellar Theorem, which is a fundamental
result of convex analysis.

Carathéodory theorem. If a point x € IR" lies in the convex hull of a set P, there is a subset PcpP
consisting of at most n + 1 points such that x belongs to the convex hull of P.

Separation theorem. Let C, D C IR"™ be convex sets such that int C' # () and int C N.D = (). Then there exists
a nonzero vector v € IR™ such that

(v,21) < (v,xz9) forall z; € C, 29 € D.



816 B.S. MORDUKHOVICH AND I. SHVARTSMAN

3. THE MAIN RESULT AND DISCUSSIONS

Throughout the paper we assume that the control sets U(t) in (Py) are compact subsets of a metric space
(U,d) and that the set-valued mapping U: [to,t1] = U is continuous with respect to the Hausdorft distance.
Recall [2,4] that a sequence of discrete-time control {u,} in (Py) is proper if for every sequence of mesh points

Tovy = to +O(N)hny € Ty with O(N)=0,...,N —1 and 7yn) — t € [to,11] as N — oo
we have the following relationships:
either d(uN(Tg(N)),UN(Tg(N)JrS)) — 0, or d(uN(Tg(N)),uN(Tg(N),S) — 0,

or both hold as N — oo with any natural constant s.

Note that this property postulates at least one-sided continuity in the limiting sense of the control sequence
in (Py) at every point and is a discrete-time analog of Lebesgue points in continuous time, which comprise a
set of full measure. Thus is not required for continuous-time control systems; see [4] for more details. However,
this property occurs to be essential for the validity of the AMP even for one-dimensional linear systems with
linear cost and constraint functions; see [5], Example 2.1 and [4], Theorem 6.60.

Theorem 3.1 (Approximate maximum principle for nonsmooth control problems). Let the pair (un,Zn) be
optimal to problems (Py) as N € IN, the sequence {Zn(t1)} is uniformly bounded, and let T be a limiting point
of this sequence. Assume that:

(a) The function f is continuous with respect to its variables and continuously differentiable with respect to x in
a tube containing the optimal trajectories Ty (t) for all large N.
(b) The cost function @o and the inequality constraint functions @; admit the representations

wi(x) =i (x) + 9;i(x) for i=0,...,1,

where each 1; is strictly differentiable at T, and where each 9; is convew.
(¢) The equality constraint functions ¢; as it =1+ 1,...,1+ q are strictly differentiable at T.
(d) The sequence of optimal controls {un} is proper.

Then for any € > 0 there exist a natural number N. and multipliers \iny € IR as i =0,...,l + q such that for
all N > N, the following hold:

e The SIGN and NONTRIVIALITY CONDITIONS
l
Ain >0 as 1=0,...,1 and Z/\?Nzl; (3.1)
=0

e The COMPLEMENTARY SLACKNESS CONDITIONS
Ainpi(Z) =0 as i=1,...,1; (3.2)

e The APPROXIMATE MAXIMUM CONDITION (1.7), where py(t) as t € Ty U {t1} is the solution of the adjoint
system (1.8) satisfying
o The ENDPOINT/TRANSVERSALITY CONDITION

l l+q

—pn(t) €Y v (Vibi(z) + 09:(2)) + > Ain V(). (3.3)

=0 i=l+1
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Note that the new AMP of Theorem 3.1 is an appropriate finite-difference counterpart of the corresponding
nonsmooth PMP for continuous-time system (P); see [4,11]. Also, we would like to emphasize that the new
result differs from the previous version of the AMP for smooth problems (Py) discussed in Section 1 in the
following two major aspects:

(i) In contrast to (1.6), the complementary slackness conditions (3.2) are ezact and are evaluated at the limiting
point T rather than at Zy(t1).

(ii) In contrast to (1.9), the right-hand side of the transversality condition (3.3) is evaluated at the limiting
point T rather than at T (t1).

Note that the result of Theorem 3.1 was announced in [6] for the case of convex cost and endpoint constraint
functions ¢;, i =0,...,1[.

