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GAMMA-CONVERGENCE RESULTS FOR PHASE-FIELD APPROXIMATIONS
OF THE 2D-EULER ELASTICA FUNCTIONAL

Luca MuGNAI

Abstract. We establish some new results about the I'-limit, with respect to the L'-topology, of two
different (but related) phase-field approximations {&. }, {£:} of the so-called Euler’s Elastica Bending
Energy for curves in the plane. In particular we characterize the I'-limit as € — 0 of &, and show that
in general the I'-limits of & and £ do not coincide on indicator functions of sets with non-smooth
boundary. More precisely we show that the domain of the ['-limit of & strictly contains the domain of
the I'-limit of &..
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1. INTRODUCTION

In this paper we present some new results about the sharp interface limit of two families of phase-field
functionals involving the so-called Cahn-Hilliard energy functional and its L?- gradient. To introduce the two
families of functionals we are going to study let us recall that the Cahn-Hilliard energy {P.}. is defined as
follows: given {2 C R? open, bounded and with smooth boundary we set

Pow) = {fQ fVu2 + W dp ity WL?(Q),1 )
+oo otherwise on L*({2),

where £ > 0 is a parameter representing the typical “diffuse interface width”, and W € C3(R,R* U {0}) is a
double-well potential with two equal minima (throughout the paper we make the choice W (s) := (1 — s2)2/4,

though most of the results we obtain hold true for a wider class of potentials). The families of functionals {&. }.,
{&:}c we consider in this paper are respectively defined by

E = (P-+W.): L'(2) — [0, +00], (1.2)

1 _ W) : 2
where W, (u) i= { = Jo (5Au - ) dz  ifue C?(2),

(1.3)
+00 elsewhere on L1(2),

Keywords and phrases. I'-convergence, relaxation, singular perturbation, geometric measure theory.

I Luca Mugnai, Max Planck Institute for Mathematics in the Sciences, Inselstr. 22, 04103 Leipzig, Germany.
mugnai@mis.mpg.de

Article published by EDP Sciences © EDP Sciences, SMAI 2013


http://dx.doi.org/10.1051/cocv/2012031
http://www.esaim-cocv.org
http://www.edpsciences.org

PHASE-FIELD APPROXIMATIONS OF EULER-ELASTICA 741
and
&= (795 + BE) L LY(2) — [0, +od), (1.4)

1 2 W' (u) 2 ; 2
gfg‘€VU—TVu®Vu dx if ue C?*(02),

+00 elsewhere on L'(£2),

where Be(u) :=

and v, is a unit vector-field such that

~ Vu
|V

Uy on {Vu # 0} and v,, = const.on {Vu = 0}.
We remark that W.(u) represents the (rescaled) norm of the L2-gradient of P. at u, and that W. and B, are
linked by the relation
w’ w’
tr {5V2u — #I/u ® I/u:| =cAu — #

Hence we have

d|eViu —

Vy @ Uy

W’E(u) ? . (gAuE N M)z. (1.6)

3

Next, we briefly summarize the known results about the sharp interface limit of {gg}g and {&;}.. The starting
point for the analysis of the asymptotic behavior, as ¢ — 0, of {£.}. and {£.}. is a well-known result, due to
Modica and Mortola, establishing the I"-convergence of P. to the area functional. More precisely, in [16], it has
been proved that the I'(L'(£2))-limit of the family {P.}. is given by

1 . B )2, dVu| if ue BV(£2,{-1,1}),
I(L}@) ~ lim P (u) = P(u) i= {m caewhore in L'(),
where ¢y = f_ll V2W (s)ds. We remark that for every u € BV (£2,{—1,1}) we can write v = 2yg — 1 =:
1, where yg denotes the characteristic function of the finite perimeter set F := {u > 1}. Hence P(u) =
coHY 1 (0" FE) where HY™! denotes the (d — 1)-dimensional Hausdorff measure in R? and 0*E denotes the
reduced boundary of E (see [19]).

The main result concerning the I'-convergence of {gg}g has been established, for d = 2 and d = 3, by Roger
and Schétzle in [18] and independently, but only in the case d = 2, by Tonegawa and Yuko in [17], partially
answering to a conjecture of De Giorgi (see [9]). In particular in [18] the authors proved that for d = 2 or 3 and
E C 2 open and with C?-smooth boundary, we have

D(LY02)) — lim & (1) = co/ [1+ [Hop(z)[?]dH (), (1.7)
e=0 QnOE
where Hog (z) denotes the mean curvature vector of OF in the point « € JE. When d = 2 we call the functional
on the right hand side of (1.7) the Euler’s Elastica Functional.

