ESAIM: COCV 19 (2013) 629-656 ESAIM: Control, Optimisation and Calculus of Variations
DOI: 10.1051/cocv/2012025 WWW.esallm-cocv.org

ON THE BINDING OF POLARONS IN A MEAN-FIELD QUANTUM CRYSTAL*

MATHIEU LEWIN! AND NICOLAS ROUGERIE?

Abstract. We consider a multi-polaron model obtained by coupling the many-body Schrodinger equa-
tion for N interacting electrons with the energy functional of a mean-field crystal with a localized defect,
obtaining a highly non linear many-body problem. The physical picture is that the electrons constitute
a charge defect in an otherwise perfect periodic crystal. A remarkable feature of such a system is the
possibility to form a bound state of electrons via their interaction with the polarizable background. We
prove first that a single polaron always binds, i.e. the energy functional has a minimizer for N = 1.
Then we discuss the case of multi-polarons containing N > 2 electrons. We show that their existence
is guaranteed when certain quantized binding inequalities of HVZ type are satisfied.
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1. INTRODUCTION

A quantum electron in a crystal may form a bound state by using the deformation of the medium which
is generated by its own charge [1]. The resulting quasi-particle, composed of the electron and its polarization
cloud, is called a polaron in the physics literature. Likewise, a multi-polaron or N -polaron is the system formed
by the interaction of N electrons with a crystal.

That a polaron can be in a bound state is a rather simple physical mechanism. When the (negatively charged)
electron is added to the medium, it locally repels (respectively attracts) the other electrons (respectively the
positively charged nuclei) of the crystal. A local deformation is thus generated in the crystal, and it is itself
felt by the added particle. In other words the additional electron carries a “polarization cloud” with it. It is
therefore often useful to think of the polaron as a dressed particle, that is a single (composite) particle with new
physical properties: effective mass, effective charge, etc. For an N-polaron the situation is a bit more involved.
Since the effective polarization has to overcome the natural Coulomb repulsion between the particles, bound
states do not always exist.

The question of what model to use to describe the polaron is an important and non trivial one. In the
Born—Oppenheimer approximation, a quantum crystal is a very complicated object, made of infinitely many
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classical nuclei and delocalized electrons. The accurate description of such a system is a very delicate issue and,
for this reason, simple effective models are often considered. They should remain mathematically tractable while
still capturing as much of the physics of the system as possible.

A famous example is the model of Frohlich [8,9] dating back from 1937, in which the crystal is described as
an homogeneous quantized polarization field with which the electrons interact. In the limit of strong coupling
between the electrons and the field, the model reduces to Pekar’s theory [17,20-23]. There the crystal is a
classical continuous polarizable model, leading to an effective attractive Coulomb interaction in the energy
functional of the theory:

en =3 [ vep s+ O [ [ ROEROE,, g, (1)
R3 R3 JR3 ‘.T —
Here 1) is the wave-function of the electron, ey > 1 is the static dielectric constant of the crystal and we work
in atomic units. The variational equation corresponding to (1.1) is sometimes called the Schrddinger—Newton
or Choquard equation.

It is the attractive Coulomb term in (1.1) that leads to the existence of bound states of electrons, i.e.
minimizers (or ground states) of the energy functional. Whereas the energy functional for electrons in vacuum
has no minimizer, Lieb [15] proved the existence and uniqueness (up to translations) of a ground state for
Pekar’s functional (1.1).

The same nonlinear attractive term is obtained in Pekar’s model for the N-polaron. Then, as we have already
mentioned, depending on the strength of the attractive Coulomb term as compared to the natural repulsion
between the electrons, one can get binding or not. It is an important issue to determine in which parameter
range binding occurs [6,7,10,13].

The approximations made in the construction of Frohlich’s and Pekar’s models reduce their applicability
to situations where the N-polaron is spread over a region of space much larger than the characteristic size of
the underlying crystal. One then speaks of large polarons. In [14] we have introduced a new polaron model by
coupling the energy functional for electrons in the vacuum to a microscopic model of quantum crystals with
defects introduced in [2,3]. Unlike in Frohlich and Pekar theories we take the crystal explicitly into account and
make no assumption on the size of the electron. Our approach thus qualifies for the description of both small
and large polarons. The model takes the following form (for one electron):

fanld] = 5 [ IV6@F o+ [ Vi) da+ P[] (1.2

Here V;?er is the (periodic) electric potential generated by the unperturbed crystal, which is felt by any particle
added to the system. The nonlinear effective energy Fc.ys represents the interaction energy between the electrons
and the crystal. It is defined using a reduced Hartree—Fock theory for the response of the electrons of the crystal
to a charge defect. The state of the Fermi sea of the perturbed crystal is given by a one-body density matrix -,

that is a non-negative self-adjoint operator on L?(R?). As in [2,3], we write

V= Yer + Q@ (1.3)

where ’yger is the density matrix of the periodic unperturbed crystal and @ is the local deformation induced by
the charge defect [1|?. The effective energy Fi,ys then takes the form

) po(z)|[v(y)|* |2
Fogsll0F] = _, it (/R /R \w —yl dEd Fers [QD ' 4)

Three main ingredients enter in (1.4):

e Electrons are fermions and must thus satisfy the Pauli exclusion principle, which gives in the formalism
of density matrices the constraint 0 < v < 1 as operators. This justifies the constraint on admissible
perturbations @ imposed in (1.4).
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e The electrons forming the polaron interact with the perturbation they induce in the Fermi sea. This is taken
into account by the first term in (1.4) where pq is the charge density associated with @, given formally by
po(z) = Q(z, ) (we use the same notation for the operator @ and its kernel).

e Generating a deformation of the Fermi sea has an energetic cost, represented by the functional Feyys in (1.4).
The somewhat complicated definition of this functional will be recalled below. It was derived in [2].

More details on how we arrived at the form above can be found in the introduction of [14]. Let us mention
that this model only takes into account the displacement of the electrons of the crystal and neglects that of the
nuclei. This is arguably an important restriction, but our model already captures important physical properties
of the polaron, and on the other hand this is all we can treat from a mathematical point of view at present.

In this paper we will show that a (single) polaron described by the energy functional (1.4) always binds. The
case of N-polarons is more sophisticated, as now the effective attraction resulting from the polarization of the
crystal has to overcome the electronic repulsion. The energy functional corresponding to (1.2) in the case of the
N-polaron is given by

N

1 2 U(xy,....,en)|?
geff[!p] = / —Z|vijW(l'1,...,l'N)| + Z M d.Tldl'N—i—/ Vpoerpllf_'_FCI"yS[p‘p]
rov | 2 =1 1<k<(<N |2k — @l R3

(1.5)

where pyg is the usual density of charge associated with the many-body wave function ¥ whose definition is
recalled in (2.16) below.

In fact, our model (1.2) is closely related to Pekar’s functional. We proved in [14] that Pekar’s theory can be
recovered from (1.2) in a macroscopic limit where the characteristic size of the underlying crystal goes to 0. Let
us emphasize that our macroscopic limit is completely different from the strong coupling limit of the Frohlich
polaron, which leads to the same Pekar energy [17]. It is also associated with a somewhat different physics. In
the Frohlich model, the crystal is polar and it is the deformation of the lattice that binds the polaron, whereas in
our case the crystal is initially non polar and only the delocalized Fermi sea gets polarized. The nuclear lattice
is not allowed to be deformed in our simplified model.

In addition to clarifying the physics entering the Pekar model, the macroscopic limit argument also gives
some interesting insight on the model (1.2), in particular, regarding the question of the existence of binding.
Indeed, it is known [13] that Pekar’s functional has a ground state in some range of parameters. We deduced
in [14] that sequences of approximate minimizers for (1.5) converge in the macroscopic limit to a ground state
of the Pekar functional, thus showing that our model at least accounts for the binding of large polarons in this
regime. In this paper, we want to derive conditions ensuring that there is binding in the case of small polarons
where the macroscopic limit argument and the link to Pekar’s theory are irrelevant.

Quite generally, for many-body quantum systems, the existence of bound states of N particles depends on the
validity of so-called binding inequalities. If E(N') denotes the infimum energy of some physical system containing
N particles, a ground state containing N particles exists when

B(N) < min E(N — k) + E®(k) (1.6)

where E*°(N) denotes the energy of the same N particle system, but with all particles ‘sent to infinity’. For
example, for atoms or molecules comprising N electrons, E(N) includes the contribution of the electric potential
generated by the fixed nuclei, while E*°(N) does not. Particles ‘at infinity’ no longer see the attraction of
the nuclei. Note the formal similarity between inequalities (1.6) and those appearing in Lions’ concentration
compactness principle [18,19], an important mathematical tool used in nonlinear analysis. The major difference
is that the former are quantized and thus more difficult to relate to one another. See [13] for a more precise
discussion of this connection.
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It is not difficult to discuss on physical grounds why inequalities (1.6) are sufficient for the existence of bound
states. Indeed, (1.6) says that sending particles to infinity is not favorable from an energetic point of view. In
mathematical terms, the inequalities (1.6) avoid the lack of compactness at infinity of minimizing sequences.
The existence of a ground state then follows from the local compactness of the model under consideration.
Nevertheless, the mathematical proof that inequalities of the type (1.6) are sufficient for the existence of bound
states of N-particles is highly non-trivial because the problems E(N), E(N — k) and E* (k) are set in different
Hilbert spaces. In the case of atoms and molecules, the fact that inequalities of the form (1.6) imply the existence
of bound states is the content of the famous HVZ theorem, first proved independently in [12,26,27].

