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ON CARLEMAN ESTIMATES FOR ELLIPTIC AND PARABOLIC OPERATORS.
APPLICATIONS TO UNIQUE CONTINUATION AND CONTROL
OF PARABOLIC EQUATIONS * **

JEROME LE ROUSSEAU! AND GILLES LEBEAU?

Abstract. Local and global Carleman estimates play a central role in the study of some partial
differential equations regarding questions such as unique continuation and controllability. We survey
and prove such estimates in the case of elliptic and parabolic operators by means of semi-classical
microlocal techniques. Optimality results for these estimates and some of their consequences are
presented. We point out the connexion of these optimality results to the local phase-space geometry
after conjugation with the weight function. Firstly, we introduce local Carleman estimates for elliptic
operators and deduce unique continuation properties as well as interpolation inequalities. These latter
inequalities yield a remarkable spectral inequality and the null controllability of the heat equation.
Secondly, we prove Carleman estimates for parabolic operators. We state them locally in space at
first, and patch them together to obtain a global estimate. This second approach also yields the null
controllability of the heat equation.
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1. INTRODUCTION

In 1939, T. Carleman introduced some energy estimates with exponential weights to prove a uniqueness
result for some elliptic partial differential equations (PDE) with smooth coefficients in dimension two [11]. This
type of estimate, now referred to as Carleman estimates, were generalized and systematized by Hormander and
others for a large class of differential operators in arbitrary dimensions (see [25], Chap. 8 and [26], Sects. 28.1-2;
see also [59]).

In more recent years, the field of applications of Carleman estimates has gone beyond the original domain
they had been introduced for, i.e., a quantitative result for unique continuation. They are also used in the study
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of inverse problems and control theory for PDEs. Here, we shall mainly survey the application to control theory
in the case of parabolic equations, for which Carleman estimates have now become an essential technique.

In control of PDEs, for evolution equations, one aims to drive the solution in a prescribed state, starting
from a certain initial condition. One acts on the equation through a source term, a so-called distributed control,
or through a boundary condition, a so-called boundary control. To achieve general results one wishes for the
control to only act in part of the domain or its boundary and one wishes to have as much latitude as possible
in the choice of the control region: location, size.

As already mentioned, we focus our interest on the heat equation here. In a smooth and bounded! domain
in R™, for a time interval (0,7) with 7' > 0, and for a distributed control we consider

Oy — Ay = 1,0 in@Q=(0,T) xQ,
y=0 on X = (0,T) x 09, (1.1)
y(0) = yo in Q.

Here w € € is an interior control region. The null controllability of this equation, that is the existence, for any
yo € L*(Q), of a control v € L?(Q), with [vllz2(0) < Cllivollpz(q), such that y(T') = 0, was first proven in [39],
by means of Carleman estimates for the elliptic operator —92 — A, in a domain Z = (0, Sp) x Q with Sy > 0.
A second approach, introduced in [22], also led to the null controllability of the heat equation. It is based on
global Carleman estimates for the parabolic operator 9, — A. These estimates are said to be global for they
apply to functions that are defined in the whole domain (0,7) x Q and that solely satisfy boundary condition,
e.g., homogeneous Dirichlet boundary conditions on (0,7") x 9.

We shall first survey the approach of [39], proving and using local elliptic Carleman estimates. We prove
such estimates with techniques from semi-classical microlocal analysis. The estimates we prove are local in the
sense that they apply to functions whose support is localized in a closed region strictly included in Q. With
these estimates at hand, we derive interpolation inequalities for functions in Z = (0, Sp) x 2, that satisfy some
boundary conditions, and we derive a spectral inequality for finite linear combinations of eigenfunctions of the
Laplace operator in 2 with homogeneous Dirichlet boundary conditions. This yields an iterative construction
of the control function v working in increasingly larger finite dimensional subspaces.

The method introduced in [39] was further extended to address thermoelasticity [41], thermoelastic plates [6],
semigroups generated by fractional orders of elliptic operators [45]. It has also been used to prove null control-
lability results in the case of non smooth coefficients [8,35]. Local Carleman estimates have also been central in
the study of other types of PDEs for instance to prove unique continuation results [21,48,51,53,54] and to prove
stabilization results [5,40] to cite a few. Here, we shall consider self-adjoint elliptic operators, in particular the
Laplace operator. The method of [39] can also be extended to some non selfadjoint case, e.g. non symmetric
systems [37].