The sequence of functionals {&:}. has been introduced in [3] in connection with the problem of finding
a diffuse interface approximation of the Gaussian curvature. As a straightforward consequence of the results
established in [3] it follows that, again for d = 2,3 and E C §2 open with C%-smooth boundary, we have

P(EHR) = lim E(1p) = co [ 1+ Bop(a) |4 (o) (18)

where this time Byg(z) denotes the second fundamental form of OF in the point 2 € IF.
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In the present paper we restrict to the case d = 2, and investigate the behavior of {6’1}6 and {&:}. along
sequences {u.}. C C%(£2) such that

lim lu. = Le 1) =0, 1 € BV(2,{-1,1}), (1.9)
E—

removing the C2-regularity assumption on the boundary of the limit set E. In other words we aim at proving
a full I'-convergence result, on the whole space L(£2).

We recall that if a family of functionals I'-converges, and a certain equicoercivity property holds, then the
minimizers of such family converge to the minimizers of the I'- limit. Therefore, though the proofs of our
main results are relatively easy and short, we expect that a description of the I'- limit, besides its possible
mathematical interest, may be of some relevance at least for those applications, such as [5,10-12,15], where the
families {g’g}E and {&.}. are introduced to formulate, and solve numerically, a “diffuse interface” variational
problem whose solutions are expected to converge, as € — 0, to the solutions of a given sharp interface minimum
problem.

In synthesis our results are the following: we identify the I'(L!(£2)) — lim._o &, and we show the existence
of functions 15 € BV (£2,{—1,1}) such that

L(LY(2)) - lim E.(1g) < ML) — lim £-(1p).
e— e—s
Hence, the sharp interface limits of {gg}g and {€.}. in general do not coincide, although in two space dimensions,
by (1.7) and (1.8) and
Bog(x)]* = Hop(2)[?, (1.10)

we have

L(LY()) = lim £ (L) = T(L'(2)) - lim & (1)

for every E C {2 open and with smooth boundary.

In order to better explain our results, we remark that, since I'-limits are necessarily lower semi-continuous
functionals (see [7], Prop. 4.16), in view of (1.7)-(1.10), a candidate for the I'-limit of both & and & is the
lower semi-continuous envelope (with respect to the L'(f2)-topology) of the functional

fQﬂ@E[1+|H8E‘2}dH1 ifu=1g and Qﬂ@Ee(ﬂ,
= 1.11
Flu) {+oo otherwise on L!(2), (1.11)
that is the functional

F(u) ::inf{likm inf F(ug) : L'(2) — klim up =u} (1.12)

=sup{G(u): G < F on L*(2), G is lower semi-continuous on L'(£2)}.

Since by [1], Theorem 3.2, we have F(1g) = F(1g) whenever 2N OE is of class W22, by (1.7), (1.8) and the
definition of F, we can conclude that

I(L'(2) - nn%é; < eF on L'(2), T(L}(R)) - lim € < ooF on LY(R).
We can now rephrase the results we obtain as follows: we prove that I'(L'(£2)) — lim. o & = coF, and we
show that there exist 1z € BV (§2,{—1,1}) such that I'(L}(£2)) — lim. ¢ &-(1g) < coF(1g) = +o0. More

precisely: In Theorem 4.1, we show that the assumption sup,. & (ues) < 400, implies additional “regularity”
on the support of the measure p := 9H|1_M arising as limit of the energy density measures

e = [£/21Vue | + W(ue) e £,
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(here L',ld_ o denotes the Lebesgue measure on R? restricted to £2). Namely we establish that in every point of
M N 2 a (unique) tangent-line to M is well defined. Hence, in Corollary 4.4, by means of a characterization
of F obtained in [2] (see also Prop. 2.5) we show that I'(L!(§2)) — lim. o & = co.F.

For what concerns the family {gg}s, in Corollary 4.5 we show that in general the support of the limit
measure does not necessarily have an unique tangent line in every point. This difference in regularity between
the support of the two limit measures is related to the existence of so called “saddle shaped solutions” to
the semilinear elliptic equation —AU + W’/ (U) = 0 on R? (see [6,8]). In particular we obtain the existence of
1g € BV (£2,{—1,1}) such that

(L))~ lim Ex(Lp) < eF(Lp) = T(L(2)) ~ lim £.(1) = +20.