In this paper we prove an HVZ-type theorem for our polaron functional (1.5) when N > 2. We have to face
two difficulties. First the functional is invariant under the action of arbitrarily large translations (those leaving
invariant the periodic lattice of the crystal), so the energy functional does not change when particles are sent
to infinity. The correct binding inequalities therefore take the form

E(N) < kz{r}.ul\lf_lE(N —k)+ E(k). (1.7)
Second, the energy contains the highly nonlinear term Fg,ys[pw]. We are thus faced with the combination of the
difficulties associated with many-body theory and those inherent to nonlinear problems. A general technique
has been introduced in [13] to tackle these questions. Our purpose in this paper is to explain how one can deal
with the model (1.5) using the method of [13]. Our main task will be to control the behavior of the (highly
nonlinear) effective polarization energy Feys.

In this paper we are not able to show the validity of the binding inequalities (1.7) in full generality for N > 2,
as this will highly depend on the microscopic structure of the crystal and of the number N of electrons. It
should be noticed that, when it occurs, binding is presumably only due to a correlation effect, since in general
the effective attraction is weaker than the Coulomb repulsion (see Lemma 1.1 in [14]). In the Pekar case, this
was explained using Van Der Waals forces in Section 5.3 of [13].

2. STATEMENT OF THE MAIN RESULTS

2.1. The mean-field crystal

We begin by recalling the precise definition of the crystal functional entering in (1.2). More details can be
found in [2,3,14].

We fix an Z-periodic density of charge uger for the classical nuclei of the crystal, with . a discrete subgroup
of R3. It is enough for our purpose to assume that uger is a locally-finite non-negative measure, such that
[r e = Z € N, where I' = R* /.2 is the unit cell.

In reduced Hartree-Fock theory, the state of the electrons in the crystal is described by a one-particle density
matriz, which is a self-adjoint operator v : L?(R?) — L?(R?) such that 0 <y < 1 (in the sense of operators).
When no external field is applied to the system, the electrons arrange in a periodic configuration v = 'yger,

which is a solution of the reduced Hartree—Fock equations®

f}/ger = 11(*00,€F)( - A2+ Vpoer)’
_AVpOer =47 (p"/ger - Mger)a (21)

[ [ shamr
r r

Here pa denotes the density of the operator A which is formally given by pa(xz) = A(z,z) when A is locally
trace—class. Also, 1(_o .)(H) denotes the spectral projector of H onto the interval (—oo, er). The real number
ep in (2.1) is called the Fermi level. It is also the Lagrange multiplier used to impose the constraint that the

3Sometimes called Hartree equations in the physics literature.
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system must be locally neutral (third equation in (2.1)). The unique solution to the self-consistent equation (2.1)
is found by minimizing the so-called reduced Hartree-Fock energy functional [2,5].

We are working in atomic units with the mass m and the charge e of the electrons of the crystal set to
m = e = 1. Also we neglect their spin for simplicity (reinserting the spin in our model is straightforward).

By Bloch-Floquet theory (see Chap. XIII, Sect. 16 of [? |), the spectrum of the .Z-periodic Schrodinger
operator

1
Hpo = =5 A+ Vi (@)

per per

is composed of bands. When there is a gap between the Zth and the (Z + 1)st bands, the crystal is an insulator
and ep can be any arbitrary number in the gap. As in [2], in the whole paper we will assume that the host
crystal is an insulator.

Assumption 2.1 (The host crystal is an insulator).
The periodic Schrodinger operator ngr has a gap between its Zth and (Z + 1)st bands, and we fiz any chemical
potential ex in the corresponding gap.

When the quantum crystal is submitted to an external field, the Fermi sea polarizes. The method used in [2]
to define the energetic cost of such a polarization relies on the following idea. The energetic cost to move the
electrons from VSer to v is defined as the (formal) difference between the (infinite) reduced Hartree-Fock energies
of v and of 'yger. Denoting by

F(k)g(k
D(f,9) = // H@0W) g4y = g [ LEIH) 55 (2.2)
RSxgS [T — Yl rs |kl
the Coulomb interaction (where f denotes the Fourier transform of f), one arrives at the functional
1
-Fcrys[Q} = Tro ((ngr - ‘EF)Q) + §D(pQ7pQ) (23)

where Tro denotes a generalized trace, see (2.6) and (2.9) below. For convenience we also denote

fcryS[pa Q] := Tro ((H}())er - 5F)Q) + %D(p@,p@) + D(p, pQ)~ (2.4)

The functional setting in which the terms of these equations make sense is defined as follows. Any operator @@
satisfying the constraint

_’Yger < Q <1- Wger (25)

is decomposed as
Q=Q  +Q " +Q" +Q" (2.6)
where Q™ =79,Q70, @ = 10eQ (1 —7er)» and so on. It is proved in [2] that for @ satisfying (2.5) and

v e LY(R3) N LA(R?), Ferys[v, Q] is finite if and only if Q is in the function space
o={gee’Q=0", IViQe&® @*".Q " €6, [VIQTH |V, IVIQ V| e &'} (2.7)

that we equip with its natural norm

IRlle = lIQllez + 1" ller + 1Q " ller + IVIQlle= + IVIQTFIVIler + IVIQ™7IVIler-  (28)

The symbols &' and &2 denote the Schatten classes of trace—class and Hilbert-Schmidt operators on L?(R?)
respectively (see [24,25], Chap. 6, Sect. 6). For operators in Q, the kinetic energy in (2.3) is defined as

Tro(Hp., —er)Q = Tr (|ngr — e (QTT - Q) |HY,, — €F\1/2) , (2.9)
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see [2]. More generally, one can define the generalized trace as
TroQ=TrQ " +TrQ — (2.10)

when QT+ and Q= are traceclass. Note that Trg differs from the usual trace Tr, the operators in Q not
being trace—class in general. They nevertheless have an unambiguously defined density pg € Li (R?) (see [2],
Proposition 1). It belongs to L?(R?) and to the Coulomb space

C= {p ’ D(p,p)'/? < OO} (2.11)
and it holds by definition
To(VQ) = [ Voo (2.12)
R

for any V e C'.

Having defined in (2.3) the total energetic cost to go from VSer to ’yger + @, we can give a sense to the energetic
response of the crystal to an external density v. The state of the Fermi sea is obtained by solving the following
minimization problem

Furys[v] = inf (D(u, o) + fcrys[Q}). (2.13)

“Ver SRS,
As shown in [2], for any v € L*(R3) N L?(R?), this minimization problem has at least one solution in Q. The
corresponding density pg is in L?(R?) but in general it has long range oscillations which are not integrable at
infinity [4].
2.2. The small polaron

To our crystal we now add N quantum particles, which are by assumption distinguishable from those of the
crystal. In reality they are electrons having the same mass m = 1 as those of the crystal, but we want to keep m
arbitrary to emphasize that in our model the additional particles behave differently from those of the crystal.
This will also allow us to compare with the results we have obtained in [14].

The total energy of the system now includes the term Fi,ys[v] with v = |¢|? (polaron) or v = py (N-polaron).
For the single polaron, the energy is given by

1
ol = [, (5l VH@F + Vi) ) do + Fo 167, (2.14)
For the N-polaron with N > 2 it reads

1 & 2 (21, ..., 2n)|?
EY] = — E ’ijy'/(asl,...,xN)’ + E — 7 7 | day---dan
ReN | 2m 4 |z — x4l
Jj=1 1<k<t<N

+ [ Vou@po () ds + Faalpul. (2.15)
R3

As we think that there is no possible confusion, we do not emphasize the particle number N in our notation of
the energy £. The density py is defined as

pw(z) =N W (2, z9,...,25)|° dey ... day. (2.16)
R3(N-1)

The corresponding ground state energies read

B(1) := inf{gw], Y € HY(R?), /RS [v|? = 1} (2.17)
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and
E(N) := inf {g[w}, ¥ € H'(R¥), ¥ fermionic, / |@|? = 1}. (2.18)
R3N

Here by ‘fermionic’ we mean antisymmetric under particle exchange:
U(x1, .. iy, Zjy ooy an) = —W(21,. .., 25,...,%,...,2n) for any @ # j (2.19)

as is appropriate for electrons. Recall that we have neglected the spin for simplicity.
We now state our main results. In the single polaron case we are able to show the existence of a bound state.

Theorem 2.2 (Existence of small polarons).
For N =1, we have

, 1
E(1) < Epey :=info (—%A + Vpoer). (2.20)

There are always minimizers for E(1) and all the minimizing sequences converge to a minimizer for E(1)
strongly in H(R®), up to extraction of a subsequence and up to translations.

Inequality (2.20) expresses the fact that binding is energetically favorable: the right-hand side is the energy
an electron would have in absence of binding.

