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EXISTENCE OF OPTIMAL NONANTICIPATING CONTROLS IN PIECEWISE
DETERMINISTIC CONTROL PROBLEMS

ATLE SEIERSTAD!

Abstract. Optimal nonanticipating controls are shown to exist in nonautonomous piecewise deter-
ministic control problems with hard terminal restrictions. The assumptions needed are completely
analogous to those needed to obtain optimal controls in deterministic control problems. The proof is
based on well-known results on existence of deterministic optimal controls.
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1. INTRODUCTION

In this paper, optimal nonanticipating controls are shown to exist in nonautonomous piecewise deterministic
control problems. The assumptions needed for obtaining existence are completely analogous to those needed to
obtain optimal controls in the simplest cases in deterministic control problems, namely a common bound on
admissible solutions, compactness of the control region and, essentially, convexity of the velocity set. The proof
mainly involves standard arguments and include the use of well-known results on existence of deterministic
optimal controls.

In a certain sense, the nonautonomy in the problem means that existence arguments, carried out once in
the stationary case, now have to be repeated an infinite number of time. The hard restrictions means that the
optimal value functions used in the proof take on the value —oo, in case the restrictions cannot be met.

Normally, one can transform a nonautonomous problem to a stationary one, but in the present context, it
does not seem to give any great advantages, and the proof would be less transparent.

Existence theorems for nonrelaxed controls involving convexity condition are given in Dempster and Ye [7],
and for another type of condition in Forwick et al. [8], (for relaxed controls, see e.g. Davis [3]). In contrast to the
works mentioned, the present paper treats nonautonomous problems and hard terminal restrictions (restrictions
required to hold a.s.), and obtains existence of optimal controls dependent on previous jump times, so-called
nonanticipating controls?. The references include also works treating necessary and/or sufficient conditions
(including verification principles).
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2Seierstad [10] presents simple examples, to which the existence results below apply, that are solved by means of necessary
conditions in the form of a maximum principle. General necessary conditions for hard end constrained problems are proved in
Seierstad [11].
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44 A. SEIERSTAD

First, systems where there are no jumps in the state variable are treated (there are then sudden changes in
the differential equation).

2. SUDDEN STOCHASTIC CHANGES IN THE DIFFERENTIAL EQUATION, CONTINUOUS

SOLUTIONS
Consider the following control problem
T
max () B / folt, " (8, 7), ut, 1), 7)dt + h* (@(T, 7)) (2.1)
0
subject to
&= f(t,z,u(t,7),7),t € J:=1[0,T],2(0) =29 € R",u(t,7) € U CR", (2.2)
and, a.s., ‘ _
(T, 7) =1, i=1,...,n1, (2.3)
2(T,7) >z, i=mn1+1,...,n0<n. (2.4)

Here fo : J x R* x U x 2 — R, (£2 defined in a moment), h* : R* — R, and f : J xR®” x U x 2 — R,
are fixed functions, moreover, the control region U, the initial point x(, and the terminal time T are also
fixed, whereas the control functions wu(t, ) are subject to choice. Certain stochastic time-points 7, i = 1,2, ...,
7; < Ti+1, influence both the right hand side of the differential equation as well as the integrand in the cri-
terion, as 7 = (19,71, 72,...) € 2 = {(70,71,72,...) : 7 € [0,00)},70 = 0, ; < Tit1. Thus in this type of
systems, the right hand side of the differential equation (as well as the integrand in the criterion) exhibits
sudden changes at stochastic points in time 7. In concrete (economic) situations, these changes may be the
result of earthquakes, inventions, sudden currency devaluations etc. Given u(.,.) and 7, the differential equation
is an ordinary deterministic equation with continuous solution ¢ — z"(-")(¢, 7). (More details are given below).
The solution depends of course on 7, (the stochastic variable), and what we obtain is pathwise solutions. The
present type of systems might be termed continuous, piecewise deterministic. The points 7; are random variables
taking values in [0, 00), with probability properties as follows: conditional probability densities p(7j4+1|70, ..., 7;)
are given, (for j = 0, the density is simply p(7), sometimes written p(7i|79), 70 = 0). The conditional den-
sity p(7j4+1]70,...,7;) is assumed to be integrable with respect to 7j41, with integral 1. (We use the following
conventions: Measurable = Lebesgue measurable, meas(A) = Lebesgue measure of A, integrable = Lebesgue
integrable). We assume p(7;41|70,...,7;) = 0 if 7541 < maxi<;<; 73, for j > 1. This means that we need only
consider the set 2* of nondecreasing sequences 7 = (79, 71,72,...), or even the set 2’ of strictly increasing
sequences. The conditional density p(7j41|70,...,7;) is assumed to be continuous with respect to (71,...,7;),
0< 7 <m < ... <715 <7Tj4, for each 7j41. Moreover, the existence of integrable functions ,u;f_H(.) is assumed,
such that, for all (7o,...,7;), u(7j41l70, -+, 75) < iy (7541) a.e. For 4= (10,71,...,7;), the conditional den-
sities define simultaneous conditional densities p(7j41, ..., Tm|77) (u(T1, .-, Tm|7%) = w(71,. .., 7)), assumed
to satisty: for some k. € (0, 1), and some positive number &*(t),

Pr[t € (Tom, Tmi1]|7] < &*(t) (k)™ 7 forany given t € [0,00). (2.5)

Assume @* := SUPse(o,7] @*(t) < oo. Property (2.5), used for j = 0, means that with probability 1, the sequences
(To,T1, T2, .. .) has the property that 7, — oo. The set of 7’s in {2’ such that 7, — oo is denoted 2. Below, it is
assumed that any 7 belongs to {2”.

Let the term “nonanticipating function” mean a function y(t, ) = y(t, 70, 71, . . .) that for each given ¢t € [0, T,
depends only on 7;’s < t. (Formally, we require y(¢t, 75, 11,...) = y(t, 70, 71,...) if {i: 7/ <t} ={i: 7 <t} and
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7/ =1 fori € {i: 7 <t}). Here, y(.,.) is assumed to take values in a Euclidean space Y. Let Mnonant( Jx
2".Y) be the set of functions being nonanticipating and simultaneous measurable on each set J x §2;, £2; :=
{rem <T,71 >T},i=1,2,...5

Define 2% := {7%: 7 € £;} and U’ := {u(.,.) € Mot (Jx Q" R™): u(t,7) € U for all (t,7)}. From now on,
all control functions u(t,7) belong to U’, they are called admissible if in addition corresponding solutions on
[0,T7] of (2.2) exist a.s., that satisfy (2.3) and (2.4) a.s., (“a.s.” here taken to mean for all 7 € 2" N (U;{2;\ N;})
for some P-null sets N; in §2;). For any given u(.,.) € U’ and for any given 7 € 2, the differential equation
in (2.2) is an ordinary deterministic equation, and it is assumed that solutions on [0,T] of (2.2) are unique, for
any given u(.,.) € U'.

As functions of (¢,7), for all (z,u) fo and f are now assumed to be nonanticipating. Furthermore, t
ft,z,u,7) and t — fo(t,z,u,7) have one-sided limits at each point and is right continuous, and for each i,
ft,z,u, 78, T+1,T+2,...) and fo(t,x,u, 7", T +1,T+2,...) are continuous in {(t,z,u,7") : t € Jx € R",u €
U, e 2 <t} (1 = (1%);). Finally, h* is C' with bounded derivative. Let us call the above assumptions
on fo, h*, and f for the general assumptions. (These assumptions imply that e.g. f can essentially be written as
ftzou,t) =3, fi(tz,u, 7'11)1[Ti’7,i+1)(t)7 7 = (70,71,...) € £ for certain continuous functions f(t,x,u,?),
i=0,1,...).

The specific conditions needed in the first existence theorem are as follows:

there exists an admissible pair

(), ul, ), (2(,.) = 240 (,), thus (2(.,.), u(.,.)) satisfies (2.2), (2.3), and (2.4), with u(.,.) in U’, (2.6)

U is compact, (2.7)
and
N(t,z,7) ={(folt,z,u, )+, f(t,z,u, 7)) :u € U,v <0} isconvex forall (¢,z, 7). (2.8)
Moreover, there exist positive numbers K; and positive continuous functions 7} (t), and a number k € (1,1/k,),
(for k. , see (2.5)) with sup K;/k* < oo, such that (2.9) and (2.10) below hold.

|f(t,z,u, )| < Ky, | fot,z,u,7)| < K;, forall (x,u,7) € clB(zg, 7} (t)) x U x 2", allt € (1;,741) N J. (2.9)

For any control u(.,.) € U" and any 7 € 2", any solution ¢t — z(¢,7;7,%) on [r;, T| of & = f(t,x,u(t,7),7)
starting at (7;, ), € clB(zo,7;_1(7:)) is unique and satisfies, for j > i > 1, z(¢, 7573, %) € clB(xo, 7} (t)) for all
t € [1j,Tj+1] N J. Moreover, a solution x(t, 7; 70, %¢), t € [0,T], corresponding to any control in U’ is unique and
satisfies

x(t, 7570, 70) € clB(wo,7}(t)) forall t € [1;,7541] N J,j > 0. (2.10)

Theorem 2.1. If the general assumptions are satisfied, and (2.6)—(2.10) hold, then an optimal admissible control
erists.