We remark that we do not expect an analogue of Theorem 4.1 to hold in space dimensions d > 2. In
fact, to prove Theorem 4.1 we make use of some regularity results obtained in [13], that are valid only for
generalized (d—1)-dimensional hypersurfaces (namely curvature varifolds, see Def. 2.2) with (generalized) second
fundamental form in L? for some p > (d — 1). Moreover, though we expect that an analogue of Corollary 4.4
holds also (at least) when d = 3, to prove such a result we would probably need a different approach. In fact,
in the proof of Corollary 4.4 we make an essential use of an “explicit” representation of F, that has been
established in [2] and is available only in two space dimensions.

The paper is organized as follows. In Section 2 we fix some notation, and recall some results about varifolds
and the lower semi-continuous envelope of F. In Section 3, for the readers convenience, we briefly recall some of
the main results of [3,17,18]. In Section 4 we state and prove our main results, namely Theorem 4.1, Corollary 4.4
and Corollary 4.5.

2. NOTATION AND PRELIMINARY RESULTS

2.1. General notation

Throughout the paper we adopt the following notation. By {2 we denote an open bounded connected subset
of R? with smooth boundary. By Br(z) := {#z € R? : |2| < R} we denote the euclidean open ball of radius R
centered in z.

By £? we denote the 2-dimensional Lebesgue-measure, and by H! the one-dimensional Hausdorff measure.

For every set E C R? we denote by 1 the function such that 1p(z) =1ifz € E, 1g(x) = —1ifz ¢ E. We
denote by E and OF respectively the closure and the topological boundary of E.

We say that E C §2 is of class W22 (resp. C*, k > 1) in £, and write E € #*2(02) (resp. E € €%(2)) if E
is open in {2 and, locally near every x € OFE N {2, the set E can be represented (up to rigid motions) as the
subgraph of a function of class W22 (resp. C*).

We say that a set £ C R? has finite perimeter in 2 if 1z € BV (£2). Moreover if E has finite perimeter
by 0*E we denote its reduced boundary (see [19]).

We endow the space of the (2 x 2) matrices M = (m;;) € R?*? (resp. 23 tensors T' = (t;;) € R2") with the
norm

2 2
(M= tr(MTM) = > (mij)” resp. [T°:= Y (tijn)? | , (2.1)
,j=1 i,j,k=1
where M7 is the transposed of M.
Let u € C%(£2), we define
\Y%
Vy Y PY:=1d — v, @ vy, on {Vu # 0}, (2.2)

V]’
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and v, := e, P* :=Id—es®eq on {Vu = 0}. Moreover we define the second fundamental form of the ensemble

of the level sets of u by
(PY)TV2yPv
B, =(———— 2.3
u ( 2 ® v, (2:3)

on {Vu # 0} and B, := ®%es on {Vu = 0}. Similarly we define
2
== ) P o) (va)n)], (15 k € {1,2}) (2.4)
=1

on {Vu # 0} and A" := ®@3es on {Vu = 0}.

2.2. Geometric measure theory: varifolds

Let us recall some basic fact in the theory of varifolds, the main bibliographic sources being [14,19].

By G1,2 we denote the Grasmannian of 1-subspaces of R?. We identify 7' € G » with the projection matrix
Pr € R?*2 on T, and endow Gj 2 with the relative distance as a compact subset of R2*2. Moreover, given
2 C R? open, we define the product space G1(§2) := 2 x G2, and endow it with the product distance.

We call varifold any positive Radon measure on G1(§2). In this paper we are confined to curves, hence we
use the term varifold to mean a 1-varifold.

By warifold convergence we mean the convergence as Radon measures on Gp(f2).

For any varifold V' we define py to be the Radon measure on (2 obtained projecting V' onto (2.

Let M be a l-rectifiable subset of R? and let # : M — R* be a H! L M-measurable functions. We define the
rectifiable varifold v(M,0), by

v(M,0)(¢) :== /M o(x, Ty M) 0(x)dH? Vo € CYG1(92)).

When 6 takes values in N we say that v(M, 0) is a rectifiable integer varifold and we write v(M,0) € IV1(£2).
Let V' be a varifold on 2. We define the first variation of V as the linear operator

SV:CH,R) =R, Y — /tr(SVY(x))dV(x, S).