In the N-polaron case we can give necessary and sufficient conditions for the compactness of minimizing
sequences.

Theorem 2.3 (HVZ for small N-polarons).
For N > 2, the following assertions are equivalent:

1. One has
E(N) < E(N —k)+ E(k) forallk=1,...,N — 1. (2.21)

2. Up to translation and extraction of a subsequence, all the minimizing sequences for E(N) converge to a
minimizer for E(N) strongly in H'(R3N).

Remark 2.4. For this result, the fermionic nature of the particles inserted into the crystal is not essential. The
same theorem holds if they are replaced by bosons, i.e. the wave function ¥ is supposed to be symmetric under
particle exchange.

As discussed in the introduction, this theorem is rather natural from a physical point of view. It is not expected
that the conditions (2.21) hold in general. As in Pekar’s theory, one should expect the existence of minimizers
to depend on the choice of parameters entering the functional (in our case only the periodic distribution uger of
the nuclei). Testing the validity of these inequalities is a challenging task that would require more knowledge on
the properties of the crystal model than we presently have. In particular, the decay at infinity of the minimizers
of the crystal model should be investigated.

In [14] we have considered a macroscopic regime where the mass m of the polarons tend to zero. In this
limit m — 0 the ground state energy E,,(N) converges to Pekar’s energy involving the macroscopic dielectric
constant ey of the crystal defined in [4] (up to a simple oscillatory factor, see [14] for details). It was shown
in [13] that the binding inequalities are satisfied in Pekar’s theory when ) is large enough. We conclude that
in this case they will also be satisfied for m small enough and therefore minimizers do exist in this case.

The rest of the paper is devoted to the proof of Theorem 2.3. One of us has considered in Section 5 of [13] a
general class of nonlinear many-body problems of the form

N
1 2
/ §Z|ijkp(x1,...,$1v)| + > W, an)PW(zk — 2) | day - day + Flog]
RSN j=1 1<k<(<N
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and provided sufficient assumptions on the interaction potential W and the non linearity F' under which a
HVZ type result similar to Theorem 2.3 holds. The assumptions on W include the Coulomb interaction we
are concerned with in this paper but, unfortunately, our crystal functional Fi.ys does not seem to satisfy all
the properties imposed on F in [13]. Also the presence of the periodic potential Vpo,a]r adds a new difficulty.
Nevertheless the general strategy of [13] still applies and our goal in this paper is to explain how to overcome
the difficulties associated with F,ys.

Section 3 gathers some important properties of the crystal functional that are to be used in the proofs of
Theorems 2.2 and 2.3, presented in Sections 4 and 5 respectively.

3. PROPERTIES OF THE CRYSTAL ENERGY

In this section we roughly speaking prove that Fi,ys satisfies Assumptions (A1) to (A5) of [13], Section 5. We
are only able to prove a little less, but the properties we do prove are sufficient for the proof of Theorem 2.3 as
we explain in Section 5.

We start in Section 3.1 with almost immediate consequences of the definition of F¢,y, and devote Section 3.3
to the more involved fact that our crystal functional satisfies a ‘decoupling at infinity’ property. The proof of
this property requires some facts about localization operators that we gather in Section 3.2.

3.1. Concavity, subcriticality and translation invariance

The following is the equivalent of Assumptions (A4) and (A5) in [13], Section 5.

Lemma 3.1 (Concavity).
Firys is concave on {p € C, p > 0}. Moreover it is strictly concave at the origin:

Forgs[tp] > tFerysls] (3.1)
forall pe C\ {0}, p>0 and all 0 <t < 1.
Proof. The functional Feys|p, @] defined in (2.4) is linear in p. As by definition
Ferys[p] = inf {Forys[p, Q. —1per < Q < 1= per }

it is clearly a concave functional of p. As for the strict concavity we note that

1
-Fcrys[tpa Q] = Trg ((ngr - €F) Q) + _D(an pQ) + tD(p, pQ) > t]:crys[pa Q] > tFCryS[p]

2
for all 0 < t < 1 by positivity of the kinetic and Coulomb energies. Taking for ) the minimizer corresponding
to tp which is known to exist by [2,4] proves (3.1). O

The next lemma will be useful to prove that minimizing sequences for our polaron model are bounded in
H(R3*N). Tt is the equivalent of Assumption (A3) in [13], Section 5.

Lemma 3.2 (Subcriticality).
The functional Ferys is locally uniformly continuous on L5/5. More precisely, we have

2
’FcryS[p} - FcryS[p/H <Clp- p/”LG/S (3.2)

for a universal constant C' > 0. Moreover, for every € > 0, we have

C 3
0> Faylol?) 2~ [ (vl = < ( / W) (3.3)
R3 £ R3
for all p € HY(R?).
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Proof. For any p € L% and any Q € Q we can complete the square in the electrostatic terms of Feryslp, Q)
and obtain

1 1 1
Feryslps Q] = Tro (Hor — ) Q) + 5D(pq +p.pq +p) = 5D(p. p) 2 =5 D(p. p)-

Taking the infimum with respect to @@ and applying this with p = |p|? immediately yields

1 4
Fcrys[‘<p|2] > _ED(|90‘27 ‘<,0|2) > _C(HQOHLY"/5

by the Hardy-Littlewood—Sobolev inequality ([16], Theorem 4.3). Using now the Sobolev and Holder inequalities

we get as stated
4 3 C °
lolbue <lolls lolis < [ 1V + S ( / go|2) .
R3 I3 R3

Then, replacing p by p — p’ we also have

1
Feryslp = 9,Q1 = =5D(p = p,p = 1),

Choosing now for () a minimizer of F,ys[p, Q] we deduce

1
Fcrys[P] - FcryS[p/] > _ED(p - Plvp - P/)~

Without loss of generality we can assume that the left-hand side is negative. We conclude that there exists a
constant such that

2
|FcryS[P} - FcryS[P/H <Clp- p/”Lﬁ/s

using the Hardy-Littlewood—Sobolev inequality again. O

Finally, we note that our functional is invariant under the action of the translations of the periodic lattice .Z.
Note that in [13], full translation invariance is assumed (see Ass. (A2)). However, what is really used in the
proof of the results there is the invariance under the action of arbitrarily large translations.

Lemma 3.3 (Translation invariance).
For any p € L5 and any translation T € £ of the periodic lattice,

Fcrys[/) ( + T)} - Fcrys[pL (34)

Proof. We denote by @ a minimizer of Ferys[p, Q. Clearly pq(-+7) = puxqu, where Uy is the unitary translation
operator acting on L?(R?) and defined by U, f = f(- — 7). We deduce

Fcrys[p(' + T)] < -Fcrys[p(' + T)vT*QT} = Try (T (ngr - 6F) T*Q) + %D(p, pQ) - D(p, pQ) = Fcrys[p}

by translation invariance of the Coulomb interaction and the fact that HJ,, commutes with the translations of

the lattice .Z. Exchanging the roles of p(- + 7) and p and applying the same argument proves that there must
be equality. O
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3.2. Some localization properties

In order to prove that the crystal energy of two distant clusters of mass decouples we will need a localization
procedure. Due to the constraint (2.5), it is convenient to use a specific localization method for @,,, as noted
first in [2,11]. We here provide several new facts about this procedure that will be useful in the next section.

We introduce a smooth partition of unity x? + n? = 1 such that y = 1 on the ball B(0,1) and y = 0 outside
of the ball B(0,2). Similarly, n =1 on R3\ B(0,2) and n = 0 on B(0,1). We also require that Vx and V7 are
bounded functions. Then we introduce xr(z) := x(z/R) and nr(x) = n(z/R). We define the two localization
operators

1 1L
XR = ’ygerXR’yger + (vger) XR (Wger)
1L 1
Y = YerIRVper T (Vper) 1R (Yper) (3.5)

that have the virtue of commuting with the spectral projectors VSer and (’yger)l =1- 'yger. Note that in [2],
the choice Xr = /1 — Y} is made. Here we change a bit the strategy and we only have
X2 +YE <.

The following lemma, whose lengthy proof shall be detailed in the Appendix, says that X3 + Y3 ~ 1 for large
R, in a sufficiently strong sense for our practical purposes, see Section 3.3.

Lemma 3.4 (Properties of the localization operators Xr and Yg).
There exists a universal constant C > 0 such that

| XrQXR]g + [YrRQYR|g + |pxr0xrl120e + |ovRovRL2ne < ClQlg (3.6)
0 0 0 C
TTO(Hper - EF)Q - TrO(Hper - €F)XRQXR - TrO(Hper - EF)YRQYR < ﬁ “Q”Q ) (37)
and
C
”pQ — PXrQXr ~ PYRQYR ”L2mc < E ”Q”Q (3'8)

for all@Q € Q and all R > 1.
Remark that the IMS formula implies

1 1
Hpoo — v = Xr(Hper — €7) X + MR (Hper — €¥) 1R — §|VXR\2 - §|V77R|2

where the last two error terms can be estimated in the operator norm by R™2(|Vx|w~ + V7[5 )/2. Our
bound (3.7) is a similar estimate valid for the modified localization operators Xr and Yg. In the same spirit,
remark that
PQ = XhPQ + TRPQ = PxrQxn + PraQun

and therefore the estimate (3.8) on the density quantifies the error when the localization operators Xp and Yg
are used in place of yp and ng.

