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ASYMPTOTIC STABILITY OF STATIONARY SOLUTIONS
TO THE DRIFT-DIFFUSION MODEL IN THE WHOLE SPACE

Ryo KoBAYASHI' 2, MASAKAZU YAMAMOTO? AND SHUICHI KAWASHIMA*

Abstract. We study the initial value problem for the drift-diffusion model arising in semiconductor
device simulation and plasma physics. We show that the corresponding stationary problem in the
whole space R™ admits a unique stationary solution in a general situation. Moreover, it is proved that
when n > 3, a unique solution to the initial value problem exists globally in time and converges to
the corresponding stationary solution as time tends to infinity, provided that the amplitude of the
stationary solution and the initial perturbation are suitably small. Also, we show the sharp decay
estimate for the perturbation. The stability proof is based on the time weighted L? energy method.
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1. INTRODUCTION

We study the following drift-diffusion model arising in semiconductor device simulation and plasma physics:

up — Au+ V- (uVy) =0, (1.1a)
vy —Av =V - (vV) =0, (1.1b)
—AY = —(u—v) + g(z), (1.1c)
with the initial conditions
u(z,0) = up(x), v(z,0) = vo(z). (1.2)

Here u = u(z,t) and v = v(z,t) denote the electron and the hole densities, respectively, in the semiconductor,
while ¢ = ¢ (x,t) is the electric potential and g = g(z) is the impurity doping profile.
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The initial value problem (1.1), (1.2) in the whole space R™ was considered by Kurokiba and Ogawa in [12].
They showed the global existence of solutions for nonnegative initial data (ug, vo)(x) and for g(x) in L? spaces.
Asymptotic behavior for ¢ — oo of these global solutions was studied in [1,10] in a special situation where
g(xz) = 0. We know that these global solutions decay to zero in L? norm at the rate ¢t~ ("/2(1=1/P) a5 ¢ — oo,
provided that the initial data are in L' N L°°. For the details, we refer the reader to [1,10].

Our drift-diffusion model (1.1) is a parabolic-elliptic system. Similar parabolic-elliptic systems also appear in
other models, such as an astrophysical model (a model of gravitating particles) and a model of chemotaxis (see,
for example, [3,5,9,20] and references therein). For mathematical theory of those models, we refer the reader
to [2-4,15,17] and references therein.

In this paper we study (1.1), (1.2) for g(z) satisfying

9(r) = goo

as |z| — oo, where g is a real constant state. For the initial data, we assume that ug(z) — u and vo(z) — v
as |z| — 00, where us and v, are nonnegative constants. In order to discuss the asymptotic behavior of solutions
to (1.1), (1.2) in this situation, we need to study the corresponding stationary problem in the whole space R™:

—Au+ V- (uVy) =0, (1.3a)
—Av -V - (vVY) =0, (1.3b)
—Ap = —(u—v) + g(x), (1.3¢)

with the requirements
u(x) = Uoo, (T) = V0, Y(x)—0

as |z| — oo, where us and vy, are the above nonnegative constants. It is also assumed that the derivatives of
our stationary solutions tend to zero as |z| — co. In this situation we must have

—(Uoo — Vo) + goo = 0. (1.4)

The stationary problems for (1.3) in a bounded domain 2 with natural boundary conditions on 92 were
considered in many papers. It is well known that these stationary problems admit unique solutions in the space
L2(02) or LP(£2). Moreover, these stationary solutions are asymptotically stable in the sense that the time-
dependent solutions to the corresponding initial-boundary value problem for (1.1) converge to these stationary
solutions exponentially as t — co. See, for example, [1,14].

Our stationary equations (1.3) in the whole space R™ can be reduced to a single equation. This can be verified
as follows. We rewrite the first equation (1.3a) as V- (e¥V(ue™)) = 0. We multiply this equation by ue™ —uq,
and integrate over R”™. This gives ue™% = u,,. Similarly, we get from (1.3b) that ve¥ = v,,. Consequently, we
have

U= use?, v=vye Y. (1.5)

Substituting these relations in (1.3¢) and subtracting (1.4), we obtain
— A = —use(e” — 1) = veo(1 = e7¥) + g(2) — goo- (1.6)

This is the reduced stationary equation in which us, and v, can be considered as nonnegative parameters of
the problem.

In this paper we first show the existence and uniqueness of stationary solutions to (1.6) with us, Voo > 0
in the whole space R™. This is an improvement on our previous result obtained in [11] under the restrictions
Uy = Voo > 0 and goo = 0. As in [11], our existence proof is based on a fixed point theorem of the Leray-
Schauder type (called the Browder-Potter fixed point theorem [18]). A crucial point of the proof is to derive the
a priori estimate of stationary solutions and this can be done by using the weighted LP energy method.
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The second purpose of this paper is to show the asymptotic stability of the above stationary solution when
n > 3. We prove that a unique solution to the initial value problem (1.1), (1.2) exists globally in time and
converges to the corresponding stationary solution as ¢ — oo, provided that the amplitude of the stationary
solution and the initial perturbation are suitably small. This stability result is based on the LP energy method.
Moreover, by employing the time weighted L” energy method (which is a modification of the one used in [8,10]),
we obtain the rate of convergence toward the stationary solution. When the initial perturbation is in L2 N L4
for ¢ with 2 < ¢ < n, the convergence rate obtained in L? norm is ¢t~ ("/2(1/2=1/p) for 2 < p < ¢ and this rate is
just equal to the optimal LP-L? decay rate for the heat equation (see Thm. 4.3). On the other hand, we could
not prove such a sharp decay estimate for n < ¢ < co and n < p < ¢ (see Thm. 4.5). This provides a striking
contrast to the corresponding result for g(z) = 0 in [10]. Our result may suggest that p = n is the critical
exponent in showing the optimal decay in L? for our problem.

This paper consists of five sections. In Section 2, we introduce several inequalities which are used in this
paper. We show the existence and uniqueness of stationary solutions in Section 3. In Section 4, we discuss the
asymptotic stability of stationary solutions in LP (2 < p < oo). Finally in Section 5, we consider the decay of
the derivative of perturbations in order to derive the asymptotic stability of stationary solutions in L*°.

Notations. For z = (x1,...,2,) € R™ we denote by 0,, the differentiation with respect to z;. Also, for a
nonnegative integer k, 9 denotes the totality of all the k-th order differentiations with respect to x € R™. The
symbols V = 89, = (9z,,...,0,,) and A =37 | 92 denote the gradient and the Laplacian in the n-dimensional
space, respectively.

For 1 < p < oo, LP = LP(R™) denotes the usual Lebesgue space on R™ with the norm || - ||z». Let s
be a nonnegative integer. Then the corresponding Sobolev space WP = W#P(R") is defined by WP =
{f € LP; O%f € LP for k < s}. When p = 2, we write H* = W*2, For a € R, L = LE(R") denotes the
weighted LP space on R™, which consists of functions f satisfying (1 + |z|)*f € LP, equipped with the norm
I fllze = [|(L + |=|)* f||zr- In particular, for 1 < p < co, we have

1= ([ perisepa)

The corresponding weighted Sobolev space WP = W2P(R") is defined as WP = {f € LP; 9%f € LP for
k < s}. We write HS = W22 for p = 2.
In this paper, various positive constants are denoted by C' or ¢ without confusion.

2. PRELIMINARIES

In this section we give several preliminary inequalities used in the paper. First, we consider the Poisson
equation
—Ayp = f. (2.1)
The corresponding fundamental solution K () is given by
g [l (n > 3),
K(z) =
5 log || (n=2),

where |S™~1| = 27™/2/T'(n/2) is the surface integral of the (n — 1)-dimensional unit ball. Then the solution to
(2.1) is given formally as ¢(z) = (K * f)(z) so that we have formally

Vi(z) = (VK = f)(x). (2.2)
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In this paper we always define the gradient of the solution to the Poisson equation (2.1) by the formula (2.2).
Then, applying Hardy-Littlewood-Sobolev inequality, we have:

Lemma 2.1 (special Hardy-Littlewood-Sobolev inequality ([19,21]). Letn > 2, 1 < r < n and 1/r* =
1/r —1/n. If ¢ is a solution to the Poisson equation (2.1), then we have

VY[ < Clifllzr - (2.3)
Also we have the following elliptic estimate in the weighted space LP.

Lemma 2.2 ([6,13]). Letn >1,1<p < oo and —n/p < a < n(l —1/p). Then, for ¢ € L}
we have

with Ay € L2,

loc
10201 L5 < Cll APz (2.4)

Next, we list up several interpolation inequalities which are frequently used in this paper.