We say that V has bounded first variation if §V can be extended to a linear continuous operator on C2(2, R?).
In this case by |§V| we denote the total variation of 6V. Whenever the varifold V' has bounded first variation
we call generalized mean curvature vector of V the vector field

AV

Hy = q .
v dpy

where the right-hand side denotes the Radon—Nikodym derivative of §V with respect to uy. We say that a
varifold V is stationary if §V = 0. We say that V € IV (§2) has L2-bounded first variation if

sup OV (Y) < +oo.
YEeC, (),
HYHL2(“V)§1

If V € IV{(£2) has L>-bounded first variation then

V(YY) = /Hv Ydpy, Hy € L?(uy,R?),
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and we set

2

FaV) = [0+ Py = (@) + | s 6V(Y)
Yect(n),
HYHL2(“V)§1

Remark 2.1. If V € IV (£2) has L?-bounded first variation, by [19], Corollary 17.8, the 1-density of py in

. B,(x
Olj a) = timy L Zel2)

)

is well defined everywhere on spt(uy ). Moreover O(uy,z) € N and O(uy,z) < C, where C > 0 is a constant
that depends only on [[Hy, ||£2(,, r2), furthermore V' = v(M, 0) where M = spt(uy) N §2 and 0(x) = O(uv, ).

For our purposes we also need to define a further class of varifolds, firstly introduced in [14].
Definition 2.2. Let V € IV (£2). We say that V is a curvature varifold with generalized second fundamental

form in L?, if there exists Ay = A}, € L*(V, R2") such that for every function ¢ € C1(G1(£2)) and i = 1,2,

/ S Su00+ S AV Do+ S AY6 | avie,$) =0, (2.5)
Gi1(£2) \ j=1,2 jk=1,2 j=1,2

where Dy, ;, ¢ denotes the derivative of ¢(x,-) with respect to its jk-entry variable.
Moreover we define the generalized second fundamental form By = (ij)1§i,j’k§2 of V as

2
Bli(x,8) =) SpAl(z,5). (2.6)
=1
By €7%(2) we denote the class of curvature varifolds in 2 with generalized second fundamental form in L.

Remark 2.3. Every V € €%7(2) has also L>-bounded first variation in £2, and
Hy (z) = (A212(z, Topv ), Ar21 (z, Topy)) € L? (pv,R?),

for py almost every z € £2 (see [14]). Moreover if V € €%3(2) we have
FaV) = [0+ v Pldpy = 1+ BuPlav = [+ avPlav (2.7)

Eventually we need to introduce the following subset of €% (£2)

Definition 2.4. We define the set 2(£2) as the set of v(M,0) € €¥?(12) for which there exists a sequence
{Ex} C €*(£2) such that

klim v(0Ek,1) = v(M,0) as varifolds, sup Fa(v(0E, 1)) < +oo. (2.8)
i— 00 keN

By an adaptation of the results obtained in [2] we prove the following

Proposition 2.5. We have

2(02) = {V(M, 0) € ‘5”/%(()) : M N2 has everywhere an unique tangent line} . (2.9)
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Proof. For every n € N, let ), : 2 — 2, := V,,(£2) be the map defined by
Vu(x) =2+ 6, (dist(x, 092))von(Tan(x)),

where: §, € C*(0,+00) is a decreasing function such that §,(s) = 1/n? if s € [0,1/2n], §,,(s) = 0 if s > 1/n,
and [[0],[| o (0,400) < 10/n; vao(-) denotes the interior unit normal to 912, and mae(z) the projection of x
onto Af2. By the regularity assumption on {2, the map ), is a C2-diffeomorphism for every n € N large enough.
Moreover we have §2,, CC §2, 11 CC {2, and ), converges uniformly to the identity map on 2 as n — oo.
Suppose v(M, ) € 2(2), and let {Ej }r C €2(£2) be a sequence verifying (2.8). For a fixed n € N the number
of connected components of OE), such that 2, N IE) # () is bounded by a constant depending only on n and
supey F2(vV(0Ek, 1)). In fact, if the closure N}, of a connected component of OE}, intersects 2, but does not
intersect 02 then it is a closed curve, and an easy calculation (see [1], Lem. 3.1) shows that the contribution
of Ny to Fo((V(OE, 1)) is at least H*(Ng) + (27)%/H (Ny). However, if Ny N 2, # 0, and Ny NI # (), then
the contribution of Ny to Fao((v(0Ey, 1)) is larger than dist(042,,02) > 0. Hence, fixed n € N, we can select
a subsequence (not relabeled) such that the connected components of JFE}, intersecting §2,, are in a fixed, finite
number A(n), and the length of each of this connected components is bounded from below by a constant C' > 0
that depends only on n and supjcy Fo((V(OE%, 1)). Therefore, for every k € N, and j = 1,..., A(n), we can

choose ai € C?([0,1],IR?) such that di(t) = const. > C for ¢t € [0, 1], and such that ai([(), 1]) = N,g where N,g
is a connected component of dEj, such that N N (2, # 0. By (2.8) and