In a second part we survey the approach of [22], that is by means of global parabolic Carleman estimates.
These estimates are characterized by an observation term. Such an estimate readily yields a so-called observabil-
ity inequality for the parabolic operator, which is equivalent to the null controllability of the linear system (1.1).
The proof of parabolic Carleman estimates we provide is new and different from that given in [22]. In [22] the
estimate is derived through numerous integrations by parts and the identification of positive “dominant” terms.
As in the elliptic case of the first part, we base our analysis on semi-classical microlocal analysis. In particular,
the estimate is obtained through a time-uniform semi-classical Garding inequality. In the case of parabolic
operators, we first prove local estimates and we also show how such estimates can be patched together to finally
yield a global estimate with an observation term in the form of that proved by [22].

The approach of [22] has been successful, allowing one to also treat the controllability of more general
parabolic equations. Time dependent terms can be introduced in the parabolic equation. Moreover, one may
consider the controllability of some semi-linear parabolic equations. For these questions we refer to [4,15,18,22].
In fact, global Carleman estimates yield a precise knowledge of the “cost” of the control function in the linear

IThe problem of null-controllability of the heat equation in the case where € is unbounded is entirely different [43,44,46].
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case [17] which allows to carry out a fix point argument after linearization of the semi-linear equation. The
results on semi-linear equations have been extended to the case of non smooth coefficients [7,14,34,36]. The use
of global parabolic Carleman estimates has also allowed to address the controllability of non linear equations
such as the Navier-Stokes equations [19,29], the Boussinesq system [20], fluid structure systems [9,30], weakly
coupled parabolic systems [12,23,32,33] to cite a few. A review of the application of global parabolic Carleman
estimates can be found in [16].

A local Carleman estimates takes the following form. For an elliptic operator P and for a well-chosen weight
function ¢ = ¢(x), there exists C' > 0 and hy > 0 such that

Blle®/"ullg + 13|V ully < ChY|e?/" Pully, (12)

for u smooth with compact support and 0 < h < hy.

In this type of estimate we can take the parameter h as small as needed, which is often done in applications
to inverse problems or control theory. For this reason, it appeared sensible to us to present results regarding the
optimality of the powers of the parameter h in such Carleman estimates. For example, in the case of parabolic
estimates this question is crucial for the application to the controllability of semilinear parabolic equations (see
e.g. [14,18]). To make precise such optimality result we present its connection to the local phase-space geometry.
We show that the presences of h in front of the first term and A% in front of the second term in (1.2) are connected
to the characteristic set of the conjugated operator P, = h2e¥/hPe=¢/"  Away from this characteristic set, a
better estimate can be achieved.

If w is an open subset of ), from elliptic Carleman estimates we obtain a spectral inequality of the form

[ullZ2) < Ce“VF|lullZz(.,

for some C' > 0 and for u a linear combination of eigenfunctions of —A associated to eigenvalues less than p > 0.
An optimality result for such an inequality is also presented as well as some unique continuation property for
series of eigenfunctions of —A. This spectral inequality is also at the center of the construction of the control
function of (1.1) and the estimation of its “cost” for particular frequency ranges.

An important point in the derivation of a Carleman estimate consist in the choice of the weight function ¢. A
necessary condition can be derived. This condition concerns the sub-ellipticity of the symbol of the conjugated
operator P,. With the approach we use, the sufficiency of this condition is obtained. We also consider stronger
sufficient conditions: the method introduced by [22] to derive Carleman estimates is analyzed in this framework.

This article originates in part from a lecture given by Lebeau at the Faculté des Sciences in Tunis in February
2005 and from Bellassoued’s handwritten notes taken on this occasion [38].

1.1. Outline

We start by briefly introducing semi-classical pseudodifferential operators (¢DO) in Section 2. The Garding
inequality will be one of the important tools we introduce. It will allow us to quickly derive a local Carleman
estimate for an elliptic operator in Section 3. In that section, we present the sub-ellipticity condition that the
weight function has to fulfill. We also show the optimality of the powers of the semi-classical parameter h in
the Carleman estimates. We apply Carleman estimates to elliptic equations and inequalities and prove unique
continuation results in Section 4. In Section 5, we prove the interpolation and spectral inequalities. The latter
inequality concerns finite linear combinations of eigenfunctions of the elliptic operator. We show the optimality
of the constant e“V# in this inequality where p is the largest eigenvalue considered in the sum. We also prove
a unique continuation property for some series of such eigenfunctions. In Section 6, these results are applied
to construct a control function for the parabolic equation (1.1). Section 7 is devoted to parabolic Carleman
estimates. We first prove them locally in space with a uniform-in-time Garding inequality. We then patch them
together to obtain a global estimate. We provide a second proof of the null controllability of parabolic equations
with this approach.

