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DETERMINISTIC CHARACTERIZATION OF VIABILITY
FOR STOCHASTIC DIFFERENTIAL EQUATION
DRIVEN BY FRACTIONAL BROWNIAN MOTION *»**

TIANYANG NIE!? AND AUREL RAgcANU?3

Abstract. In this paper, using direct and inverse images for fractional stochastic tangent sets, we
establish the deterministic necessary and sufficient conditions which control that the solution of a given
stochastic differential equation driven by the fractional Brownian motion evolves in some particular
sets K. As a consequence, a comparison theorem is obtained.
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1. INTRODUCTION

The viability (weakly invariant) problem of a set K for a differential equation is to find necessary and sufficient
conditions such that for any starting point in K, the differential equation has at least one solution evolving
in K. If all solutions of the differential equation satisfy the K-viable property, we call that the subset is invariant
(strong invariant) for the equation.

Nagumo gave a criterion of the viability in terms of contingent sets in 1942. The Nagumo theorem states
that: if f : K = K ¢ R™ — R™ is a bounded and continuous function, then K is viable for the differential
equation

2'(t) = f(z(t), =z(0)=z0€K

if and only if, V z € K and V p, a normal vector at K in x, we have

(f(x),p) <0.

The important tools in studying the viability problem are the notions of tangent sets and contingent sets.
Aubin and Da Prato firstly used the stochastic contingent sets to characterize the viability and invariance for
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the stochastic differential equations (SDEs) of a closed and convex subset in [1]. Milian generalized Aubin and
Da Prato’s result to arbitrary subsets which can be time-dependent and random in [9)].

Another approach was developed by Buckdahn et al. in [3-6]. The main points of their work consist in proving
that the viability property for SDE and also backward SDE holds true if and only if the square of the distance to
the constraint sets is a viscosity supersolution (subsolution) of the associated Hamilton-Jacobi-Bellman equation.

A general result on the existence and uniqueness of the solution for multidimensional, time dependent, SDEs
driven by fBm with Hurst parameter H > 1/2 was given by Nualart and Rascanu in [11], using the techniques
of the classical fractional calculus. Moreover, Ciotir and Rascanu proved a type of Nagumo Theorem on viability
property of closed bounded subsets for the SDE driven by fBm in [7].

Criterions for the viability and invariance of closed bounded subsets expressed by stochastic contingent sets
given in [7] are general, but their conditions are very hard to check, even for the particular case. Using the ideas
of [7], our paper will give easier checkable conditions for general SDEs driven by fBm for some particular sets K.
As a very important application of our results, a comparison theorem for the SDEs driven by fBm is obtained.

In fact, from [7], we give the extension of the result concerning stochastic tangent sets to direct images and
inverse images which was studied by Aubin and Da Prato in [1], to the following stochastic differential equation
driven by fractional Brownian motion, P-a.s. w € {2,

Xt =g +/ b(r, XE")dr +/ o(r, Xb®)dB?, s e [t,T),
¢ ¢

where

e B = {BtH,t > 0} is a k-dimensional {Bm with Hurst parameter 1/2 < H < 1, and the integral with respect
to B is a pathwise Riemann-Stieltjes integral;
e b(t,x): [0,T] x R=R? and o(t, ) : [0,T] x R%— R** are continuous functions.

In the case of one-dimensional fBm, we derive explicit criteria for the solution of this equation to remain in
some particular sets K i.e., under which it holds that for all ¢ € [0,7] and for all z € K,

XM eK as.we, VseltT).

Similarly to [1], the characterization of viability of K is obtained through the study of the direct and inverse
images for fractional stochastic tangent sets. Using our main Theorem 3.5, we get the conditions on b and o
such that some particular sets K are viable.

Now we explain how the paper is organized. In the second section, we recall some classical definitions and
assumptions on the coefficients. We also recall the main results from [7], which we will use later. In Section 3,
we introduce the notion of direct and inverse images corresponding to SDE driven by fBm and give our main
results. Section 4 is devoted to give the deterministic characterization of viability conditions for some particular
set constraints. In Section 5, as an application, a comparison theorem is proved.

2. PRELIMINARIES

Consider the following stochastic equation on R¢
Xs = Xo +/ b(r, Xr)dr+/ o(r, X, )dB? s €0,T), (2.1)
0 0

where,

e BH — {BtH,t > 0} is a k-dimensional fBm defined on a complete probability space (§2, F,P), with Hurst
parameter 1/2 < H < 1, and the integral with respect to B is a pathwise Riemann-Stieltjes integral;
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e X is a d-dimensional random variable;
e b:[0,7] x RE=RY, o : [0,T] x RI— R are continuous functions.

