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MULTI-BUMP SOLUTIONS FOR NONLINEAR SCHRODINGER EQUATIONS
WITH ELECTROMAGNETIC FIELDS

HuiroNG P1' aAND CHUNHUA WANG!

Abstract. In this paper, we are concerned with the existence of multi-bump solutions for a nonlinear
Schrodinger equations with electromagnetic fields. We prove under some suitable conditions that for
any positive integer m, there exists e(m) > 0 such that, for 0 < € < €(m), the problem has an m-
bump complex-valued solution. As a result, when € — 0, the equation has more and more multi-bump
complex-valued solutions.
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1. INTRODUCTION

In this paper, we are interested in the existence of multi-bump solutions for the following nonlinear problem

(; - Ae(ac)> u+ (14 ea(z))u = |ulP~%u, z € RV, (1.1)

Where2<p<]\2,—§2ifN23and2<p<—|—ooifN:1orN:2and6>0isaparameter.a(ac) is a positive

continuous function on RY, and A, = (Ac1(z), Ac2(),. .., Ac n(x)) is such that A ;(z)(j = 1,2,...,N) is a
real O function on RY. Throughout this paper we assume that a(x) and A.(z) satisfy the following conditions
respectively:

(H1) a(z) € CRY,RY), lim a(s) =0, and lLim ) _ o

(Hz) Ac(x) = eB(x), where B(z) € C*(RY,RY) is bounded.

Equation (1.1) rises in many fields of physics, in particular condensed matter physics and nonlinear optics
(see [35])
2
L Ov h N
zha = ZV —Az) | v+ G@)¥ — f(z,¥), (t,z) e RxRY (N > 2). (1.2)
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The function ¥(x,t) takes on complex values, & is the Planck constant, i is the imaginary unit. Here A : RY —
RY denotes a magnetic potential and the Schrédinger operator is defined by

2
(Ev - A(x)) V= —hPAY — 2—,hA SV + |A]PY — Ey'/divA.
(3 (3 (3

Actually, in general dimension N > 4, the magnetic field D is a 2-form where Dy, ; = 0;A) — 0rA;. In the case
N =3, D = curlA. The function G : RV — R represents an electric potential. 4

We intend to find standing waves for (1.2), namely solutions of the form ¥(z, t) = e~ %" u(z) for some function
u : RN +— C. Substituting this ansatz into (1.2), one is led to solve the complex equation

(?V - A(.T)) u+V(z)u = f(z,u), € RV, (1.3)

where V(z) = G(z) — E. If h =1, A(z) = Ac(z),V(z) = 1 + ea(z) and f(z,u) = |u[P~%u, then (1.3) is reduced
o (1.1). The transition from quantum mechanics to classical mechanics can be formally described by letting
h — 0, and thus the existence of solutions for A small has physical interest. Standing waves for i small are
usually referred as semi-classical bound states (see [22]).
When A(z) =0, (1.3) reads
—m2Au+V(z)u = f(z,u), RN, (1.4)

In recent years, much attention has been paid to the study of the existence and uniqueness for one- or multi-
bump bound states of (1.4). In [21], using a Lyapunov-Schmidt reduction, Floer and Weinstein established the
existence of a standing wave solution of (1.4) when N = 1, f(z,u) = |u|u and V(x) was a bounded function
having a nondegenerate critical point for sufficiently small /. Moreover, they showed that u concentrated near the
given non-degenerate critical point of V' when £ tended to 0. Their methods and results were later generalized
by Oh [32,33] to the higher-dimensional case. For a potential V' without any nondegenerate critical point,
Rabinowitz [34] obtained an existence result for (1.4) with & small, provided that 0 < xielnlefN V(z) < lim igof V(x),

z|—
using a global variational argument. These solutions concentrate near the global minima of V' ag ‘h — 0, as
shown by Wang [38]. For more general case, one can see [40]. del Pino and Felmer [16,17] obtained multi-peak
solutions having exactly k& maximum points provided that there were k disjoint open bounded sets A; at its
bottom. For more results concerning (1.4), see [7,9,10,18,19,27,39).

When A(z) # 0, we first mention a paper by Esteban and Lions [20], in which concentration-compactness
principle of Lions was applied to solve some minimization problems under suitable assumptions on the magnetic
field. Results concerning bounded vector potentials, when V' had a manifold of stationary points, were obtained
by Cingolani and Secchi in [13] using a perturbation approach given by Ambrosetti et al. in [2]. Semiclassical
multi-peak solutions for (1.3) for bounded vector potentials were constructed in [11] by Cao and Tang. In [14],
using a penalization procedure (see [18]), Cingolani and Secchi extended the result in [13] to the case of a vector
potential A, possibly unbounded. The penalization approach was also used by Bartsch et al. in [5], and later by
Cingolani et al. in [15] to obtain multi-bump semiclassical bound for problem (1.2) with more general nonlinear
term f(z,¥). Concerning other papers on the topic, we mention that Kurata in [25] proved the existence of
least energy solution of (1.3) for & > 0 under a condition relating V(z) and A(z). In [22,23], Helffer studied
asymptotic behavior of the eigenfunctions of the Schrédinger operators with magnetic fields in the semiclassical
limit. See also [6] for generalization of the results in [24] for potentials which were degenerate at infinity. For
more related results, we can refer to [3,12,15,36,37] and the references therein.