Lemma 2.3 (Gagliardo-Nirenberg inequality [16]). Let n > 1. Let 1 < p, q, r < oo, and let k be a positive
integer. Then for any integer j with 0 < j < k, we have

102wl Lo < CllOGul|FalullL-?, (2.5)
where . ) - )
s (1) !
p n q n r

for a satisfying j/k < a < 1; there are the following exceptional cases:

(i) if 1 =0, gk < n and r = oo, then we made the additional assumption that either u(z) — 0 as |x| — oo or
ue LT for some 0 < q' < oo;
(ii) if 1 <r < o0, and k — j —n/r is a nonnegative integer, then (2.5) holds only for a satisfying j/k < a < 1.

As a special case of (2.5), we have the following estimate for n > 2 and 1 < r < n:
lullp~ < Cl|0zul -, (2.6)
where 1/r* =1/r —1/n.
Lemma 2.4 ([7,8]). Let n > 1. Then we have
lullze < CUV(Juf )| ful (2.7)

for2<p<ooandl<q<p, wherey=(n/2)(1/q—1/p).

Lemma 2.5 ([8]). Letn > 1. Then we have
10ul|Le < ClO(IOulP/?) | 727 |fu) 757+ (2.8)

for 2 <p< oo and
2 2 2
18ul%2? < Cla(IoulP’ )32 P 1aulP/) |2

forp=2and 4 <p < oo, where 0 =0y, fori=1,...,n
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3. STATIONARY SOLUTIONS

We study the stationary equation (1.6), i.e.,
— M) = (e’ — 1) —vso(L — ") +§() (3.1)

in the whole space R™, where g(z) = g(z) — goo; g(z) is a given function, and u~, Ve and go, are constants
satistying teo, Voo > 0 and (1.4). It is known from [11] that this equation has a unique solution in the special
case where us, = Vs > 0 and go, = 0. Here we prove the existence and uniqueness of solutions to (3.1) without
this restriction. We put

FlY] = too(€¥ — 1) + v (1 —e™¥) (3.2)

and rewrite (3.1) as
—AY + Fly] = g(). (3-3)

First, similarly to [11], we show the uniqueness of solutions.

Theorem 3.1 (uniqueness). Let oo > 0 and vo > 0. Let n > 1 and 2 < p < oo, and suppose that g € LP.
Then the solutions to equation (3.1) are unique in the space WP 0 L.

Proof. Equation (3.3) is rewritten as

—AY + a1y + G[Y]

g(z),
where a1 = 2,/UccVo0 and
G['IM = FW)] - 011/1 = uoo(ew - 1) + Uoo(l - eiw) - 2\/uoovoow~ (34)

We notice that G satisfies (a — b)(Gla] — G[b]) > 0 for all a,b € R since the inequality G’[a] > 0 holds. Let ¢1
and 12 be solutions to (3.1). Then the difference 1) = 11 — 15 satisfies the equation

—AY + a1y + (Gly] — Glya]) = 0. (3-5)

We multiply (3.5) by [¢[P~2% to obtain
a1y + co| V([IP2)? + [P 72 (%1 — 92)(Glen] = Glal) = V - ([W[P~*9Vy) =0,
where ¢y = 4(p — 1)/p?. Integrating over R"™ and noting that (¢; — 12)(G[t1] — G[i2]) > 0, we have
Nz + IV (2172 < 0,
which shows that ¢ = 0. This completes the proof. g

Next, similarly to [11], we prove the existence of solutions to (3.1) by applying the fixed point theorem of the
Leray-Schauder type (called the Browder-Potter fixed point theorem [18]). For lower dimensional case 1 < n < 3,
we have the following existence theorem in the weighted L? spaces.

Theorem 3.2 (existence). Let too >0 and voo > 0. Let 1 <n < 3 and a > 0, and suppose that § € L2. Then
equation (3.1) has a unique solution ¢ € H2 (C L) such that

1]z < Cllgllz - (3.6)
Moreover, if G € HS for an integer s > 1, then the solution verifies the additional regularity ¢» € HZ+2.

For higher dimensional case n > 2, we have a similar existence theorem in the weighted LP spaces with
n<p<oo.
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Theorem 3.3 (existence). Let uoo > 0 and v > 0. Let n > 2, n < p < oo and o > 0, and suppose that
G € LP. Then equation (3.1) has a unique solution 1» € WkP (C L) with V(|0,9|P/?) € Lip/2 such that

191520 + IV 52 < CllglTy- (3.7)

Moreover, if g € WP for an integer s > 1, then the solution verifies the additional regularity 1» € W3+tLP with

s+1 2 2
V(‘ax w|p/ ) € Lap/2'

Remark 3.4. When § € L2NLZE in the above theorems, the solution ¢ is in H2NWL? with V (|0, |P/?) € Lipm
and satisfies the estimates (3.6) and (3.7). Moreover, we have the regularity 9%¢) € L?,, where 0 < o/ < o and

o/ < n(l—1/p); this regularity follows from the fact that Ay € L2 and the estimate (2.4).

These existence theorems can be proved by the same method employed in [11] where the special case uq, =
Voo > 0, goo = 0 is treated. So we will only give the outline of the proof. As in [11], we use the following fixed
point theorem of the Leray-Schauder type.

Theorem 3.5 (Browder-Potter [18]). Let X be a Banach space and let S be a closed convex subset of X. Let
D\ (V) = P(, \) be a continuous mapping of (¥, \) € S x [0,1] into a compact subset of X, with the following
properties:

(i) @0(95) C S;

(ii) for each A € [0,1], @5 has no fized point on OS.

Then the mapping 1 has a fized point in S.

Let X, be a Banach space defined by X, = L” _ N L%, with the norm

/2 a/2
-l = - ez, + 1 - s,

We take X = X5 and X = X, with n < p < oo to prove Theorems 3.2 and 3.3, respectively. We choose a closed
convex subset S as S = {¢ € X,,; [[¢]x, < M}, where M is a suitably large number. We need to define the
corresponding mapping to apply the above fixed point theorem. For this purpose, we rewrite (3.1) as

—AY + (Uoo + Vo0)t = —H[P] + g, (3.8)
where H|[i] is the nolinear part of F[¢] in (3.2) and is given by

H[y] = F[y] = (oo + vo0)¥)
=Uoo(€¥ — 1) + Vo0 (1 — ™) — (Uoo + Voo )2 (3.9)

We introduce a parameter A € [0,1] and modify the equation (3.8) as
=AY + (oo + Vo0 )t = AM—H[¢] + 7). (3.10)
This equation can be transformed to
b= M=A+ (uoo +vee)} T (H[Y] + ).
The desired mapping @ (v) is then defined as
DA() = M=A+ (oo + v0)} T (—H[Y] + 9),

so that our solution ¥ to equation (3.1) can be obtained as a fixed point of the mapping @1, that is, ©» = @1 (v)).
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Let 0 < 3 < a. Then we see that the imbedding H2 C L%OLEO is compact for 1 < n < 3. Also, the imbedding
whr c Lg N LF is compact for n > 2 and n < p < oco. Therefore, as in [11], we can verify that our @, is
a continuous mapping of (¥, \) € S x [0,1] into a compact subset of X, where X and S are defined above.
Also, our @, satisfies the first condition of Theorem 3.5 because of &y = 0. To check the second condition of
Theorem 3.5, we will show the a priori estimate of solutions to (3.10) given in Proposition 3.6 below. Once
this is done, our @, satisfies the second condition of Theorem 3.5 for S with suitably large M. Consequently,
Theorem 3.5 is applicable to our problem and we have a fixed point ¥ € S of the mapping ®;. This fixed point
is a desired stationary solution stated in Theorems 3.2 and 3.3. For the details, we refer the reader to [11].

Therefore, for the proof of Theorems 3.2 and 3.3, it suffices to show the following a priori estimate of solutions
to equation (3.10).

Proposition 3.6. Let uso > 0, oo > 0 and XA € [0,1]. Let n > 1, 2 < p < o0 and § > 0, and suppose that
g€ Lg. Let v be a solution to the nonlinear equation (3.10) such that ¢ € L, NL%,. Then we have 1) € Wg’p

B/2 B/2:
and V(|0,0|P/?) € L%p/Q. Moreover, the solution satisfies the a priori estimate
111y + ||V(|5’ac¢|1”/2)||2L§p/2 < ONlIgliLs (3.11)

where C' is a positive constant independent of .

Proof. Let g € L} and let ¢ € Lg/2 N L3, be a solution to the equation (3.10). We have from (3.9) that

|H ]| < (1/2)(too + voo)|th|?e¥]. Therefore H[¢] is in L7, and satisfies

IH ]|y < (1/2) (oo + va0) 8]l n2s, 1912y 112

B/2 B/2

Consequently, we see that the right hand side of (3.10) belongs to Lg. Therefore, in the same way as in [11], we

conclude that 1 € Wﬁl’p and V(|0,0|P/?) € L%p/Q.
To prove the a priori estimate (3.11), we employ the weighted LP energy method developed in [11]. The proof
is divided into two parts.