J _ 1 ! ij 2
PV D) = G | 1atarar

we conclude that there exists a subsequence such that, for every j = 1,...4(n), as k — oo the sequence ai
converges weakly in W22([0, 1], R?), and strongly in C1([0, 1], R?), to a certain constant speed parametrization o’

such that
A(n)

M2, =Ulad([0,1]) N Zﬁ{ ()} for H' —ae. y € 02,

where by #{(a’)"1(y)} we denote the cardinality of the counter-image through o of y.
By construction we have: o ([0,1]) N a,([0,1]) N 2 = @ for every i # j and k € N; af((0,1)) does not self

intersect and if o (0) = a4 (1) then o'z,;(O) = @i (1). Hence, by the strong convergence in C1([0,1],R?), if for
some sg, s1 € [0,1] and i,j € {1,..., A(n)} we have ai(sg) = o’ (s1) € £2,, then &'(s¢) and &’ (s;) are parallel.
Hence

2(02) C {V(M, ) € €¥3(2) : M N 2 has everywhere an unique tangent line}.

In order to prove that also the opposite inclusion holds we proceed as follows. Given v(M, ) € %V%(Q) such
that M N 2 has an unique tangent line in every point, we fix n € N and consider v(M N £2,,,0) € €¥75(£2,).
By [2] we can conclude that M N §2,, can be locally written (up to rigid motions) as a finite union of W?2:2-
graphs, and that M N J£2,, consists of a finite number of points. Reasoning as in [1,2], we can find a sequence
{Ep}y C €%(82,) such that

klim vV, HOEM), 1) = v(Y, (M N 02,),0(Y, 1)) as varifolds,
Jm Fo(v(V, N (OER), 1)) = Fo(v(V, (M N 2,),0(9,1)))-
Since as n — oo we also have

vV (M N 02,),000,1)) — v(M,6) as varifolds in £2,
Fo(v(Vn ' (M N 62,),000;1))) — Fa(v(M, 0)),
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we can extract a diagonal sequence {ygl(E,?(n))}n C €*(92) verifying (2.8). Hence

2(02) 2 {v(M,0) € €V3(2): M N2 has everywhere an unique tangent line }
and this concludes the proof. O

Finally, being F as in (1.12), as a straightforward consequence of [2], Theorem 4.3, and Proposition 2.5 we
have the following

Theorem 2.6. Let u € L'(£2). Then F(u) < +oo if and only if u = 15 € BV (2,{—1,1}), and, if E # 0, the
set
A (E) ={v(M,0) e 2(2): M DO"E,
0(x) is odd for x € O"E,
0(x) is even for x € spt(uy ) \ 0" E},

is not empty. Moreover, if o (E) # 0, the following representation formula holds

F(lg) = Fa(v(M,0)).

min
v(M,0)e ot (E)

In particular if E € #22(02) we have F(1g) = F2(v(0E,1)).

3. PRELIMINARY KNOWN RESULTS ON DIFFUSE INTERFACES APPROXIMATIONS OF F

We begin this section specifying some further notation needed in the sequel.
We set W(r) := 2(1 —r?)? for r € R, and ¢ := f_ll \/2W (s) ds.
To every family {u.}. C C?(£2) we associate

e the families of Radon measures

€ W (u. ~
e = (§|Vu52 + i )> l.:|2_(27 e i= €|Vu5\2/.1|2_n; (3.1)
e the family of diffuse varifolds
Vo) i= i [ o PUe(a) dficla), V6 € CHG(), (32)

where P (z) denotes the projection on the tangent space to the level line of u. passing through z (see (2.2)).
The next result has been proved in [17,18]
Theorem 3.1. Let {u.} C C*(02) be a family such that
sup & (uz) = sup (Ps(ug) + Ws(ug)) < 400. (3.3)

e>0 e>0

(A) There exists a subsequence (still denoted by {u.}) converging in L*(£2) to a function 1 € BV (£2,{—1,1}).
Moreover the sequence {V.}e converges in the varifolds sense to v(M,0) € IV1(£2) with L*-bounded first
variation, such that 0 assumes odd (respectively even) values on O*E (respectively M \ 0*E) and