Proof. Tt suffices to consider the special case where az"(T') is maximized, a a fixed nonzero vector in R °. For
simplicity, let xo = 0. Define 7% = min{T, 7}

3These properties are essentially equivalent to progressive measurability with respect to the subfields @; defined as follows: let
Py, t € [0,T], be the o-algebra generated by sets of the form A = Ap; := {7 := (71, 72,...) € 2" : 7; € B}, where B is either a
measurable set in [0,t], or B = (¢,00),i € {1,2,...}. A probability measure P, corresponding to the conditional densities fi(7;41|7?),
is defined on (2", ®), P := Pp.

4flere we can replace t € J, by t € J\{a1,...,am}, where a; are fixed numbers. In fact, concerning the dependence on ¢, much
weaker conditions are actually needed, the continuity conditions above were chosen in order to be able to refer to the classical,
simple results of Cesari [2], Sections 9.2, 9.3.

5Tn case of the criterion (2.1), two addition states z¢ and zn41 and an auxiliary control ug € [0, 1], can be introduced, with
0 = fO(t, o, w0, u, 7) = uo - (fo(t, w,u, 7)+ K;) — Ky, for t € (1, Tix1), ©0(0) =0, Zpt1 = fPH(E, 2w, 7) i= hE(z(t, 7)) f(t, z,u, T),
2n+1(0) = h*(z0), in which case the criterion in (2.1) equals a - (g (T),z*(T),x, 1(T)), a = (1,0n,1), Op the origin in R™).
(Concavity of {(fO(t,z,uo,u,T), f(t,z,u, ), f*T1(t,z,u, 7)) : (uo,u) € [0,1] x U} then holds. Also f0 < foy, with equality if
up = 1).
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Outline of proof. In proofs of existence theorems in the stationary case, existence results from deterministic
control theory is combined with proving certain smoothness properties of the optimal value function in order
to obtain an existence proof, (see e.g. Davis [3]). Below, such an argument is recursively repeated in the
nonautonomous case.

The central part of the proof of the theorem is the following: let V¥°°(z, 74) be the supremum over “admis-
sible” controls of the conditional expectation of the criterion az®(T,7) given 7% and given that the solutions
start at (7x,x), i.e. 75 has just occurred, and the state at which we start at that time is . (Here admissible
means the existence of solutions satisfying the terminal conditions (2.3) and (2.4). If no such controls exists, we
let the supremum be equal to —oc0). Then, as shown below, a relationship similar to the optimality equation in
dynamic programming holds:

Ak41

a/T f(s,x%(s),u(s), 7)ds + Vk+1’°°(x7‘(7°k+1),Tk“)\rk , (2.11)

>k

vk (2, %) = sup, E

Tk+1

(Er, ., means expectation with respect to 741, 4.e., with 7411 as integration variable). Here the supremum is
taken over all deterministic functions w(.) for which the corresponding deterministic solutions x*(t) satisfy the
terminal conditions in case Pr[rpr1 > T|7%] > 0, and start at (7, z). Generally, V¥ (z,7%) = 0 if 7, > T
& 78 = T. Let us then construct the optimal controls by induction. (Below, this construction is repeated,
with more detailed arguments.) By existence theorems for deterministic control (more precisely Remark 2.3
below), there exists a control ug(t) = ug ,o0(t) with corresponding solution z ro(t), (2 0(0) = zg), yielding
the supremum in (2.11) for k£ = 0, and satisfying the terminal conditions if Pr[ry > T] > 0. By induction, for
each 7871 such that 7,1 € (74—2,T), assume uy_; ,«—1(t) defined, with corresponding solution z_; x—1(t)
yielding supremum in (2.11) and satisfying xj_q ;-1 (7h—1) = @2 r+-2(7x—1) and the terminal conditions if
Prr; > T|7%~1] > 0. By existence theorems in deterministic control theory, (Rem. 2.3 below), for each 7% such
that 7, € (7x—1,T), there exists a control function uy ,»(t) with corresponding solution xj .x(t), starting at
(T, 1 k-1 (7)) and satisfying the terminal conditions if Pr[rz1 > T'|7¥] > 0, that yields the supremum in
(2.11). So uy, -« (t) exists for all k. Using (2.11) for k = 0,1,2,..., for any given £,

Fi+1

k
VOe=(0,0)=E |a / F (5,501 (), 05,00 (), T)dls + VEFL (o (541), 7441
=077

When k  — oo, as BE[VFTLe (zp o (7M1, 7] — 0, we get VO*(0,0) = Ela) 7, ;jﬂ
f(s,25.5(8),uj+i(s), 7)ds]. Hence, the pair (z*(t,7),u*(t,7)) defined by (x*(t,7),u*(t, 7)) = (@) + (1), ug .+ (t))
for t € (7p,7k41) N[0, 7] is optimal. (It is admissible because if T € (7, 7k+1), then 2 (T',7) = x4 .+ (T') satisfies

the terminal conditions if Pr[ri41 > T|7%] > 0, hence 2*(T,7) a.s. satisfies these conditions if T' € (73, 7k+1))-

Detailed proof. First we need a proposition, with a related remark. The proposition is an existence result from
deterministic control theory, contained in results appearing in Chapters 8-10 in Cesari [2]. For convenience of
the reader a brief proof is included, making use of wellknown elementary properties taken from deterministic
existence proofs.

Consider the following deterministic system: define U to be the set of measurable functions from [0, 7] into
U. Let f(t,z,u): J x R® x U — R™ be continuous in S x U, S a compact set in J x R™. Let (t9, z9) € S, and
define the set A(to,xo) to consist of all pairs z(.),u(.), u(.) € U that satisfy (¢, z(t)) € S for all t € [to, T] and
the following differential equation with side conditions:

for a.e. t € [to, T),& = f(t,z,u(t)), z(to) = xo,2(T) € B, (2.12)
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where B is a closed set in R™. Let h(z) : R — R U {—o0} be upper semicontinuous, (abbreviated usc), and let
g(t,x) : J x R® - RU{—o00} be usc in S. Consider the problem

to

T
max g(.),u(.) [/ g(ta x(t))dt + h(x(T))

Assume that U is compact, that f(¢,2,U) is convex for all (t,z) € S, that there exist a positive integrable
function 1 (¢) and a positive number K such that |f(¢,z,u)| < K and g(t,z) < (t) for all (t,2,u) € S x U.

Define the set C' C S to be the set of points (tg,z¢) in S for which a pair (z.),u(.)), u(.) € U exists,
satisfying (¢,z(t)) € S for all t € [to,T] and (2.12). Let V(to,%0) := SUD(4(),u(.))eA(to,m0) V" 2()u() | where
Vo010 (10, 20) ft ))dt + h(x(T)), and where (t9, zo) belongs to C. The following result holds for this
system:

Proposition 2.2. For any (to,z0) € C, an optimal pair (z(.),u(.)),u(.) € U exists, satisfying (2.12) and
(t,z(t)) € S, (perhaps the corresponding value of the criterion is —o0). Moreover, C' is closed, and V (to,xo) is
usc in (to, xo) € C. O

Proof of Proposition 2.2. For k=1,2,..., when k — oo, let (t§,x5) — (to,z0), (to,z0), (tE,tk) € S. Let I} :=

[tk T, I = [to,T] . Assume (A) that a sequence (mk(),uk()) is given that satisfies (2.12) for (tg,z0) = (t&, zk)
and (t,2"(t)) € S for t € I, and (B) that V=" ") — limsup ;, z,)—(.m0) V (f0s Z0) =t 7, (£, %) € C. By
standard arguments, (see e.g. Cesari [2], Sects. 9.2, 9.3), there exists a subsequence z*/(.), a control function
u*(.) € U, and a continuous function z*(.) such that sup,c;, ;2% (t) —2*(t)| — 0, and such that (z*(.),u*(.))
satisfies (2.12) and (¢, 2*(t)) € S. By slight misuse of notatiorjl, by upper integrable boundedness of g and Fatou’s
lemma,

[ ott. s wpat + hie ()

0

v = lim sup [
J

§/ <limsupg(t,:rkj(t))llk,)dt+limsuph(xkﬂ'(T))
J ! J

§/g(t,x*(t))l;dt—kh(x*(T)).
J

Hence, V(ty,x0) is usc. Dropping the assumption (B), we get that C is closed. If all t§ = to, 2k = 20, and

we (instead of (B)), assume that V* OL ORI V(to, o), then the above arguments give that V(tg,xo) <
[y g(t, z*(t))17dt 4+ h(z*(T)), hence (2*(.),u*(.)) is optimal. O

If V is defined to be equal to —oo, for (tg,z9) € S\C, then V is usc in S.