Remark 3.2 (AMP under constraint perturbations). It follows from the proof of Theorem 3.1 given in the
next section that it is possible to derive the AMP in the new form of this theorem under arbitrary perturbations
of the inequality constraints in (Py):

SDZ(I'N(tl)) S’YZN with ViN — 0 as N_}OO7 izla"'vla

keeping all other assumptions in place. Perturbations of this type were considered in [2, 4], where the AMP was
derived in form (1.5)~(1.9) in the case of smooth cost and constraint functions. Note that the previous form of
the AMP was also obtained in [2, 4] for perturbations of the equality constraints

hn

loin (zn (t1))] < v with limsup =0 forall i=101+4+1,...,l4+q. (3.4)

N—oo OiN
The question about the validity of the AMP in the new form of Theorem 8.1 under the general consistent equality
constraint perturbations as in (3.4) remains open. On the other hand, in Section 5 we present a counterexample

to this statement for d;ny = 0 as well as for the case of too quickly vanishing (inconsistent) perturbations d;n
in (3.4).

4. PROOF OF THE THEOREM

Suppose first that Theorem 3.1 is valid in the case ¢ = 0, that is, in the absence of the relaxed equality
constraints |¢;(xn(t1))| <0,i=1+1,...,1+ q. Let us show that Theorem 3.1 is then valid when ¢ > 0.
Indeed, each of these constraints can be written as the two inequalities:

wilzn(t1)) <0 and — p;(zn(t1)) <6 for i=1+1,...,l+q. (4.1)

Fix an index ¢ € {I{+1,...,1+ ¢} in (4.1). Due to our assumption on validity of Theorem 3.1 in the absence of
relaxed equality constraints and applying (3.2), we can find )\;FN > 0 and Ay > 0 such that

ANyei() = MNyo and = Xyei(Z) = A0 (4.2)

Assuming for definiteness that Ay # 0, we get from the first equality in (4.2) that ¢;(Z) = § and thus
—20A; 5 = 0 from the second one. Since ¢ # 0, it gives that A,y = 0. Denoting finally A\;n := )\jN — A,y for the
chosen index i € {l +1,...,l 4 ¢} in the last term on (3.3), we arrive at all the conclusions of Theorem 3.1, as
formulated.

Therefore, in what follows we prove Theorem 3.1 in the case ¢ = 0 breaking down the proof into a series of
lemmas.

The first lemma presents a simple subdifferential property of convex continuous functions needed in what
follows.
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Lemma 4.1 (subdifferential property of convex functions). Let ¢: R™ — IR be a convex continuous function,
and let yr — 0 as k — oo for some sequence {yr} C IR™. Then given T € IR", there exists a subgradient
v € 0p(T) such that

o(T +yr) — (@) = (v,y) +ollyll) as k — oo

along a subsequence of {yi}, without relabeling.

Proof. Since the assertion of the lemma is obvious when y, = 0, we suppose without loss of generality that {yy}
contains a nonzero subsequence. Let yi/||yx|| — 2z along such a subsequence. Due to (2.2) we have the repre-
sentation

P(T +yr) — (T) = (T + Hz—ZH”y’“H) — (@) = (@ + (2 + we) lyell) — 0(@) = &' (@ 2)llywell + o(llyxl),

where wp, — 0 as k — oo. Taking into account the directional derivative representation (2.3) as well as the
nonemptiness and compactness of the subdifferential of convex and continuous (hence Lipschitz continuous)
functions, we find a subgradient v € d¢(T) such that

o' (z;2) = (v, 2).

This implies, therefore, the relationships
_ _ Yk
(@ + yk) — (@) = (v, 2) lyrll + o(llyxll) = <v7 m>llyk\| + o(llyll) = (v, yx) + o(llyrll),

which completes the proof of the lemma. a
Next we prove a technical lemma, which plays a significant role in the proof of the main result.

Lemma 4.2 (limiting property of convex functions). Let ¢: IR™ — IR be a convex continuous function,
{zx}, {yx} € R"™ and {¢} C IR be such sequences that x), — Z, yp — 0, and ¢ = o(||yx|]) as k — oo,
and let

o(@r +yx) > p(og) + ¢ for all k€ IN. (4.3)

Then there exists a sequence {c;} C IR such that ci, = o(||yx|) as k — oo and
(T +yr) > p(@) +cp forall ke IN. (4.4)
Proof. Observe first that by modifying the sequence {¢j} if necessary, we can reduce (4.3) to the strict inequality
o(xk +yr) > p(ag) + ¢, forall ke IN,
which can be restated in the equivalent form (z, ¢(zx)) + (Y&, Ck) & epip. Denote
o = max {& > 0| (zx, p(xk)) + Yk, k) € epip} (4.5)

observing that the maximum is reached in (4.5) for some aj, € [0,1) due to closedness and convexity of the
epigraph epi ¢ of ¢.