For a clearer exposition, some of the results given in the main sections are proven in the appendices.
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1.2. Notation

The notation we use is classical. The canonical inner product on R™ is denoted by (.,.), the associated
Euclidean norm by |.| and the Euclidean open ball with center « and radius r by B(xz,r). For £ € R™ we set
(€)= (1+]¢3)2. If @ is a multi-index, i.e., &« = (v, ..., a,) € N, we introduce

¥ =& E0m, if EERY, 9% = ot --- 05, D*=Dg!---Dgr, and |a| = a1 + -+ ap,
where D = 2 70. InR™, we denote by V the gradient (0,,, ..., 0 )t and by A the Laplace operator 82 +-- —|—82
If needed the varlables along which differentiations are performed will be made clear by writing V or A, for
instance. We shall also write ¢’ = V.

For an open set 2 in R™, we denote by €°(2) the set of functions of class ¥>° whose support is a compact
subset of Q. For a compact set K in R™, we denote by 4 >°(K) the set of functions in €°(R™) whose support
is in K. The Schwartz space .(R™) is the set of functions of class €>° that decrease rapidly at infinity. Its
dual, Y "(R™), is the set of tempered distributions. The Fourier transform of a function u € ./(R™) is defined

by i(¢) = [e H®8y(x) do, with an extension by duality to .7/(R").
Let Q be an open subset of R™. The space L?(Q) of square integrable functions is equipped with the hermitian
inner product (u,v)r2 = [, u(z)v(x) dz and the associated norm |[ul|. = |ull, = (u,u)i/f In R™, classical

Sobolev spaces are defined by H*(R") = {u € .%/(R"); (£)*d € L2(R™)} for all s € R. In §, for s € N, H*(Q)
is defined by H*(Q) = {u € 2'(Q); 0% € L*(R"),Va € N", |a| < s}.
For two functions f and g with variables z, ¢ in R™ x R"™, we defined their so-called Poisson bracket

{fag} - Z(aﬁjfaxjg - azjfaﬁjg)'
J

For two operators A, B their commutator will be denoted [A, B] = AB — BA.

In these notes, C' will always denote a generic positive constant whose value can be different in each line. If
we want to keep track of the value of a constant we shall use other letters. We shall sometimes write C) for a
generic constant that depends on a parameter .

2. PRELIMINARIES: SEMI-CLASSICAL (PSEUDO-)DIFFERENTIAL OPERATORS

Semi-classical theory originates from quantum physics. The scaling parameter h we introduce is consistent
with Plank’s constant in physics. It will be assumed small: h € (0, hg), 0 < hg << 1. We set D = %8. The
semi-classical limit corresponds to h — 0.

If p(x, ) is a polynomial in £ of order less than or equal to m, z,£ € R", p(z,§) = Z|a\§m aq ()€Y, we set

p(z,D)u= 3> aq(x)Du.

jal<m

Here, « is a multi-index. We observe that D%u = (g:;‘w fRn @8 eag(¢) d¢, for u € S (R™), where @ is the
classical Fourier transform of u. We thus have

lex] ) .
(;;)n / o Sag(2)€a(€) dE = (2mh) " / eSS ag(x)€ra(¢/h) de,

laf<m

p(z, D)u(z) = 3

laf<m

or, formally, p(z, D)u(z) = (2rh)™" [[ e!@=¥:/hp(z, ¢) u(y) dydé. More generally we introduce the following
symbol classes.
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Definition 2.1. Let a(z, §, h) € €°°(R" xR"), with h as a parameter in (0, ), be such that for all multi-indices
a, 3 we have

020 alz,€,)| < Capl)™ Pl = eR", £ €R”, he (0,ho).
We write a € S™.
For a € S™ we call principal symbol the equivalence class of a in S™/(hS™1).
Lemma 2.2. Let m € R and aj € S™ 7 with j € N. Then there exists a € S™ such that
N
VNeN, a- 3 hla; € ANTELGm-N-1
§j=0
We then write a ~ Zj hja]-. The symbol a is unique up to O(h*>)S™°, in the sense that the difference of two
such symbols is in O(h™)S~™ for all N,M € N.

We identify ag with the principal symbol of a. In general, for the symbols of the form a ~ > ; hia; that we
shall consider here the symbols a; will not depend on the scaling parameter h.
With these symbol classes we can define pseudodifferential operators (¥)DOs).