Remark 2.3. In Proposition 2.2, assume that f, g and h contain an additional parameter y € R!, f =
flt, zu,y), g =g(t,z,y),h = h(z,y), and that (2.12) is augmented by:

¥ =0, y(to) = yo, y(T) free. (2.13)

Assume that the conditions in Proposition 2.2 are satisfied in this augmented system, (for x replaced by (z,y),
hence for (¢, z,y) in a compact subset S). The conclusions of Proposition 2.2 hold for this system, in particular,
the value function V' (to, zo, yo) in this system is usc in (¢o, zo,yo) € S.

Continued proof of Theorem 2.1.

Let B* ={z € R":2' =2",i=1,...,n1,2° > Z',i =n; +1,...,n2}. For any deterministic control u(.) € U
and for any 7 € §2, write x(t) = x"(t, 7; 7, ) for the solution z(¢) on [7x,T] that satisfies © = f(¢, x, u(t), ),
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x() = z. Let US™7, 7 € (2, be the set of deterministic controls in U for which there exists a solution
x%(t, 757, x) of the differential equation in (2.2) on [ry,T] that satisfies «“(T,7;7k,z) € B* if Prlrpy; >
T|7%] > 0, with no terminal condition on (T, T; 1, x) if this inequality fails. Below, we will need the following
definitions: let Iy (7 fT (Ths1|7F)dTs1, and let

B ={(z,7 )GR”ka (:r —x)lk( ):0,i:1,...,n1,(xi—:?i)lk(Tk)ZO,i:nl—i—l,...,ng}.

(By continuity of I;(.), By is relatively closed in R™ x £2%). For
T
u() € UN’I’Ta T E QN,let V;fV’N(xaTN) L= ETN+1 a/ ]-[T,oo)(TNJrl)f(éaxu(gvT; TN,Z’),U(@),’T)dé‘TN )
N

VNN (2, V) = sup yepv e VIV (2, 7). (2.15)

For k < N, by backwards induction, for u(.) € UF~1®7 7 € (1, define

V;ffl’N(x, .= E,

a/ F8 2" (8, 1 Th—1, x), u(8), 7)ds + Vk’N(:E“(%k,T;Tk1,x),7k)7k1] , (2.16)
fk—l

VELN (g 7871 = sup yeprorier VI (2 7871, (2.17)

All the time, the convention is used that when taking supremum over an empty set, we get —oo
Define B* := {(z,7%) : 2 € clB(0,7}_,(1x)), 7% € 2*}. With the “specifications”

S={(t,z):t€rn,T],x € clB(0,rn(t))} x 2N x clB(0,myv_1(Tn)),

B =ByxR", g =0, h(.T, y) = a’(l‘_yQ) Pr[TN-i-l > T|y1]? Yy = (y17y2)7y1 = TNa y2 € R”, l‘(S) = f(57$7u(5)7y1),
tg = ’TN, z(ty) = %, y2(7n) = ¥, Remark 2.3 yields that VNV (z,7V) is usc in (2,7V) € BY, ((z,7V) € BY =
(tn, 2,7V, %) € S, by (2.10)). Now, S as here defined is not compact, nor is By closed, but for any (¢,z, 7V, y2)
in S we can replace 2%V in the definitions of S and By by a compact neighborhood £2* of 7% in 2%, and obtain
compactness, respectively closedness, of these redefined sets, and in particular usc in the redefined set S, and
so in the original set S.

By backwards induction, assume that (x,7%) — V&N (z 7%) is usc on B*. Letting y = (y1,v2), y2 € R",
yi =70 gt w,y) = [a(e — y2) + VEN (g, )]ptly) (75 = (y1,1), hz,y) = alz - y2) Prfrc > Ty,
B = By_1 x R", &(s) = f(s,z,u(s),y1), to = Th—1, ©(Th—1) = &, Y2(7—1) = & and S := {(t,x) : t €
[Th—1,T], GCIB(O Th_ ( N} x 281 clB(0, 75 _5(mh—1)), Remark 2.3 yields that (z,7%71) — Vk LN (z, rF=1)
is usc in (7,7F71) € B ~1. (When (Z,7%71) belongs to B*~1 then automatically (¢,z%(t,7;7_1,7),7° "1, &)
belongs to S, by (2.10)). The set S as here defined is not compact, nor is By_1 closed, but for any (¢, z, 7871, o)
in S we can replace £2°~! in the definitions of S and Bj,_; by a compact neighborhood £2* of 7%~ in £2*~1 and
obtain compactness, respectively closedness, of these redefined sets. In particular, usc holds in the redefined set
S, and so in the original set S.

For any given admissible control u(t, ) € U’ with corresponding solution xz*(¢, 7), let us prove the following
inequality by backwards induction on k.

#3+1

Z / (s,7),u(s, 1), 7)ds

0<j<k—
+ BIVRN (@7, 7). 7)) + Elona (rV )], £ <N, (218)

Elaz"(T,
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N+1) = E[O.NJrl (7—)|7—N+1L

7;N+1

where on1(T
(s,7),u(s,7),7)ds + 1[0’T](7'N+1)/ af(s,x"(s,7),u(s,7),7)ds.

oV (1) = Z /T .

N41<j<oo T 7

#3+1

Proof of (2.18). Let us first show that, for all 7 € 24, a.s., u(t,7) belongs to U¥*"(7&:7):7_ Let the deterministic
a(.) equal u(t,7), for t € [m,T], The1 > T. Since 2*(T,7) € B* a.s., then for all 7 € (2, as., if Primq >
T|7%] > 0, we have that 2%(T, 7; 7, 2%(71, 7)) = 2*(T,7) € B*. Then, for all 7%, a.s., 4(.) € U*" (777 and,
evidently, the assertion follows.

Now, using (2.14),(2.15), a.s. in 7 € Oy, VNN (#N,7),7Y) > E[1 (Too)(TNH)f:,VHaf(s (s, T),
u(s,7),7)ds|TV], since, a.s., a(.) € UN="("~7)7 where 4(.) is the deterministic control that equals u(t, 7), for
t € [rn,T] when 7y € [T, 00). Furthermore, we have

J+1

Elaz*(T,7)|7N] =E Z / af(s,z"(s,7),u(s,7), )ds|r"

(s,7), u(s,T),T)ds\TN

I
=
M

\

[0<j<N-1
. .
+F Z / (s,7),u(s, 1), 7)ds|TV
| N+1<j<o0 7
N1
+FE 1[0’T](TN+1)/N af(s,x* (s,r),u(s,r),r)dsh’N]

r ~N+1

+E ]-(T,oo)(TNJrl)/

+N

af(s,z"“(s,7),u(s, 1), T)dS|TN]

#3+1

=E Z /T (s,7),u(s, 7), 7)ds|T™] + Elon 1 (ta 1) |7V

0<j<N—1

L(7,00) (TN+1)/

7

%N+1

+E

af(s,x“(s,7),u(s,7), T)dS|TN] :

N

Replacing the last term by the greater term V™V (z%(#V 1), 7%), (see the last inequality), we get, for 7 € 2y,
that, a.s.,
7—J+1
Elaz*(T,7)|7™] < E Z / (s5,7),u(s,7), 7)ds|T™]
0<j<N-—177%

+ VN’N(:U“(%N,T),TN) + E[JN+1(TN+1)\TN

Using that VYN (z%(#V, 7), 7V) vanishes when 7y > T, (in which case the inequality is an equality), by taking
expectations on both sides, (2.18) follows for k = N. Now, for 7 € 24, a.s. u(t,7) € UF*" (707 for 7y > T.
Then evidently, for all 7 € (2, a.s.,

7*;k+1

Vk’N(x“(%k,T),Tk) >F a/ af(s,z*(s,7),u(s,7),7)ds + VkH’N(:E“(%kH,T),7k+1)|7k] . (2.19)
sk
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In fact, (2.19) holds for all T € 2" a.s., since both sides of (2.19) are zero if 7, > T. Assume now that (2.18)
holds for k replaced by k + 1, k+1 < N, and let us prove (2.18) as written. The induction hypothesis implies
the first inequality below, and (2.19) implies the second one:

Elax"(T)) < E Z /+ af(s,z*(s,7),u(s,7),7)ds
0<j<k—177
/ " af(s,w“(s,f),u(s,f),T)dSIT’“H

+ L5 |E

—I—E{E [Vk+1,N(xu(7A_k+1’T)’TkJrl)‘TkH

+ FE |:0'N+1 (TN+1)}
sl

<FE Z /J af(s,x“(s,7),u(s,7),7)ds

0<j<k—1

+ FE {Vk’N(w“(?k, T), Tk)} +FE |:UN+1(TN+1)]

So (2.18) has been proved by induction.
Proof of (2.11) (i.e. (2.26) below). For u € U, (z,7V) € B, define

AN +1

/T af(s,;v“(s,TN;TN,w),u(s),T)dsTN] .