Suppose without loss of generality that {yx} contains a nonzero subsequence, and let A be the set of the
limiting points of {yx/||ykll}, i.e.,

A= {z ceR"|z= klim ”ka along a subsequence of k € ﬂ\f}
—00 ||Yk
Considering further the union set
B:=J@+84),

B>0
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we claim the relationship
(B, f(z)) Nint (epi f) = 0. (4.6)

Indeed, assume otherwise that there exist E > 0 and z € A such that
(z+ Ez, ©(Z)) € int (epip).

This implies that for any sequence converging to (Z + Bz, ©(Z)) all its terms belong to the epigraph of ¢ starting
with a certain number. In particular, there exists a subsequence of y; (without relabeling) such that

Cl

(l"k + apyr + Ey—k, o(xr) + axcr + E
x| [yl

>€epig0

for sufficiently large k£ € IN; this can be written as

g B N\~ .
<9€k + (ak + m)yk, (k) + (ak + m)%) € eply.

It contradicts the definition of oy, in (4.5) and thus justifies the empty intersection in (4.6).
Furthermore, we have from the construction of the set A that

_ _ Yk _
g =3+ el (W) €7+ lyell A+ =

with some sequence {z;} C IR™ of order o(||yx||). This implies that
(T 4y — 2, 0(7)) € (T + [lyrll A, 0(7)) C (B, f(7))
and hence (T + y, — 2z, ©(T)) ¢ int (epi¢) due to (4.6), which means that
P(T +yr — z1) = @(T). (4.7)
Due to Lipschitz continuity of ¢ around & with some constant ¢ we get

(T +yr — 2) < (T +yx) + £ 2| (4.8)

Setting finally ¢, := —£||z|| and combining (4.7) with (4.8) ensures the validity of (4.4) and thus completes the
proof of the lemma. O

Note that the assertion of Lemma 4.2 does not generally hold for nonconver nonsmooth functions. A simple
example is provided by ¢(z) = —|z| with the sequences z = —1/k, y,, = 1/k, and ¢, = 0. Then we have (4.3)
along these sequences while (4.4) reduces to —1/k > 0 + ¢, which does not hold whenever ¢, = o(1/k) as
k — oo.

Having in hand the technical lemmas established above, we are now ready to proceed with the proof of the
AMP in Theorem 3.1. First we recall a significant property of finite-difference control systems related to needle
variations of optimal controls.

Let (Zn,an) be optimal process to problems (Py) for N € IN. Fix a natural number r € {1,...,N — 1},
mesh points 7;(N) € Ty, and control impulses v;(N) € U(7;(N)) and then define an r-needle variation of the

optimal control uy by
v;(N), t=m;(N)
N =g YD I 4.9
un(®) {aN(t), teTn, t#7;(N), j=1,...,r (4.9)
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The case of r = 1 in (4.9) defines a single needle variation of @, and we omit the index r = 1 in this case. The
corresponding trajectory increments are denoted by A"z n(t) := z3(t) — Zn(t) and Azy(t) := zn(t) — TN (L)

when r = 1. Next we pick natural numbers p and m; as j = 1,...,p independent of NV and consider the integer
combination ,
An(p,m;) == ijAjasN(tl) (4.10)
j=1

of the endpoint trajectory increments Aj;xy(t1) generated by p single needle control variations uy;(t). The
following lemma taken from [4], Lemma 6.62 shows that any single needle integer combination of type (4.10)
can be approximated up to a small quantity of order o(hx) by an endpoint trajectory increment generated by
a multineedle control variation.

Lemma 4.3 (needle variations). Let the reference sequence of optimal controls {uy} to (Pn) be proper, and let
An(p,m;) be the integer combination (4.10) generated by single needle control variations un;(t), 7 =1,...,p.
Then there exists an r-needle control variation u'y(t) of type (4.9) with r = Z§=1 m; and a vector quantity of
order o(hy) such that

An(p,m;) = A"xn(t1) +o(hn) as N — oo

for the corresponding endpoint trajectory increments.