Remark 2.1. The fractional Brownian motion has the following properties:
For every 0 < ¢ < H and T > 0, there exists a positive random variable 7. such that E(|n.r|?)
< o0, for all p € [1,00) and for all s,t € [0,T],

|BA(t) — BH(s)| < merlt —s|"7°, as.

From Proposition 1.7.1, [2] (see also [8]), we know that for every to € [0, +00),

BH(t) — B (¢
P ¢ limsup B7(t) = B7(to) =400 p =1 (2.2)
t—to, t— to
t>tq

Using the same method, we can prove that

B (t) — BA(t B (t) — BH(t 1
P < lim sup B7(t) = B (to) =400 p =P ¢ liminf B7{t) = B () =—00,p =" (2.3)
t—t t— 1o t—to, t—to 2
tzt(?’ t=tg

2.1. Assumptions and notations
For the coefficients appearing in equation (2.1), we make the following assumptions (as in [7]):
(Hy) o(t,z) is differentiable with respect to z, and there exist 3, §, My, 0 < 3,6 < 1 and, for VR > 0, there
exists a constant Mp > 0 such that for all ¢ € [0, T7,
(i) { (i) o(t,z) — (s, y)| < Mo (|t = s|” + |z —yl) , Vz,y € RY,
(ii) [Vao(t,y) — Vao(s, 2)| < Mg (|t = s|° + |y — 2I°) , Y]yl , |z] < R,

(o}

where V,o(t,z) = (V,0% (t,2));=7d,j=T% an

d d k
Veolt)? = 3303 e (o)l

From (i), we can deduce that for all z € R?
o(t,)| < 101(0,0)| + Mo([t)? + Jel) < Mozr(1+ o)),

where My 1 = |0(0,0)| + Mo + MyT.
Let

. 0
ap = mln{ﬁ, m} :
(H3) There exist u € (1 — ap, 1], Lo and, for VR > 0, there exists a constant Lr > 0 such that V¢ € [0,7T],

(i) [b(r, ) = b(s,y)| < Lr(|r —s|* + |z —yl), V2|, |yl <R,
(Ho): ¢ .
(ii) |b(t, )| < Lo(1 +|z]), Vo€ R%L

Finally, we introduce some notations.



918 T. NIE AND A. RASCANU

Given A = (a™)gxr and y = (y')ax1, d,k € N*. we denote |A|? = 3" [a*|? and |y| = Y |y!|?. Let t € [0,T]
,J i
be fixed. Denote by

e W*(t,T;R?), 0 < a < 1, the space of functions f : [t,T] — R? which are continuous and

1f (s g,
o.co: = bup +/ a
£l e = stp. <|f ) - lFle) = 70l

o W=t T:R%), 0 < a < 1/2, the space of continuous functions g : [t,T] — R such that

oo~ o=l O]+ _swp (g0, [P0, ) < o,

t<r<s<T

o CF([t,T];R%), 0 < pu < 1, the space of y-Hélder continuous functions f : [t, 7] — R?, with the norm

Hf” fT = Ssup ‘f( )‘ —+ sup M

< o0
se[ T) t<r<s<T (8 - T)H

o W l(t, T;R?) the space of measurable functions f such that

HfHa,l;[t,T] ::/f [(sf—t / fs_y)iil)dy ds < o0,

W (t, T;RY) ¢ W*l(t, T;RY).

and we have

2.2. Generalized Stieltjes integral

Denoting
Ao(g;[t,T)) == =—— s Di=%g,
alg; [t,T1) T o) t<:1<13p<T|( s=%gs—) (r)]
where -
F(a):/ 5" le™ds
0
and

elm(1—a) s) —g(r Sq(r) —
D)) = s (P o) [ H 00 ) 10,

it follows that (see [10,11])

1

Aa(g; [t T]) < T =)l 91lgir1-a .00 (¢, 750 -

Also it’s obvious that
Ao(g; [t T]) < Aa(g;[0,T]) (:= Aalg))-

Definition 2.2. Let 0 < a < 1/2. We assume f € W*L(¢t, T;R>F) and g € Wlfa’oo(t,T;Rk), then the
generalized Stieltjes integral is defined by

/ T F ) dg(r) = (—1)° / (D5, ) (r) (D=9, ) (r) d,
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where

D2 D0 = =y (s o [ FE ) 1 )

The integral / f(r)dg(r) exists for all s € [t,T] and
¢

T
/t Fr)dg(r)] <

< Aa(97 [t?T]) ||fHa,1;[t,T].