VN (@, 7)== B

Also, define K; = |a|K;, (for K; see (2.9)). For any (z,7V) € BN, note that
VYN (2, 7)) = VNN (2, 7)) < E[TKn 1,7 (1) |7V,
Similarly, for any (z, 7V +!) € BN+L,
[VNALNFL (g pNHL) — PNFLNFL (g 2N < BT Ky 110 7y (Tivs2) [PV T

Also,
(VTN (@, 7N < TR N 10,7y (7)),

(VNFLNH vanishes if 7y 11 > T), so VNTLNFL (g 7N+ < TIA{NH[l[O’T] (tv+1)],

and we also have
VNN (g 7N > —TRN—&-l[l[O,T](TN-&-l)]a

if VNHLNHL (g 7N+1) g finite (& UNTL57 £ (). Hence, if VVTLNHL (g 7N+1) g finite, then, for (z, 7V +!) €
BN+1’

[VNFLNFL (g 2NN < TR v Lo 7y (7)) (2.20)
By (2.16), for (z,7V) € BY,

V“{V,NJrl(x’TN) — VuN’N(l‘,TN) _|_Ev[VNJrl,NJrl(xu(7A_N+177_;7_1\[’1,)’7_N+1)‘7_N]7
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so for B(z, V) = E[VNTLNHL (gu(#NFL rory 2), 7N |7V, if B(z, 7V) is finite, then
V2N 7)< VNN ()| = [V ) < DN (0, )
TN 2 7) — VN (1Y)
=18z, 7) + VYN (@, 7V) = VN (@, V)
<|B(z, ™)+ E[TKNl[O,T} (n41)|7V]
<E[(TKn +TKny1)lpry(rw1)|m]

=:a(m™).

Hence, VNN (g V) < VNN(z 7V) 4+ a(7V) | (which also holds if VNV*+1(z,7V) is nonfinite), and
VNN V) < YNNI 7Ny o) if VVNT (2 7)) s finite, (then AB(z,7V) is finite). Thus,
supyepn.er VN @, 7N) = VNNTL g 7N < sup,epvier VYN (2, 7V) + a(tV) = VVN(2,7V) + a(rV),
and, symmetrically, VNN (z, 7NV) < VNN+L (g 7N 4 (7)) if VVNHL (g 7)) s finite ((z, 7V) € BY).

The next to last inequality also holds if UN'®7 is empty. Define a(7V 1) := Ela(r™)|rV~1]. The two last
inequalities imply the two inequalities in what follows: for (z,7V"1) € BN~
~N

VN-LN (3 N1 _ (7N = | / af(s,z"(s, 73 7n_1,),u(s), 7)ds
FN-1

+ VN’N(;U“(%N, TiTN-1,2), TN) - CE(TN)|TN1‘|

S VuN_l’N+1(l‘,TN_1)
AN

=F / af(s,z“(s,7;TnN-1,2),u(s), )ds
{_N—l

+ VN’NH(J;“(%N, TiTN-1,T), TN)|TN1]

~N

<F / af(s, (s, 7;TnN-1,2),u(s), )ds
.f—N—l

+ VN (;v“ (%N,T;TN,l,x),TN> + a(TN) |TN1‘|

=V V) (N,

S0
VuNfl,N(x’,erl) o a(TNfl) S VuNfl,NJrl(x’,erl) S VuNfl,N(x’,erl) + a(TNfl)

(the second inequality holds also if VN =1N+1(z 7V 1) is nonfinite, the first one holds if VN ~LN+1 (g 7N=1) g

finite; then VN-N+L (g4 (#N 77y 2), 7V) is finite a.s. in Pr[.|7V~1]). Moreover, by the two last inequalities

(in a shorthand notation)

%N—l
VuN72,N —a=E a/ _’_VNfl,N —a S VuN72,N+1
N -2
~N—1 ~N—1
7 7
=FEla +VN—1,N+1 S E la +VN—1,N Lol = VuN—Q,N +Oé,
FN—=2 £N—2
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and this continues backwards for N — 3, N —4, ..., so for

a(t") = Bla(r" )" = BIE[a(r"2)[r"|r*] = Ela(r**2)|7"] = ... = Ela(r")|7"],

for (z,7%) € B*, k < N,
VEN (2, 78) — a(r%) < VRN @ 78) < VRN (2, 7%) + a(7F),
(the first inequality holds if V.¥*N*+1(z 7F) is finite). Hence, for k < N,

Vk’N(.T, ™) — Ot(Tk) < Vk’NH(J;, ™) < Vk’N(ac,Tk) + Oé(Tk),

(the first inequality holds if VN +1(x, 7%) is finite).

Let A :=sup, K;/k' < co. By (2.5),

oo
Elllpn(rva)lr I < S PHT € [, mnin) 7] < 8RN /(1 — k).
m=N-+1
Hence,
Ela(r™)|7"] = E[E[T(Kn + Kn1) 1o, ()7 |7]

<T(Kn + Kny1)P RN TURF(Q = k)

<AT(EN + ENtHYe N+ kR (1 — k) = Ly (kk, )N,
where Ly = AT(1/k + 1)®*/kk(1 — k.). By repeated use of (2.21), for alf\}Nl = ZMI:NH

Li(kk )Nt /(1 — kk,) and for N’ > N, we get the “iterated double inequality”
VEN (@, 74) = o™ < VN (@, 7)< VEN (7 4+ o (2,74 € BY),
(the first inequality holding if V*N'(z, 7%) is finite). Hence, for (x,7%) € B¥,
VEN (@, 78) — oV < VEN (2, 78) < VRV (2,78 + oY

(the first inequality holding if V%N’ (2, 7%) is finite).
For later use, note that |[oN+1(7)| < Do N<j<oo ] [7*" K;ds. Thus,

o0

EloN ()| < E | Y lal K37 = 49)
j=N
(oo}
< Y |alTK; Prr; < T] = Z |a|TK; Z Pr(T € (T, Tt 1]]
=N m=j
<Y lalTK; Z Pk < Z |a|TK;&° K /(1 - k.)
]=N m=j

< Z &*T|a|A(kk.) /(1 — k) < &*TlalA(kk)N /(1 — kk,) (1 — k).

m=N

(2.21)

(2.22)

(2.23)
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Note that, by (2.23),

N+1
WHhNHL = RN N Ly (Bk,)? < VRN ZLk (kk.)? = WhN,
j=0 7=0

so the sequence {W’“’N}N is decreasing, hence lmy W N exists, and then also limy VFN =: V5 exists. In
fact, for o, = limpy/ o0 alf\}N , by (2.23),

VR, 7)) — ok < VR (2, 7F) < VEE(z %) 4 ok, (2.24)
(the first inequality if V*°°(x, 7%) is finite).
Note that, by (2.16), and monotone convergence of {W*N1} x|

~k+1

Vf’oo(ac,Tk) =F a/ f(s, (s, 77, x),u(s), 7)ds + VkH’OO(m“(%kH,T;Tk,x),7k+1)|7'k] . (2.25)
sk

Tk+1

so, for

(.’E,’Tk) € Bk, Vk’oo(w,Tk) = SUD ek ek By yy

a/T fls,z(s,m; 1, @), u(s), 7)ds

~k

+ Vk+1’°°(:c"(%k+1,757k,$),Tk+1)|7k]~ (2:26)

Upper semicontinuity of V% Even V%> is usc on B*. To see this, let (z,7%) € B* and let
(.Tj,T(kj)) — (z,7%), when j — oo, (.Tj,T(kj)) € B, the sequence being so chosen that Vk’oo(asj,r(kj)) —
lim Sup(z -y Bk, (3,7%)—(,7) VEkoo(g, 7%).  If the last entity equals —oo, there is nothing to prove. If mnot,
Vk’m(xj,T(kj)) > —oo for j > some j*. Then V&V (xj, G )) > —oo for N’ large enough, in fact for all N'geqk,
by (2.23) when j > j*. Then, for any given ¢ > 0, for N* > k chosen such that ok, < /4 for N > N*,
by (2.24), for any j > j*, Vk’N(xj,T(kj)) —¢e/4 < Vke(x; T (kj)) < Vk’N(a:j,T(kj)) + ¢/4. For some jn > j*,
Vk’N(ac(j),T(kj)) S VRN(Z,7%) + £/2 when j > jn, (VPN (&, 7%) is usc in (£, 7%) € BF). This means that for all
N >k, VEN(z,7%) > —oco and that VN (z,7F) < VR (2, 7%) + /4, by (2.24), so using (2.24) again, we get,
for j > jn~, that

VE (s, 7)) S VEN (5,78 ) +e/4 S VEN (2, 7%) +e /ate/2 < VP2 (2, 7F) 4o /A+e /24 /A=VF (2,75 te.