We should point out that in almost all papers listed above, the solutions obtained will concentrate around
some points when the parameter which is the Planck constant h(e€) tends to 0F. However, in this paper, we want
to find solutions to (1.1) which do not concentrate near any point in the space. More precisely, we intend to look
for solutions to (1.1) whose bumps are separated far apart and the distance between two bumps goes to infinity
when € — 0. Moreover, the size of each bump does not shrink and is fixed when € — 0. This is greatly different
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from the concentration phenomenon described above. To this end, we use the idea introduced in the paper of
Lin et al. [31], where Ac(xz) = 0, (1.1) was considered as a real-valued problem and multi-bump real-valued
solutions were found.

When € — 0, the limiting equation of (1.1) is

—Au+u=|ulP?u, ulz)ec  HY(RYN, C). (1.5)

We will use the solutions of (1.5) to build up the approximate solutions for (1.1).
If we denote U, : RY +— C a least-energy solution to equation (1.5). By energy comparison (see [25]), one has
that
Uc(z) =ew(z — yo),

for some choice of o € [0,27] and yo € RY, where w € C*°(RY,R) is the unique solution of the problem

_ — P 1 i N
{ Au+u=uPt, u>0in RY, (1.6)

u(z) — 0, as |x| — +oo.

It is well-known that every positive solution of equation (1.6) has the form w, := w(- — y) for some y € RY,
w satisfies, for some ¢ > 0,

w(r)r¥er — 0, w'(r)r¥er — —¢, as r = |x| — 00,

(see [26]). This solution w will be employed as a building block to construct multi-bump solutions for (1.1). Let
m > 1 be an integer. For sufficiently separated y1, ¥z, . .., % in RY and some choice of o € [0,27], a solution
of (1.1) which is close to Z;nzl ew(r — y;) = Z;":l nw(x — y;) in a sense which will be made clear later is
called an m-bump solution.

For convenience, we denote

Ve(z) = 1+ ea(x).
Let E be a Hilbert space defined as the closure of C5°(RY, C) under the scalar product

(u,v). = Re / (? - AE(:c)u) (? - Ae(x)v> + V().

The norm induced by the product (-, ) is

full = (/ T A

_ (/ Vul? 4+ [Ad@) Pluf + Vila)luf? — 2Re [ %V“'A*’”ﬂ)

1
2 2

+v;(x>u|2>

1
2

We use || - || and (-, ) to denote the usual norm and inner product of H!(RY C). By the assumptions of A.(z)
and a(z) and Lemma A.2 we know that | - || in E is equivalent to || - || in H'(R™,C). The energy functional
associated with (1.1) is defined by

Vau o)

L=y [ |5

:/

Denote the functional related to (1.5) by Io(u), that is

Ac(x)u

1
V@)l = ];/mw, Vu € E. (1.7)

1 1
To(u) = 5/(\%\2 4 f?) - 5/'“‘17’ Vu € H\(RY,C),
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Let
Z = {9w(z); (z,0) € RN x [0,27] @ RN x §'}.

From [13,14], we know that Z is non-degenerate, that is

0 0 0 .
kerI{ (nw) = sp(mR{ gZ}) o (;ZZ), ((;7;)) = } )

Our main result is as follows:

Theorem 1.1. Let (Hy) and (Hz) hold. Then for any positive integer m there exists e(m) > 0 such that for
0 < e < €(m), problem (1.1) has an m-bump complez-valued solution u with the following form:

m
— io €
u= § ew(r — Y5) + Veoye,
Jj=1

where o is any constant in [0,27], y¢ = (Y5, 95, ..., v5,) € (RN)™ with |ys — Y§| — 400 as € — 0 for any i # j,

«=0(e).

Remark: By the very similar argument, we can obtain the following result (see also [30]):
Suppose that A.(z) satisfies (Hz) and a(z) satisfies

(H}) a(z) e C (RN,R+) ;

[Ve,0,ye

| llim a(z) =0, a(z) > ce™ %1%l for some ¢ > 0, § > 0.

If m € N satisfies m < 1+ #:21), then there exists e(m) > 0 such that for 0 < € < ¢(m), the following equation

(; - Ae(ac)> u+u=(1-ea(z))|uPu, xR, (1.8)

has an m-bump complex-valued solution.
Moreover, if A(z) satisfies (Hz) and a(z) € C(RY ,R*) satisfies

(HY) | 1|im a(z) =0, and there exists ¢ > 0 such that a(z) > ce™°*l, v§ > 0.
T|—00

Then for any m € N, there exists e(m) > 0 such that for 0 < € < €(m), (1.8) has an m-bump complex-valued
solution. As a consequence, when ¢ — 0, (1.8) has more and more multi-bump complex-valued solutions.

We mainly use the variational reduction method to prove Theorem 1.1. Our argument is partially inspired
by [28-31]. We first reduce the problem to look for solutions of (1.1) to the problem to find the critical points
of a function defined on a open subset of a finite dimensional Euclidian space. Then we prove that the function
achieves its maximum at the interior of that open subset. We remark that differently from [28,30,31], we need
to overcome many additional difficulties which arise because of the appearance of the magnetic field A.(x).
Problem (1.1) cannot be changed into a pure real-valued problem, hence we should deal with a complex-
valued problem directly, which causes more new difficulties in employing the methods in dealing with singularly
perturbed problems (see [1]).

This paper is organized as follows. In Section 2, we will carry out the reduction. Then, we will study the
reduced finite dimensional problem and prove Theorem 1.1 in Section 3. In Appendix A, we give some elementary
inequalities which are useful in our estimates.