Remark 2.3. It is known that when H € (1/2,1) and 1 — H < a < 1/2, the random variable

sup (D=, |/| (D2, £)(s)ds|

t<r<s<T

G = Aa(B") = sup |(DI="B,_)(s)

F(l - a) t<s<r<T
has moments of all order. Therefore if u = {u,t € [0,T]} is a stochastic process and its trajectories belong to

T
Wel(t, T;RY), with 1 — H < a < 1/2, the integral / usdBH has the meaning in the sense of Definition 2.2
0

T
’/ u,dB,
0

which means that the stochastic integral from (2.1) is a pathwise Riemann—Stieltjes integral.

and it follows

Nualart and Rascanu proved in [11] that under the assumptions (H;) and (Hz), with § > 1 — H and
§>1/H —1, the SDE

S S
Xt —et [ xar s [0 (X aBl, se e,
t t
has a unique solution X*¢ € LY (Q,}",P;Wa’oo(t,T;Rd)) , for all @ € (1 — H, ap) . Moreover, for P-almost all
we 2, XM (w) e ¢t (0,T;RY) .

2.3. Fractional viability

Following [7], we recall the notion of the viability property for SDE driven by fBm. We also present the
characterization theorem for the viability property.
Consider the stochastic differential equation driven by fBm B with Hurst parameter 1/2 < H < 1,

S S
Xt gt / b(r, X1)dr + / o(r, XP7)ABH, s € [1,T). (2.4)
t t

Definition 2.4. Let K = {K(t) : t € [0,T]} be a family of subsets of R?. We say that K is viable (weakly
invariant) for equation (2.4) if, for every ¢ € [0, 7] and from every starting point x € K (t), there exists at least
one of its solutions {X5* : s € [t, T} which satisfies

X0 (w) € K(s) forall selt,T], as. w€ .

Definition 2.5. The family K is invariant (strong invariant) for equation (2.4) if, starting at every time ¢ € [0, T
and from every point = € K (t), all solutions {X%* : s € [t,T]} of (2.4) satisfy

X0 (w) e K(s) forall s€lt,T], as. w€ .
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Remark 2.6. In the case that the equation has a unique solution, viability is equivalent to invariance.

Suppose that the mappings b and o satisfy (H;) and (Ha).

Definition 2.7. Let t € [0,T] and z € K (). Let 1/2 <1 —a < H.

The (1 — a)-fractional B -contingent set to K (t) in z is the set of the pairs (u,v) € R? x R?* such that
there exist a random variable h = h%* > 0 and a stochastic process Q = Q% : 2 x [t, t+ B] — R?, and for any
R > 0 with |z| < R, there exist two random variables Hp, Hp > 0, depending only on R, Lr, Mo 1, My, Lo,
T, o, B, A, (BH)) and a constant v = yr(a, B) € (0,1) such that for all s,7 € [t,t + h], P-a.s.

Q(s) - Q(r)| < Hrls =7, |Q(s)| < Hrls—t|""

and
z+(s—t)u+v [BY =Bl +Q(s) € K (s).

Definition 2.8. Let t € [0,7] and z € K(¢). Let 1/2 <1 —a < H.
The (1 — a)-fractional BY-tangent set to K(t) in x, denoted by Sy (t, z), is the set of the pairs (u,v) €
R? x R¥*F such that there exist a random variable h = h%* > 0 and two stochastic processes

U=U":0x[t,T] - R Ut) =0,

2.5
V=Vt Qx[t,T] - Rk V(t)=0 (25)

and for every R > 0 with |z| < R, there exist two random variables Dp, Dr > 0, depending only on R, Lpg,
Mo, Mo, Lo, T, o, 3, Ao (BH)), such that for all s,7 € [t,t—l— h], P-a.s.

U (s) =U (1) < Drls—7|"™", |V (s) =V (r)| < D s — r""{7170} (2:6)
and

4 /s(u U@+ /s(v +V(r)ABT € K(s).

Remark 2.9. The definition of S,k ))(t, ¢(x)) is similar to Sk 4)(t,x), we only change the condition

:E—i—/s(u—i—U(T))dr—i—/s(v—i—V(r))dBf € K(s),

to the following form

o(x) + /:(u + U(r))dr + /ts(v +V(r)dBH € o(K(s)).

Now we recall the main result of [7] concerning the stochastic viability.