Step 1. Let 2 <p < oo and > 0. We first show that
24112 .
912, + V(P2 | < O lgl,. (312)
where C'is a positive constant independent of A. To prove this, we rewrite the equation (3.10) as
— AP+ axyy + AG[Y] = Ag, (3.13)
where
ax =Aa1 + (1 — Nag, ap=1tUoo + Voo, a1 = 2y/UsoVoo,
and G[¢] is defined in (3.4). Notice that ay > a; > 0. We multiply (3.13) by [1|P~2¢ and obtain
col V(P22 + axlp P + A P20 G ] = V- (P29 Vy) = AP~ *yg,
where co = 4(p — 1)/p?. Furthermore, multiplying by (1 + |z|)??, we have
co(1+ )PV ([¢[P/2)[* + ax(1 + &) P ([ [” + NP> G[y])
=V (L )PPV e) + Bp(L+ ) e T [PV = ML+ |2l) P [ g.
Integrating this equality over R™ and using ¢G[¢)] > 0, we have

axlbl, + ol VAP35, | < Ar+ Az, (3.14)
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where

A = ﬂp/ (L + |2~ Pt Vel de, Ay = /\/ (1 + [2)P [P~ g| da. (3.15)
R’!L R’!L

We estimate the right hand side of (3.14). For the term Ay, we have

A= (8/2) [ (1 la)Pr P9 ()] da

< B/ BZITWP s, , | < eIl +FCAVALPE,

Bp/2-1

for any £ > 0, where C. is a positive constant depending on £ but not on . Similarly, we can estimate the
term A, as

1~ -
Az NI 13y < ll9l, + CN 31,

for any € > 0, where C. is a positive constant depending on € but not on 3. Substituting these estimates in (3.14)
and taking € > 0 suitably small, we obtain

2\1(12 ~ 2 2\1(12
115, + 19623, | < CNlgl, + BCITPIE | . (3.16)

1

This proves (3.12) for 5 = 0. Also, (3.16) together with (3.12) for 8 = 0 gives (3.12) for 0 < p < 2. Repeating
this procedure, we conclude that (3.12) holds true for any 8 > 0.

Step 2. Next we show that

10201175 + IV (10241”2125 < CNlIgI7, (3.17)

where C is a positive constant independent of A. To prove this, we differentiate (3.13) with respect to z;
(i=1,...,n), obtaining

where we put 1; = d,,%. We multiply (3.18) by |¢;|P~21; to get
col V([0 2)1? + ax|vil? + Abi [P~ 2302, G )]
= V- ([P Vpi) = A, (1P 24big) — Ap — D)[ehilP~ 202,443,
where ¢y = 4(p — 1)/p?. Furthermore, multiplying by (1 + |z|)??, we have
co(1+ [2))P IV (19l 2)1* + (1 + [a])P (axlalP + NP~ >0, G[¥)])
= V- (U [2)) P i P20 Vahi) + Bp(L + )PP~ | - [P0 Ve
= Ay, (1 + [2)7P P ~24hig) — ABp(L + [P~ |~ wial P~ 245G — Ap = 1)(1 + [2]) 7P [9s P~ 20, 43

Integrating this equality over R™ and noting that v;0,,G[¢] = G'[{]|1:]*> > 0, we obtain

axllilly, + ol V(ilP*)5; | < Bi+ Bz + Bs, (3.19)
where

Bu=fp [ (4 lal) ! [V da.

Ba=2p [ (1 [al) 7 g

By=Ap—1) / (1 + |) PP 5P 2100 1] 5] da.
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We estimate the right hand side of (3.19). The term By is just the same as A; in (3.15), so that we have

By <ellwillf, + B2CIV (1l 17

Bp/2—1

for any € > 0, where C. is a positive constant depending on £ but not on 3. For the term B, we have

1~ -
Bz < AGpIilly 112z, < ellilly, + C.A871317,

for any € > 0, where C; is a positive constant depending on £ but not on 4. On the other hand, we can estimate
the term Bs as

¥i[P/?)||g| dw

By = X2/p)p=1) [ (141 o
< A2/p) 0 = DI 10 (4 s, 15l

2\112 ~
< e(lilly + IV (G235 ) +CoNligls,

for any ¢ > 0, where C. is a positive constant depending on £ but not on 3. Here we have used the Holder
inequality with (p —2)/2p+ 1/2 + 1/p = 1. Substituting all these estimates in (3.19) and taking ¢ > 0 suitably
small, we obtain

102015, + IV (00 3s < CX(1+87)5l5, + BOIV(D0P )2,
This gives (3.17) for 8 = 0 and hence for any 8 > 0.

Now, the desired estimate (3.11) follows from (3.12) and (3.17), and therefore the proof of Proposition 3.6 is
complete. 0

4. ASYMPTOTIC STABILITY

In this section we discuss the asymptotic stability of stationary solutions to the drift-diffusion model in
R™ with n > 3. We denote by (u,7,)(x) the stationary solution constructed in Theorems 3.2 and 3.3 for
g € L2 N L% with g > n and « > 0. This stationary solution satisfies the estimates

(@ = oo, D — Voo, ¥) |lwrrr < C|7l for 2 <r < oo,
(@ = ttos, = Voo, ¥)llw2w < Cllgll  for 2 <p < qo, (4.1)
provided that
190 == Nlgll L2 + 1|3l Lo (4.2)

is bounded by a constant C. In fact, it follows from (3.6) and (3.7) that [|¢|[w1.» < C||g|| for 2 < p < go. Since
go > m, this together with (2.5) shows that ||¢||p~ < C]|g||. Therefore, by virtue of equation (3.1), we know
that ||Av||L» < C||g|| and hence |02, < C||g|| for 2 < p < g by (2.4) (see also [19]). Consequently, we
have [|1||yw2» < C||g|| for 2 < p < qo, which together with (1.5) shows that ||(@ — teo, ¥ — Voo )|l w2 < C||g]| for
2 < p < qo. Thus we have proved the second estimate in (4.1). Also, this combined with (2.5) yields the first
estimate in (4.1).

Now we look for solutions to the nonstationary problem (1.1), (1.2) in the form

(u,v,9) = (8, 9,9) () + (w, 2, ¢) (2, 1),
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where (@,7,1) is the above stationary solution and (w, z,¢) denotes the corresponding perturbation. The
problem is then reduced to

wy — Aw + U Ad = -V - f1 = V- (wV ), (4.3a)
2t — Az — 06 Ap =V - fo+ V- (2V9), (4.3b)
—Ap = —(w — 2), (4.3¢)

w(z,0) = wo(x), z(x,0) = zo(x), (4.4)

where wy = ug — u, zg = v9 — v and
fi = wVY + (i — us) Vo, fa =2V + (0 — veo) V. (4.5)

First we show the global existence and uniform LP estimate of solutions to the problem (4.3), (4.4).

has a unique global solution (w, z,¢) which satisfies the following uniform LP estimate:
t
l(w, 2)()1 0 +/0 IV ((w, 2)P2) ()22 + | (w = 2)(P)||}, dr < CE} (4.6)

forp=2 and ¢1 < p < q. In particular, we have ||(w, z)(t)||Lr < CEy for each p with 2 < p < q.

The local existence of solutions to the problem (4.3), (4.4) can be proved by the standard method (cf. [12]).
Therefore, for the proof of Theorem 4.1, it suffices to show the a priori estimate of solutions to the prob-
lem (4.3), (4.4). We use the following notations.

Ey(t)= suw [[(w.2)(r)]zr.

Dy(t)" = /0 IV (| (w, 2)P2)(7) 72 + [l (w = 2)(7)IIE» dr,

where 2 < p < co. Our a priori estimate is then given as follows.

Proposition 4.2 (a priori LP estimate). Let n > 3 and ¢1 < g < 00, where q1 is the same as in Theorem /.1.
Let (6, v,1) be the stationary solution satisfying (4.1) and let (w,z,®) be a solution to the problem (4.3), (4.4)
corresponding to the initial data (wo,z20) € L?> N L4. If Eq + ||g|| in Theorem 4.1 is suitably small, then the
solution (w, z, @) satisfies the following a priori LP estimate:

(Ep + Dyp)(t) < CEy (4.7)
forp=2and s <p<q.

Proof. Let n > 3. The proof is based on the L? energy method employed in [8]. We divide the proof into four
parts.