Thus, (#,7) — VF° (&, 7%) is usc in (7, 7%) € B*.
Recall that E[lo™N*1(7)|] — 0, when N — oo. By (2.18) and the monotone convergence theorem (cf. the
Wk N°g introduced above),

#3+1

Elax*(T,7)] < E Z / (5,7),u(s,7),7)ds| + E[VE®(zu(#* 7),7%)]. (2.27)

0<j<k—1

Construction of optimal controls satisfying (2.26). Let us use (2.26) to define, by induction, measurable
controls uy (t, 7) that will turn out to give the optimal control: due to (2.27) and the existence of an admissible

solution, V:°°(0,0) is finite. Define (ug(t,7"),xo(t,7")) to be a control in U0 with corresponding solution
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xo(t, 7°) == 20(¢,7%;0,0) yielding supremum for k = 0 in (2.26), (such a control exists in U0’ by Rem. 2.3).
Evidently, (t,7°) — wug(t,7°) is measurable (7° = 79 = 0, by Proposition 1, ug(,7°) is measurable in t). By
induction, assume, for j < k — 1 and for some measurable set M; C {2; of full P-measure in £2; (Pr[£2;\M;] =
0), that for each 7 € M; a pair (u;(t,77),z;(t,77)) exists such that V7°°(z;(r;,77),77) is finite, and such
that the pair yields supremum in (2.26) for k replaced by j, with z = x;(7;,77), (z;(j,77) = xj_1 (15,7 71),
(., 7575,2) = x;(., 7)), and with u;(.,77) € Udei— (G 7T (¢ 1) u;(t,77) measurable. By the induction
hypothesis, VF=1(x),_1 (41, 7%71), 7) is finite on Mj_;. Since Uk b1 (Fe-1,7" 7 g nonempty for 71 €
M1 (it contains ug_1(., 7F71)), then, by (2.20)*), VE=1k=1 (24 (41, 7%71), 7871 is bounded on M} _1, and,
by (2.23), VF"UN" (241 (7x_1,7), 75 1) is finite for N’ > k — 1, so, by (2.24), VF=1° (25, (71, 7F 1), 77 1)
is a bounded function on Mj_1. Then, by (2.26),

2k
1Mk—1Vkil’oo(wkfl(%kfl,’rkil)’Tkil) = 1Mk—1E a/ f(saxkfl(&Tkil)aukfl(sﬂ—kil)a’r)ds
fk—l

+ VR (g (7K, 781, 7)Y R (2.28)

Taking expectation (E[.|7Y]) on both sides yields a finite expression also on the right hand side. This means
that 1p7, VP (21 (7%, 7F71), 7%) is a.s. finite, (otherwise E[E[1y,_, VF (zp_1 (7%, 7F71), 7%)} 7%~ 1]] would
not be finite). I.e. a measurable subset M* of full P-measure in {2} exists such that
Vk’oo(xk_l(?k,Tk_l)zrk) is finite for 7% € MPF*. Moreover, by Lusin’s theorem, an increasing sequence of
measurable sets {M]}; exists, such that 7% — VFo (g, (7%, 7871) 7%) is continuous on M] C M*, with
meas(M* \ M,ﬁ) — 0 when j — oo. For 7 € M,g, by Remark 2.3 and (2.26) holding for k, a control
k—l)

~ k—1 . . . . . .
ug 1 (.) € Ukzk=1(Tm" )07 with corresponding solution @y 1 (.) satisfying xp » (%) = Tp—1(7%, T exists,

yielding supremum in (2.26) for = xy, .« (7). Then the following equality is satisfied for 7 € M ,1 :

skl
a /k f(sa xk,‘rk (8), uk,‘rk (S)a T)ds + Vk+17w(xk,7k (’TA_/CJrl)’ Tk+1) ‘Tk )
2k

(2.29)

Vk,w(xkil(i_k’Tk—l),Tk) _ qu_k/_*_1

((2.29) reduces to 0 = 0 when 7, > 7F = T).

We want to choose uy ,«(.) to be simultaneously measurable in (t,7%), in which case we write w(t, %)
instead of uy, .« (.) (and zy(t,7%) for the corresponding solution). For T € My, = UjM,g, let UF, be the set of
controls in Uk#+—1 (77" )7 for which (2.29) is satisfied. Define the functions z*~1(¢, 78=1), «*=1(¢,7%~1) to be
the nonanticipating functions that satisfy (zF=1(¢, 7F=1), uk=1(¢, 7%71)) = (z; (¢, 75),u;(t, 77)) for t € (75, T, if
T € Mj, j <k—1, (then these functions are defined for P-a.e. 7 in 2;_1). Let Hj’?,j =1,2,,... be measurable
sets in {2, such that meas(§2;,\ H Jk) < 1/7 and such that, by Lusin’s theorem for Banach space valued measurable
functions, 7 — uF~1(., 7F71): HJ’A€ — L1(J,R") is continuous. Let 7(,) — 7, where 7,7, € Ff =M N Hj’?, and
) ()€ U(kr(n))k' Then, using Ascoli’s theorem, it is easily seen

that a subsequence x*~1(t, (T(nj))k_l) is uniformly convergent to some continuous function z(.) on [0, 7], which
k—l)

assume that ug (r, )r(.) = u(.) in measure, uy, (
k

is a solution of (2.2) on [0, 7] corresponding to u*~1(., 7#~1). Hence, by uniqueness, z(.) is equal to z*~1(¢, 7
The subsequence is also chosen such that the solution Tk, (1)) (t) corresponding to Uk (7)) (.), (which satisfies
T, (ry)* (T(n) J&) = (700 ks (T(n)) 1), converges for each ¢ in (73, 7T] to some continuous function z*(.)
that is easily seen to be a solution of (2.2) on [r,T] with initial condition z, (%) = 2"~ (7, 7%71). By
uniqueness, z*(t) is equal to xj ;«(t) = 2%t T 21 (T, TF L)) For 7F € Ff, -+ (T) € B* if 741 > T,
provided Pr[rp1 > T|7%] > 0, since this inequality must hold for large nj, by continuity in 7. Furthermore,
by continuity in M ,g, for 7% replaced by (T(nj))k in (2.29), the left hand side converges to the left hand side
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as written in (2.29), when n; — oc. For 7% replaced by (T(nj))k in the right hand side, by usc, the limsup of
the right hand side when n; — oo is < the right hand side as written, with uy .+(.) = u(.). Hence, by (2.27),
u is optimal in U’“’f"'*l(%""kal)ﬁ7 it belongs to Ufk. Thus, when U is furnished with the metric of convergence
in measure, (in which it is separable and complete), the multifunction 7 — U fk is outer semi-continuous,
(has the closed graph property), and hence is measurable, on each F f, and therefore measurable on the set
My, = Uij of full P-measure. By Kuratowski’s measurable selection theorem, for each 7% € M, a function
ug (., 7%) € Uk, exists such that 7 — ux(.,7%) is measurable on Mj. Then (t,7) — u(t, 7%) is measurable. Let
ok (t, 7) correspond to uy(t, 7). Obviously, (ug(., %), zx(.,7%)) is defined a.s. and yields supremum in (2.26) for
(z,7%) = (21 (7, TF 1), 7F), T € My As 21 (1h, 7F71) = ap(mh, 7F) for 7, < T, VF°(x(ry,, 7%), 7%) is finite
on Mk.

Define o*(t, 7), u*(t, 7) to be the nonanticipating functions that satisfy (z*(¢,7),u*(t, 7)) = (x; (¢, 7),u;(¢t, 7))
for t € (r;,T] if 7 € M;. Then, as., (x*(t,7),u*(t,7)) = (z;(t,7),u;(t, 7)) if t € (75, 7j31]. Evidently, using
(2.28) for j =0,1,...,k+ 1, we get

k

VOe0,00=> E

Jj=0

#3+1

plaf, f(sw*(s,ﬂ,u*(s,r>>dslff] (70| + BBV i (755, 74, 74 )

By (2.24), the results lim Ey_oc[0f 10 7(7%)] = 0 and 0 < E[E[TK}C+11[O7T](Tk+1)|7'k]"TO} < Ela(m9)|79]
— 0 when & — oo (see comments subsequent to (2.24), and (2.20), for N = k, the last term (i.e.
E[VEFL (g (#F4L 78) 7841 7K]|70]) goes to zero when k — oo, so letting k — oo we get the following equal-
ity (for the convergence of the sum below, see the result limy o E[|on1(7¥1)] = 0 obtained subsequent to

(2.24),
.

Hence, u*(.,.) is optimal. (Note that x*(¢,7) does satisfy (2.3) and (2.4), recall that x(T,7%) € B* when
Pr[i+1 > T|7*] > 0, and notice that

.,_J+1

V9°2(0,0) :iE
7=0

fls,z(s, 1), u" (s, T))ds|7'0] .