As noticed first in [11], the main advantage of the localization operators X and Yy is that they preserve the
constraint (2.5). Simply, using that

0 0 0 0 0 2.0 0
XRVperXR = VperXRYperXRVper < Yper(XR) Vper < Vper
and the similar estimate Xp (VSer)J_ Xr < (’yger)l, we see that when —’yger <Q<1- VSer, then

1 1
_’Yger < _XR’YgerXR < XRQXR < XR (’Yger) XR < (Wger) (39)

and the same is true for YrQYx.
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This is in fact a particular case of an algebraic property which does not seem to have been noticed before,
that we state as Lemma 3.5 below. It will be very useful when constructing trial states for the crystal functional.

Lemma 3.5 (Adding states using localization).
Let II be an orthogonal projector on a Hilbert space §), and x, n two self-adjoint operators on $ such that
% +n? < 1. We introduce the corresponding localization operators

X =0HIOxII+(1—-I)x(1—-1) and Y =1nIl +(1—IH)n(l—1).
Let Q, Q' two self-adjoint operators such that —IT < Q,Q" <1 — II. Then we have
—II<XQX+YQY<1-1I (3.10)
as well.
Proof. Since X and Y are self-adjoint we have
~XIX -YIOY <XQX+YQY<X1-IX+Y(1-MN)Y.
The lemma follows from the estimate
XIIX +YIIY = IIxIIxII + InlInIl < II(x* +n*)I < II

and the equivalent one with IT replaced by 1 — IT. We have used that IT < 1 and x,n are self-adjoint to get
IIxITxII < ITx*II and InIInIl < IIn*II. g

It will be important in the sequel to know that weak convergence of a sequence (@) in Q implies strong
local compactness, that is strong compactness of (X @, X) where X is defined similarly as above, starting from
a compactly supported function .

Lemma 3.6 (Strong local compactness for bounded sequences in Q).
Let (Qn) be a bounded sequence in Q such that Q, — Q weakly in Q. Then xQnx — XQx strongly in the
trace—class &', for every function x € L>(R3) of compact support. In particular, pg, — pg weakly in L*> N C

and strongly in Li. ..

Writing X = 'ygerxvoer—i— (1 —’yger)x(l —vger), we also have X Q, X — XQX strongly in G and thus pxq, x —
pxqQx strongly in L.

We will use the following local compactness criterion in Schatten classes. Its standard proof is omitted.

Lemma 3.7 (Local compactness in Schatten spaces).

Let &P be the class of compact operators A of some Hilbert space $ such that (Tr(\A|p))1/p < 400, with the
convention that &> denotes the class of compact operators.

o If A, — A weakly-+ in &' and K, K' € &> then KA, K' — KAK' strongly in &'.

o If A, — A weakly in 6", K € &P and K' € &7 then KA, K' — KAK' strongly in &° with 1/s =
1/p+1/q+1/r.

Proof of Lemma 3.6. We know from Proposition 1 in [2] that pg, — pg weakly in L2NC. Only the strong local
convergence is new. We write as usual

Q=0 " +Q, " +Q) +Q," (3.11)

and consider only the first two terms, the other two being dealt with in a similar way. We have

(@ ={x(a+ ) a2t (car ) H (a2
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The operator x(—A + 1)~Y/? is compact and (—A + 1)'/2QF+(—A + 1)/2 converges towards (—A +
DY2QTH(—A + 1)Y/2 weakly-+ in &' by assumption. By Lemma 3.7 we deduce that xQ;}+txy — xQ*tyx
strongly in &'.

We argue similarly for the off diagonal terms, writing this time

@ x={xa+ )2 H a2 @ b}
Again the operator x(—A + 1)*1/2 is compact and we can write

’Ygerx = Wger(H}())er + ,u) (ngr + /’(‘)_1 (1 - A) (1 - A)_1X'

Here y is a large enough constant such that H?,, > —u/2. The operator ’yger(HO + u) is bounded by the

er er
functional calculus. Also, (HJ., +p)~' (1 — A) i;) bounded by Lemma 1 in [2]. FinaIily, (1 - A)"1y € &2 Thus
Y0eex € 62, Since (~A+1)/2QF~ — (=A+1)!/2Q"~ weakly in &2 by assumption, we deduce by Lemma 3.7
again, that xQ;" ~x — xQ* ~x strongly in &1.
We have proved that x@Q,x — xQx strongly in &', but PxQnx = X2po,, so we deduce that pg, — po
strongly in L.
For the second part of the statement we simply write

1 1 __ 1 _ _ 1
XQnX= (Vper)” XQr X (Yper) ™+ 1perX @~ Xper + (Tper) ™ X ™ X¥per + VperXQn X (Vper)
and use the strong convergence of each term shown above. O
One can prove that if p € C then x%p — p strongly in C when R — oo. In the same spirit, we have

Lemma 3.8 (Approximation using localization).
With Xr and Yr defined as above and Q € Q,

XrQXRr — Q, YgrQYr — 0 strongly in Q when R — co. (3.12)
In particular px,ox, — po and py,qys — 0 strongly in L> N C.

Proof. Using (3.6) and an £/2 argument, it suffices to prove this for a finite rank operator @ (such operators
are known to be dense in Q, see Corollary 3 in [2]). In this case the statement just follows from the facts that
Xpr — 1 and Yr — 0 strongly, which is a consequence of the convergence ygp — 1 and nr — 0. The convergence
of pxroxs and py,y, follows by continuity of the map Q € Q — pg € L2 NC. O

3.3. Decoupling at infinity

Here we provide the most crucial ingredient of the proof of Theorem 2.3, namely the fact that the crystal
energy of the sum of two distant pieces of mass is almost the sum of the energies of these pieces. This is the
content of the following proposition, which is the equivalent of assumption (A3) in [13]. Note however that we
prove much less than what is stated there. Fortunately, the proof of Theorem 25 in [13] does not actually require
such a strong assumption as (A3), as we will show in Section 5 below.

Proposition 3.9 (Decoupling at infinity).
Let (pn) be a bounded sequence in the Coulomb space C such that p, — p weakly. Then

nlggo (Fcrys [pn] = Ferys[p] = Feryslpn — p}) =0. (3.13)

In the above, one should think of p,, as being constituted of two clusters of mass, p and p, —p, whose “supports”
are infinitely far away in the limit n — oo. This is mathematically materialized by the weak convergence to
0 of p, — p. The proposition then says that the total energy is the sum of the energy of the pieces, up to a
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small error. Proving (3.13) is a difficult task because of the long range behavior of the response of the crystal:
it is known [4] that the polarization pg of the Fermi sea has long range oscillations that are not integrable at
infinity. The oscillations generated by p are seen by p,, — p (and conversely) but, fortunately, they contribute a
small amount to the total energy, which is controlled by the Coulomb norm and not the L' norm.

Assumption (A3) in [13] is a little different from (3.13). There it was assumed that p, = pl + p2 where pl,
and p? are bounded in L5/% and that the distance between their supports goes to infinity, with no assumption
on the size of these supports. In Proposition 3.9 it is implicit that one of the two clusters of mass has a support
of bounded size and is approximated by its weak limit p. This additional assumption is harmless for our purpose
because we are dealing with a locally compact problem.

In the course of the Proof of Proposition 3.9 we will establish the following, which we believe is of independent
interest. It gives the weak continuity of the (a priori multi-valued) map p, — @, = argmin Ferys[pn, .

Corollary 3.10 (A weak continuity result for Fc,ys).
Let (py) be a bounded sequence in the Coulomb space C such that p, — p weakly and Q,, be any minimizer of
Feryslpn, -] Then, up to extraction of a subsequence, Qn, — Q weakly in Q where Q) minimizes Ferys[p, -]

We now present the

Proof of Proposition 3.9. We begin with the difficult part, that is the proof of the lower bound corresponding
to (3.13).
Step 1. Lower bound.

We denote by @), a minimizer for @ +— Ferys[pn, @]. Corollary 2 in [2] states that the energy functional
Ferys[pn, Q] controls the norm [|Ql| o:

1
0 Z ]:crys[pnaQn] Z C ||Qn||Q - §D(pnapn)

The upper bound is obtained by taking a trial state @ = 0. Using that p,, is bounded in C, hence that D(py, pn)
is bounded, we deduce that the sequence (@) is bounded in Q. Up to extraction of a subsequence, we can
assume that Q,, — Q and, by Lemma 3.6, that pg, — pg weakly in L? N C and strongly in L], .

We now consider localization operators Xz and Yr as described in the preceding section and use them to
write the energy as the sum of the energy of XrQ,Xr and that of YrQ, Yr, modulo errors terms. In our proof
R is fixed and will go to infinity only in the end, after we have taken the limit n — oco.