Theorem 2.10. Let K = {K (t):t € [0,T]}, K (t) = K (t) C RY. Assume that (H;) and (Hy) are satisfied
with1/2< H<1, 1-H<fS, § > % Let max {1 — H,1 — pu} < a < ag. Then the following assertions are
equivalent:

() K is viable for the fractional SDE (2.4), i.e., for all t € [0,T] and for all x € K (t) there exists a solution
Xt (w,) € = ([t, T];R?) of (2.4) such that

X" e K (s), VseltT);
(I) for allt €[0,T), x € K (t), (b(t,z),0 (t,x)) is (1 — a)-fractional B -contingent to K (t) in x;
(II) for allt € [0,T), x € K(t), (b(t,z),0 (t,x)) is (1 — a)-fractional B -tangent to K(t) in x.
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Remark 2.11. The assertion (1) is given in [7] only for the deterministic case, i.e. using g € W=®(t, T; R?)
instead of B¥. Using the same method as in [7] to prove (IT), we can derive (I11).

Moreover, it follows:

Corollary 2.12. Assume that (Hy) and (Hz) are satisfied with 1/2 < H <1, 1—H < 8, § > 125 Let
max {1 — H,1 - u} < a < ap, if K C R is independent of t, the following assertions are equivalent:

(j) K is viable with respect to the fractional SDE (2.4);
() for allt €[0,T), x € 0K, (b(t,x),0 (t,z)) is (1 — a)-fractional BY -contingent to K in x;
(i) for allt € [0,T), v € OK, (b(t,z),0 (t,z)) is (1 — a)-fractional B¥ -tangent to K in z.

Proof. Since K is independent of ¢, from Theorem 2.10, it’s obvious that (j) = (jj) = (jjJ). It is sufficient to
prove (jjj) = (j)-

~ Let t € [0,7] and x € K \ K be chosen arbitrary. Since X b is continuous, there exists a random variable
h, such that for all s € [t,t + h],

X =ax+ / b(r, X")dr + / o(r,Xp*)dB}! € K,
t t
which can be written as
S S
Xt =gy / b(t, 2) + U(r)dr + / o(t,2) + V(r)]dBY ¢ K,
t t

where
U(r) =b(r, X2*) = b(t,x), V(r)=o(r,X") —o(t,z).

Clearly (b (t,z),0 (t,x)) is (1 — a)-fractional BH¥-tangent to K in z. From (jjj), taking into account that K is
independent of ¢, we obtain (II7). O

3. STOCHASTIC TANGENT SETS TO DIRECT AND INVERSE IMAGES

Firstly, we give the following auxiliary lemma,

Lemma 3.1. Given two stochastic processes U = Ub* V = V4% satisfying (2.5), (2.6). Then for allt < 7 <

s<t+h,
/U(r)dr

/TSV(r)dBf

<Dp(s—t)"%(s—1),

(a)

(b) < Cr(a, B)DpAa(BH)(s — tymin{Bi1=a} (5 _ T)ka ’

where Cr(a, B) depends only on R, «, and 3.

Proof. (a)

/TSU(T)dT
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/T V(r)aBH

[ e -vus!
S AQ(BH)HVHa 1

< Ay (BH)/

T

T’

|V(7“ V(t) \V 9y

Fe ) o
T—tmm{ﬁl a} T(T— )mm{,@,lfoc}

/[ 7 +/T )

[ 1

1-—

+/ / (T y)mm{ﬁ a,1— 2a}71dyd'r}
S C ( /B)ERAQ(BH)(S _ t)min{ﬁ,lfoc} (S o T)l_a . -

mln{,@ 1—a} (S o 7_)1704

Remark 3.2. From (a) and (b), we see that for 7 = ¢,

/:U(r)dr
/t V(r)aBH

The following theorem will give the extension to the fBM framework of the result concerning stochastic
tangent sets to direct images which was studied by Aubin and Da Prato, [1].

< Dr(s—t)*,

(b/) < CR(Oé,ﬁ)DRAO/(BH)(S _ t)l—&-min{ﬁ—a,l—2(x}.

Theorem 3.3. Assume that (Hy) and (Hz) are satisfied with 1/2 < H <1, 1— H < 3, 6 > % Let a, ag
be such that max {1 — H,1—p} < o < ag. Let K (t) = K (t) C R%, ¢t € [0,T], Sk (t,x) be (1 — a)-fractional
BH _tangent set to K in x and ¢ be a C? map from R? to R™ with a bounded second derivative. If

(b(t,z),0(t,x)) € Sg(t, )

then

(" (@)b(t, x), @' (x)o (. ) € Spx (e (t ().

Proof. Since (b(t,r),0(t,x)) € Sk(1)(t ), there exist a random variable h = hb* > 0 and, for all R > 0, two
stochastic processes satisfying (2.5), (2.6) for all s € [t,t + h], and z € R? with |z < R,

x+ /ts(b(t,ac) +U(r))dr + /ts(a(t,x) +V(r)dBH (r) € K(s).