Definition 2.3. If a € S™, we set

a(x, D, h)u(x) = Op(a)u(x) := (2xh)™" // @8/ gz € h) uly) dydé
— (2rh)" / @Oz e h) a(e/h) de.

We denote by U™ the set of these ¥DOs. For A € ¥, ¢(A) will be its principal symbol.

We have Op(a) : S (R") — Z(R™) continuously and Op(a) can be uniquely extended to .#/(R™). Then
Op(a) : /' (R") — .'(R™) continuously.

Example 2.4. Consider the differential operator defined by A = —h2A+V (z)+h? > 1< j<n bj(2)0;. Its symbol
and principal symbol are a(z,&, h) = []* + V(z) +ih 2, o, bj(2)€; and o(A) = |€2 + V() respectively.

We now introduce Sobolev spaces and Sobolev norms which are adapted to the scaling parameter h. The
natural norm on L?(R"™) is written as ||u||§ = ([ Ju(z)? dz)2. Let s € R; we then set

lull, == [A%ully,  with A® := Op((€)*) and A#*(R") := {u € .7 (R"); [lu], < oo}.

The space #2°(R™) is algebraically equal to the classical Sobolev space H*(R™). For a fixed value of h, the norm
||.Il; is equivalent to the classical Sobolev norm that we write ||.||,;.. However, these norms are not uniformly
equivalent as h goes to 0. In fact we only have

lul, < Cllullye. ifs>0.  and [ully. <Cllul,. ifs<0.

For s € N the norm ||.|; is equivalent to the norm N, (u) := 32|, <, HD“uH% = |al<s h2‘a||\8au|\§. The spaces
A and A ~° are in duality, i.e. 5 = (#*)" in the sense of distributional duality with L? = #° as a pivot
space. We can prove the following continuity result.

Theorem 2.5. If a(x,§, h) € S™ and s € R, we then have Op(a) : 5 — F5~™ continuously, uniformly in h.

The following Garding inequality is the important result we shall be interested in here.
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Theorem 2.6 (Garding inequality). Let K be a compact set of R"™. If a(x,&, h) € S™, with principal part a,,
if there exists C' > 0 such that

Ream(z, & h) = CE)™, z €K, {€R”, he(0,h),
then for 0 < C" < C and hy > 0 sufficiently small we have
Re(Op(a)u,u) > C'Hqun/Q, u € €°(R"), supp(u) C K, 0 < h < hy.

The positivity of the principal symbol of a thus implies a certain positivity for the operator Op(a). The value
of hy depends on C, C’ and a finite number of constants C, g associated to the symbol a(z, £, h) (see Def. 2.1).
A proof of the Garding inequality is provided in Appendix A.

Remark 2.7. We note here that the positivity condition on the principal symbol is imposed for all £ in R™,
as opposed to the assumptions made for the usual Garding inequality, i.e., non semi-classical, that only ask for
such a positivity for |£| large (see e.g. [55], Chap. 2). The semi-classical result is however stronger in the sense
that it yields a true positivity for the operator.

We shall compose ¥/DOs in the sequel. Such compositions yield a calculus at the level of operator symbols.

Theorem 2.8 (symbol calculus). Let a € S™ and b € S™. Then Op(a) o Op(b) = Op(c) for a certain
c e 8™ that admits the following asymptotic expansion

la|
c(z,&,h) = (afb)(z,§h) ~ ] h Oga(z, &, h) 07b(x, &, h), where a! = aq!- - ay,!

The first term in the expansion, the principal symbol, is ab; the second term is % Zj O, a(x, &, h) Oz, b(x, &, h).
It follows that the principal symbol of the commutator [Op(a), Op(b)] is

#([0p(a), Op(B)]) = {a, b} € hS™+' 1

Finally, the symbol of the adjoint operator can be obtained as follows.

Theorem 2.9. Let a € S™. Then Op(a)* = Op(b) for a certain b € S™ that admits the following asymptotic
expansion
hlal e
b(l‘, 3 h) ~ %: Mag 28 a(:c, & h)
The principal symbol of b is simply a.

For references on usual ¢DOs the reader can consult [2,24,27,52,55]. For references on semi-classical ¥/ DOs
the reader can consult [13,42,50].

3. LoCAL CARLEMAN ESTIMATES FOR ELLIPTIC OPERATORS

We shall prove a local Carleman estimates for a second-order elliptic operator. To simplify notation we
consider the Laplace operator P = —A but the method we expose extends to more general second-order
elliptic operators with a principal part of the form 3, . 0;(ai;(2)9;) with a;; € €>°(R",R), 1 < i,j < n and
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FIGURE 1. Form of the characteristic set 2 at the vertical of each point = € V.