Pr[z*(T,7) € B*] = ZPr (T,7) € B*,T € |1, Tks1)]

= ZPr 21(T,7%) € B*,T € |1, Tk41)]
k
= Prlax(T,7*) € BT < 741, 7% < T
k
= Prlag(T,7") € BT < 7jy1, 7% < T)Pr[T < 7ty |7k < T] Prlry < T
k
= Pr[T < mia|me < T)Pr[ry < T
k

= Pr[T € 74, 7e11)] = 1).
3

Remark 2.4. Below we need the following modifications of (2.9) and (2.10). There is given a closed set A
in R™ containing o, such that if £ € ANclB(xo,r;_;(7;)), then " (ri41,7;7,%) € ANclB(zo, 7] (1)), 1 =
0,1,2,..., 7%4(t) = 0. For each 7, for each j > i > 1, for # € ANclB(xo,7;_,(7:)), for some 7} € [7;,Tj11),
the solution z"(t, 7; 74, T), belongs to clB(xo, max{nr} 71(t),m";(t)}) for t € (7;, 7] N J and to clB(wxo, 7} (t)) for
t € (1}, 7j41] N J (instead of to clB(wo,r}(t)) for all t € (75, 7j+1] N J). Furthermore, for each 7, each j > 0, for

some 7} € [7j, Tj41), the solution 2" (¢, 7; 70, 7o) belongs to clB(zo, max{nr;_;(t),nr;(t)}) for t € (75, 7;]NJ and
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to clB(wo, 7} (t)) for t € (7}, 7;41]NJ (instead of to clB (o, r}(t)) for allt € (7, 7;41]NJ). Moreover, (2.9) must be
changed as follows: | fo(t, z,u, )|, | f(t, z,u, T)| < Kj for (z,u, ) € clB(wo, max{nr}_,(t),nr;(t)})xUx 2" when
t € [, 7N, and [fo(t, z,u, T)|, | f(t, 7,u,7)| < K; for (z,u,T) € clB(wo,7}(t)) x U x 2" when t € (1}, 7j+1)NJ.

(Then the start points xy_; ,»—1(7%) belong to ANclB(xo,r}_,(7x)) and fo and f are, as before, bounded by
K} along the solutions x, .« (t) and 2"(t, 7; 7%, %), T € AN clB(xo,7}_(7k)), both properties being used in the
proof).

Letting all V&N (2, 7%), and V*°°(z,7%) be defined only for € A, the proof will be a trivial modification of
the proof above.

Finally, it is not necessary to assume uniqueness of solutions of (2.2) (or in (2.10)). It was done just to save
a few words in the proof; uniqueness is not assumed in the crucial Proposition 2.2.

Remark 2.5. Let @ be a closed set in R"*!. Theorem 2.2 holds even if the requirment (¢,x(¢,7)) € Q a.s. is
added to the requirments in (2.6) for a pair to be admissible.

The proof has then to be changed as follows. In the arguments subsequent to (2.17) (and before (2.18)),
the set B has to be replaced by B¥ N {(x,7%) : (7x,7) € Q}, and the points (f,z) in the definitions of the
two sets S have to be restricted to the sets {(t,z) : (t,z) € Q if Pr[ry41 > t|7] > 0} and {(¢,) : (t,2)
€ Q if Pr[r, > t|7%~1] > 0}, respectively. Finally, the solution z“(¢,7; 74, z) appearing in the definition of the
set U7 | see the beginning of Continued proof of Theorem 2.2, has also to satisfy (t,2%(t,7;7%,7)) € Q if
Prrp1 > t|7F] > 0] a.s.

End conditions of the type h*(x(T,7)) = 0 as, k = 1,...,k" and hy(x(T,7)) > 0 as. , k = 1,..., k",
(¥ hy, continuous), instead of (2.3) and (2.4), can also be allowed. In case of such end conditions, replacing
T by T + 1, with f and fo zero on (T + 1,T], and using auxiliary state variables y* and y; governed by
g% = hF(z(t, )1 r41)5 U = hi(2(t, 7)) 17, 741) reduce the problem to one with restrictions of the form (2.3)
and (2.4). (We can assume h* and hj to be bounded, if not, replace then by h*/(1 + |h*|) and hy/(1 + |hg|)).

Remark 2.6. The weaker condition that p(7;41|70,. .., 7;) is simply measurable in (7j4+1, 7o, . . ., 7;) suffices for
Theorem 2.1 to hold. In this case, by Lusin’s theorem, an increasing sequence of sets {28 },,, exists, 2! relatively
closed in 2%, such that 7% — pu(.|7%) € Li(J, R) is continuous on each 2! | with meas[£2%\ (U,,£2¢,)] = 0. Similarly,
the continuity condition on f; and f can be weakened to continuity in {(t,z,u,7%):t € JJx € R",u € U, 7 €
Qi 7t < t}, where {2 },, is some increasing family of relatively closed sets for which meas[£2?\(U,,(2,)] = 0
(a condition that comes not far from assuming mere measurability in 7¢). Of cource, we may assume 2%, = 2 .

Some hints for a proof: by backwards induction, with lei, N1 = N1 there exists an increasing sequence of
sets {2} ,}m » k= N+1,N, ..., 1, relatively closed in £2%, such that meas(25\02% ) <27~ /m (= Lo 1

k

1ok a.e.), such that {f$(19k+1 - 1Qf\/}+1)/,(,(7'k+1 |7%)d 7k 11} converges uniformly in 7% on each Qf\,’m to zero (use

almost uniform convergence of E[l k41 — 1 ,k41|7;] to zero). Define an = NX_1 925 ,, and note that 15, T 1ok
N,n ’ m

a.e. Then it can be shown by backwards induction that V% is usc on B* N {R" x Qfﬁ,m} for each m, and hence

that V5 is usc on 2% for each m.
Vk—l,N

In fact, assuming that V¥ is usc on B¥ N {R" x Qf\,’m}, the following property entails that is

usc on BF=1 0 {R” x Q]’ifnll} for each m: assume that a sequence of triples (T(j),xj(.),uj(.)) exists, such that
T@;l € Qf\fnll, ul(.) € Uk_ll’%”m, 27(.) a deterministic solution corresponding to u/(.) defined on I; = [, T,
ty = (7)1, q;j(tfj) = 1z, and such that there exist zq,2*(.), u*(.) € U, 7, with 771 € leirtnlw for which

TRl okl gl = g ) — 20, Super.ar |27 (t) — x*(t)] — 0 for I = [mp_1,T], *(to) = o for tg = Tp_1, with
(J) 0 0 J



EXISTENCE OF OPTIMAL NONANTICIPATING CONTROLS IN PIECEWISE DETERMINISTIC CONTROL PROBLEMS 57

(x*(.),u*(.)) satisfying (2.12). Then®

limsup, By, |a(z? (+%) — 27 (8)) + VEN (@9 (+5), 750 7o) |75

) O | < En

a(z* (%) — 2” (to))

+ Vk’N(:E*(?k), ’Tkl,Tk)|Tk1‘| .

3. PIECEWISE CONTINUOUS SYSTEMS

Let us now consider piecewise continuous systems, where the state jumps at the times 7; introduced in
Section 2 above. Hence, to the setup in Section 2, add the feature that

-T(Ti_'_aT) :g(Tiax(Ti_aT)vi)a 1= 1a27"' (31)

So now, t — x(t, 7) is only absolutely continuous (and governed by the differential equation in (2.2)) between
the points 7;, with left and right limits at each 7;,7 = 1,2, ... satisfying (3.1). We take ¢t — z(¢,7) to be left
continuous. The functions fy and f satisfy the general assumptions as before, and g is continuous. It is assumed
that, for some constants «, k, ag, and kg4, for all (t,z,u,7) € J x R" x U x 2", |f(t,z,u,7)| < o+ k|z|,
[fo(t,z,u,7)| < o+ kl|z|, and [§(¢, x,1)| < ag + Kglx| (for all 7). For h* = 0, we now want to maximize the
criterion in (2.1).

Theorem 3.1. Assume that the components g™ of g :== ¢ — x satisfy ¢"* =0 form =1,...,ny, and g™ > 0
form =ny +1,...,ma. Assume also that k. in (2.5) satisfies k. < 1/k,. Assume, finally, that an admissible
solution (z(t,7),u(t, 7)) of (2.2),(3.1) ewists, that U is compact, and that N(t,z,T) is convex (see (8)). Then
there exists an optimal pair (x*(t,7),u*(t,7)).

Remark 3.2. If the assumptions on the components ¢, m = 1,...,no fail, then we run the risk that no
admissible solution exists. (See the discussion in Sect. 3.4 in Seierstad [10]). Formally the conditions ¢" = 0 for
m=1,...,n1, and g™ > 0 for m =ny + 1,...,my can be dropped.

It is not difficult to carry out essentially the same proof as above even in the present jump situation, it would
add some few more details. However, being more than long enough, we did not want the proof to become even
longer by adding in these extra details. So, instead we shall use Theorem 2.1 in an suitably rewritten system to
obtain Theorem 3.1, even if that necessitates some tedious, mainly “book-keeping” arguments.