Define
ns = —|—/t (b(t,z) +U(r))dr —l—/t (o(t,z) + V(r)dB" (r).

From Lemma 3.1 and the (H — ¢) Holder continuous property of fractional Brownian motion, it follows that for
all s,7 € [t,t—|—h],

‘77.9 - 777‘ <((s— T)lia-
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According to the fractional It formula (see [10], Rem. 2.7.4), we know that for all s € [t,t + h]

(b(t, x) + U(r))dr + S(U(t,w)JrV(T))dBH(T)
( of J )

/‘ ta:+U<»ww+[7¢mn@ua»+vw»MBHw>
+/ tw+Ummhf[wvwmm+mmm#%»
where
Ui(r) = () U(r) 4+ (¢ (n,) — ¢ (x))b(t, z),
Vi(r) = @ )V (") + (¢ () — @/ (@))o(t, )
Then
—|—/t b(t,z) + Uy (r)dr + /ts[gol(@a(t,x) + Vi(r)|dBH (r)
(ac —I—/t (t,z) + U(r))dr + /ts(a(t,x) + V(r))dBH(r)) € o(K(s)), (3.1)
and

Ui(t) =0, Wi(t)=0

For all s, 7 € [t,t + fz] and for every R > 0 and |z| < R, using the Lipschitz continuity of ¢’ and (Hs), we
obtain that

U1(s) = Un(7)| < 1" (n)[IU(s) = U(n)| + (IU(s)] + [b(E, 2))] " (ns) — &' ()]
< Oufs — 7' + Oalns — e | < Os — 717,

similarly we can prove that B .
[Vi(s) = Va(r)| < Os — r|minti=ed,

where the Holder constants 6, 6 are random variables which depend only on R, Lgr, My, My, Lo, T, o, f3,
Ao (BH).
We conclude from (3.1) that

(" (@)b(t, x), @' (x)o (. ) € Spx ey (t (). 0

We can also give the extension of the result concerning stochastic tangent sets to inverse images to the fBM
form.

We introduce a space H of the functions ¢ : R? — R™ of class C2, with a bounded and Lipschitz continuous
second derivative and moreover there exist a, < b, and M > 0, L > 0, such that for all a, < |z| < by, the
matrix ¢'(z) = ﬁcp(w) = V.¢(z) € R™*4 has a right inverse denoted by ¢'(z)* satisfying

(D) |[¢' (@) ]| < M,
2) |l /SEW—[@ )V < Ll —yl,

where we use the notations [¢/(2)*] = L[(Lp(2))T] = V. [(Vap(2)) 1]

Lemma 3.4. Given two stochastic processes U = Ub* 'V = Vb salisfying (2.5), (2.6) with d = m, and ¢ € H,
let

~
—
3
s
Il

W) Ur) = (@' (y) — &' (@)b(t,2)],



924 T. NIE AND A. RASCANU

Assume that (Hy) and (H) are satisfied with 1/2 < H < 1, 1 — H < B, § > = then for a €
(1 - H,ap) and for every 6o > 0, there ewists a random wvariable h; = Eﬁ’z, such that for a, + 209

<lz| < by, — 260 and P-a.s. w € 2, the following stochastic differential equation

S

§s =+ /ts(b(tw) + f(r,&))dr +/t (o(t,z) + g(r,&))dB" (r), s € [t,t+ ha],

has a unique solution . (w) € L° ((),}",IP’; W (L, T, Rd)) . Moreover £ (w) € C1@ (t,t + ha; Rd), P-a.s.

Proof. Applying the partition of unity theorem from [12], page 61, we see that for every dy > 0, there exists a
function a(z) € C*(R?) such that a(z) = 1 for a, + do < |z| < b, — dp and a(z) = 0 for |z| > b, or |z| < ay,
then we define

f(ty), ay, + 6o < |y| < by, — o,
fty)=a@)fty) =3 aW)ft,y) ap <yl <ap+0d, orby,—do < |yl < by,
0, [yl > by, or |yl < ay.