Using that p,, and pg, are bounded in C and that @, is bounded in Q, we get from the estimate (3.8)

D(pq,.,pn) = D(pq,.; p) + D(pq., pn = p)
= D(pq, p) + D(pq, = pq:p) + D(pxrQuXr> Pn = P) + D(Pypq.ve: pn — p) + en(R)
= D(pq, p) + D(pxr@.xn:Pn = P) + D(pyaQ.ve: pn — p) +0o(1) + n(R)
where we have used that pg, — pg weakly in C and where ¢, (R) denotes a generic quantity satisfying

C
limsup |e,(R)| < —. (3.14)

n—0o0 R

Also o(1) goes to 0 when n — oo and R stays fixed. Since px .0, xp — pxr0x, strongly in L' (R?) by Lemma 3.6,
and it is a bounded sequence in L?(R?) by (3.6), it must converge strongly in C by the Hardy-Littlewood—Sobolev
inequality. So we conclude that D(px,0. Xz, Pn — p) — 0 as n — 0o, hence that

D(pq.., pn) = D(pQ, p) + D(pyrQ.ve: pn = p) + 0(1) + en(R). (3.15)
Arguing exactly the same, we can conclude that

D(pq,:pQ.) = D(Pxp@uXr + PYRQuYR: PXRQuXR T PYRQ.YR) T En(R)
= D(pXRQXR’ pXRQXR) + 2D(pXRQXR’ pYRQYR) + D(pYRQnYR’ pYRQnYR) + 0(1) + gn(R)
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If we use these estimates on the electrostatic terms and (3.7) to deal with the kinetic energy, we arrive at

FCryS [pn] = -Fcrys[pna Qn]
= Tro(Hpe, — ev) XpQnX R + Tro(Hpe, — er)YRQuYR + D(pq, ) + D(PynQ.vas Pn — P)

1 1
+ §D(pXRQXR’pXRQXR) + D(pXRQXRapYRQYR) + §D(pYRQnYR’pYRQnYR) + €H(R) + 0(1)
> TrO(HSer - 6F)AXRQnAXR + Fcrys[pn - P] + D(an p)
1
+ ED(,OXRQXR,PXRQXR) + D(pXRQXR?pYRQYR) + Sn(R) + 0(1)

where we have used that YrQ, YR is an admissible trial state for Feys[pn — p, @] by Lemma 3.5. Passing to the
liminf and using Fatou’s lemma yields

lim inf (FcrYS[pn] — Forys [on — p]) > TrO(HSer —er)XrQXR + D(pg, p)

n—oo

1 C
+ §D(pXRQXR,pXRQXR) + D(pXRQXR7pYRQYR) - E

We have px,oxr — po and py,oyy — 0 strongly in CN L2, as R — oo by Lemma 3.8. So, using Fatou’s lemma
again for the kinetic energy term and taking the limit R — oo, we arrive at the result

. 1
W inf (Ferys[pn] — Feryslon — p]) > Tro(HYe, — €r)Q + D(pq, p) + 5D(pQ, PQ) = Feryslpl, (3.16)

n—0o0

which is the lower bound corresponding to (3.13).

Step 2. proof of Corollary 3.10 with p = 0.

We pick a sequence p,, — 0 and denote by (Q,,) the corresponding sequence of minimizers. Since (p,,) is
bounded in C, (@) is bounded in Q and, up to extraction, converges weakly to some @ € Q, which implies
that pg, — pg weakly in C. We prove here that @ = 0.

Thanks to the lower bound part of (3.13) we have just proved, we write

1
_§D(anpQ) + Fcrys[Pn} +o(1) < FcryS[_PQ] + FcryS[pn} +o(1) < FcryS[pn —pql < FcryS[pn] = D(pq; pq.);

using @, as a trial state for Fg,ys[pn — pg] and the simple lower bound Fe,ys[v, Q] > —%D(y, v). Taking the
limit n — oo we therefore obtain D(pg, pg) = 0, which implies @) = 0 by (3.16).

Step 3. Upper bound. We now construct a trial state for Fi,ys[pn] to obtain the upper bound part of (3.13). In
previous works [2,11], the special structure of the set of admissible states was used (see the Appendix of [11]).
We propose here a new method based on Lemma 3.5.

Let @ and @,, be two minimizers for, respectively, the problems Fi,ys[p] and Fepys[pn — p]. Recall that they
must satisfy the constraint —'yger <Q,Q,<1- VSer and that, using Step 2, @,, — 0. Let xr be a localization
function of compact support as before, and ng = /1 — x%. Consider the trial state (we use the notation of
Lemma 3.8 with IT = ~),)

Qn.r = XrQXRg + YrRQ,YR.

We have —'yger <Q@Qnr<1-— 'yger, by Lemma 3.5, and thus

Fcrys [pn] < fcrys [Pm Qn,R]~

We use that Xr@Q,Xr and YrQYg both satisfy the constraint (2.5), hence that their kinetic energy is non-
negative
Tro ((HYer — €7) XrQnXg) > 0.

per
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So we have for instance

Tro ((Hper — €7) YrQnYr) < Tro ((HYer — er) XrQnXg) + Tro ((Hper — €¥) YRQnYR)

C
< Moo (Her = 50) @) + 72

by (3.7). We thus get

C

Tro ((ngr - gF) Q"R) < Tro ((ngr - gF) Q”) + Tro ((ngr - eF) Q) + ﬁ

For the electrostatic terms we argue as in Step 1, using that px,0,x, — 0 strongly in C and py,Q,vy; — 0
weakly in C as n — oo, for fixed R:

D(pn, pq..r) = D(p, pxr@xr) + D(Pn — 0, PYRQuYR) + D(Pn — 0 PXr@xR) + D(0s PYrQ.YR)
(P, pXRQXR) + D(pn - P an) - D(pn - P pXRQnXR) + 0(1) + ‘Sn(R)
(P pxr@xr) + D(pn — p,pq,) +o(1) +en(R)

D
D

where we have used (3.8) again. Similarly

D(pqQ, 1+ PGn r) = D(PxrQ@Xr: PXrQXR) + D(PYr@.yn: PYrQuvr) + 2D(PX QX s PYRQnYR)
= D(pxrQxp: PXrQxr) + D(0q,,rq,) +0(1) +en(R)

since ), — 0 and

D(pyrQ.va> PYr@.vr) = D(pQ.:Pq.) — 2D(pxrQ. Xr: PQ.) + D(PXrQuXrs PXrQ.Xr) T En(R)
= D(pq,,rq,) +o(l) +en(R).

Recalling that px,0x, — pg strongly in C when R — oo, we can finally take first the limit n — oo and then
the limit R — oo to conclude

lim sup (Fcrys [on] — Ferys [p] — Ferys [on —p]) <0

n—oo

and the Proof of Proposition 3.9 is complete.

Step 4. End of the proof of Corollary 3.10.

Let (py,) be any sequence such that p, — p weakly in C, and @,, be any associated sequence of minimizers for
Ferys|pn, -] Extracting a subsequence we may assume that @, — @ in Q. Coming back to the lower bound (3.16)
obtained in Step 1 and using (3.13), we see that

Fcrys [,0} = hm (Fcrys [pn} - Fcrys [pn - ,OD Z fcrys [,0’ Q] Z Fcrys [P]

n—o0

This shows that ¢ minimizes Fe,ys[p, -| and concludes the proof of Corollary 3.10. O

4. EXISTENCE OF POLARONS: PROOF OF THEOREM 2.2

Before turning to the more complicated case of N particles for which we have to adapt Theorem 25 in [13], we
deal with the simpler one-particle case. The proof that a minimizer always exists for one particle follows from
usual techniques of nonlinear analysis. In this context the most difficult is to verify the one-particle binding
inequality (2.20), which we do first.
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Step 1. Proof of the one-particle binding inequality.

The aim of this first step is to prove the following important

Lemma 4.1 (One-particle binding).

We have A
E(1) < Epey := info (—2— + Vpoer) : (4.1)
Proof. Let upe: denote the first Z-periodic eigenfunction of —A/(2m) + V9., which is a solution of
A
<_2_ + Vpoer> Uper = Eper Uper- (42)

We assume that uper is normalized, fF [tper|> = 1 where I is the unit cell of .. Since upe, € ngr(l“), we have
also Vper := |uper|®> € H2..(I'). The Fourier coefficients (Vper(k))kez- thus satisfy (|k[*Dper(k))rez~ € 2(L*)

per

and consequently belong to ¢1(.£*):

> Dper(k)| < 0. (4.3)

ke L~
Here £* is the dual lattice of ., whose unit cell will be denoted by I'*. We can write

§ : zk T
‘uper Vper

k:e.z’*

Consider now a fixed function x € C2°(R?) such that [ |y|?> = 1, and define the following test function for
the variational problem E(1):

Py = uper(x) X)\(x)a with XA(:E) = )\73/2X (%) . (44)

The corresponding density is

A@ = ftper(@) r @) = 7 3 o) € (@) (145)
1l &2
Remark that
x| (p ’ A7 — 2
D 2 ik- 2,0k _ g\ ‘ - / ’ 2 ‘
(‘X)\| € a|X>\| € ) 7‘-)‘ s |p//\—|—/<;|2 d e A3“€|2 s |X‘ (p) dp

for any k € Z* \ {0}. Using (4.3) and the fact that upe, is normalized, we deduce that

1
[l = bl = 0 (m) '

Similarly, the normalization factor is

[ @)@ o = s 3 Ty 00 =140 (57

ke >

for all p € N. Of course, we have by scaling

1
D (bal? xal?) = £D (1% [x1?) -
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We deduce from all this that

[al? ] _ !
Fcrys [W} = Fcrys UX)\P] +0 (W)

by (3.2). In Theorem 1.4 of [14] we have studied in detail the behavior of the crystal energy when the external
density is very spread out. We have proved that

Fcrys [|X)\|2] = Fcrys [A_3|X(/)‘)|2] = %Fg\i UX|2] +o (%) (46)

where FEPM is Pekar’s effective interaction energy

N 1 1
FL lpl = 2W/R3 1p(p)I? (m - p—|2> dp.