Notation:

. We simply write [ f to mean the Lebesgue integral of f(z) in RY;

. the complex conjugate of any number z € C will be denoted by Z;

. the real part of a number z € C will be denoted by Rez;

. the ordinary inner product between two vectors a,b € R will be denoted by a - b;

. C,e;, C;,Cf (i =1,2,...) denote generic constants, which may vary inside a chain of inequalities.

Tk W N+~
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2. VARIATIONAL REDUCTION
Fix m € N. For A > 0 and m > 2, define
o ={W1,y2:-- - ym) € RN)™ t |y, —y;] > A, for any k # j}.
For simplicity, we make the convention
2y =RY (VA > 0),
if m = 1. For y € {2y, let

m m
zy = Ze“’w(x —y;) = anyj = Ny,
j=1 j=1

where wy,, = w(- —y;),uy = 2311 Wy«
Let y € §2,. Define

Oow,

W, = {v € E’Re/nwé’_ﬁﬁﬂ =0 and Re/nwi;lﬁ = 0} ,
«

where a =1,2,...,Nand j =1,2,...,m.
It is easy to check that

Re/ K; _ As(a:)> vl} (; _ As(a:)> vs + Re/Ve(J:)vlTJz

- {(p— 2)Re/ |2y [P~ Re(z,02) 2,01 + / Zyp_2Re(’U1’U2):| Vo, ve € Wy,

is a bounded bi-linear functional in W,. Hence there is a bounded linear operator L,, from W, to W, such that

(Lyvr,vs) = Re/ K; _ AE@)) m] (; _ AE@)) v + Re/Ve(aL‘)vlﬁz

- {(p - Q)Re/ |2y [P~ *Re(2y02) 2,01 + / |zy|p_2Re(v1T12)} JVur,ve € Wy

The following lemma shows that L, is invertible in W,,.

Lemma 2.1. There exist positive constants Ao, €9 and (o such that for any A > \g,0 < € < €g,0 € [0,27],y € 2
and v € Wy,

ILyvlle = Collv]le- (2.1)

Proof. We argue by contradiction argument. Suppose that there exist {yx.,}5%, C RN k = 1,2,...,m, with
[Yk,n — Yjn| — oo for k # j and v, € W, with [Jv,|le = 1 such that

Ly, vnlle = o(1)|[vn]le = o(1), (2:2)
where ¥, = (Y10, Y2,m, - - - s Ym,n). Without loss of generality, we may assume that |yx,| — 0o,k =1,2,...,m as
n — o0o. Assume that

Un(- +Ypn) = v, in E, k=1,2,...,m, asn — o

and

V(- + Yp.n) — v}, strongly in L2 (RY), k=1,2,...,m, asn — oc.
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From
ow,,,
Re/nwfyjlzf #En =0 and Re/nwglziin =0
«

fora=1,2,...,N and k= 1,2,...,m, we obtain

ow ——— -
Re/an_Qavan(. +Ykn) =0 and Re/nwp_lvn(' +yk’,n) =0

[e3

fora=1,2,...,N and k =1,2,...,m. So v} satisfies

ow — _
Re/nw”fza?wv; =0 and Re/nwpflv; =0 (2.3)

fora=1,2,...,Nand k=1,2,...,m.
Now we prove that v} € kerlj(nw), that is

Re/VvZV@—I—Re/vZ@— {(p—2)Re/nwp_3Re(nw<p)ﬁ+Re/wp_2Re(vZ<p)} =0, Vo€ E.

Define

Wy, = {goupeE,Re/nwpzaa—waz() and Re/nw”lazo,azl,Q,...,N}.
Lo
Note that

o(Dlell = (Ly,vn, ¢)

_ Re/ K; - Ae(x)> vn} (; - Ae(x)> o+ Re/v;(x)vn@

- [(p— 2)Re / |2y, [P Re(zy,, @) 2y, Un + / Izynl”QRe(vnw)} , V€W, (2.4)

Let ¢ € C°(RYN,C)N Wy and take @, (7) = ©(z + yr.n) € C(RY,C). Inserting ¢, into (2.4) and choosing
€ > 0 small enough and A > 0 big enough, we find

Re/VvZV@—I—Re/vZ@— {(p—Q)Re/nwp3Re(nw<p)ﬁ+Re/wp2Re(vZ<p)] =0.

Since C§°(RY, C) is dense in H*(RY, C) and the norm ||| in E is equivalent to ||-|| in H1(RY,C), C5°(RY, C)
is dense in F. It is easy to show that

Re/VvZV@—l—Re/vZ@— {(p—2)Re/nwp_3Re(nwnp)ﬁ+Re/wp_2Re(ng0)} =0, Vpe Wy (2.5)
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But (2.5) holds for ¢ = conw + Za 1 aaa(zw) Hence (2.5) is true for any ¢ € E, which means that v} €

kerI{/ (nw) and hence vif = conuw + S°N_ ¢q (,ggw) From (2.3), we find

ow N ow Ow
p—1 E { p—2 _
co/w 0z + — ca/w 021 07y =0

.............................. (2.6)
¢ /w’”_1 0 +§:C /wp_2 dw_ ow
0 orn = N Oxn 0xq ’
forifie forte
Consequently, co =c1 = ... =cy = 0 and v{ = 0. As a result,
/ |vn|? = o(1), for any R > 0.
Br(0)
Thus, choosing € > 0 small enough, we have
- 2
(Ly,onson) = [ ‘ (T - 40 tn|| + Vel = [(0 = Dl P~ Re(zy, 500 + o 2o
v 2
> [[(F - 2@) wf +vi@on| = 61 [,
i
= lenll? = = 1) [ Jzu, P 2on?
1
—140( ) [Pz o)
Br(0) 2
This is a contradiction to (2.2). O