Step 1. Let 2 < p < q. We derive the L? energy inequality for the problem (4.3), (4.4). We multiply (4.3a)
by |w[P~2w. A straightforward computation gives

(lwl?), + col V([w]P/2)]? + oo |w P w(w — 2) = V - (JwP~*wVw)

[

=V (JwPwf + |[wPVe) + (p— 1) (Jw]P*Vw - fi + [w|P*wVw - V), (4.8)
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where co = 4(p — 1)/p®. Here we have used (4.3c). We integrate (4.8) over R" to obtain

n

E—lelip +col| V(JwP’?)|Z2 + uoo/ w2 w(w — 2)dz < (p — 1)+ J), (4.9)

where we put
1= / w2Vl | fi]dz,  J = / [P~V V6| da. (4.10)
Rn Rn

It follows from (4.5) that I < I + Iy with
I = / VY| |w|P~ V| de, I = / [T — oo | |w|P~2| V| V| da. (4.11)
R R
We integrate (4.9) with respect to ¢. This yields

t t t
lw(@)IZ +/ IV (jwl?2) ()12 d7+/ / wlP~?w(w — 2)(r) dzdr < Cllwolf, +C/ (I+J)(r)dr, (4.12)
0 0 JRn 0
where we have used us > 0. We have a similar energy inequality also for z.
Step 2. Let g1 < p < ¢q. We show the following LP energy inequality:
(Ep + Dp)(t)? < CEf + C|gl| (B2 + Da + Dy)(t)” + C(Ep + D2 + D) (£)P 1. (4.13)
We use (4.12). First, applying the Holder inequality with 1/n+1/2* +1/2 =1 (where 1/2* =1/2 — 1/n) and
using (2.6), we estimate the term I; as
B =/p) [ VP9 ()] da

< OVl (w2 = 1V ([l?) |2 < ClFN IV (jwl?/?) 122 (4.14)

Thus we obtain

t t
/O Li(r)dr < CII?II/O IV (lwlP2)(T) 122 d7 < C|g]| Dp(t)?.
Next we estimate the term I>. We determine r with 1 < r <n and 2 < r < p such that
S A 9 == (4.15)

For this choice of r, we see that 1/n+(1—2/p)/2*+1/2+1/r* = 1, where 1/2* =1/2—1/nand 1/r* = 1/r—1/n.
Applying the Holder inequality with this relation and using (2.6) and (2.3), we have

I, = (2/p) / [ — oo [w] /D20 | ([w]/2)| |V 6] da

n

_ 1-2
< Ol = woo| o || ([P 11522 (9 (fw[P/2) | 2 | V | o
~ 2(1—-1
< CYIg I IV (w352 w = 2| -
~ 2(1—-1 —
< Cllal IV (w2357 fw — 2|8 lw — 2]|55°, (4.16)
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where we have used the interpolation in L" with the relation (4.15). Consequently, we obtain

t t
- _ 2(1—1
/O L(r)dr < C|3]| Ea(t)’=2/7 / o — 222219 (o ) 2P o — 259 dr

< Ol|gl|E2(0)" /P Do (1)*/7 Dy (1)~ < C|g|[ (B2 + D2 + Dy) ()

where we used the Hélder inequality with /p+ (1 —1/p)+ (1 —0)/p = 1.
Finally, we estimate the term J. To this end, we choose 7 and A with 1 <r <n,2 <r<pand 0 <A <1

suh that Ao1-x 11 1A 1-)

4= =1 —=Z4 = 4.1
s T Tt Th Fo2t p (4.17)
where 1/2* =1/2—1/n and 1/r* = 1/r — 1/n. This choice is possible because we have 1/r = 2/n — A/n and
A=2(2p—n)/((n+2)p —2n) < 1; here we used the restriction p > n/2. Then, applying the Holder inequality
with the first relation in (4.17) and using (2.6) and (2.3), we have

J = (2/p) / o272 o] =N/ 7 (oo P12) | |96 da

< Oll(lw ") 122 1wl A IV () |2 [V Sl e
A
< Cllwll 221V (jwP?) 72w — |-

Ap/2
< Cllw| 22NV (w32 M lw = 2122w — 2] 57, (4.18)
where we have used the interpolation in L" with the second relation in (4.17). Consequently, we obtain
t t
[ ar < OB [0 (up ) - 2)s s
0 0

< CE, () /2N Dy ()2 VPR Dy (1) < OB, + D+ Dy) ()P,

where we used the Holder inequality with (2 — \)/2+ \/2 = 1.
Now, substituting all these estimates into (4.12), we arrive at

() / IV (wl?/)(r)]12 dr + / / ol 2 uw(w — 2)(7) dedr

< CE5 + C||§||(E2 + Dy + D,)(t)? + C(E, + Dy + D,)(t)P*.

/||v (127/2)(r ||L2dr—// |2P~22(w — 2)(r) dadr

< CEb + C||g||(Ez2 + Dy + D,)(t)P + C(E, + Da + D,)(t)P™.

Similarly, for z, we have

Adding these two inequalities and using the fact that |w — z|P < 2P~ 2(Jw[P~?w — |2|P~22)(w — z), we obtain the
desired estimate (4.13).

Step 3. We show the following L? energy inequality:
(B2 + D2)(t)* < CEj + C|g]| D2(t)* + C(Bz + By + D2)(t)?, (4.19)

where ¢ < p < ¢q. We use (4.12) with p = 2:

ot ||L2+/||Vw \|der+// w—z) dl‘dT<CHwo||L2+C/ (I +J)r)dr,  (420)
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where I and J are defined by (4.10) with p = 2. The term I; in (4.11) with p = 2 is estimated just in the same
way as before. In fact, we have I < C||g| ||[Vwl||2, and

t t
/0 L(r)dr < Cl§] / V]2 dr < CllgIDa(t)2.

On the other hand, applying the Holder inequality with 1/n+ 1/2+ 1/2* =1 and using (2.3), we can estimate
Iy in (4.11) with p = 2 as

I = / |t — uso| [Vw| | V| dx
Rﬂ,

< Clla — too|

Vw2Vl gz < Cligl IVwllzzfw = 2] L2,

Ln

which is a simpler version of (4.16). Thus we obtain

t t
|y <clgl [ 19wl - 2l dr < Clglpar
0 0

To estimate the term J in (4.10) with p = 2, we choose 7 and A just in the same way as in (4.17) for ¢ < p < g.
Then the term J is estimated as in (4.18) and we obtain

A 2-2 A 1-X
J < Ollwlz2l Vel lw = 2lz2llw = 2] 2

Consequently, we have

t
/ J(r)dr < CEy(t) B, ()~ A/ Vw23 Mw — 2|2 dr < CEs(t) B, (8) > Da(t)? < C(Es + Ey + Da)(t)*.
0

Now, substituting all these estimates in (4.20), we have
Jw®) 22 +/ V() 12, d7+/ [ wlw = ) dedr < OB + Clg|Da(0)? + C(Ea + B, + Da)(e)*.

Similarly, for z, we have

12(8) ||L2+/ IV2(r HLQdT—// w— 2)dadr < CE2 + C|§l|Da(t)? + C(Es + E, + D) (8)°.

Adding these two inequalities, we obtain the desired estimate (4.19).
Step 4. Finally, we combine (4.13) and (4.19) to obtain

X(t) < CEy + C(lgl"2 + |3lIV")X (1) + CX(6)* + OX (1) +7,
where we put X = Ey + E, + Do + D,,. This inequality can be solved as X (t) < C'Ey, provided that Ey + ||g]| is
suitably small. Thus we conclude that (Ey + E, + Dy + D,)(t) < CEy, which gives the desired estimate (4.7).
This completes the proof of Proposition 4.2. O

Next we discuss the asymptotic stability of the stationary solution satisfying (4.1). We show the following
decay estimate in L? for p < n.
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Theorem 4.3 (LP decay estimate for p < n). Let n > 3 and ¢1 < q < n, where ¢y = max(2,n/2). Let
(w,z,¢) be the global solution to the problem (4.3), (4.4) which is constructed in Theorem 4.1 for the initial
data (wo, 20) € L2N LY. If Eg + ||g|| in Theorem 4.1 is suitably small, then we have

(w, 2)(t)||r < CEo(1+1t)7" (4.21)
for each p with 2 < p < g, where v = (n/2)(1/2 — 1/p). Moreover, we have
IVO(#)]| o < CEo(1 4 1)1/ (4.22)
for each p" with 2* < p’ < ¢*, where v/ = (n/2)(1/2—-1/p'), 1/2*=1/2—-1/n and 1/¢* =1/q¢—1/n.

Remark 4.4. The decay estimate (4.21) for 2 < p < n is just the same as the optimal LP-L? decay estimate
for the linear heat equation.