To proceed further, we recall the forms of the cost and inequality constraint functions given in assumption
in (b) of Theorem 3.1 and on this basis introduce the following vector mappings from IR™ to R'*! defined by

D(x) = (po(x),...,o1(x)), P(x):= (Yo(x),...,Yi(x)), Y(x):=Vo(x),...,%(x)),

L(z) :=¥(z) + ¥ (z)(z — z) + T(z). (4.11)
Tt is obvious that all the components L; of the mapping L from (4.11) are convex and represented as sums of
convex and linear functions. Thus

Li(z) = vi(Z) and OL;(x) = Vi (z) + 0v;(z) forall i =0,...,1

by the subdifferential sum rule mentioned in Section 2.
The next lemma presents an asymptotic consequence of optimality in (Py) by using multineedle variations
of optimal controls.

Lemma 4.4 (asymptotic consequence of optimality). Fiz a natural number r independent of N and consider
a sequence {A"xn(t1)}, N € IN, of endpoint trajectory increments generated by r-needle variations of optimal
controls. Then there exists an index ig € {0,...,l} independent of N such that

o LT+ e (1)) = Ly (7)
hny—0 hN

>0 (4.12)

for the corresponding component of the mapping L defined in (4.11).

Proof. Tt follows from the optimality of the sequence {Zx} that there is an index ig = io(N) € {0, ..., [} such
that

Pio (TN (t1) + A"zn(t1)) = @i (TN (t1))- (4.13)

Indeed, the inequalities @;(Tn (t1)+ A" 2N (t1)) < @i(Tn(t1), for alli = 0,...,1 contradict optimality of Zy.) By
selecting a subsequence of { NV} if necessary, we can assume that iy does not depend on N and that Zx(t1) — Z.
Further, it follows from (4.13) by the strict differentiability of ¢ at T that

Vio (Zn(t1) + A"zn (t1)) — 0ip (N (81)) = — (o (TN (1) + A"2n (t1)) — Yig (TN (t1)))
= —(V;, (), A"z N (1)) + N,
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where ¢y = o(||A"zn(t1)]]) = o(hn) due to ||[ATxn(t1)|| = O(hy) as shown in the proof of [4], Lemma 6.62.
We conclude from the relationships above that

Dip (T (t1) + A" (1)) + ig () + (Vibiy (2), Zn (01) + A"y (1) — T)

> Vio (TN (1)) + i (T) + (Vipiy (2), Tn (t1) — T) +en

which can be written, in the notation of (4.11), as
Liy(Zn(t1) + A"zn(t1)) > Liy (TN (t1)) + N (4.14)

Applying now Lemma 4.2, we conclude that there exists a sequence {cy} C IR of order ¢y = o(hy) as N — oo
such that
Liy(z + A"zn(t1)) — Lio(Z) > cn,

which implies in turn that
lim inf 7y (L (@ + ATzn(t1)) — Li, (:z)) >0

hny—0

and thus completes the proof of this lemma. O
Next we form the set E by
E = {(1’,1/0, S,V € ]R”HH’ Vi (Z) + (Vi (Z), 2 — ) + 0i(z) < vy i =0,.. .,l}, (4.15)

which is a combination of the epigraphs of the components of the mapping L in (4.11). Observe that the set E
is convex due to the convexity of the functions ¥; as i = 0,...,] and also that int E # (). Define further the
convex hull

QN = CO{A%N(tl)} (416)

of the endpoint increments of the optimal trajectory Zx to (Py) generated by all single needle variations (4.9)
with » = 1 of the optimal control @y for each N € IN. The following crucial lemma asserts that the convex set
(Z + 25, L(Z)) can be shifted by a vector ¢y of order o(hy) so that it does not intersect with the interior of
the set E. We can treat this result as a sequence of primal optimality conditions for (Py) as N — oo.