We define g(t,y) by the same method, then we consider the following equation

=+ /:(b(t,ff) + f(r,&)dr + /ts(U(t,ff) +3(r,6))dB (r), s € [t,t + R]. (3.2)

Since p € H and U = U"*,V = V* gatisfy (2.5), (2.6) with d = m, we can verify that for o € (1 — H, ap),
f(t,y), and g(t,y) satisfy the conditions of (H;), (Hz) from [11], where My, Mg, Lo, Lr depend on w. Hence
for all a € (1 — H, ap), equation (3.2) has a unique solution &. (w) € L° (2,F,P;W*>(t,T;R?)) and moreover
3 (w) € Ct=« (t, t+h; Rd), P-a.s. Since a, + 28y < |z| < by, — 240, there exists a random variable h; = Bﬁ’w such

that a, + o < €] < b, — &g, P-a.s. Then for s € [t,t + hy], (3.2) becomes to

S

[ /ts(b(t,a:) b F(rE))dr +/t (0(t,2) + g(r.E)ABE(r), s € [t + ], P — a.s.

Taking &5 = és, s € [t,t + h1], together with the uniqueness of és, the proof is completed. O

Theorem 3.5. Assume that (Hi) and (Hs) are satisfied with 1/2 < H < 1, 1 —H < 8, § > . Set

max {1l — H,1—pu} < a < ap. Let K(t) = K(t) € R4t € [0,T] and ¢ € H. Then for all x € R? with
a, < |z| < by,

(b(t,x),a(t,w)) S Sapfl(go(K(t)))(t,w)
if and only if
(' (@)b(t, 2), ¢ (2)o(t, 7)) € Spx ey (t, @(2))-
Proof. Tt is sufficient to prove that if (¢'(z)b(t,z), ¢ (z)o(t,x)) € S,k (t,¢(x)), then (b(t,z),0(t,x)) €

Se-1(p(r ) (t, ).
Since

(" (@)b(t, x), @' (x)o (. ) € Spx ey (t (),

for x € K(t), there exist a random variable h = ht* > 0 and two stochastic processes U; and Vi satisfy-
ing (2.5), (2.6) with d = m, and for all s € [t,t + h], for every R > 0 with |z < R,

() + /ts(w'(w)b(t7$) + Ui (r))dr + /ts(w'(ﬂf)a(tw) +Vi(r))dB" (1) € (K (s)).
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Let

—~
<
=
I
ﬁ\
—
8
~
~
=
v@‘-

fry) =¢' )" [Ui(r) = (¢
g(ry) =¢') " Vi(r) — (¢

where ¢'(y)* is the right inverse of ¢'(y). By Lemma 3.4, for every § > 0 and a, 420 < || < b, — 200, there
exists a random variable hy such that for P-a.s. w € {2, the following SDE

/\\
s
I
ﬁ\
&
S
v@t-

S

Es =+ /s(b(t,w) + f(r,&))dr —|—/ (o(t,x) + g(r,&))AB(r), s € [t,t + hy],
t t
has a unique solution &. (w). Taking

(&) T [U(r) = (¢'(&)
(&) i) = (&)

,V(r) =V (t+hy) for r € [t + hy, T]. We deduce that

for r € [t,t +hi] and U(r) = U(t + hy

~—

Ut)=0, V(t)=0.
Since ¢ € H and & (w) € C1= (¢, ¢ + hy;RY), from (Hy) and (Hy), it follows that
U(s)—U @) <Ols—7]"", |V(s)=V ()| <bls— ™51 v relt,t+ ).

According to the fractional 1t6 formula, we know for all s € [t, t+ Bl] that

© (x + /ts(b(t,w) +U(r))dr + /ts(o(t,x) + V(r))dBH(r)>
=p(z) + /ts(w’(w)b(tvw) + Ui (r))dr + /ts(w’(w)a(tvﬂf) +Vi(r))dB" (r) € o(K(s)).

which means that
(b(t,z),0(t,2)) € Sp-1(p(k (1)) (t, T)- u
4. APPLICATIONS TO DETERMINISTIC CHARACTERIZATION OF VIABILITY

Using Theorem 3.5, if K takes some particular forms and B is one-dimensional, we will get determinis-
tic sufficient and necessary conditions for viability which can be checked more easily. Firstly we prove some
preliminary results.

Lemma 4.1. Assume that (H;) and (Hs) are satisfied with k = 1,1/2 < H <1, 1 —H < 3, § > 1. Let
max {1l — H,1 - pu} < a <oy and K = {z € R4 r < |z| < R}. Then for all x, such that |z| = R,

(b(t,x),0(t,x)) € Sk (t,x) if and only if (x,b(t,x)) <0, (x,o(t,z)) =0,
and for all x, such that |x| = r,

(b(t,z),0(t,x)) € Sk (t,z) if and only if (x,b(t,x)) >0, (x,0(t,z)) =0.
Proof. Taking ¢(x) = |z|?, for R/4 < |z| < 4R, we have

+ xT

/ = —
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We can verify that ¢ € H with a, = R/4, b, = 4R. For |z| = R, we know that a, < |z| < b,. We have also
similar discussion with respect to |z| = r. By Theorem 3.5, Lemma 4.1 is reduced to the following equivalence:
For all z such that |z| = R

((22,0(t, x)), 2z, 0(t, 7)) € Sy (s |z|?) < (2,b(t,2)) <0, (x,0(t,x)) =0.
For all z, such that |z| =r,
((22,b(t, x)), 2z, 0(t, 7)) € Sy (t, |z|?) < (2,b(t,2)) >0, (x,0(t,x)) = 0.