Proof. Theorem 2.1 holds for any norm |z| on R™ equivalent to the Euclidean norm, and given this norm,
we shall use the max-norm |(z,y)| = max{|z|,|y|} on R™ x R™. Define # = (z*,...,2"2,0,...,0) € R and
At) = zo + (t/T)(T — x0). Let us introduce translated trajectories Z(t,7) := z(t,7) — A(t), governed by the
system

di/dt = f(t, &, u,7) = f(t, & + \t),u,7) — (1/T)(Z — x0),£(0) = 0,
=g, &(ri—, 7) + M7:), 1) — A7),

6To prove this inequality, note that — K, < a(xd (#%) — z7 (t%)) +VEN (g7 (#F), 7F) < K, for some positive K« independent of 7%
and j, (the left hand inequality holding only if V¥ (27 (#%), 7%) is > —c0), and, hence, for n large, o/ := Er, [{a(z’ (+F) — 27 (t]})) +

VEN @), 7 TV on (5 il ) € BryHa(@d (34) = 2 (6) 4 VN @ (9), 7m0V g,y mi)l 1] e, e
cause for n large Er, [{a(z(7%) —z(t])) + VFN (27 (7F), T@;ly‘f—k)}lﬂk\n}c\,} |‘r(’3;1] < ¢ uniformly in j. For some subsequence j; both

k—1

limadi = limsup; o/ and p(.|7 ') — w(|7%~1) a.s. Then, by Fatou’s lemma, limj,a/ = e+limsupj, Er, [{a(z9i (7¥) — x(tél)) +

(Js)

T k—1 k—1 k—1 A ~ — — —
VIc,N(g:Jz (Tk)"r(jq‘,) ’Tk)}lgjkir,n (T(ji) ,Tk)“r(ji) ] <e+ ETk [{a(m* (7-’9) _ gj*(to)) -+ Vk,N(m* (Tk),Tk 1’Tk)}191]‘<,m (Tlc 17Tk)‘7'k 1}.
Letting n — oo, then ¢ — 0 and we get the asserted inequality. (From this we also get that solutions wuy -, (t) in the section
subsequent to (2.27) again exist).
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with criterion integrand fot, &, u,7) = fo(t,Z+ A(t),u, ). Note that if \* = max;c s |A(t)|, then | f(t, %, u, )| <
6ot w2, | folt, &, 7)| < G+wlal, [9(r, i 7). 0)] < Ggth g\l‘\ &= (1/T)|zo—2|+atrA", dg = A" +%+"€g/\*
The end condltlon on Z(T,7) is (T, 7) = 0 a.s. form:} ,ny, (T, 7) > 0 as. for m=ny +1,...,ns.

Below, we write x, o, f, fo,9, &, and a4 instead of &, Zo, f, fo, §, &, and d&,. O

A. Assume first that there exist two sequences of positive numbers M;, K;, and positive continuous nonde-
creasing functions 77 (.),7 = 0,1,..., sup; ;c(o,m 7 (t)/k' < oo and sup; K;/k' < oo for some k € (1,1/k,), and
S V/M; < oo, such that |f(t,z,u,7)| < K; and |fo(t,x,u,7)| < K; for all (z,u,7) € clB(0,r}(t)) x U x 02",
for all t € (7;,7i+1], and such that, for any control u(.,.) € U’ and any 7 € 2", with 7, € (0,7), and
any T € clB(0,75_, (%)), any solution x(t,7;7k,%), t € [k, T], of & = f(t,z,u(t), ) starting at (1, ) (i.e.
x(T—, T; Tk, &) = &) and satisfying the jump condition (3.1) for ¢ > k, by assumption satisfies z(t, 7; 7%, ) €
clB(0,775(t)) for t € (15, 7j41]NJ, j > k. Moreover, x(t,7;0,0) € clB(0,77(t)) for t € (1;,741)NJ, j = 0,1,..., for
any solution x(t,7;0,0) on [0,T]. Assume moreover that |§(¢,z,i) — x| < M; when |z| < max{nr;_,(t),nr}(t)}.
(These conditions are called the auxiliary conditions). This jumping system can be rewritten as a nonjumping
system as follow:

let M = 202 (M; + /IL), My = 0, aj := >7_o(M; + /M), and bj := M; + \/Mj. For i = 1,2,..., let
o; =o0i(1) =7 +a;—1 if 7, <T,and 0; := 04(1;) := T + M+ 7; if ; > T, moreover, let o9 = 0. There is
an one-one correspondence between the ¢;’s and the 7;’s. Note that o; < T + M < 7, < T. In an obvious way,
the densities p(7x|7%71) give rise to densities p*(o1|0*~1), k = 0,1,2..., that, by the way, are equal to zero on
[O'k_1, Ok—1+ bk—l] N [0, T+ M]

Let 0 = (00,01, ...) and let v(t, 0g, 01, . . .) take values in U, be nonanticipating and simultaneously measurable
on each set [0, 7 + M| x 2/, 2} := {(00,01,...) : 0401 > T + M}. (The set of such controls is denoted U"). For
t € [0, T + M], define

ho(t,Z(.),U,O’o,O’l,... Zfo — Q4,2 ’U,T(),Tl,...)1(0—i+bi,gi+1](t) andforg ::g—l‘,
h(t,z(),v,00,01,...) = > f(t = ai, 2(6), 0,70, 71, - Yo, 000000)(E) + D (73, 2(03), 1)L (010,420, (8) /M.
i=0 =1

Then, for any given v(t, o), let 2¥(t,0) := z(t,0), for t € [0,T + M], be the solution — continuous in ¢ — of the
retarded equation

2(t,0) = h(t, 2(.),v(t,0),0),2(0,0) = 0. (3.2)
Define, for s € [0,T7,
z(s,7) = Zz(s+ai,o)1(gi+bmi+l](s+ai), (3.3)
i=0
and
u(s,7) =Y _0(s+ ai, 0) (0, 1,00 (s + a:). (3.4)
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Now, z(t, o) satisfies 2(t,0) = f(t—ai, z(t,0),v(t,0),70,71,...) for t € (0;+b;,0i41],t < T+ M. Assume 1; < T.
Then, for t' € [, Tiy1),t' < T,

ZL’(t/,T) - x(Ti"_aT) = Z(t/ + (li,O') - Z(Ji + bi,a)

t'+a;

:/ ft—ai, z(t,o),v(t, o), 7)dt
oi+b;

:/ f(s,z(s+a;,0),v(s + a;,0),7)ds

- [ fostomiatom s

Note that z(t,0) is constant on (o; + M;, 0; + b;). Moreover, for 7; < T,

x(ri+,7) —a(ri—,7) = 2(0; + My, 0) — z(04,0)
oi+M;
(1/M;)g(7i, 2(04,0),1)dt

o

9(7i, 2(04,0),4) = g(7i, 2(7i—,7), ).

Hence, (z(.,7),u(.,7)) satisfies (2.2) and (3.1). Symmetrically, if (x(.), u(.)) satisfies (2.2) and (3.1), there is a
pair (z(.,.),v(.,.)) satisfying (3.2), (u(.,7) and v(.,0) again related as in (3.4)).

Now, (3.2) is a retarded differential equation. There would be no problem if Theorem 2.1 was proved for
nonjumping states governed by retarded equations, (and the proof would be almost the same). But let us stick
to ordinary equations: we shall work with two states, z, developing as before, and y, being equal to z, except
on each (0;,0; + M;], where it is constant and equals z(o;,0), and on each (o; + M;, o; + b;] where it develops
in such a manner that it reaches the constant value z has on (o; + M;, 0; + b;] before the end of the interval,
(in particular, y(o; + b;,0) = z(0; + b, 0)).

Define

0o 0o
hl(t7 Z,Y,V,00,02,.. ) = Zf(t — A4, 2,0,7T0, Tly - - -)1(ai+bi,ai+1](t) + Zg(Tivya i)l(ai,aiJrMi](t)/Mia
=0

=1
and
o o
hQ(t, 2,Y,0,00,01, .- ) = Z f(t — A, Z2,0,T0, T1, - - ')1(0'i+bi70'7‘,+1](t) + Z H(Z? y)1(01+Mi7<77‘,+bq‘,](t)’
i=0 =1

where H(z,y) has the components H™ := H™ (2™, y™) := —2(y™ — 2™)V/2 if y™ > 2™ H™ := 2(2™ — y™)1/?
if y™ < 2™ m =1,...,n. Evidently, H is continuous. The equations governing z and y are Z = hy(¢, z,y,v,0)
and § = ha(t, z,y,v,0), z(0) = y(0) = 0. Define v; = 2"™(0;) — 2™ (0; + M;) and note that

oi+M;
< / 1dt = M;,
g

i

oi+M;
el = |2 (02) — 2™ (o + M;)| < /“ (1/M)g™ (i, 2(02, o), §)dt

i

when o; < T + M. Now, the equation g™ = H™(z™,y™),y"(0; + M;) = 2™ (0;) given, has the unique solution
YE) = (b4 o4 M+ AP+ (o + M)
on (o; + My, 0; + M; + /7] C (05 + My, 0 + M; + /M;] if 7; > 0, and if 4; < 0, then

Y™ (t) = —(—t+ 01 + Mi + V=7 )? + 2" (0s + M)
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on (o; + M;,0; + M; + /=], whereas y™(t) = 2™ (0; + M;) on (0; + M; + \/|vi|, 05 + bi], recall that
z(t) is constant on (o; + M;,0; + b;]. Define the continuous function r;*(¢t) by r*(t) = r;(t — a;—1) for
t € [ai—1, T+ a;—1), with r*(¢) constant on [0, q;] and on [T'+a;, T+ M]. When t € [0; +bj,0541), t <T+ M
and (Z,9) = (z,z) € clB((0,0),r*,(0s)) (so T € clB(0,r}_(7))), then (2(t,0;04,(Z,9)),y(t,0;04, (2,7))) and
(2(t,030,(0,0)),y(t,0;0,(0,0))) belong to clB((0,0),77*(t)), where

Z(t,O’;O’Z‘,(Z,g)) y(t O-;Uiv(zag))
=a(t —aj,7;7,%) € clB(0,77(t — a;)) C clB(0,7;(t — ai—1)) = clB(0,77"(1)).