Since ey > 1, we have FX [p] < 0 for all p. So the exact (first order) behavior of the crystal energy for our trial

EM
state is W} ‘2 7P U |2] .
Ferys |: A :l =M X + 0r—o0 <_> .
v fn@ |¢>\‘2 A A

The two other terms in the energy £ are easier to handle. A simple computation based on the equation (4.2) of
Uper shows that

1 1
U 2 4 VO 2_p r/ 2 _/ NEONE
L 3l V0nE + Viulbal = B [ 102+ 5 [ funIV0

(see Lem. 2.2 in [14]). Of course,

C
/ |Uper‘2‘VX)\‘2 < C/ |VX)\‘2 = ﬁ/ |VX|2
R3 R3 R3

since upey € H2,, C L(R3). As a conclusion we have shown that

per
FY [Ix? 1
< (2 — Epop 4 Lo >[\|X\ ] o (X) _
\/ fn@ |¢>\‘2
Since FY [|x[*] <0, the inequality (4.1) follows. O

Remark 4.2. Note that the proof of the above lemma actually uses a construction reminiscent of a large
polaron: the trial state (4.4) describes a particle extended over a region much larger than the lattice spacing, in
the spirit of [14]. This is of course only a trial state argument, and the ground state, when it exists, lives itself
on a smaller scale.

Step 2. Compactness of minimizing sequences and ezistence of a minimizer for N = 1.

We now turn to the proof of the other statements in Theorem 2.3 dealing with the one-particle case E(1).
Let (¢,) be a minimizing sequence for E(1). Since 0 > Fi,ys[|¥|?] > —D(|¢|?, [¢|%)/2, it is easy to see that
() is bounded in H!(R3). We define the largest mass that subsequences can have up to translations by

M := sup {/ [9)? ¢ (xk) CR3, W, (- — x1) — 9 weakly in Hl(R3)} .
R3

We know [18] that M = 0 if and only if ¥,, — 0 strongly in LP(R3) for all 2 < p < 6, a phenomenon that
is usually called wvanishing. But if this is the case, we get |||1/Jn\2|| ¢ — 0 by the Hardy-Littlewood-Sobolev
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inequality, and therefore Ferys[[tn|?] — 0 by (3.2). We then get E(1) > Eyer := inf o(HJ,,) which is impossible
by Lemma 4.1. Thus M > 0.

Since M > 0 we can find a subsequence (denoted the same for simplicity), such that 1, (- —z,) — ¥ # 0. We
can of course write z,, = k,, +y, where k,, € £ and y,, € I'. Extracting subsequences again we get y, — y € I,
the unit cell of the lattice .£. Therefore ¥, (- —k,) — ¥(-+vy) # 0. Since our energy functional is invariant under
the translations of ., the new sequence 1, (- — k) is again a minimizing sequence. Without loss of generality
we can thus assume that 1,, — ¥ # 0. Now, if we can prove that fR3 |9|? = 1, we will get strong convergence in
L? and it is then standard to upgrade this to strong convergence in H'. We argue by contradiction and assume
that 0 < [ps [¢]> < 1.

We will now show that the energy decouples into two pieces. Since 1, — 9 in H'(R?) we may assume that
[t |2 — [26]? in C. We then use that, by (3.13) in Proposition 3.9,

Forysl[tn ] 2 Ferys[[¥1%] + Ferys[[vnl? =[] + o(1).

Note that .
|¢n|2 - |¢|2 - |¢n - ¢|2 = 23?1?(% - ¢) —0

2
loc

strongly in L'(R3) (we use here that v, — 1) strongly in L2 _ and an £/2 argument), hence in L%°(R?) by

interpolation. Thus

lim Fcrys[‘wn|2 - W\Q] - Fcrys[‘wn - ¢|2} =0

n—o0

by (3.2) in Lemma 3.2, and we arrive at

Farysl[tnl*) 2 Ferys[[*] + Ferys[[ton — ¥17] + o(1).

On the other hand, it is clear from the weak convergence v, — 1 in H'(R?) (and from the fact that the form
domain of —A/(2m) + VO is H'(R?)), that

per

(i (= Vi) ) = (00 (= Vi) 0 (00 = 0 (= Vi) (0= )} 00,

Hence we have shown that
Eln] = E[] + E[n — ¥] + o(1).

Now we use that Fi.ys is concave to infer

2 2 M}
Furys [ w]z(/R , ¥ w)F [fR3wn—w|2’
leading to
g[wn}zs[wH(/ m-wz)e ] R
R3 fR3 \1/1n—1/)|2

> £y] + (/R bn — W) E(1) + o(1).

Passing to the limit n — oo, we find

B2 £l + (1- [ 10P) B,
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It is now time to use the strict concavity at the origin (3.1)

2
Fcrys Uw‘z] > (/Rg |¢|2) Fcrys {ﬁ:l ’

el > ([ we)e ﬁ > ([ 10e) B,

Therefore we have proved that E(1) > E(1) which is a contradiction, unless [;; [¢[* = 1. This concludes the
proof in the case of one particle.

which yields

5. BINDING OF N-POLARONS: PROOF OF THEOREM 2.3

We now turn to the case of N > 2. With the input of Section 3, the proof more or less follows that of
Theorem 25 in [13]. We nevertheless sketch the main steps for the convenience of the reader.

We will denote
N oA, 1
H(N) := ——L 4+ VO (z; _
()= 3 (g Vi) ) + 0
j=1 i<j
In order to relate problems with different particle numbers to one another, it is crucial to introduce the anti-

symmetric truncated Fock space
N n

FN =P N\ L*(R?)

n=01i=1

where )\ is the antisymmetric tensor product and we use the convention /\?=1 L3(R3) = C. A state on F=V is
an operator I' € &1 (F<N) with Tr(I") = 1. In the sequel we restrict ourselves to states commuting with the
number operator

N
N=Dn
n=0
This means (see [13], Remark 7) that they take the form
I'=Gp®...8GNN (5.1)
with Gy; € &' (AI; L*(R?)). We denote by

the many-body second-quantized Hamiltonian. To any state I" are associated a density pr € L*(R?), one-body
density matrix [I'|Mt € &Y(L?(R?)) and two-body density matrix [I']>? € &1(L?(R3) x L%*(R3)) (see [13],
Sect. 1). We can extend the energy to Fock space as
EII) = Tr pew (H) + Forysor]
= TI‘L2(R3) ((—A + V;)er) [F]l’l) + TrL2(R3)><L2(R3) (W[F]Q,z) + FCYYS[pF]

where W acts on L?(R3) x L?(R?) as the multiplication by |x — y|~!. For a pure state I' = 0® ... ® |¥) (¥
with & € L?(R3N) one can check that £[I'] = £[¥]. More generally, for a state of the form (5.1), we have

N
Z .OGW] .
n=1

N
5[1—’} = Z TI'/\;L L2(R3) (H(H)Gnn) + Fcrys
n=1
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Step 1. Large binding inequality.
We claim that
E(N)<E(N—-k)+ E(k) forall k=1,...,N — 1. (5.2)

To see this, we consider the following trial state:
O = wNkAwk( — RT) (5.3)

where (N =F) and (¥*) are compactly supported fixed trial states for E(N — k) and E(k) respectively, T € .&
is a lattice translation and R € N is large enough for pgnv-» and pgr (. — R7T) to have disjoint supports. The
symbol A denotes the antisymmetric tensor product. We first take the limit R — oo to obtain

E(N) < EWNF) + gwk). (5.4)

Optimizing then with respect to ¥V —* and ¥* concludes the proof of (5.2). To see that (5.4) holds, we note
that by construction

puy = pyn-k + pyr (. — RT)

for large enough R, thus we can use Proposition 3.9 and take the limit R — oo with R € N to obtain

lim Fcrys[PwN} = FcryS[pWN*k] + FcryS[ka]~
R—o0 R
The other terms in the energy can be treated as usual to obtain (5.4).

Note that the argument here also proves by contradiction that item 2 of Theorem 2.3 implies item 1. If there
is equality in (5.2), we can choose ¥ ~F and ¥* minimizing sequences for E(N — k) and E(k) respectively
and, taking R,, — oo very fast, we obtain a minimizing sequence for E(N) that is not precompact, even up to
translations because some mass is lost at infinity.

Step 2. Absence of vanishing.