It’s convenient to prove only the case: |x| = R, the other one is similar.

Necessary. If (z,b(t,xz)) <0, (z,0(t,z)) =0, taking U(r) = 0, V(r) =0, we can choose h small enough, such
that Vs € [t,t + h],

<o+ [ (22, b(t,2) + Uw))dy + / (@20t 2)) + V(y)ABY (y) < B,

This means that ((2z,b(t,x)), (2z,0(t,x))) € Su(x)(t, |2]?).

_ Sufficient. Since ((2x,b(t,x)), (2x,0(t,x))) € Sy)(t, |z[*), there exist a random variable h =
ht* > 0, and two stochastic processes satisfying (2.5), (2.6) with d = 1, k = 1, and for all s € [t,t—l—h],
for |x| < R,

<o+ [ (22, b(t,2) + U))dy + / (@20t 2)) + V(y)ABY (y) < R.
Since |z| = R, it follows that
(20, b(t, 2))(s — ) + (22, o(t,2)) (B () — B (1)) + / Uy)dy + / VBT <0, (41)

By (2.3), there exists 29 C §2 with P(£2p) = 1/2, such that for each wg € (2, (4.1) is satisfied and there is a
sequence t < s, = $p(wo) <t + h(wo), $n \, t, such that

B (wo) — Bf (wo)

sljr{lt Sp — t = oo (42)
Then we conclude that
BT (s,,) — B (t 1
2z, 0(t,z)) wo(ss) - w®) U dy+/ V(y)dBH ( )} — < —(wb(ta).  (43)

By Lemma 3.1

[/ Uly dy+/ V(y)dBL( )] nl_t—>o,

(x,0(t,x)) <0.

recalling (4.2), yields

Similarly we can prove that (z,o(t,z)) > 0, choosing w)) and a sequence t < 1, = 7, (w)) < t + h(wh), rn \ 1,

H
such that limt B, (@) =B (wh) _

- Tn—t

—o00. Consequently,

(x,0(t,x)) = 0.
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Then from (4.3), we deduce that

(2, b(t, ) UU dy+/V )dBH (y ] - <0,

Let s — t. Via Lemma 3.1, it follows that

(x,b(t,z)) <0. O
As particular cases, we have the following two corollaries

Corollary 4.2. Assume that (Hy) and (Hg) are satisfied with k =1,1/2< H <1, 1 — H <8, § > =L Let
max {1 — H,1 -y} < a < oy and K = {x € R%;|z| = 1} (the unit sphere). Then for all z € K,

(b(t,z),0(t,x)) € Sk (t,x) if and only if (x,b(t,z)) =0, (x,o(t,x)) = 0.

Corollary 4.3. Assume that (Hy) and (Hy) are satisfied with k =1,1/2< H <1, 1—H < 3, § > 1. Let
max {1l — H,1 - pu} < a < ay and K = {z € R%;|z| < 1} (the unit ball). Then for all x, such that |x| = 1

(b(t,z),0(t,x)) € Sk(t,x) if and only if (x,b(t,z)) <0, (x,o(t,x)) =0.
As it is shown in Corollary 2.12, if we want to get conditions for the viability of K, we only need to consider
the starting point « € K. Then, from Corollaries 4.2 and 4.3, we have respectively the following two results.

Proposition 4.4. Let (Hy), (Hz) be satisfied with k = 1,1/2 < H < 1, 1 — H < 3, § > % Let

max {1l — H,1 — u} < a < ay and K be the unit sphere. Then, the following assertions are equivalent:

(I) K is viable for the fractional SDE (2.4);
(1) for allt €[0,T] and all x € K,
(x,b(t,x)) =0, (z,0(t,x)) = 0.

Proposition 4.5. Let (H;), (Hs) be satisfied with k = 1,1/2 < H < 1, 1 - H < B, § > L. Let
max {1 — H,1 — p} < a < ag and K be the unit ball. Then the following assertions are equivalent:

(I) K is viable for the fractional SDE (2.4);
(II) for allt €[0,T) and all |x| =1,
(x,b(t,z)) <0, (x,0(t,x)) =0.