Lemma 4.5 (primal optimality conditions for discrete approximations). There ezists a sequence {cn} C R!*?
of order o(hy) as N — oo such that

(i‘—I—QN,L(i‘)—I-CN)ﬂinthw, N € IN. (4.17)
Proof. Consider the sequence of real numbers

oy :=min max (L;(Z +y) — L;(7)), (4.18)
y i€{0,...,l}
where the minimum is taken over the set of y € 2y with (z+y, L(Z)) € E; observe that the minimum is reached
since this set is compact and nonempty containing y = 0. From the construction of oy in (4.18) it follows that
for any yn € 2y with (Z + yn, L(Z)) € E there exists an index i1 = i1(NV) € {0, ..., [} such that

on < Ly (@ +yw) — Loy (2). (4.19)
Define cy = (on,...,on) € IR and observe that
(Z+yn,L(Z)+cn) ¢ int B, (4.20)

since the contrary would mean that L;(Z + yn) < L;(Z) + on for all ¢ and thus contradict (4.19). It follows
from (4.18) with y = 0 that oy < 0. The assertion of the lemma will now follow from (4.20) if we show that
oy =o(hn) as N — o0.
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Assume to the contrary that oy # o(hy) and find a sequence of yy € 2x and negative constants [3; as
1 =20,...,0 such that

l}g,lg%)fh (LZ(E +yn) — LZ(;E)> < G <0.

Recalling the definition (4.16) of the set 2y and invoking the Carathéodory Theorem, we represent any element
YN € 2y by

yN—Zoz] )Ajzn(t1) with p=n+1,
where Ajxn(t1) are optimal trajectory increments generated by single needle variations of the optimal control

ty with the needle variation parameters (7;(N), v;(N)) foreach j =1,...,p and N € IN, and where a;;(N) > 0
with Z _, @j(N) = 1. Therefore

lkrgir%)fh ( w—l—Zaa N)Ajzn) LZ(E)> <6 <0,i=0,...,1 (4.21)

For a given number 1 > 0 to be specified later, define the quantities

VG (N) = la;(N)/n),  j=1....p,

where [a] stands as usual for the integer part of the positive number a. Along a subsequence (without relabeling)
we have v;(N) — 'y? as N — oo for j = 1,...,p. Due to Lemma 4.1, there exist subgradients &; € 0L;(z) as
1 =20,...,0 such that

NE

L@+ Ao (t)) = Li(@) = (&, 3 1(N) A (1)) + olhn)

=1
<£Z>Zaj N)Ajzn t1)> + <§ia

along a subsequence of N — oco. Let M and M; be positive constants such that that ||A;zn(t1)]] < Mhyx and
I€:]] < M, for all i and j. Since (&;,y) < L;(z +y) — L;(z) for all y, we get from (4.22) that

<.
Il
_

(4.22)
aj(N

) A1) + olh)

NE

(v —

<.
Il
—

p

Li(@ + Y0 2 Ajen (1) — Li(@) < ( x+2aj N)Ajay(t)) - Li(a)) (42
+pMM:hy +0(hN)
Now select an index iy € {0,...,1} so that |8;,| = max {|3] | 0 <4 <1} and set n above as

Bis

n= G i, € (0,1).
Then it follows from (4.23) and (4.21) that
- Bi
I}Lrgi%fh ( (T + ZW?AJ-J;N) - Li(z )) < # + pM M,
J=1 (4.24)

:ﬁi(ﬁiz—PMM1)+ DMM, = pM M, (—B; + Bi,) + Bi

By .
B, 5, <fi<0
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for all # = 1,...,1. Thus inequality (4.21) for convex combinations of Ajzy as j = 1,...,p implies the same
type of inequality (4.24) for their integer combinations. Due to Lemma 4.3 there exists an r-needle variation of
the optimal control uy with r = §=1 7? such that

P

Z jrn(t1) = A"zn(t1) + o(hn),

which ensures by (4.24) the inequalities

lim inf 7y (Li(aé AN (1)) — Li(j;)> <Bi <0 forall i=0,....1L

~N—0
The latter inequalities contradict (4.12) and thus complete the proof of the lemma. O

The next lemma based on convex separation transforms the primal optimality conditions (4.17) of Lemma 4.5
into dual conditions via appropriate Lagrange multipliers.

Lemma 4.6 (Lagrange multipliers for discrete approximation problems). Given a limiting point T for the
endpoint sequence {Tn(t1)} of optimal trajectories to (Py), there exist sequences of Lagrange multipliers Ay =
(Ao, - s ) € R and dual vectors Ex € IR™ satisfying the conditions

l
Ain 20 for i=0,...,0, > Ny =1,

i=0
>\1N<,02( ) =0 for i= 1 0, and (4.25)
En € ZAZNaL Z)\W (Vi () + 09:(2)).