Let

We have the following result:

Lemma 2.2. There exist positive constants eg and g such that for 0 < € < ey and X\ > Ao, there exists a C*

map
Une: 2\ x [0,271] - E

depending on \ and €, satisfying
(4) for any (y,0) € 2\ x [0,27], 0.0,y € Wy and

<8J('U>\eo'y)

81}>\eay >:0’ V‘PGW@U

(i)

HU)\,e,a,y”e S 61—-1— _'_ZG,P*[I)*T\ZM*Z/J‘"
k#j

where T > 0 is an arbitrary small constant. Moreover, vy ¢ 5.y = €9Vy ¢y with V¢, € E independent of o.
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Proof. Noting that

Re/szVvAegy—kRe/zyv,\egy ZRe/nw” Uxe,0,05

Jj=1

we see

J(Vreoy) = Le(2y + V2 coy)

:%/ ‘(——A ) (2y + Ure,o,y)

- { /’(— — A ) + V(@) * - —/Izyl”} + {Re/‘/'e(ff)zyﬂx,e,o,y
+Re (— — Al > <— —A( )) U,e,oy — Re/ zy|p22y17>\,e,g’y}
S [cav

- [(p - 2)|Zy|p74(Re(zy77>\,e,o,y))2 + |Zy‘p72|v>\7e7my|2] }

2

+ Ve(@)|2y + 0,00l ] __/|Zy+v>\60yp

+ Ve(@)[vx.eoyl?

= e+ ncnl? = ol = pRe(l2, P29 )]

|
Ml'@r—"\
=N

[(p 2)|Z P~ (Re(zyﬁA,e,o,y))Q + |Zy‘p_2|v>\,e,o,y|2] }

Direct calculation yields

v
Re/ (7 - Ae(x)> 2y (; — Ae(x)> Uh,e,oy = Re/szVT)A,E,U’y — eRe/ gzyB(w)T)A’E’o,y

—eRe/B UAegy—I—e Re/\B zyv,\sgy.

Hence,

1
J(Oreo) = J(0) + ly(vreoy) + §<Lyv>\,6,0,ya VU e,0y) — By(Une0);

where

Ly(Une,00y) = ZRe/nwp Un,e,oy — Re/\zy\p ZyUxe,00y

j=1

\Y% \Y%
—eRe/szB(x)ﬁ,\&my —€R€/B(l‘)2’y7v,\,e,a,y

—|—62Re/|B(J;)\22y17,\75707y—I—eRe/a(ac)zyﬁ,\’e’U,y.
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L, is the bounded linear map from W, to W, in Lemma 2.1, and

1
Ry(vre,0y) = 5 /{ Uzy T+ Ue,o0y

P —1]zy[P — pRe (|Zy‘pizzy1_’>\,e,o,y)]

)

It is easy to check that I, (vx e 0.y) is a bounded linear functional in Wy, so there exists an [, € W, such that

2 [(p - 2)‘Zy|p74(Re<Zy7_’>\,e,0,y))2 + |Zy|p72|v>\,e,fr,y

ly(xe,0y) = {y ks Uneo)-
Thus, to find a critical point for J(vx ¢4, ), we only need to solve

/
Ly + Lyvxeoy — Ry(”x\,e,a,y) =0.

(2.7)
Lemma 2.1 implies that L, is invertible. Thus, (2.7) can be rewritten as
U0y = Ay("])\,e,my) = _Ly_ll%k + Ly_lR;(w\vaU,y)-
Set
_ _p—1l—7 .
Sy = { Uneoy i Uneoy € Wy, [ureoylle < €T+ Ze v kvl
Py
If 2 < p < 3, we can check that
IR, (0xcop)lle < CllvaeoyllZ™" and R (vreop)lle < Clloreoyll?™.
Thus,
||Ay(’U}\,e,a',y) - A(”i,e,o’,y)HE = HLZ;lR;;(U;\,e,J,y) - L;1R;(U§,e,a,y)||5
< C”R;(vi,e,a,y) - R;(vi,e,a,y)nf
S C”Rg(evi,e,a,y + (1 - e)vi,e,o,y)”5”’0}\,e,o,y - ’Ui,e,o,yHE
< C(”’U}\,e,a,y |€_2 + ||’U§\,e,(r,y||€_2)HU}\,e,a,y - ’Ug\,e,(r,y |€
Loy 2
< §||U>\,eo,y - ’U)\,e,a,y”ﬂ
where 6 € (0,1).
Thus, we have proved that if 2 < p <3, A, is a contraction map.
When € — 0 and A — oo, Lemma 2.3 below implies that
Iy lle <C | et Ze—’%l\yk—y]‘\
Py
Hence,
[Ay(0x.e.ou)lle = 1Ay (vr.c.0) = Ay (0)le + [[ Ay (0) ]l
< CEp_2H”>\,6J7y”e + Cllly,klle
< CEp_zH”A,e,a,y”e +C e+ Z ei%‘ykiyjl (2'8)

[y

p—1l—7 .
Sel—‘f'_i_ze* > |ye—y;l
k#j

Thus, A, maps S, into 5, if 2 <p < 3.
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Suppose that p > 3. Note that for any a € C, |Rea| < |a|. Then by Lemma A.4, Holder inequality and the
Sobolev inequality, we get

|<R;(U)\,e,a7y)’ §>| -

Re/ |2y + VA e,0, p_z(zy +Uxe0)6 — Re/ |Zy‘p_27y§

—Re/ [(p - 2)|Zy‘p_4Re(7y”>ue,o,y)zyf + |Zy‘p_217>\,6,0,y§] ‘

< /‘ |2y + ”A,e,o,y|p_2(zy + Uxeoy) — ‘Zy‘p_2zy
- [(p - 2)‘Zy|p_4Re(zyv>\,e,a,y)zy + ‘Zy|p_21_))\,e,a,y] ‘|§‘