We consider a minimizing sequence (¥,,) for E(N) and denote by I, =0&...... @ |¥,) (¥, the associated
state in the truncated antisymmetric Fock space. It is easy to see, using in particular Lemma 3.2 that (¥,,)
is bounded in H'(R3*V). As in the one-body case treated before, we define a criterion for the vanishing of the
minimizing sequence. We use the concept of geometric convergence (see Sect. 2 in [13] for the definition). We
look at the the mass of the possible geometric limits, up to translations and extraction, of (I5,)

M = sup {TI' (./\/'F)’ El'l)k C Rsa kanka 4.‘7 F}

where we recall that N is the number operator in Fock space. As explained in [13], Lemma 24, if M = 0 then
pw, — 0 strongly in LP(R?) for all 1 < p < 3. Using then Lemma 3.2 we obtain Fi,ys[py, ] — 0 and therefore

E(N) = lim €[¥,] > info (FI(N)) = NBper

n—o0

where
N N
AW = Y (=5 V(o)) = 30 (), (5.5)

Note that, by induction on N, (5.2) implies E(N) < NE(1). We have already seen in (4.1) above that E(1) <

inf o (HJ,,). Hence we reach a contradiction and conclude that M > 0.
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Step 3. Decoupling via localization.
Since M > 0 (and arguing as in the previous section) we have, up to the extraction of a subsequence,

v Il —4 ' with Tr(NT') > 0 and where (v,,) C £ is a sequence of lattice translations. Using the invariance
of the energy, Lemma 3.3, we can thus assume that our minimizing sequence satisfies

I —, T (5.6)
with Tr(NT') > 0. Also we have \/pr,, — /pr weakly in H*(R3) and strongly in L2 . Also pr,, — pr in the
Coulomb space C and we immediately deduce by (3.13) that

Feryslpr,] 2 Ferys[pr] + Feryslpr, — pr] + o(1).

We now pick a sequence of radii R, — oo and define smooth localization functions y g, and ng, such that
X%, +ng. =1, supp(xr,) C B(0,2R,) and supp(xr,) C R*\ B(0,3R,). For any bounded operator B (in
particular the multiplication by a function x) on L?(R?) such that 0 < BB* < 1 we will denote by (I')p the
B-localization of a state I', as defined in [13], Section 3. Of importance to us will be the following properties of
localization:

pr, = X’pr
[ ]85 = X[ x
[ ]*? = x @ x [T*?*x @ x. (5.7)

Also, for a state of the form (5.1), writing
(Dxn, = Go™ & @GN (D, = Go™ & & G,

the condition X%tn + 77%" = 1 implies the relation
X n — 77 n
Tr(GjR ) _Tr<G1\fij). (5.8)

Using concentration functions as in Step 4 of the proof of [13], Theorem 25 we have, extracting a further
subsequence if necessary

(I'v),, — I strongly in &' (F=V) (5.9)

XRn
and
(xr,)?pr, — pr strongly in LP(R?) for all 2 < p < 3. (5.10)

Using (3.2), this can be used to prove that
Ferys [pr, = pr] = Ferys [(nr,)*pr,] + o(1).

Thus
Fcrys [PF,,J Z Fcrys [,01—'] + Fcrys [p(Fn)nRﬂl + 0(1)

We have seen that the nonlinear energy Fi,ys decouples. The other terms are treated following [13]. For the
one-particle part we use the IMS formula

A = xR, AXR, + 1R, AR, +|VXR,|> + ViR, |?
to obtain (we use (5.7))
A
Tr ((__ + Vpoer

IR
2m "
_CN

A A
= Tr <XR” 5 T Vpoer> XRn [Fn}(171)> +Tr <an (_% + Vpoer> R, [Fn}(171)> R2
n

m
) A CN
T <<_% . vgﬂ) [(Fn)mn}(“)) Ty <<—% + V;?er> [(Fn)m](l’”) — R

n

o~ ——
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The Coulomb interaction is treated exactly as in [13] and we conclude
(¥,,, H(N)¥,,) > Tr (H(Fn)XRn) + Tr (H(Fn)an) +o(1).
Using Fatou’s lemma as well as the strong convergence of (xr, )?pr,, we finally get
ENT,] > £ +E [(T)e, ] +0(1). (5.11)

which is the desired decoupling of the energy.
Step 4. Conclusion.
The rest of the argument follows exactly [13]. Writing the geometric limit of I5,

F:GOO@...@GNNa

and using the concavity of Fi,ys, the fundamental relation (5.8) as well as the convergence (5.9), we arrive at

N
E(N) 2 ) Te(Gyj) (E(j) + E(N = j)).
j=0

Assuming the strict binding inequalities (2.21), this is possible only when G1; = ... = Gy_1ny-1 = 0. Hence
we necessarily have Gy # 0, otherwise we would obtain a contradiction with the fact that Tr(N1T") > 0.

To conclude, it is then enough to prove that Goo = 0, which is an easy consequence of the strict concavity (3.1)
of Fouys (see Step 5 of the proof of Theorem 25 in [13] for details). We deduce that Tr(Gyn) = 1 = Tr(|@,) (¥,)),
hence that the weak-* convergence of |@,,) (¥, | in G*(L?*(R?))to Gy is actually strong because no mass is lost
in the weak limit. As Gyny = |¥) (¥| where ¥ is the weak limit of ¥,, we conclude that ¥, converges to ¥
strongly in L?(R?). The convergence in H'(R?) follows by standard arguments.

APPENDIX A. PROOF OF LEMMA 3.4

We follow ideas of [2]. In the sequel we assume that @ is finite rank, very smooth and decays fast enough,
in order to justify the calculations. The conclusions for general ) then follow by density, using Lemma 2 and
Corollary 3 in [2].

Proof of (3.6): uniform bounds in Q

The argument is the same for the terms involving Xpr and those involving Yg, we thus discuss only the
former. Recalling the definition (2.7) of the space Q and the fact that |HY,, —ep|™/2 (1 — A)'? is uniformly
bounded in operator norm (Lemma 1 in [2]), our task is to estimate the terms (XrQXg)*¥|HY,, — cp['/? in
the Hilbert-Schmidt norm and |HJ,, — er|1/? (XRQXR)ii|nger — ep|"/? in the trace norm. We write

_ 1 _
(XrQXR)T™|HS,, — er|? = (106) " XRQ' X R e HOwr — er |/
L _
= (’yger) XRQ+ ‘ngr - EF‘I/QXR’YSEY
1 - —
+ (1) XrQYTIHS,, — ep|V2HS — x| V2 [XR, [H . — ep]V2],

and deduce
| (XRQXR) | Hy — 262, < C @4 1HD — 262, < ClQUg

p

using that |xr[,~ =1 and that

J182c — <1772 e B, — 2] = 008
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er er

as shown in the proof of Lemma 11 in [2]. With similar computations, using that [HJ,, — €F|1/2Q++\HS =

&tF|1/2 € 6! we obtain
| 1H5e, = e[ (XRQXR) | Hpor — 62| | < C Q-

The terms involving (XrQXg)™" and (XrQXpg)™ " are estimated in exactly the same way. Finally, it was
shown in Proposition 1 of [2] that the map Q € Q — pg € L?NC is continuous, hence the estimates on px,ox,
and py,Qyy also follow.

Proof of (3.8): localization of the density
We argue by duality, noting that

/3 (pQ — PXrQXr — pYRQYR)V =Tr (Q(V — XrVXg — YRVYR))~
R
Inspired by the IMS formula, we now use that

1 1 X% 4+ Y2 X2 4+ YE
V= 5(1—X§—Y§)V+5V(1—X§—Y§)+%V+V%
1

1 1 1
= 5(1 —XE - YRV + §V(1 — Xi = YR)+ XpVXp+ YrVYr + g[XR, Xk, V]| + §[YR, [Yr,V]]. (A1)
The idea here is that XIQ{ + YI% o~ X%{ + n%% = 1 which, unfortunately, is only true in the operator norm.