To prove Theorem 4.3, we introduce the following time weighted LP norms:

Eyp(t) = sup (1+7)°|(w,2)(7)] s,
0<r<t

Dpp(t)" = /O (1 + 1)V (| (w, 2)P2)(7)[72 + Nl (w = 2)(7)IIF,) dr,

where 2 < p < oo and § > 0.

Proof of Theorem 4.3. Let n > 3 and q1 < ¢ < n. By applying the time weighted LP energy method employed
in [8,10], we show that

(Ep,s + Dps)(t)? < CES(1+)=1P 4 C(Eo + 1) (Dy,p + Ep,s) (1) (4.23)
for each p with ¢1 < p < ¢ and for § > =, where v = (n/2)(1/2 — 1/p). To prove (4.23), we multiply (4.9) by
(14 t)P and integrate the resulting inequality with respect to t. This yields

t t
A+ 0P e®lf + [ @+ DPITP 2l dr+ [0 [P - 2) dedr
0 0 n

t t
< Cllwollf » +C/ (14 7)Y lw(r)|B, dT—l—C/ (1 +7)°P(I + J)(7)dr. (4.24)
0 0

First we estimate the second term on the right hand side of (4.24). Applying (2.7) with ¢ = 2 and the Young
inequality with yp/(1+ vp) + 1/(1 + vp) = 1, we obtain

t t
C / 1+ 7)Y w(r)|b, dr < C / (1 + 7)YV (jwl?/2) ()27 P o () |26 dr
0 0

t t
S6/ (1+T)BPIIV(Iw|”/2)(T)HiadT+C<s/ (14 7)== (7)|[2, dr
0 0
t
< 5/ (14 7)% |V (Jw|P/?)(7)||22 dT + C5EE(1 + )B=0P (4.25)
0

for any 6 > 0 and 8 > v, where v = (n/2)(1/2 — 1/p), and C; is a positive constant depending on §. Here we
have used ||w(t)|| 2 < CEy which is due to (4.6) with p = 2.

On the other hand, for the term I, we have (4.14). Therefore the corresponding integral can be simply
estimated as

t t
/ (14 7)1, (r) dr < O3 / (1 + 1)V (jw]”’2) |22 dr < C|3]| Dy s(t)". (4.26)
0 0
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To estimate the integral for I, we determine s by

1 1-2/p 1 1
— -+ —=1 4.27
s+ 2% 2+p* ’ ( )

where 1/2* =1/2—1/n and 1/p* = 1/p — 1/n; here we used the restriction p < n. Notice that s = np/2(p — 1)
and s > 2. Then, applying the Holder inequality with the relation (4.27) and using (2.6) and (2.3), similarly as
in (4.16), we obtain

I = (2/p) / |G — oo | [w] P/ O=2/P) T (|w[P/2)| |V ¢| da
Rn
< Clla — uso|| - | (1w[P/2) 1532 P19 (Jw[P/2) || 12 |V || o+

< Cllgl IV (w2125 |w — 2| - (4.28)

Consequently, we have
! ! 2(1—1/p)
/0 (1+7)PI(r)dr < Cll!ﬂl/o A+ )NV (jwP2) e~ lw = 2]l o dT < C|Gl|Dp,5(1)"-
Finally, we estimate the integral for J. By using (4.18), we obtain
t t \p/2 N N
/0 (L+7)PJ(r)dr < C/O 1+ 1)l IV (w72 w = 2)17zlw = 2|77 dr

t
_ _ 2(1—=X\/2
< CE, (1) E, 5(t)™? / (14 7PN T (o) 28D — 2|3, dr

< CEy(1)' By p(t)*? Dy 5(t) 27 Dy(t)*
< C(Ep + Da)(1)(Ep,5 + Dp,p)(1)? < CEo(Ep,5 + Dp,s)(1)", (4.29)

where we have used the Holder inequality with (1 — A/2) + A/2 = 1 and the estimate (4.6).
Substituting all these estimates in (4.24) and taking 6 > 0 in (4.25) suitably small, we arrive at the inequality

t t

(1 + 0w, + / (1+ 7))V (jwlP/2)(r) |25 dr + / (14757 / P~ 2w(w — z) dadr
0 0 n

< CER(1 4+ 0)B0% 1+ C(Ey + |§1) (Eps + Dys) (1)

for 8 > v, where v = (n/2)(1/2 — 1/p). Similarly, for z, we have

t t

(1+t)‘3”||2(t)\|ip+/ (L+ )PV (|2P2) ()12 dT—/ (1+T)ﬁ”/ |2[P~22(w — 2) dedr
0 O n

< CE§(1+ )= 4+ C(Eo + |31 (Eps + Dy.p) (1)"-

Adding these two inequalities, we reach the desired estimate (4.23).
Now we assume that Ey + ||g|| is suitably small. Then (4.23) gives

(Ep,s + Dpp)(t) < CEo(1 + t)ﬁiw (4.30)
for g1 <p < qand >+, where v = (n/2)(1/2 — 1/p). In particular, we have

[(w, 2)()||r < CEo(14¢)77" (4.31)
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for ¢1 < p < g, where we put v, = (n/2)(1/2 — 1/p). Also, we have ||(w, 2)(t)| L2 < CEy by (4.6), which shows
that (4.31) holds true also for p = 2. Therefore, applying the interpolation in L? with 1/p = (1 —60)/2+0/q
(0 <0 < 1) and using (4.31) with p = 2 and p = ¢, we find that (4.31) holds true for each p with 2 < p < gq.
This proves the decay estimate (4.21).

Finally, we show (4.22). Let 2 < p < ¢q and determine p’ by 1/p’ = 1/p — 1/n. Notice that the range of p’ is
2* < p’ < ¢*. Using (2.3) and (4.21), we obtain

Vo) < Cll(w—2)(t)||zr < CEy(14+1t)"7 =CEy(1+ t)77'+1/2,

where v = (n/2)(1/2 — 1/p) and 7' = (n/2)(1/2 — 1/p’); here we have used the relation v = 7" — 1/2. Thus we
have proved (4.22). This completes the proof of Theorem 4.3. O

When p > n, we have the following LP decay estimate in a weaker sense.

Theorem 4.5 (LP decay estimate for p > n). Letn >3 andn < g < oo. Let (w, z, @) be the global solution to
the problem (4.3), (4.4) which is constructed in Theorem 4.1 for the initial data (wg,z0) € L> N LY. If Eg + |||
in Theorem 4.1 is suitably small, then we have the decay estimate (4.21) for each p with 2 < p < n. Moreover,

for any small € > 0, we have
||(w, 2)(#)||z»r < CoEg(1 +t)" e (4.32)

for each p with n < p < q, where v, = (n/2)(1/2 — 1/n), and C. is a positive constant depending on €.
Concerning Vo, we have the decay estimate (4.22) for each p' with 2* < p’ < oo, where 1/2* =1/2 —1/n.

As a simple corollary of Theorem 4.5, we have:

Corollary 4.6 (L decay estimate for Vo). Assume the same conditions as in Theorem 4.5 for n < g < 0.
Then, for any small € > 0, we have

IVt < CeBo(1 +8)77 T, (4.33)
where v, = (n/2)(1/2—1/n), and C. is a constant depending on e.

The L decay estimate (4.33) is verified as follows. We have ||[V(t)|| 1w < CEo(14t)~7 /2 for 2* < p/ < oo,
where v = (n/2)(1/2—1/p’). We choose p’ = n/2¢ such that p’ > n. For this choice of p’, we see that v = n/4—¢
and hence —y' +1/2 = —,, + &, where 7, = (n/2)(1/2 — 1/n). Thus we have

Vo)l o < CeEo(1+ )77, (4.34)

where p’ = n/2e > n. Also it follows from (4.3c) and (4.32) that ||A¢(t)||Lr < CeEo(1+t)~ "¢, which together
with (2.4) gives

1026 ®)l|r < CoBo(1 + )7, (4.35)
where n < p < ¢. On the other hand, as a simple version of the Gagliardo-Nirenberg inequality (2.5), we have
lullze < Cellduullgollull 7 (4.36)

where 0 = 6(1/p — 1/n) + (1 — 0)/p’. Substituting (4.34) and (4.35) into (4.36) for u = V¢, we get the desired
decay estimate (4.33).

Proof of Theorem 4.5. Let n < p < q. It suffices to show the decay estimate (4.32). We use the time weighted
L? energy inequality (4.24) which is valid even for n < p < q. The second term on the right hand side of (4.24)
was already estimated in (4.25). In fact, we have

t t
c / (1 + 1) uo(r) |2, dr < § / (1+ 73[9 (jw]”/2) (7)||22 dr + CER(1 +£)6=P  (4.37)
0 0
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for any 6 > 0 and 8 > ~,, where v, = (n/2)(1/2 — 1/n), and Cjs is a positive constant depending on J. Also,
the estimates (4.26) for I; and (4.29) for J are valid for n < p <gq.