<c / P2 or e 2

p—1

<c ][ lonees™ | 7 Tl

Hence, we get

p—1

2);’1}7_

IR, (el < C [ G torc

Since z, is bounded, we have

p—1
2p

2p \ P 2
=1 < CHUA,e,Uﬂ

e

IR, (0rcms)le < C ( je

For the estimate of || Ry (vx.c.0.y)|, by Holder inequality and the Sobolev inequality, we have

‘RZ(Ukyeya,y)(gv V)| =

Re / [(p — 2|20/ *Re(Zy T onemgt)zyd + |2 P~2E0]

“Re / (0 — 2)|2 [P~ *Re(Z,6)%,9 + |2 [P~2E9]

Re / (0 — 2)]2 " *Re(Or.0.0)Zy 0

< / (0 — 2)12y " lor ey IE110)

cof ) (fi) (/)

< Clloxeoylleléllell e,

which implies

||R,;J/(U>\7€7072J)”6 < CHU)\,e,a',y”e-
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Consequently, we have

1Ay (03 c.0y) = AR cop)lle = 115 Ry (03 e 0y) = Ly Ry (03 o)l
< CIRy (W3 c.y) = By(03 o) le
< ClRY(O0) .oy + (1= 03 o ) ellVvr oy — VR oy
< Cloacoylle + 103 coy

1
< 5”,0}\,6,0',2} - Uz\,e,a,y”&

e

|€) ||U}\,e,a',y - vi,e,o’,ynf

where 0 < 0 < 1 and

1Ay (xcop)lle = 14y (re.0) = Ay (0)] + (| Ay (0)]]
< Cefloxcoylle + Clllyx

e

e +C €+Ze—%|yk—y]‘| (2.9)
k#j
STy e T el
k#j

< Cellvreoy

Hence, A, is also a contraction map from S, to S,. Now applying the contraction mapping theorem, for any
(y,0) € 2\ x [0,27], we can find a unique v) ¢4, such that (2.7) holds. By (2.8) and (2.9), we obtain

P

i
> |y —yil

loncoylle <77+ e
k]

To prove the C'-continuity of v . ., With respect to (y, o), we can use the implicit function theorem to find
a unique C'-map: (y,0) — Uxcy,0, Which solves (2.7) (see [11]). By the uniqueness, we see Uz c.oy = Unc.y.0
and hence is a C' map with respect to (y, o).

Finally, we prove vy oy = ei”V,\vsvy with Vi, € E independent of o. Since vy 0,y solves (2.7), from
Lagrange multiplier theorem, there exist constants X; € Rand Y; € R(j = 1,2,...,m) such that

m m N
. i io ow 3
Ié(zy + U e0y) = E :sze Twy; + E E :Yje 8wy ) (2.10)
j=1 o

j=1la=1

Let a0y = €7Vh ¢y with V) ., € E. Noting that for any ¢ € F

(I'(w), ¢) = Re/ G - Ae(x)> u(g - Ae(x)> o+ Re/Ve(x)ugb - Re/ u|P~2up,

we test (2.10) by e'“v(z) with v(z) in E and derive that Z;\;l Wy, + Vi e,y 18 a solution of an equation indepen-
dently of o. Thus, V) 4 is independent of o and we complete the proof. O

Lemma 2.3. If A — oo and for any y € {2\, then

—_p—1 s
’ly,k:(’u)\,e,o',y)| S C €+ Z € P vl Hvk,e,my”@
ki
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Proof. By Lemmas A.6 and A.8, we have

m
Re/ ‘zy|p Zy’UA €,0,Y Z Re/ |"7wy7 p 77wy7 ’U>\ €,0,Y S / ‘Zy‘p_22’y - Z ‘nw% |p_277wy_j
Jj=1

Jj=1

—1
» et
m p-1

< / |Zy|p72zy - Z [nwy, |p7277wyj (/ U

j=1

1
P
p
)

p—1

P

= C Z/wgk 1wyj ”U)\,e,o,yHe
< C’Ze_%\yk—y.y’

as A — 00.
On the other hand, we have

v
eRe / ?zyB(ac)%\,E,g’y

—_—Z
’Ly

2|B<x>2>% (/ n)

< Ce [ (19 PIB@P) [orcos

< Cefloncoylle:

g&/<v

Similarly, we can get

1
eRe/B UAeoy <C€/(|Zy|2|B( )‘ )2 lvx.eoylle < Cellvaeoylle

1
<ce / (2 PIB@))* [oncolle

< CGZHUA,e,o,yHe < Ce”“%é,myue
1
2

<ce( [ o)

_p=1 .
llyille < C e+ e T ol oy coylle,
k#j

ERe / IB() 22y xc.0y

and

< Cellor eyl

eRe/a(w)zyT)A,e,U’y
From (2.11) to (2.15), we get

as A — 0o.
For any y = (y1,.-.,Ym) € £2), define

fm,e(ylvaa sy ym) = IE(Zy + ’UAvava)'

‘@A,e,a,y

(2.11)

(2.12)

(2.13)

(2.14)

(2.15)

(2.16)

Since vy .0,y = €7Vy ¢,y with V) ., € E independent of o, we know that I.(z, + vy c,0,,) does not depend on o

either.