As a consequence of Theorem 3.5, we have the following
Corollary 4.6. Considering the one-dimensional SDE,

S S
XS:x+/ b(r,XT)dr+/ o(r,X,)dBH, se[t,T].
t t

Suppose that (Hy) and (Hz) are satisfied with k = 1. Then, for any t € [0,T] and every x > 0, the above
equation has a positive solution if and only if

b(t,0) > 0, o(t,0) =0, Vte[0,T).

Proof. Taking ¢(z) = x and K = [0,4+00). Analysis similar to that in the proof of Lemma 4.1 shows that
(b(t,0),0(t,0)) € Sk(t,0) if and only if b(t,0) > 0, o(£,0) = 0. Considering Corollary 2.12, we get our
result. ]

Another interesting application is the comparison of the solution theorem.
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5. COMPARISON THEOREM

Corollary 5.1. Considering the linear two-dimensional decoupled system,
X = [ (F0XE + AN+ [ (G()XET + u(r)ABE, s € [1.T)
t t
S S
Vev =yt [ GOV )+ [ ()Y g(r)aBY, s € [6T)
t t

where BY is one-dimensional, f(r), f1(r),g(r),g1(r) are Lipschitz functions.
Then the two assertions are equivalent:

o foranyte[0,T) and every x <y: XL* <YIY Vsel[t,T|;
o filt) < fa(t), 91(t) = g2(t), VL € [0, T].

Proof. Setting ZL* =YY — Xt* 2 =y —x > 0, we can change our problem to an equivalent form:

for any ¢ € [0, T] and every z > 0, the solution Z%* > 0
— fi(t) < fa(t), 91(t) = g2(t), YVt € [0, T].

Using Corollary 4.6, the proof is completed. O

In general case, we can prove

Theorem 5.2 (comparison theorem). Considering the two-dimensional decoupled system
S S
X =t [l X+ [ (ot XE)ABE, s € .7
t t
S S
vev =y [ @l vrodr+ [ (oa(rYin)aBY, e 1)
t t

where (Hy) and (Hy) are satisfied with k = 1,1/2< H <1, 1 — H <, § > L. Let max {1 — H,1 — p} <
a < agp, then the two assertions are equivalent:

e foranyte[0,T) and everyx <y: XL* <YIY Vse[t,T|;
o Di(t,z) < ba(t,z), o1(t,z) = o2(t, 2), Vt € ]0,T], Vz € R.

Proof. We write the two-dimensional decoupled system in the following form

Zt :z—i—/( (b(r, zf;Z))err/‘ (o(r, 2"%))dBH, s € [t,T),
t t
Xt’m X bl(r Xt’m) 0’1(7" Xt’z)
Zt,z — S _ b ,Zt,z _ » < Zt,z — P & .
= (i) = () ez = (i) ez = (020 5)

1/-1
/ + = — .
¢@=3(7)
Consequently ¢ € H. Setting K = {(z) | y —x > 0}, we know that p(K) = R* and ¢ '(¢(K)) = K. By
Theorem 3.5 and Corollary 2.12, the viability of K is equivalent to

where

(' (2)b(t, 2), ' (z)a(t, 2)) € Sp+(t,0(2)),V t € [0,T],V z = (2) € 0K = {(Zj) tr= y} ,
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that is
(bo(t,z) — b1 (t,x), 02(t, ) — o1(t, 7)) € Sp+ (¢, 0).

Now following the same calculus as in Lemma 4.1, we have

Sg+(1,0) = {(u,v) €R?:u(s —t) +v(BE — BF)

ﬁ/U@My+/1V@MBfZQ Vseht+ﬂ}
t t
z{(u,O)eRzzuEO},
which complete the proof. O

Remark 5.3. We can consider the following control problem: find two control stochastic processes u and v
such that the state X driven by the system

X, = Xo + /Os[b(r, X,) + u(r)]dr + /OS[U(T, X,) + o(m]dBY, se0,T),

evolves in given constraint closed set K. We ask moreover that the controls are in some feedback forms. As an
example:

Let K = {x € R?: |z| < R}, where R is a fixed positive constant, and [Ty : R? — K, II) () = TaT (lz| A R)
the projector operator on K. Find bounded feedback control processes v and v of the form wu(t) = allx (X (t))
and v(t) = g(t, X (¢)) Ik (X(t)) such that

T,u,v
‘Xs,’

<R, Vsel0,T], V|z|<R.

By Corollary 4.3 such controls exist taking

a < _% sup (x,b(t,z)) and g(t,x)= (Hk (x),0(t, Hk (2))) -

= R? =R, te)0.7) R?
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