To estimate the term I, we put p = n/(1+ 2¢), where € > 0 is so small that 2 < p < n. For this choice of p,
we determine s by
1-2/p 1 1

-4+ —=1 4.38

2% + 2 * p* ’ ( )
where 1/2* =1/2—1/n and 1/p* = 1/p — 1/n. We see that 1/s = (2/n)(1 —2¢)/2+ (1 — 2/n)/p and hence
2 < s < p. Also we find that v, = v, — ¢, where v, = (n/2)(1/2 —1/p) and v, = (n/2)(1/2 — 1/n). Now,
similarly as in (4.28), we apply the Holder inequality with the relation (4.38). Then, using (2.6) and (2.3), we
obtain

1
-+
S

_ 1-2
L < Ol — usoll - |10/ | 52 IV (wlP2) | 12 | V@l o
- 2(1—-1
< Ce||gl IV (jw P2 ES P w — 2| o

where C; is a positive constant depending on €. Consequently, we have

t t
| 0Ly dr < CLlGIE (e 017 [ (L4 720100 ufp ) 0 o — 2| dr
0 0

< Cellgll By 5(t)'~"/P Dy, s (8)P~ Dy, p(t)"/?
< Cl|gllDp,p(8)" + Cellgll (Ep,p + Dp,p) (1)

< ClgI Dp,s(t)? + Ce||GIEG (1 + )\ F =t (4.39)
for 8 > ~,, where v, = (n/2)(1/2 — 1/p) and 7, = (n/2)(1/2 — 1/n). Here we have used the Hélder inequality
with (1 —1/p) +1/p = 1 and the estimate (4.30) with p = p, i.e., (E, 5+ D, )(t) < Ce(1 + )P~ with the

relation v, = v, — €.
Substituting these estimates into (4.24) and taking 6 > 0 in (4.37) suitably small, we obtain

t t

(1 + 07w, + / (1 + 1)V (JfP/2) (7). dr + / (14 )5 / P w(w — z) dadr
0 0 n

< C(1+ |GI)ER(L + )19 1 C(Ey + |3])(Epp + Dpop) (t)?

for n <p < qand > v,, where v, = (n/2)(1/2 — 1/n). Similarly, for z, we have

t t

(L+ 7P| z)7s + / (L+ )V (|2?)(7)]|72 dr — / (I+ T)ﬁ”/ [2[P722(w — 2) dadr

0 0 n

< Co(1+ ||GINES (1 + )= F2P 4 C(Ey + |1§11)(Ep s + Dp,p)(t)"-

Adding these two inequalities, we arrive at
(Ep.s+ Dpp)(t)" < Co(1+ |G EF (1 +6)PFP 1 C(Bg + §l])(Ep,s + D) (£)
for n <p < qand > ~,. This gives
(Epp+ Dy p)(t) < CoEo(1 + )P~ mte (4.40)

for n < p < qand 8 > ,, provided that Ey + ||g|| is suitably small, where v, = (n/2)(1/2 — 1/n). Thus we
have the desired decay estimate (4.32). This completes the proof of Theorem 4.5. O
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Finally in this section, we make a modification of the time weighted energy estimates (4.30) and (4.40), which
will be used in the next section. We introduce

&

pa(t) = sup 77 (w, 2)(7)| o,
0<r<t

t
Dy, (1) =/0 (19 (1w, 2)[P72) (1) |72 + | (w = 2)(7)][,) dr.
When ¢; < g < n, we have
(Epp+ Dpp)(t) < CEot?(1+1)7" (4.41)
for p=2and ¢ < p < ¢ and for 8 > 7, where v = (n/2)(1/2 — 1/p); this is a modification of (4.30). On the
other hand, if n < ¢ < 0o, we have (4.41) for p =2 and ¢; < p < n and for 8 > ~. Also, for any £ > 0, we have
(Eps + Dypp)(t) < CEot?(141) 77+ (4.42)

for n <p < qand § > ~,, where v, = (n/2)(1/2 — 1/n); this is a modification of (4.40). These estimates are
verified as follows. By using the uniform energy estimate (4.6), we have 72| (w, 2)(7)||z» < CEot? for 0 < 7 < t.
Also, using the time weighted energy estimate (4.30), we have 77||(w, 2)(7)||L» < Ep5(t) < CEo(1+t)°~7 for
0 < 7 < t. Combining these two estimates, we obtain E, 5(t) < CEot?(1 +t)~7. The other estimates in (4.41)
and (4.42) can be shown in the same way.

5. DECAY ESTIMATES FOR DERIVATIVES

In this section we show the decay estimates for derivatives of solutions by using the time weighted LP energy
method again. When p < n, we have the following LP decay estimate for the derivatives.

Theorem 5.1 (LP decay estimates for p < n). Let n > 3 and g2 < q¢ < n, where go = 1+ n/2. Let
(w, z,¢) be the global solution to the problem (4.3), (4.4) which is constructed in Theorem 4.1 for the initial
data (wo,20) € L2 N L4. If Eg + ||g|| in Theorem 4.1 is suitably small, then we have

102 (w, 2)(t)||Lr < CEo(1+t12)(1+¢)77 (5.1)
for each p with 2 < p < q, where v = (n/2)(1/2 — 1/p). Moreover, we have
10260l Lo < CEo(1 4+t /2)(1 4 1)~ /2 (5:2)
for each p" with 2* <p' < ¢*, where v' = (n/2)(1/2-1/p’), 1/2* =1/2 —=1/n and 1/¢* =1/q— 1/n.
In order to prove Theorem 5.1, we introduce the following time weighted norms:

Epp(t) = sup 770, (w,2)(7)| o,
0<r<t
t
Dy p(t)" :/0 TPV (|0:(w, 2)[P2) ()72 + (10 (w = 2)(7)]17,) dT.
Proof of Theorem 5.1. Let n > 3. As in the proof of Proposition 4.2, we divide our proof into four parts.

Step 1. Let 2 < p < q. We derive the time weighted LP energy inequality for derivatives of solutions to the
problem (4.3), (4.4). We differentiate (4.3a) with respect to z; to obtain

Wi — Aw; + U Ad; = =04, (V- f1 + V- (wV9)), (5.3)
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where we simply wrote as w; = O,,w, 2; = O,z and ¢; = 0,6 for i = 1,...,n. We multiply (5.3) by |w;|P~2w;.
This gives
(fwil?), +col V (Jwsl”*)? + oo [ws [P~ wi(w; — 2;) = V - (Jwi [P~ w; Vay)
= =0y, (|wi[P2wiV - f1 + [wilP 2w,V - (wV )
+(p— 1)(\wi\1’*2aﬁwiv 1+ wilP 205w V - (wVe)), (5.4)

SE R

where ¢ = 4(p — 1)/p?. Here we used (4.3c). We integrate (5.4) over R", obtaining

1d
el V(w2 e [l s = 5 de < (= DA+ ), (55)
Rn
where
r :/ |wiP~2|0p,wil |V - fil de, T’ :/ |wi[P2] 0, wi ||V - (wV $)| da. (5.6)
R™ Rn

It follows from (4.5) that I’ < Zj I and J' < J{ + Jb, where

=1y
Ii:/ VO V] fwil?~2[0,w;| de, Iﬁ:/ | AP fw] |w;[P~2|85,wi | dz,
Rn Rn
f§=/ |Vl [w;|P~?|0z, wi] [V| da, Li=/ @ — oo |wilP~|05, wil |w — 2| dz,

Ji = / (V| w;[P~2]0pwi| [Vl dz, Ty = / | w3 P28, wi] | — 2| . 5
R™ n

Here we again used (4.3c). We multiply (5.5) by ¢°P, where 8 > 0 is a suitably large number which will be
specified later, and integrate the resulting equation with respect to ¢. This yields

t t
£ |l (8) 17 +/ 7P|V (JwiP2) () |22 d7 +/ Tﬁp/ |wil P~ wi(wi — 2;) dadr
0 0 n
t t
< c/ Oy (7) 2, dT+o/ ORI 1 ) (r) dr. (5.8)
0 0

We have a similar energy inequality also for z;.