009H|1_M = Elir(r)1+ fe = Elir(r)1+ Lt as Radon measures, (3.4)

y 2
liminf1 <5Au5 — w> dz > ¢ / Hy | duy. (3.5)
2

e—0t €
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(B) For every 1 € BV (£2,{—1,1}) such that E € #*2(12), we have
I(LY(£2)) ~ lim E(1g) = coF(1p).

Next we recall some of the main results obtained in [3].

Theorem 3.2. Let {u.} C C?(£2) be such that

sup & (ue) = sup (Pg(ug) + Bg(ug)) < 400. (3.6)
e>0 e>0

(A1) The conclusions of Theorem 3.1 hold. Moreover v(M,0) € €¥1(2) and

U
lim inf l/ W (ue)
e—0t € Jo €

1) For every 1p € ,1—1,1}) such that E € ’ , we have
B1) F BV (2 h that E € W22(02 h

2

2
eViu, — Uy, @ Vg,

dz > co/\BV|2dV. (3.7)

D(LY($2)) — lim E-(1g) = co/ [1+|Bogp|?]dH! = coF(1g).
e—0 QNOE

4. MAIN RESULTS

The first of our main results shows that a varifold v(M, §) € €% 7(£2) arising as the limit of diffuse interface
varifolds veryfing (3.6) (see Thm. 3.2-(A1)) is more regular than a generic element of €% (12).

Theorem 4.1. Let {u.}. C C%(2) satisfy (3.6). Let V- be as in (3.2) and suppose lim._o V. = v(M,0) €
€V3(2). Then M has an unique tangent line in every p € M N £2.

In order to prove Theorem 4.1 we need two easy Lemmata.
Lemma 4.2. Let {My}r C Bar be a sequence of C*-embedded curves without boundary in Bag. Suppose that

0 < lim inf H'(My N Bg), limsup H'(Mj) < +oo,

k—o0
lim |6v(My,1)|(B2g) = lim |Hyy, | dH = 0. (4.1)
k—o0 k— o0 My,
There exist a finite collection of 1-dimensional affine subspaces Ty, ..., Tn of R? such that
T,NT,NBr =0, fori#j i,je{l,....,N}, (4.2)

and a subsequence (not relabelled) {v(My,1)}r C IV 1(Bar) such that
N
lim v(My,1) = > v(T},6;), (4.3)

k—o00
Jj=1

where ©; € N are constants.

Proof. By (4.1) we can apply Allard’s compactness Theorem (see [19], Thm. 42.7), and extract a subsequence
such that, as k — oo, v(My, 1) — v(M,0) € IV(Bar), with v(M, ) stationary in Bapg, and py (Bgr) > 0.
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By (4.1), and arguing as in the proof of Lemma 2.5, we select a further subsequence (not relabeled) such
that:

(i) there are no closed curves among the connected components of My;
(ii) the connected components of M, intersecting Bsp o are in a fixed number.

Hence we can find a constant C' > 0, and N sequences of maps {ai}keN c (o, 1], Bgr/2) such that, for
j=1,...,N and k € N, we have

N
C < |a}| = const. on [0,1], My N Br = U(ai)([o, 1]) N Bg.
j=1
Since
N 1 1 ]
lim 7/ &l |dt < lim |6v(Mj,1)|(Bar) =0,
’H”; H(a(0,1) Jo K T koo
up to the extraction of a further subsequence ol — ol strongly in ' , 1, , for every j = 1,..., N;
h i f a furth b {c J 1 w21([0,1],R?), fi 1 N

ai — o in C1([0,1];R?) and 67 = 0 on [0, 1]. Since for every ¢ € C%(G1(Br))

N 1 . g .7
im v = lim al(s —M &l (s)| ds
N 1 - .
= ol (s _7&(3)@0[3(3) &’ (s)| ds

we conclude that (4.3) holds for T; N Bg := o’ (o, 1]) N Bg. Finally (4.2) follows, as in Proposition 2.5, by the
strong convergence aj, — «; in C1([0,1],R?) and «,([0,1]) N ok ([0,1]) = 0 for every j # 1 € {1,...,N} and
ke N. O

Lemma 4.3. Let u. € C?(Bag) be such that

~ W(u
0 < lim E|Vug|2 + W) dz < +o0, (4.4)
E— BzR 2 13
1 W@ ?
lim — eV, — ﬂvai ®@ vy, | de=0. (4.5)
€20 € JByg €

Being V. the diffuse interface varifold associated to . (see (3.2)), up to a subsequence we have lim._,g V.=V,
where V € IV1(Bar) is stationary and verifies (4.3) and (4.2).