=0

Furthermore, for an arbitrary sequence of endpoint increments Axy(t1) generated by single needle variations of
optimal controls we have
(En, Azn(t1)) < o(hy) as N — oc. (4.26)

Proof. Applying the classical Separation Theorem to the convex sets (T + N, L (Z) + ¢n) and E with empty
intersection (4.17), we find dual elements )\N = ()\ON, .. )\lN) € R and §N € IR™ such that

1
lEnl+ Ny =
i=0
and that for any Axn(t1) € 2y and (z,y) € E the inequality
(€n, 2+ Ay (t1)) + O, L@) + en) < (v, 2) + O, y),
holds, which can be equivalently written as
(€n, Azn (t1)) + O, en) < (€v, = 2) + v,y — L(2)). (4.27)
Setting Azxy(t1) = 0 in (4.27) gives us
(€n,x—2) + Qwy = L(@) 2 (v, ), (4.28)
while by setting z = z and y = L(Z) in (4.27) we obtain

(€n, Azn(t1)) < —(An,en) = o(hy) for any Azy(ty) € 2. (4.29)
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Further, fix N € IN and denote by (En,An) = (En, Xon, -+, in) € N((Z, L(Z)); E) the (unique) element of
the normal cone (2.4) to the convex set (4.15) at the (Z, L(Z)) that is nearest point to (n, An). We conclude
from (2.4) and (4.28) that

16w Aw) = Exs An) = 0 as N — oo, (4.30)
which ensures therefore that l
IEn®+> Xy =1 as N — oo (4.31)
i=0

It easily follows from the structure of the set E in (4.15) and of the normal cone to it at the limiting point
(Z, L(Z)) that

Ain >0 for i=0,...,1, NnLi(Z)=XNinpi(Z)=0 for i=1,...,], and

l

l
En € Z)\zNaLz(i‘) = Z)\“\/ (sz(.i‘) + 819@(5))

i=0 i=0
Taking the last inclusion into account and using (4.31), we renormalize the multipliers \;ny, ¢ = 0,...,[, to
satisfy Zi:o A2y = 1, and thus arrive at all the conditions in (4.25). Finally, it follows from (4.29) and (4.30)
that the limiting relationship (4.26) also holds, which thus concludes the proof of the lemma. O

To complete the proof of Theorem 3.1, it remains to show that the obtained estimate (4.26) implies the
approximate maximum condition (1.7), along the adjoint trajectory py(t) of system (1.8) satisfying the end-

point/transversality condition
1

—pn(t1) € Y Nin (Vbi() + 004()). (4.32)

=0

Completing the proof of Theorem 3.1. Employing Lemma 4.6, we find vectors {ny € IR"™ and Ay =
(Ao, -+, Aiv) € IR that satisfy all the relationships in (4.25) and (4.26) for every N € IN. Define now

pN(t1) := —&n and observe that conditions (4.25) reduce to those in (3.1)—(3.3) of Theorem 3.1 for problems
(Py) with ¢ = 0, while condition (4.26) can be rewritten in the form
(pn(t1), Axn (1)) > o(hn). (4.33)

Recall that Azy(t) are optimal trajectory increments generated by the following single needle variations of

optimal control @y (t):
v(N), t=r71(N),
ety = {p0 t=r)
an(t), t€Tn, t#T7(N).
For any function py(t), t € Ty U {t1}, we have the identity

t1—hn

(pn(tr), Azy(t1)) = Y (pn(t+hy) — pa(t), Azy (1))

t1—hN

+ 3 {pn(t+ hy), Aey(t + hy) — Azy(2)). (4.34)

Using further the notation
Af(t) = flan(t),un(t),t) — f(@n (1), un(t),1),
Auf(t) == f@n (@), un(t),t) — f(Zn (1), un(t), 1),
A H(t) == (pn(t + hn), Ay f (1))
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we obtain the representation

of

Azn(t+ hy) — Awy(t) = hnAf(t) = hn [Auf(t) + 97

(@n (), un(t), 1) Axn (8) + 1 (8|,
where the remainder 7y (t) is defined by

i) = (G (0 un(0),0) = S @lt), i (0,1) ) Aen (0 + of] Ao (O],

Since Azn(t) = 0 for t < 7= 7(N) and (3L (zn(t), un(t),t) — SL(@n (1), an(t),t)) = 0 for all t € Ty except
t = 7, the first term in the formula for ny(t) vanishes, and therefore we arrive at the relationships ny(t) =

o(|Azn ($)[]) = o(hn)-
This allows us to represent the second sum on the right-hand side of (4.34) as

ti—hn ti—hn
Y- (on(t+hw), Ae(t+hy) = Aoy (1)) = hy Z AH(t
ti—hnN 8f ) )
thi 3 (). 5 @En (0, (1), ) Az (1) + v (1))
1—hnN
=hyAH(T) +hy Y <pN(t+hN) 8f( N(t), N(t),t)AxN(t)>+o(hN). (4.35)