We start with the estimate on Tr(Q(1 — X% — Y3)V) (the second term is treated in the same way). We write
asusual Q = QTT 4+ Q= + Q1T 4+ QT and estimate each term separately. Recall that Xz and Yz commute
with 'yger, so we get for instance

T(@F (- X}~ YAV) = Tr(@* (1L~ Xk~ Y)WV (3her) ) = Tr(Q~ (1 = X = YR)per: V.
A bound from Lemma 5 in [2] tells us that, if V = V; + V5 with Vi € H'(R3) and Vi € L?(R?),
pers Vg2 < CUAVVAL L2 + [Vl L2)-
We thus get
[ Te(QF~ (1= X —YR)V)| < 1 = X7 = YE[[ Q|62 (IVVl 2 + V2l 2)-
Finally recall that
1= X3 = Y2 = G — X3+ — Y2 < |G — X3 + o — 3 < OR

because
X%—E - X123 = X%—E - WgerXR’YgerXR’Yger - (’Yger)LXR(’Yger)LXR(’Yger)J_

and the commutator [v).,, xr] is known to be of order O(R™!) in operator norm by Lemma 10 in [2]. The term
involving Yr and np is treated in the same way. Therefore we have proved that

| Tr(Q" (1= X3 = YR)V)| <CR Q" | g2 (IVVA] 2 + [Val 12)-
For @~ ~, we do not have a commutator but we can use the trace—class norm. We write

Tr(Q ~(1— Xz —YR)V)=Tr(Q (1 — X — YA) V0tV er)
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and estimate

”’YPETV’YPEYH = ||’7per‘ per €F|” ||| per ‘SF‘ ! 1 - || ” L- 1V”
<O -7V < CVale + Vil 2).
We have used the fact that vper|Hper ep| is a bounded operator: Hper is bounded from below and vger =
L(—co,ep)(HD,,). That |'yper — €F| — A) is also bounded is shown in [2], Lemma 1. For the last step we used

the Kato—Seiler—Simon inequality (Theorem 4.1 in [25])

1F(=iV)g(@)ler < @) | fll o Nl s (A.2)

for p > 2. We thus obtain
Tr(@ (1 —Xg—YR)V)| < CRQ [l IVVAl L2 + [Vall )

as expected. In all these estimates the kinetic energy was not useful. For Q*+ we have to use it. We start with

I TH(@H (1 — Xb = YA < [ M0 — enV2Q7F| 1= X5 = V| |Val 0., — exl 2]

per

< CR7Y ||Hfo = 2o 2@ IVVale

g [z

This time we have used that, by Lemma 1 in [2] and (A.2) again,

per per

[Valtpe, —enl 72| < i@ = 2712 @ = 2) 218D, = el 72| < CVilLe < CIVVALe

The last bound is the Sobolev inequality. For V5 we have to use the full kinetic energy:
Tr(QFF(1 - X{ — Y)Va)
—TI‘(| per_gF‘1/2Q++| €F|1/2(1_XR YR)‘ per_€F| 1/2‘/2‘ _€F‘71/2)

- TI‘(‘ per - SF‘1/2Q++| per EF‘l/z U per ‘SF‘ 1/2 XR + YR]‘/Q| per ‘SF‘_l/z)

per per

The first term is treated exactly like for V; whereas for the second term one has to use that
H U per — EF‘ 1/2 XR + YR] | per — SF‘l/QH = H| per EF‘il/Q [‘ngr - ‘SF‘l/QvX}Q% + YI%] H = O(Ril)

which is proved as in [2], Lemma 11.
Let us now turn to the double commutators in (A.1). We claim that

IXR: [XR, Vills: < CRTH(IVVi] 2 + [Val o).
To see this we use that 7., + (VSer)J_ =1 and [V, xr] = 0 to compute

[XR? V} = ’ygerXR h/gera V] + h/gera V}XR’Yger - (vger)LXR h/gera V} - h/gera V}XR(vger)L

We can then write
VgerXRh/gerv V] = ’YgerXR’Yger[’Ygerv V] + [’Ygerv XR](rYger)J_[’Ygera V]

Noting that ’ygerx RWger commutes with Xpr, we get

[XRv [XR’ VH = ’YgerXR’Yger [XRv h/ger’ V]] + [XRv h/ger’ XR](’Yger)J_ h/gera V]] + similar terms.
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In the second term of the right side the last commutator is not useful and we can simply bound
| X R, e XBI Oper) Bpers Vil 62 < 21XRI [ Prgers Xl [ Bfer: Viiigs < CR™ [ger Vil
where we have used |[Xg| <1 and ” (VSer)J_H < 1. So our last task is to show that
11X 5 e V1] | 2 < CRTY(IVVA] 2 + [Val o).
To prove this estimate we express the double commutator as
[Xz, [pers V1] = Yper [[XR: Yper)s V](per) ™ + (hper) ™ [XR: Yper)s Vper- (A.3)
To see that (A.3) holds, note that since Xz commutes with 79,
Toer [X 8 [pers V1] per = [X Ry Yper[Vpers V1per] = 0

because Y0,V VIher =  (W0e)’VAher — MV (W0er)®> = 0. The argument is the same for
(Vo) [X Ry Vhers V1] (79er) - We deduce that the double commutator is purely off-diagonal,

[XR Wers V1] = Yoer [ X Vpers VI (per) ™ + (Voer) ™ [XRs [Voers V1]V er-

Now we compute (using again that [Xg,),,] = 0 and 70, + ('yger)J' =1)

)J_ Vper [XRa’}/gerh/ger’ V}(Wger) ] o er)l

P (
= Yper [XRa ’Yperv(’ylger) ] (’yper)l
pe

Wger [XR? [Vger’ V]] (’Vger 0
0
’YO I:XRa V] (Vper)l
0
0

NerXBVerV (Ver) ™ — Vper V(1) XR(Wer)

P

= Y0 [X B Vper] V (Ver) T — vper VI(¥0er) " XR] (W)

=9 [XpreJ (Vper) ™ = VerV IX R Ver) (Voer)
= Y er [[X B> Wy V] (W) -

This proves (A.3).
Now HX R ’yger], V] is estimated as usual by expressing VSer using Cauchy’s formula:

0
Tper = Q’Lﬂ'j{ HY,

where % is a curve enclosing the spectrum of HJ,. below ep. The formula
[z = A", B] = (= — A)[A, B](z - A)"! (A1)
then leads to (with the standard notation p = —iV)

1 1

0
[XRa ’Yper} - 2 dz——— HO (p : VXR + VXR : p) _H'Oi

per per

So we get for instance

1 1 1
0 _ .
(xR ’yper}Vz T or de——— HO _— (2}7 -VXxr + ZAXR) " -
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Using (A.2) and the fact that ||[Vyxg||z~ = O(R™!) and ||Axr||L~ = O(R™2), we easily get

IR Yperl Vel 2 < CRTM[Val e -

We argue the same when V5 is on the left.
For V; we need the commutator:

1 1 1
0
= — d _— . . —_—
[XRs Yer)s Vi o Zngr_Z(P VXr + VX D) [ngr_Z,W]

l 1 1

—ddr—  VIyvp - VV e
7r7§ zngr—z Xr:V 1nger—z

L R PR S
o ngr_z, 1| (P VXR XR P HY,, — =

and we argue as before. For the commutator on the last line we use (A.4) to write

1 1 1
{HO —z’vl]_HO —z[_A’Vl]HO -z

per per per

and follow arguments from [2], Lemma 5.
All in all, we have shown that for V = V] + V5

| Tr (Q(V — XrVXRr — YRVYR))| < CR™|Qlg (IVVall 2 + [Val 2 )

which, by duality, precisely proves (3.8).
Proof of (3.7): localization of the kinetic energy
We first remark that

(X?%)ii = ’ygerXR (’yger + (’yger)J_) XR’yger = (X122)77 + h/gera XRK’Vger)J_[XRa Wger}

and a similar equality for (y%)T". Since by construction

X12{ _ (XIQ%)JrJr

+(XR)
this yields

(XR) +(XR) T =XE— e xr]?  and  (mR)TT 4+ ()T = YA — e nrl>.

From this we deduce that

TrO(H}())er - €F)Q = Tr(HSer - 6F)(Q—i_-"_ + Q__)
(X%% + n?{)(H}?er - 5F) + (ngr - 6F)(X2R + 77}2%)

=T 5 @ +Q™)

_ oy KR+ YR) (Hper —ev) -QF (Hper — e0)(Xj + Y3) Q@ +0 )
_ gy Dpers XA (Hper — ) ;r (HYer = €7) [Yers XR° Q10 )
gy Dopers 1l (Hier = 20) + (Hper = 28) Dpers 1) Q@ +Q)

2
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hence that
TI‘()(HO - EF)Q — Tr()(HO — EF)XRQXR - Tro(HO - 5F)YRQYR

per per per

_ %Tr (X [Xa, HO ) + Vi Vi, HOG) (QFF +Q )

- %TI‘ (h/gera XR]Q(ngr - €F) + (ngr — €F)[’Yger7 XR]z) (Q++ + Qii)

- lTI‘ (h/ger’ nR}z(HSer - 6F) + (ngr - gF)h/gera 77R]2)(Q++ + Qii)'

2
We conclude that
| Tro(Hpe, — €r)Q — Tro(Hpe, — €7) XrQXr — Tro(Hpe, — er)YRQYR|
< C1Qlg ( 1H2e = e6 21X Xt el — 6177

| 128 = el 2 i, [V, HE ] s — 61772

per
bt -] it~ )
For the last term we recall from [2], Lemma 10, that

| Dpersnr]|| < CR™Y
and note that the same proof can be employed to show that
H[Vger7n1d|1¥§er-— €F‘1/2H <CR™.

The second to last term is treated similarly. For the double commutators, a computation shows that

X, [X R HSll = (08 (Dt 2er] Do AT+ D AT [ 28] + V81 (350r)
- ’yger<[XR? Wger} [XR’ A] + [XR» A] [XR’ ’Yger] + ‘VXR‘2>’Y}?EI"
We have [x g, A] = (Axr) + 2iVx - p with p = —iV. Using then that p|HJ,, — ep|~*/? is bounded and the fact
that || [XRs Voer] || = O(R™1), we conclude similarly as before that

- _ 1
H\HSer —ep| V2 X R, [Xg, HO ) HY., — el 1/2” -0 (ﬁ) .

The term involving Yy is treated similarly. This ends the proof of Lemma 3.4.
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