Proof. By (4.4), (4.5) we can apply Theorem 3.2, and extract a subsequence (not relabeled) such that V. >Ve
€3 (Bar), where V is stationary. Moreover by Sard’s Lemma and [3], Lemma 7.1, we can find a subsequence
{V., }x and a subset J C [—1,1], with £!(J) = 0, such that for every s € [-1,1]\ J,

{te, = s} is a smooth embedded surface without boundary in Bap
(@, = 5} N (i, =0} =0, (46)

klim v({Tie, = s},1) =V as varifolds on Bg.
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Next we fix 0 € (0,1) and set I := [—1 4 9,1 — 0]. For every © € Bag such that 4., (x) = s € [-1,1]\ J

let By, (z) be as in (2.3). As in [3], Lemma 5.3, we have

/ 6v({Te, = 5},1)| (Bag) ds = / /
15\J 15\J {agk:S}mB2R

2 ~ ~
RS /B B, |V2W @e,)|Vite, | d
2 1/2 ~ 1/2
d:r) < M dx) )
Bar €k

< 2 i/
=25 =) \ Jpan

By (4.5), the choice of €; and that of the set J, there exists s, € I5\ J such that

div (v, )| dr' ds

.
vy, - W)

Vi, ® vy,

limsup H* ({@., = 5., } N Bag) < +00, limsup [6v({ue, = se,. }» 1)‘(323) = 0.

k—o0 k—o00

Applying Lemma 4.2 to the sequence {v({u., = s, },1)}r C IV1(Bag), and making use of (4.6), we conclude

the proof.

Proof of Theorem 4.1. For x € R? and A > 0 we define

me i RE=RE gy
and consider, for x € spt(uy ), the varifolds

1
)V (0) = [ 600+ 2.Q AV (5.Q). Vo€ € (G (R)).
By [13], Theorem 3.4 we can conclude that for every x € spt(uy) there exists V, € IVy (R?) such that
plifgl+(77x,p)ﬁv(¢) =Va(9), VoeC7(Gi(R?)),

and

where N, € N, and where Ty(z), ..., Ty, (x) € G1.2 and O1(x),...,Op, (x) € N verify

N, N,
.ﬂ T;(x) = {0}, Z@i(a:) = 6(z).

O

(4.7)

(4.8)

In order to prove the existence of an unique tangent line in every point of spt(uy ) we show that N, = 1 for

every x € spt(uy).

Without loss of generality we suppose that = 0. In view of (4.7) to conclude that Ny = 1 it is enough to

fix a sequence {px }r C RT such that limy_,o pr = 0, and prove that
Vo = lim (WO,Pk)ﬁV = V(T,@(O)),
k—o0

where T' € G5 is a linear 1-dimensional subspace of R2.

(4.9)
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By (4.7), (3.6) and by limj_. Vz, = V as varifolds in 2, fixed an open bounded subset U C R? containing
the origin, we can find a sequence {ej}1 such that

. . Ek
lim g, = lim — =0,
k— o0 k—oo Pf

and such that, setting uy(y) := ue, (PrY), €k = €k/pk, denoted by 17gk the diffuse varifolds associated to u as
in (3.2) we have

W (ug)

Vi, — Vo as varifolds in U, 0 < klim &kl Vg > + — dz < +o0,
- Ju 2
and, by (2.7),
1 _ _ W/ 2
~—/ SkVZUk — N(uk)l/gk & v, dy
€k Ju Ek
W/ 2
= &/ €kv2u€k (l‘) - Myugk (1') ® V“Ek (l’) dz < Opk.
€k JpU €k
We can thus apply Lemma 4.3 and obtain that
Ve, = Vo= ZV(TJ NU,0;) as varifolds in U,
j=1

where, if Ng > 1, we have T; N T; N Br = () for every Bop CC U and i # j. Hence, by (4.8), we have Ny = 1.