From Lemma 2.2, we derive the following result, whose proof is standard and thus is omitted (see for exam-

ple, [8,31]).
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Lemma 2.4. For large enough A\ > 0 and small enough € > 0, if y° = (v¥,...,9y%) € 2 is a critical point of

fm,e, then zyo 4+ vy ¢ 540 15 a critical point of I..

3. PROOF OF OUR MAIN RESULT

In this section, we will prove Theorem 1.1. In order to prove it, first we prove that for ¢ > 0 small enough, we

can choose p = () large enough such that the function f, (Y1, ..., Ym) defined in (2.16) attains its maximum

in 2, at some point y©) = (yio), e ,yﬁ,‘i)). We know that z,) + vy 54 is a solution of (1.1) by Lemma 2.4.

Here we mainly apply the technique in [28,31], but we make some minor modifications.
Considering that the case m = 1 is much easier, we will discuss the case m > 2. Define

d= sup {/a(w)|zy|2}
ye(RN)nL

We choose a number [ such that { > max{1, 3dC’;1}. Then for any e satisfying

v
. lC4 p=2-27 ]
0<6<m1n{<204> ,ng},

there exists u* = p*(e) > pu = p(e) > 0 such that, for € RY with |z| € [u(e), u*(€)],

le < /wpfl(w)w(w — z)dx < 2le. (3.1)

Define
M, == sup { fire(®)|y € Qi } -

Denote
1

1
Co=3 [ [V @) + ] = [ il
In order to get an m-bump solution of (1.1), it is sufficient to prove that M, is achieved in the interior of
n(e):
Lemma 3.1. Let m > 2. Then for e > 0 sufficiently small ,
Me > sup { frm,e(y)|y € Quey and |y, — yj| € [p(e), p*(e)] for some k # j} .

Proof. Observe that p(€) = O(Inl) — oo as e — 0.
By Lemma 2.2 (ii) and (3.1) we know that if y € £2,,), then

p—1—1

o< el _'_Ze—p*,l,quk—yjl < Cie 7 . (3.2)
k#j

1 \Y
<Ly7})\,e,a,yvv>\,e,o,y> = 5 / { U (7 - Ae($)> U\e,o,y

- [(p - 2)‘Zy|p_2(Re(Zy77/\76707y))2 + ‘Zy|p_2‘v>\,eymy

vxe,0,y

Note that
2

N =

+ ‘/;(-T) ‘U)\,e,a',y 2]

2]}

2

IA

1 -
Slncasl?+ @1 [IPlorcn

IA

1
5””&6@&”2 + CHUX,e,U,yHE = 02”“)\76,0,2;”3
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and by Lemma A.5

1 _ _
|Ry(V,e,09)] = |]; / {|Zy +x oyl — |2yl —p [|Zy|p 2Re(zyv>\7€7my)]

)

p — _ _
2 [(p —2)[zy P 4(Re(zy”>\~,6’0’,y))2 + |2y [P ?

<c / Wrconl” < Clloxcosll? < Callorcoyl?:

where p* = min{3, p} > 2.
Hence, by Lemma 2.3, we have

fm,ﬁ(ylay% BN ym) = Ie(zy + U)\aﬁaff’y)

1
= IE(zy) + ly(vkyemy) + 3

= Ie(zy) + O (Hl lellvae,oylle + ”U)\,e,my‘lz)
(p 1—7)
= I.(z) +0( )

2p17)
- /\(——A ) +v<>|zy\2——/\zy|p+o( )
2, 2 6_ B(2)212.12 — R Y B(x)z
a4 & [a@lafl + S [ 1B@REE - ke [ Yo By,
4 p (pplf)
p/|zy| +O 6 )
1|V 2 U ¢
=% g [ [Fm)| b =3 [ b4 g [ ol
J=1 J=1

\Y
ZRG/ nwyk) (77% +RQZ/"7wyk77wa

k<j k<j

Iy 1 2p-1-7)
+5;/'”wyj""5/%”0(6 )
= niCo+ {37 fug o = g+ fﬁ/ +5 [awlaf+0 (#77)
=1

k<j

(LyVxe,005 U e,0m) — Ry (Vre,09)

= ‘—Zy

=:mCy + % /a(w)\zy|2 - Ly,
where

Z/w” Ly, + /up——Z/wP +o(e57). (3.3)

k<j

Assume that y = (y1,...,ym) € 2,(¢) and |yr — y;| € [u(e), p*(€)] for some k # j.
On one hand, by Lemma A.7, we have

/u”—/ Zw% >§:/w§j+2(—1) > /w” Lw,,,

1<k<j<m
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p—1 _ p—1
/wyk Wy; = /wy]‘ Wy, -

2(p—1-7) 2p-1-m 1

Ly >Cy Z /U)p lwyj —Cle @ > Cyle — Cle™ » > —Cyle > 3d6

Yk 2
1<k<j<m

where we use the fact that

Therefore, by (3.1),

Hence,

g2 yn) < mCo+ 5 [ a@)lzy P - £,
(3.4)

d 3
<mCy+ —€ — =de = mCy — de.
2 2
On the other hand, by Lemma A.3, we get
m
/“p_/ Zw% SZ/wp +C > /wp fwy,
j=1 1<k<j<m

where we also use the fact that

Then we have

Hence

€
0., 9m) =mCo+ 5 [ a@laf? - £,

2(p—1—71)