Moreover, when t € [0j,0; + b;), t < T + M, then the components 2™ (t,0;0;,(Z,9)) and y™(t,0; 04, (%,7))
belong to

(2™ (1j—, 7370, @), " (754, T3 73, T)] C lB(0, max{r;_(7;),7(7;)})

ClB( (75 +aj—2), 75" (15 + ai—1)})
clB(0, max{r*(rj + aj-1),7;"(1j + a;j-1)})
C1B(0 max{r;,(0;),7i"(0;)}),

0, max{rj*

so (z(t, 0304, (2,9)),y(t, 0304, (2,9))) € clB((0,0), max{nr;*,(t),nr;*(t)}). Similarly, when t € [0}, 0541 + b)),
t<T+ M, (2(t0;0,(0,0)),y(t,0;0,(0,0))) € clB((0,0), max{nr;*, (t),nr;(t)}). Define 7" := max; 7;*(¢). Due
to the auxiliary conditions, this system (i.e. (ho, h1, he)) satisfies all conditions placed upon a nonjumping system
in Theorem 2.1, combined with Remark 4 above: the property |ho(t, z,u, 0)|, |h1(t, z,y,u, 0)|, |ha(t, 2, y,u, 0)| <
K; = max{n, 4n2 2,77 K;} holds for t € (04,05 + b;), 2,y € clB(0,max{nr;*,(t),nr;(t)}), and for ¢ €
(05 + biy0i41), 2,y 6 clB((),r**( ), (H™)? < 8n(max{r! ;,r!}) when t € (0, + My, 00 + b;],t <T + M,z,y €
clB(0, max{nr;*,(t),nr;*(¢)})). Finally, in this nonjumping system, the criterion is EfT+M ho(t, z,v,0)dt.
Theorem 2.1, with Remark 2.4 (A = {(z,z) : € R"}), implies the existence of an optimal control u.(¢,o) in
this system, which implies the existence of an optimal control u*(¢,7) in the original jumping system.

B. Consider next the case where |g| < M;, >~ /M; < oo is not satisfied. For any 4, there exist positive nondecreas-
ing continuous functions 7;(.) and positive numbers K; and k € (1,1/k, ) such that |fo(t,x,u, 7)|, | f(t, z,u,T)]|
< K; when 2 € clB(0,7;(t)), (u,7) € U x 2", t € (7i,7i11), with sup; K;/k* < oo, sup, o) Tt )k < 0.
Moreover, the following property holds: for any w(.,.) € U’, for any 7 € 2", for any & € cIB(0,r,_,(7;)), any
solution (¢, 7;7;,Z) of (2.2), (3.1) on [r;, T] with " (7;,—, 7;7:,%) = T, satisﬁes |z (t, 773, Z)| < 7;(t) when
t € (75, 7j41). Also |z%(¢,7;0,0)| <r;(t) when t € (TJ,TJH) for any solution z(y,7;0,0) on [0, T].

To see this, choose numbers +’ > x and &}, > kg, xj, > 1, such that k. < 1/kj, and let 3 := max{ag/(
Kg), /(K — K)} When [z| > 3, then rg|z| > a4 + kg|Z| and £'[z| > a + k[z|. For any u(.,.), when |
B(rl)Et "'k then

[ (Tt 73 Ty B)] < g + 1 Bl )F e TE < B(Rp)E e T
and for t € (7, 7k+1], by Gronwall’s inequality, |z"(t,T;7%,2)| < B(k! ) e Teer (t=Tk) = ﬁ(f@’g)ke”“/t, where
x*(t,T;%, &) is any solution starting at (7, —, Z) corresponding to u(.,.). Moreover,
2 (Thr1+, 75 7, ©)| < 9 (ke 1, 2 (Togr —, 757, T), k + 1))
< ag + kg B(r, )k e i
< AR T = B ) H e

so for t € (Tk+177—k+2),

(17,370, B)] < (BT e T () = (LN

9
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. . . . . . . . ~ p— /
Continuing in this manner, it is easily seen that for i > k, when ¢ € (7;,7;41) and |Z| < §(k})*~'e” ™, then
~ ’ ; ! _ 7 .
|z (t, T3 71, T)| < ﬂ(/{’g)ke”’ (k)" ket (t=7k) < ek t(/{’g)l =:7;(t).

Finally, put K; = o + ksup;cpo7y7i(t). The existence of functions r;(t) and numbers K; with the above
properties has then been shown, (for any k € (K, 1/ks)).
Note also that 3 > ay/(k}, — Kg), hence [§(t, x,i)| < ay + Kglz| < kLB when |z] < ', 3" > 3, so

G(t, x,4)| < kynry (t), when |z| < nry(t). (3.5)

Choose a decreasing sequence d; € (0,1], with dy = 1, such that M; := max{d;—1(k; +
D)nsupyepo, ) ri-1(t), di(ky + 1)nsupyepo ) 7i(t) } satisfies Y272 v/M; < oo. Consider now the system

y=flt,y,u,7) = Zdif(t,y/di,U,’T)].[Ti’.ri-%—l)(t), y(0) =0,
i=0

folt,y,u,7) == >0, Jo(t,y/di;u, 7)1 [ri rivry(t), with jumps governed by y(ri+) = g(ri,y(ri—),i) =
d;§(7i,y(17;—)/di—1,1) and with end conditions y™(T) = 0, m = 1,...,n1, y™(T) > 0, m = ny + 1,...,no.
Evidently, ‘f01[7i77i+1)(t)| = |fot,y/di,u, 7)1 [7i 7i+1y(t) < K; when |y| < dir(t), (then |y/d;| < 7(t)) More-
over, \fl[ﬂ’ﬂ:“)(t) = |dif(t,y/di,u, 7)1}z 7it1)(t) < diK; < K, when |y| < d;r;(t). Now, for any solution
x(t, 5 7k, T), the function y*(¢, 75 7%, 9), defined by y“(¢, 75 7%, y) = djx (¢, 757k, ) for t € (73, Tit1] » § = di—12,
is a solution of this new system (in particular y*(7;+, 7; 7%, §) = diz*(1i+, 73 7%, §) = dig(1i, 2 (75—, T3 Tk, §), 1) =
dig(1i, vy (Ti—, T3 Tk, Y) /diz1, 1) = §(7, Yy (Ti—, T3 Tk, §), 1), @ > k). Then, evidently, |y* (¢, 7;7%,9)| < d;r;(t) for
t € (15, 7j+1] when |g| < dg_17%—1(¢). Finally, by (3.5), when |y| < d;—1nr;—1(t), then

Gt y,1) =yl = |dig(t, y/di1,7) — y| < diwgnri1(t) + di—anri1 (t) < dimamri (t) (kg +1) < M;

and for |y| < d;nr;(t),
19t y, 1) =yl = |dig(t,y/di-1,0) — y| < dirgnri(t) + dinr(t) < dinri(t) (kg +1) < M.

For r}(t) = d;r;(t), the system (fo, 1, g) satisfies the auxiliary conditions in A, so an optimal pair (y*(.,.), u*(.,.))
exists. Defining z*(t) = y*(¢)/d; for t € (73, Tit1], then (2*(.,.),u*(.,.)) is optimal in the original jumping
system, ((2.3) and (2.4) are satisfied because y* (¢, 7) satisfies y**(t,7) = 0,4 = 1,...,n1 and y*(t,7) > 0,i =
ni+1,...,n2 as. Thus ), (T, 7)d; 1| (T'), and so also z*(T', 7)d; 1, (T') and hence z*(T', 7), satisty
the same relationships a.s.).

TiyTit1) Tit1)

Remark 3.3. A question has been raised if, in my setting, a proof would be more rapidly constructed if
one made use of infinite horizon, autonomous discrete time dynamic programming results, as Davis [3] does.
In Davis [3], Bertsekas and Shreve [1] is used and there the criterion is required to be nonpositive when a
maximization is carried out. One would need to rewrite the problem to be Markovian, using a state y to
represent time, and a jumping state z with an infinite number of coordinate to represent (71, 72,...) (at jump
k it equals (11,...,7%,0,0,...). As I don’t want to use nonpositivity of the criterion, the last mentioned book
could be replaced by Hernandez-Lerma et al. [9], as my problem yields a transient discrete time model in the
sense of that paper. However, if one aims at Borel measurable controls and the dynamics are given by difference
equations, usc, and not only measurability, of the optimal value function is needed. If, for some suitable metric
on the set of states z, the optimal value function as a function of (z, z) is going to be usc, then in particular we
need to know that (z,7%) — V*°°(z, 7%) is usc for any k, i.e. we would surely need the proof presented above for
this fact. To go between the discrete time and the continuous time model, compactness and measurable selection
results as exemplified by Proposition 2.2 and the arguments subsequent to (2.29) would again be needed. Even
if possible, it seems that not much would be gained by using such an approach.
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