As a consequence of Theorems 4.1 and 2.6 we obtain
Corollary 4.4. We have I'(L*(£2)) — lim._o & = coF, where F is as in (1.12).

Proof. We begin proving the so-called I" — lim inf-inequality, that is: For every u. — u in L'(2) as ¢ — 0 we
have o
lim iélf E(ue) > coF(u).

We suppose that {u.}. C C?(£2) satisfies (3.6) (otherwise we have nothing to prove). By Theorem 3.2 we can
find a subsequence {ej}ren such that limy o £ = 0 and

lim &, (ue,) = liminf & (ue),

k—o0 e—0

LY(2) - klim ue, — 1p € BV(£2,{-1,1}), klim Ve, = v(M,0) € €¥1(R2) as varifolds.

Moreover, by Proposition 2.5 and Theorem 4.1, we have v(M,0) € Z(2). Hence, by Theorem 2.6, Theo-
rem 3.2-(Al) and (2.7),

liminf & (us) = lim &, (ue,) > co/ (1+ By [)0dH! > coF(E).
e—0 k—o0 M
That is the I" — lim inf inequality holds.
To prove the I' — lim sup inequality we have to show that for every u € L'(£2) we can find a recovery family,
that is a family {u.}. C C?(02) verifying

liH(l) lue —ullL1(o) =0, limsup & (ue) < F(u). (4.10)

e—0
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However, this now follows by Proposition 2.5 and a standard density argument. In fact, by the previous step
we can conclude that for every u € L'(£2) such that I'(L*(2)) — lim. o & (u) < +00 we also have u = 1 and
F(1g) < +oo. Therefore we can find a sequence {Ex}r C €%(£2) such that

L'(0) - Jim g, = 1p, klin;@f(ﬂEk) = F(1g).

Since for any fixed k € N the existence of a recovery family {u”}. follows from [3,4], we can extract a diagonal
sequence verifying (4.10).

Eventually we also obtain a results concerning the I'-limit of the family of functionals {gg}s, and its relation
with . More precisely, combining Corollary 4.4 with the results proved in [8] (see also [6]), we have

Corollary 4.5. There exists a family {u:}. C C?(2) and 1 € BV ($2,{—1,1}), where E # () is such that OF
does not have an unique tangent line in every point, verifying

LY(R) - limu. = 1p, limV. =v(0E,1) € CV3(9),

sup Pe(ue) < +00, We(u:) = 0.
e>0

In particular

lim E(ue) = Fo(v(OE, 1)) < F(1p) = I(LY(2)) — lim €. (1) = +oc. (4.11)

Proof. By [6], Theorem 1.3 (see also [8]) we can find U € C® (R?) such that
AU =W'(U)  onR?, (4.12)
and U is such that
o ||Ul|poe(re) <1, {U = 0} = € where
¢ 1= ({0} x R) U (R x {0})

and U > 0 (respectively U < 0) in the I and III (respectively II and IV) quadrant of R?;
e there exists C' > 0 such that for every R > 0

1
/ ~|VU]? +W(U)dy < CR. (4.13)
Br 2

Defining {u.}. C C%(2) by u.(x) := U(z/e), by (4.12), (4.13) we have

W' (ue)
€

ceAu, — =0,

e 1
/£|Vu€\2+de:€/ Lyup+wwyay < c.
92 > B__1 2

Hence applying Theorem 3.1 we have that, up to subsequences, u. — lg € BV (£2,{—1,1}) and V. — v(M,0) €
IV, (£2), where v(M, 0) is stationary in §2. Moreover, in view of [8], Lemma 5, and [18], we obtain that F coincides
with the intersection of 2 with the I, 111 quadrants of R?, and also that M = ¢ = 9E. This concludes the
proof of the first part of Corollary 4.5. It remains to prove that (4.11) holds. To this aim it is enough to remark
that, being {u.}. and 1 as above, by Proposition 2.5 and Theorem 4.1 we have

F(Lg) = I(L(£2)) - lim £-(1p) = +oo.
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Remark 4.6. We remark that combining Corollary 4.5 with [2], Example 1, we obtain the existence of an open
subset E CC Bio and of a family {u.}. C C?(Bio) such that

LY(Byg) — lim ue = 1, lim V. = v(M,0) € €V?(Bio) \ #(E),

lim € (ue) < F(lp) < +oc.
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