Step 2. Let g2 < p < ¢q. We show the following time weighted LP energy estimate:
(Epp + Dy )(t) < CEotP(1 4+t Y2 (1 +1)7 (5.9)
for § > v+ 1/2, where v = (n/2)(1/2 — 1/p). This gives the desired decay estimate (5.1) for ¢ < p < ¢. To

prove (5.9), we need to estimate the right hand side of (5.8). For the first term, by applying the estimate (2.8)
and the Young inequality with p/(p + 2) + 2/(p + 2) = 1, we obtain

t t
c/ 9y ()|2, dTgc/ TV (i P2 () [ ()l O dr
0 0
¢ t
<3 [ IV (P2 s dr+ Cs [ D ()], dr
0 0

t
< 5/ 7P|V (Jw;[P2) (1) |32 AT + Cs E§tP=1/2P(1 4 ) =P (5.10)
0
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for any 6 > 0 and 8 > v + 1/2, where v = (n/2)(1/2 — 1/p), and Cjs is a positive constant depending on
0. Here we have used ||w(t)||rr < CEo(1 4 t)~7 in (4.21) and the inequality fot rB=1/2p=1(1 4 7)=7Pdr <
CtB=1/2P(1 4 )= for > v+ 1/2.

Next we estimate the integral for I’ which is divided into four terms in (5.7). We see that the term I is
similar to I; in (4.11). Therefore, applying the Holder inequality with 1/n+1/2*4+1/2 =1 and using (2.6), we
have

n< C/ V| [0sw]?’ |V (|10w[P?)| da
Rﬂ,

< OVl L (18:wl?’) | 2= [V (100w [P/2) ] 12 < ClGI IV (10010]P/2)] 7.

L"L
Thus we obtain

t t
/ PO (r) dr < O3] / |V ([0p0l?/?)|24 dr < C|gl| Dy s(t)P. (5.11)
0 0

Similarly, applying the Hélder inequality with 1/n+ (2/p)/2* + (1 —2/p)/2* 4+ 1/2 =1 and using (2.6), we can
estimate the term I} as

I < C/ | Ap| ] P/2/P)|§,p|P/DA=2/P) |7 (|9 ,w0|P/?)| dae
R’ﬂ
<C A p/2\12/P b p/2\11-2/p v(lo p/2
< Ol AP e [[(Qw P ) 2 110w PP Lo IV (102 w]P77) ] L2
- 2 2(1—1
< LI () 1V (0wl 2)75 7.
Consequently, we obtain
' t 2/ 2(1-1/p)
/0 TPPL(7)dr < CH@H/O 7P|V (JwlP) |2 IV (00wl 7 dr
< ClIglIDp,s(t) Dy,p(8)P 1 < Cllg| Dy p(t)” + Cllgl £GP (1 + )77 (5.12)
for 3 > v, where v = (n/2)(1/2 — 1/p). Here we have used the Hélder inequality with 1/p+ (p —1)/p =1 and
the estimate D, (t) < CEot?(1 +¢)~7 in (4.41).
On the other hand, to estimate the term 5 which is similar to I5 in (4.11), we determine s with s > 2 by the

relation 1/s+ (1 —2/p)/2* 4+ 1/2+4 1/p* =1 in (4.27). Then, applying the Holder inequality with this relation
and using (2.6) and (2.3), we obtain

L<c / 1V [B,0] /D022 |V (0,0 ]P/?)| |V 6| da
Rﬂ,

< O|Val s | (18w P/ )| 22 PV (100w ]| 2 |V | o
< Cllgl IV (18zw[P/2)[35 P fw — 2| . (5.13)

Consequently, we have

t t
/0 7L (r) dr < O|g] / OV (10w ) |20 w — 2 g dr

< ClglDp,s ()"~ Dy p(t) < ClglI Dp,s(t)? + ClIGIEGE? (1 + )77
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for B8 > v, where we used the Holder inequality with (p—1)/p+1/p=1 and (4.41). Also, the term I} is treated
similarly. In fact, applying the Holder inequality with the relation 1/s+ (1 —2/p)/2*+1/2+1/p* =1 in (4.27)
and using (2.6), we obtain

I <C [ i — sl [05w] P2 2PV (|00]P?)| [w — 2| da

R"L
< Ol — woo|| e 1105w [P/ |12/ P IV (|850[P/2) | 2w — 2| e
< g IV (|0zw PSP 00 (w = 2)|| 1o (5.14)

Consequently, we have

t t
/0 TOPIY(r) dr < CII!?H/O TV (D) 750 (w = )| e dT < CI|Dy ()"

Finally, we estimate the integral for .J’ which is divided into two terms in (5.7). We see that the term .J|
is similar to J in (4.10). Therefore, to estimate Ji, we determine r and A by the relations in (4.17); here the
restriction p > n/2 is used. Then, applying the Holder inequality with A\/2+(1—X)/2*4+1/2+1/r* = 11in (4.17)
and using (2.6) and (2.3), we have

Jp < C/ |0zw| /2|0, 0| VPRV (|0,w]P )| [V o] da
RTL
< Oll(10:w[P") 1 221118z w P/ ) | 2V (105wl | L2 VS e
Ap/2 _ _
< Cllpw] 252 [V (1000 ]P) [ [w = 21122 |w = 2] 137, (5.15)
where we have used the interpolation in L” with the relation 1/r = A/2+ (1 — A)/p in (4.17). Consequently, in

the same way as in (4.29), we obtain

t t
/ P g(rydr < C / 20,0l 222V (100?225 w — 2l el — 215 dr
0 0

t
< CEp(t)lfAEpﬂ(t)Ap/Q/ Tﬁp(lfA/2)||v(|aww|P/2)||2L(21—>\/2)Hw - Z||22 dr
0
< CEy(t) By 5(t)P/? Dy g(t) ' M2P Dy()* < CEo(Epp + Dy p) (), (5.16)

where we used the Holder inequality with (2 — X)/2 + A/2 =1 and (4.6).

On the other hand, the term J} is similar to Ij. So we determine s by the relation 1/s+ (1 —2/p)/2*+1/2+
1/p* = 1in (4.27). This s satisfies 2 < s < p for go < p < n; the restriction p > g2 = n/2+1 is used here. Then,
applying the Holder inequality with the relation in (4.27) and using (2.6), we obtain

Ty < C/ ] [02w| D22 (10,0[P )| jw — 2| da
R

S C”U}‘ Ls

< Clfw]

(10xw]P/) | 1222 1V (10w[P/ ) 2 1w — 2] o
V(10aw[P/2)|[35 PO (w — 2)] Lo (5.17)

LS
Consequently, we have

t t
| ey < B [ oI @0 IR s w = 2) s dr

< CES(t)Dpﬁ(t)p < CEon,ﬁ(t)pv

where we used (4.6).
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Substituting all these estimates in (5.8) and taking ¢ > 0 in (5.10) suitably small, we arrive at the inequality

t t

£9P Dy ()|, + / |V (|2wl?/2)(r) |22 dr + / " / BawlP~20,(w — z) dedr
0 0 R»

< O+ |FDELEP (L + 22) (14 ) + C(Eo + |3)(Eps + Dpp) (1)?

for > ~v+1/2, where v = (n/2)(1/2 — 1/p). We have the corresponding energy inequality also for 9, z. Adding
these two inequalities, we obtain

(Eps + Dp,p)(1)” < C(L+||INEGE (L +¢P/2)(1+ )77 + C(Eo + |1]1) (Ep,5 + Dp,s) ()7,

where g0 < p <gq, 8>+ 1/2 and v = (n/2)(1/2 — 1/n). This gives the desired estimate (5.9) for suitably
small Ey + ||g]|-
Step 3. We show that the time weighted energy estimate (5.9) holds true also for p = 2. Namely, we show
that

(Ea5 + Do g)(t) < CEtP(1+ ¢ 1/2) (5.18)

for > 1/2. This gives the estimate (5.1) for p = 2. To prove (5.18), we need to estimate the right hand side
of (5.8) for p =2, in which I’ and J' are given in (5.6) with p = 2. We see that the estimate (5.10) is useful for
p = 2. Also, all the estimates for I, ..., I} in Step 2 are valid even for p = 2. To estimate the term J| for p = 2,
we again use r and A determined by (4.17), where p > n/2. Then we can modify the estimate (5.15) in Step 2
as

7, < Cll0swl 3 Vs w — 2l w — 2152, (5.19)

Consequently, as a modification of (5.16), we have

t t
/ 72871 () dr < CEp(t)l_’\E.g,lg(t)A/ 280N |70, 0] 20D |l — 2|2 dr
0 0

< CEy(t)' 7 Ez5(1)* D2,p(t)* Do (t)* < CEo(Ez,p + D2,p)(1)%, (5.20)

where we used the Holder inequality with (2 — X)/2+ A/2 =1 and (4.6).
Finally, we estimate the term .J5 for p = 2. We also use r and A in (4.17), and then define s by
1 A 1-A
== . 5.21
s 2 i 2% ( )
We find that this s satisfies 2 < s < n for p; < p < n. Therefore the first relation \/2+(1-X)/2*+1/2+1/r* =1
in (4.17) is rewritten as 1/s* +1/2+ 1/r = 1, where s* = 1/s — 1/n. Applying the Holder inequality with this
last relation and using (2.6), we have