> mCyp + %/a(m)\zyP —Cse 7 +o(1),

where o(1) denotes some quantities which depend only on y and converge to 0 as |yx — y;| — oo for all k # j.
Hence, for € > 0 sufficiently small,

lin inf e Ym) > Mo, 3.5
lye— yirlrilog Vk£j Fime(y1, 92 Ym) = mco (3.5)

Combining (3.4) and (3.5), we complete the proof of this lemma. O
Choose 3" (¢) = ( (h)( ), . ..,yg})(e)) € £2,,(¢) such that

tim fe (35700, 50(€)) = Me.

h—o0
By Lemma 3.1, we may assume that

inf mi ‘ (h) . (h)
inf min |y, (€) —y; (e)

>t
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Thus, for any 1 < k < m, passing to a subsequence if necessary, we may assume either hlim y,(ch)(e) = y,(co)(e) S
— 00

RY with o 0 N
‘yli )(e) - yj( )(e)’ >u fork#3j orhli_)lrrgo\y,(C )(6)| = 0.
Define
II(e) = {1 <k<m: |y,(€h)(e)\ — 00, as h — oo}.

We will prove that I1(e) = () for € > 0 small enough and hence f,, . attain its maximum at (yio) (€),... ,yﬁ?(e))

in Qu(e)-

Lemma 3.2. Let m > 2. Then there exists e(m) > 0 such that for any € € (0,e(m)),

II(e) = 0.
Proof. We make a contradiction argument and assume that I7(¢) # () along a sequence €, — 0. Without loss of
generality, we may assume IT(e,) = {1,2,...,j,,} for all n € N and for some 1 < j,,, < m. When j,,, = m, we
can hand by the same argument. For notation of simplicity, we will denote ¢ = ¢, and (ygh), ygh), e ,ygf )) =

(ygh)(en),yéh)(en), cee y%l)(en)) for h=0,1,2,.... Then, when h — oo,

h h h 0
‘y§ )‘ 00 yj(-m)‘ — oo and yy(‘m)+1 _>y3(' ?+1""’yv(vil) =y
Set n) (h h h h
y® = (" Ly ) and g = 8,y ).
Let
Zh = any’ih,) = NUpy, Zh1 = any’ih,) = T1NUph,1, Zh,2 = Z T}U}y’ih,) = Nup,2-
k=1 k=1 k=jm+1
Similar to (3.2), we get
p—1l—71 p—1l—7
vaea,yih) . <Cre 7 [Upeoym H6 < Cre. (3.6)
Now we rewrite fm,e(yyb), e yqu)) as

Frne @) = (o + 0y ey

= mCy + %/a(:ﬂ)phﬁ — Ly

. € 2 . € 9 (37)
= jmCo + 3 /a(x)\th + | (m — Jm)Co + 3 /a(x)\zh,g — [,yih)]
+6Re/a(w)zh,1§h,2 + Lyih) —Lym.
Since ‘y,(ch)‘ — 00, k=1,...,jm, we get, as h — oo,
%/a(x)|zh71|2 +6Re/a(x)zh,12h,2 — 0. (3.8)

From (3.7) and (3.8), we obtain

Jme (y(h)) < JmCo + fmfjm,e (y£h)> + »Cyih,) — £y<h,) +o(1). (3.9)
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By (3.3), we infer that

1
(n) = — /w hw(h) —
y E: ()

p

k<j

m
1 2(p—1—71)
2 - Z 1_) /wz(h,) +0 (6 p ) (3.10)

and

1 1 2(p=1-7)
L g = Z /w (h)w () ];/ Q,Q—Z;/wz(h)+0(e z ) (3.11)

Jm<k<j j=1

Then, by (3.10) and (3.11),

1 2(p—1—71)
C(h)_ y(n) = Z /w(h)w(h)—FZ/w(h)uhg—k Z/ (h)—|— / p/uZ"_O(Eip )

k<j<jm

<O(M>.

(3.12)
Letting h — oo in (3.9), we get
. 2(p—1—-7)
Me < jnCo + frnjme @ srs o yQ) + Cse 7. (3.13)
Furthermore, by Lemma A.8 and (3.1), we see that
N-—1
Coe < u~ "2z e " < Chpe, (3.14)
which means that
2. 1 1
gln—<u:u(e)<21n—, (3.15)
€
for € > 0 sufficiently small. Choose § such that 0 < § < E57—= 2 2T . By (Hy), there exists T' > 0 such that
a(z) > e 0l |z > T. (3.16)
For € > 0 sufficiently small, define
7¢ = (14mIne ! —6su(e) —1,0,...,0) e RN, s =1,2,...,m. (3.17)

The open balls B(g¢, 3u(e)) are mutually disjoint. Therefore there are j,, integers from {1,2,...,m}, denoted
by s1 < 82 <--- < sj,, such that

95, = 01 = 8u(e), k=1,2, Gy G = G+ L (3.18)

Denote g5, by yj, k= 1,2,..., ji. It follows that from (3.16)(3.18), for € > 0 small enough,

TH+1<|ys] <ldmlne ™ =1, k=1,2,...,jm, (3.19)
lye — yjl > 3pe), 1 <k <j <jm, (3.20)
i — o = 3u(e)s k= 1,2, i j = i + 1, m. (3.21)

Thus,
€ 0
(ylv s 7y]m7y§m)+17 cen 7y7(7?)) € ‘Q,u(e)'
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0 0

Denote y(©) = (y5,... 7y;m,y](;n)_i_17 . 7y7(n)) and yx(f) = (ygm_H, ooy Let

Jm m

Zel = Z Nwye = nuie and ze2 = Z M, ©) = NU2,e-

k=1 k=g +1

Similar to (3.7), we get
0 . 0 € —
fm,e(yia s 7y;may_§‘m)+1a s 7y7(7?)) = ijO + fmfjm,e(yj('m).yl, ceey l/gg)) + 5 /a(w)|z€,1\2 + ERe/a(l')Ze,lze,Q
+ Lo = Lyo- (3.22)