Taking into account that py(t) satisfies the adjoint system (1.8), we rewrite the first sum on the right-hand side
of (4.34) as

ti—hN ti—hnN

Z (pn(t+hy) —pn(t), Azn(t)) = —hy Z <88—];I(PN(t+hN)fN(t) an(t),t), Aen(t )>
ti—hy

= hx 3 (ow (et hw), @), an (), 0 A0 ().

t=to
It follows from (4.33)-(4.35) that
o(hn) < (pn(t), Azn (1)) = —hn AuH(7) + o(hn),

which can be written in the form
hNAuH(’T) S O(hN).

This clearly implies the approximate maximum condition (1.7) at the point ¢t = 7(N). Since 7(N) was chosen
arbitrarily, we justify the approximate maximum condition for all ¢ € T and thus complete the proof of the
theorem. 0

5. PROBLEMS WITH EQUALITY CONSTRAINTS

In the concluding section of the paper we show that the Approximate Maximum Principle of Theorem 3.1
does not hold if § = 0 in problems (Py), i.e., in the case of unrelaxed equality constraints. The following simple
example illustrates this phenomenon.
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Example 5.1 (violation of the AMP in discrete approximation problems with unrelaxed equality constraints).
Consider a two-dimensional continuous-time problem

minimize x(1) subject to

t=u ae teT:=][0,1],

y=v ae teT,

(P) ) —
z(0) = y(0) =0,
(u(t),v(t)) € U := {(0,0),(~1,v2),(-1,-1)} ae. teT,
y(1) =0.

The corresponding discrete approximation problems (Py) defined in Section 1 with § = 0 are given by

minimize xx(1) subject to

xN(t + hN) = .’EN(t) + hNUN(t), tely:= {0, hnyoooy1 — hN},
yn(t +hn) =yn(t) + hnon(t), t € T,

(Py){ *n(0) =yn(0) =0,

(un(t),on(t)) €U, t € Tn,

yn(1) =0,

1
hN:N, ]\/v:1,27

It is easy to see that an optimal control to problem (P) is

(=1,v2) for 0<t<1/(1+V2),
(=1,-1) for 1/(1++2)<t<1.

(u(t),o(t)) = {

We can also observe that, due to the incommensurability of the radical v/2 and the discretization step hy = 1 /N,
the only feasible control for each discrete approximation problem (Py) satisfying the constraint yy(1) = 0 is
(un(t),vn(t)) = (0,0). It remains to show that this control does not satisfy the necessary optimality conditions
of Theorem 3.1.

To proceed, note that the Hamilton—Pontryagin function (1.3) reduces in the this case to

H(pin,pan,un,VN) = pinun + panvun for all ¢ € Ty, (5.1)

where both p1n and pan are constants due to the adjoint system (1.6). The endpoint condition (3.3) is written
now as

(Piv(1),p2n (1)) = =V(a,4) (AonT + MnY) (@)= (@n (D (1)) = (FAon; —A1n)
with (Ao, n, Ain) satisfying the sign and nontriviality conditions
Aon >0 and My + Xy =1 (5.2)
by (3.1). This allows us to rewrite function (5.1) in the form
H(AoN, MN, uN, UN) = —AoNUN — AMINUN-

A simple analysis shows that for any Aoy and A\;y satisfying (5.2) there exists a constant o > 0 such that,
depending on the sign of \;y, we have

either H(Aow, Ainv, —1,v2) > H(Aon, Min,0,0) + «
or H(Aon, in,—1,—1) > H(Xn,A1n,0,0) + a,

which contradicts the approximate maximum condition (1.7).

Note finally that this example can be slightly modified to illustrate the failure of the AMP if the equality
constraint yx (1) = 0 in problems (Py) of Example 5.1 is relaxed to |yn(1)| < dn, where dn | 0 too fast as
N — o00; cf. the discussions in Remark 3.2.
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