Jy<C lw| |VI,w!| |w — z| dz
R"L
< Cllw

Vo, wl|pz||w — z|| - < C|dw]

Ls* L= |[VOrwlp2f|w — 2| -

Moreover, using the interpolation in L® with the relation (5.21), we have ||[O,w| s < ||8xw||22\|31w\|;3‘ <
Cll0,w|}: | VO,w|}>", where we used (2.6). Similarly, using the interpolation with 1/7 = A\/2 + (1 — \)/p
in (4.17), we have [|[w — z|[r- < |w — z|}2]lw — 2| ;»*. Consequently, we obtain

Ty < Clloswl 22 Vw2 IV Oow]| 2 [lw — 2|72 lw — 2] 137,

which is just the same as (5.19). Therefore, just in the same way as in (5.20), we get

t
/ TQﬁJé(T) dr S CE()(E.Qﬁ +D275)(t)2.
0
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Substituting all these estimates in (5.8) for p = 2, we arrive at the inequality

t 280w (t) |5, + /OthﬁHV{?Iw)(T)H%Q dr + /othﬁ A Oy (w — 2) dzdr
< O+ gNESE? (L +t71) + C(Eo + 1) (Ea,s + Days)(t)°
for > 1/2. Combining this estimate with the corresponding inequality for d,z, we obtain
(Bag + Dag)(6) < COL+ |G ERE 2 (1 +47) + C(Bo + 3]) (Bns + Dag)(1)?

for 8 > 1/2, which gives the desired estimate (5.18) for suitably small Ey + ||g]|.

Step 4. Finally, we show the decay estimate (5.2). Let 1/p’ = 1/p — 1/n for 2 <

p < ¢q. Then we see that
2% < p' < g*. We have from (4.3¢) that —A(9,¢) = —0,(w — z). Therefore, using (2.3) a

nd (5.1), we obtain
1026(1)]| Lo < CllOu(w = 2)(D)lr < CE(1+2)(14 1) = CEo(L+¢1/2)(1 1) 7712,

where v = (n/2)(1/2 — 1/p) and v = (n/2)(1/2 — 1/p’); here we have used the relation v = «" — 1/2. This
shows (5.2) and therefore the proof of Theorem 5.1 is complete. g

When p > n, we have the following LP decay estimate in a weaker sense for the derivatives of solutions.

Theorem 5.2 (LP decay estimates for p > n). Letn >3 andn < g < co. Let (w, z,¢) be the global solution to
the problem (4.3), (4.4) which is constructed in Theorem 4.1 for the initial data (wq,20) € L*> N LY. If By + |9
in Theorem 4.1 is suitably small, then we have the decay estimate (5.1) for each p with 2 < p < n. Moreover,
for any small € > 0, we have

0z (w, 2) ()| zr < CoEo(1 +t~Y/2)(1 +¢)~ 7T (5.22)

for each p with n < p < g, where v, = (n/2)(1/2 — 1/n), and C. is a constant depending on €. Also we have
the decay estimate (5.2) for 8%¢ for each p’ with 2* < p' < oo, where 1/2* =1/2 —1/n.

As a simple corollary of Theorems 4.5 and 5.2, we have the following L> decay estimate for (w, z).

Corollary 5.3 (L decay estimate for (w, z)). Assume the same conditions as in Theorem 5.2 forn < g < co.
Then, for any small € > 0, we have

1(w, 2)(t)l| o < CeBo(1+t~"/20) (1 + )7,
102¢(t) || e < CoEo(1+t~"/29)(1 4 1) mFe, (5.23)
where v, = (n/2)(1/2—1/n), and C. is a constant depending on e.

The L* decay estimate for (w, z) in (5.23) is easily obtained by using the decay estimates (4.32) and (5.22)
for p = g together with the Gagliardo-Nirenberg inequality (2.5) in the form |[u|ze~ < C||0,ul|%,|ul/74%, where
6 = n/q and ¢ > n. To show the L decay estimate for 92¢, we recall the estimate (4.35). Also, we have
from (4.3c) and (5.22) that ||Ad,¢(t)||zr < CEo(1 +t~1/2)(1 + t)~™F=. Therefore, applying (2.4), we get

10361l e < CeBo(L +t71/2)(1 4 1)~

where n < p < ¢q. Now the desired L> decay estimate for 92¢ in (5.23) follows from the same Gagliardo-
Nirenberg inequality.
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Proof of Theorem 5.2. Let n < p < q. It suffices to prove the decay estimate (5.22). We use the time weighted
L? energy inequality (5.8) for p > n. For the second term on the right hand side of (5.8), using (4.32) instead
of (4.21), we can modify (5.10) as

t t
o/ 2Oy (P2, dfga/ 7P (wi[P/2) ()2 dr + Co g EREB=1DP(1 4 )=Crm2lp (5.24)
0 0

for 6 > 0 and 8 > v, + 1/2, where v, = (n/2)(1/2 —1/n), and C. s is a constant depending on (¢,d). On the
other hand, we see that the estimates (5.11) for I and (5.16) for .J{ are valid even for p > n. Also, using (4.42)
instead of (4.41), we can modify (5.12) for I} as

t
/ 7PPLy(r) dr < O|g|| Dp,s(t)? + Ce ||l EGt 7P (1 + 1)~ On =P
0

for B > v,.

To estimate the term Ij for p > n, we put p = n/(1 + 2¢) for small € > 0 and determine s by the relation
1/s+(1=2/p)/2*+1/241/p* =1 in (4.38). Then, applying the Holder inequality with this relation, we can
modify (5.13) as

1 < Ce||g IV (0afP/2) | 7577 [fw = 2| .

Consequently, we can compute similarly as in (4.39) and obtain
t t
/0 Tﬁp_ré(T) dr < CE”«.(}HEP’ﬁ(t)lip/p\/o Tﬁp(lfl/p)Jrﬁp/pHv(‘azw‘p/z)Hi(;—l/p) Jw— Z||’2/pp dr
< Cs||§HEpﬁ(t)l_p/prﬁ(t)p_lbpﬂ(t)p/p
< C||g)| Dp,s () + Cel|gl EFt P (1 + ¢)~CmeIr

for B > ~,, where we used (4.42). The term I is estimated similarly. In fact, using p and s in (4.38), we can
modify (5.14) as
I3 < Cellgl IV (0wl )72~ 19 (w = 2)] e (5.25)

Consequently, similarly as in (4.39), we obtain

t t
/0 Tﬁp]!l(T) dr < Cs”ﬁHEp,B(t)l_p/p/o TBp(l—l/p)+ﬁp/p||V(|axw|p/2)||2L(21—1/P)Haz(w - Z)H;L)/pp dr
< CLl|gN Ep(t)* P Dy s ()P~ Dy 5(1)P17
< Ol Dp,s(t)” + Cellgl| EE PP (1 + )~ On =2 (5.26)

for 8 > 7, where we used (5.9) for p = p. To estimate J; for p > n, we again use p and s in (4.38). Then we
can modify (5.17) as

Ty < Cellw]| e |V (|0sw[P/2)[25 VP00 (w — 2)|| 1o,

which is similar to (5.25). Therefore, using the same computation as in (5.26), we have

Ls

! t
|| P dr < CEL )y [ 7D o ) oo — 2
< CeBu(O)Eps(8) /P Dy st Dypp (1)
< CEyD, 5(t)P + C.EFT'tPP(1 4 t)=(m =P

for 8 > 7y, where we used (4.6) and (5.9) for p = p.
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Substituting all these estimates in (5.8) and taking ¢ > 0 in (5.24) suitably small, we arrive at the inequality

t t

£9P Dy ()|, + / |V (|2pl?/?)(r) |22 dr + / " / BawlP~20,(w — z) dedr
0 0 R™

< Co1+ Bo + |GIDELE P (1 + 72 (1 4+ 60 1 C(Ey + 3]) (Eps + Dy s)(0)?

for 8 > 7, + 1/2, where v, = (n/2)(1/2 — 1/n). Combining this estimate with the corresponding energy
inequality for 0.z, we obtain

(Eps + Dp,g) (1) < Ce(1+ Eo + |G EGE (1 +t772) (1 +6)=0n=9% 4 C(Eo + |31 (Ep.s + Dp,s) (2)7,

where n < p < q, 8> v, +1/2 and v, = (n/2)(1/2—1/n). This gives (E, 3+ Dpp)(t) < CeEot#(1+1t"1/2)(1+
t)~7»*€ provided that Ep+ ||g| is suitably small. Thus we get the desired decay estimate (5.22). This completes
the proof of Theorem 5.2. O
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