Similar to (3.12), we have

1 1 1 2(p—1-1)
L =Ly = E wp_lwe+g/wp_1u +—E/wp +—/up ——/up+0(e Z )
yi) y(©) / y;(;) y§ ) — y;(;) €,2 » < y;(;) D €,2 » €

k<j<jm

>1§:/p +1/p 1/p+0(2<p7177>>
- = w € - u - u € r :
pk:1 yl(c) P €,2 P €

(3.23)
Then, by Lemma A.3, we get
j"'L p71 j’nL p71 p71 2(17_1_1—)
ﬁyie) — Cy(e) > —C’Z/U)y’(f) Ue,2 — CZ/’LLE,Q U)yl(:) -C Z /wy,(f) ’wy;e) +0 (6 P ) . (3.24)
k=1 k=1 1<k<i<fm
By Lemma A.8, (3.14) and (3.20), we have
Z wp(:)lw =0 (ef‘?’”) =o(e?), as e — 0.
Yy yj

1<k<j<jm

According to (3.21), a similar argument shows that

Jm Jm
—1 -2 2
g_l/wzl(;) Ue,2 +1§_1/u1;2 ’wy’(:) = 0(6 ) (3.25)

From (3.24) to (3.25), we get
L0 = Lyo 20 (757,

which with (3.22) yields

. €
fm’e(yi,...,yE”L,yﬁ?n?+1, . ”(2)) > 5mCo +fm,jm,6(y§?2+1,...,ygg)) + 5 /a(l’)|z€,1 2
2(p—1—71)
+6R6/(1(£L’)Ze’1§6’2 — Ch1€ P
By (3.16) and (3.19), we have, for k = 1,2,..., jm,

/ a(@))zea]? = / a(e)ul, > / a(o)d, > / elel2
|[z—ys|<1 |z—y5|<1

e —1
> Clzefé(\ykﬁrl) > 01287147’”51116 — 012614m5.
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Hence,we get for € small enough,

0 0 . 0 0 2p—1-7)
fm,e(yi s ay;ma yj('m)+1a s agn) ) > ]mCO + fmfjm,E(y](‘m)_Ha cee ,yﬁn)) + Cl2el4mg+1 — Chi€ P

Z ijO + fm—jm,e(yj(‘SL)Jr]a s 7y£r(l))) + 013614m5+1’

since 14md + 1 < @. It contradicts to (3.13). Thus there exists ¢(m) > 0 such that if 0 < € < €(m), then

II(e) = 0 and f, . achieves its maximum at some point (y§0)7 .. 7yy(,?)) € Qo) O

We are now in position to prove Theorem 1.1.

Proof of Theorem 1.1. By Lemma 3.2,if m > 2and 0 < € < ¢(m), then f,, . achieves its maximum at some point

(yio)7 ey yﬁ,g)) € 2,(¢)- Then z,0) + vy ¢ 5@ is an m-bump complex-valued solution of (1.1). By Lemma 2.2

(ii), if m =1 and € € (0, €], then

For m =1, since f, . is defined on all RY, fm,e has a critical point y© e RN and Zy©) F Uy oy IS a
complex-valued solution of (1.1).

Set €(1) = €o and €;(m) = min{e(1),€e(2)...,e(m)}. If 0 < € < €1(m), then (1.1) has at least m nontrivial
complex-valued solutions. O

APPENDIX A
Since the following two lemmas are very basic, we omit their proofs and one can refer [13].

Lemma A.1. For any u € E, there exists C' > 0 such that

/‘ (; —Ae(x)> J

Lemma A.2. The two norms || - || in HY(RY,C) and || - || in E are equivalent.

+ V() |u* > c/(\w\? + [ul?). (A1)

Now we give some elementary inequalities which are applied in the previous subsections. For these inequalities,
one can refer [29-31].

Lemma A.3. For q > 1, there exists C' > 0 such that for any a,b € C,
[la -+ 1% = [al? — [b]%| < Clal*= 6] + Cla] 7" (A.2)
Lemma A.4. For q > 1, there exists C > 0 such that for any a,b € C and |a] > |b],
lla -+ bj9(a +B) — lal%a — [alal*~*Re(ab)a + lal*B]|< Clal®~|b]2.

Lemma A.5. For g > 2, there exists C > 0 such that for any a,b € C and |a] > |b],

Ja+B[% — [al? — glal*"*Re(ab) — £[(q — 2)|al"~* (Re(ab))? + |al*2/pf?]

_ [ Clalr bl i > 3,
=\ Clal*apble, if 2 < ¢ < 3.
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Lemma A.6. For g > 2 and m € N, there exists C > 0 such that for any a;j € C,j =1,2,...,m,

q—1

m q—2 m m
> a; doai | = a1 eyl <Y farl ayl.
Jj=1 Jj=1 Jj=1

= ‘ ki

Lemma A.7. For ¢ > 2 and m € N, there exists C > 0 such that for any a; > 0,7 =1,2,...,m,

q
m

m
doa| 2z a1 ) aay
j=1

j=1 1<k#j<m

Lemma A.8 (Lem. I1.2, [4]). There exists a positive constants ¢ > 0 such that as |yr — y;| — 00,

N—1
p—1 T e ey
/wyk wy, ~clyr —yi| T e il
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