Zi,j a;j(2)&& > C|E|?, with C > 0, for all z,£ € R™. In particular, we note that Carleman estimates are
insensitive? to changes in the operator by zero- or first-order terms.

Let ¢(x) be a real-valued function. We define the following conjugated operator P, = h2e?/hPe=¢/" to be
considered as a semi-classical differential operator. We have P, = —h?A — |¢'|? + 2(¢’, hV) + hAp. Its full
symbol is given by |£|2 — [|? + 2i{¢’, £) + hAp. Its principal symbol is given by

pe = 0(Py) = € = |¢|* + 2i(¢, €) = (& +iwy,)%,
J

i.e., we have “replaced” {; by &; + igo;j. In fact we note that the symbol of e“’/hDje_‘P/h is & + iap;j.
We define the following symmetric operators Q2 = (P, + P3)/2, Q1 = (P, — P})/(2i), with respective
principal symbols

q2 = |£|27|90/|2a q1 :2<€,90/>
We have p, = ¢2 +iq1 and P, = Q2 +1Q)1.
We choose ¢ that satisfies the following assumption.

Assumption 3.1 (Hérmander [25,26]). Let V' be a bounded open set in R™. We say that the weight function
¢ € €< (R™,R) satisfies the sub-ellipticity assumption in V if |¢'| >0 in V and
V(z, &) €V x R", Po(z,8) =0 = {g,q}(z,§ >C>0.
Remark 3.2. We note that p,(z,{) = 0 is equivalent to |{| = |¢'| and (§,¢’) = 0. In particular, the
characteristic set 2 = {(z,£) € V x R p,(z,&) = 0} is compact as illustrated in Figure 1.
Assumption 3.1 can be fulfilled as stated in the following lemma whose proof can be found in Appendix A.

Lemma 3.3 (Hormander [25,26]). Let V' be a bounded open set in R™ and 1p € €°°(R™,R) be such that |¢'| > 0
in' V. Then ¢ = e fulfills Assumption 3.1 in V for X > 0 sufficiently large.

The proof of the Carleman estimate will make use of the Garding inequality. In preparation, we have the
following result proven in Appendix A that follows from Assumption 3.1.

Lemma 3.4. Let 1 >0 and p = (g3 + ¢%) + {q2, q1 }. Then, for all (z,£) € V x R™, we have p(z,£) > C(£)4,
with C' > 0, for p sufficiently large.

We may now prove the following Carleman estimate.

2In the sense that only constants are affected. In Theorem 3.5 below the constants C' and hi change but not the form of the
estimate.
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Theorem 3.5. Let V be a bounded open set in R™ and let ¢ satisfy Assumption 3.1 in V; then, there exist
0 < hy < hg and C > 0 such that

Blle®/"ullg + B3|V ully < ChY||e?/" Pully, (3.1)

forue €>(V) and 0 < h < hy.

Proof We set v = e#/"u. Then, Pu = f is equivalent to Pov =g = h2e?/h f or rather Qov + iQv = g.
Observing that (Q w1, w2) = (w1, Qjws2) for wi, ws € €2°(R™) we then obtain

lglly = 1Quol; + 1Q2vll§ +2 Re(Qav, iQrv) = ((Q% + Q3 +i[Qz, Q1)) v,v) (3.2)

We choose 11 > 0 as given in Lemma 3.4. Then, for A such that hy <1 we have

n( (@03 + 1102 Q1)) v) < gl

principal symbol = (qf+¢3)+{q2,q1}

The Garding inequality and Lemma 3.4 then yield
2 2
hlollz < Cligllo- (3.3)

We content® ourselves with the norm in %! here and we obtain h||e‘f°/hu|\§ + hSHVz(e‘/’/hu)Hz < Ch4|\e‘P/hf||§.
We write V. (e?/"u) = h=1e?/"(V 0)u + e#/"V ,u, which yields

W3 e/ s < Chlle?/Mullg + Ch? || Vo (e )],

since |V,¢| < C. This concludes the proof. O

Remark 3.6. With a density argument the result of Theorem 3.5 can be extended to functions u € HZ(V).
However, here, we do not treat the case of functions in H}(V) N H?(V). For such a result one needs a local
Carleman estimate at the boundary of the open set V' as proven in [39], Proposition 2, page 351. Moreover,
a global estimate in V for a function u in H} (V) N H?(V) requires an observation term in the r.h.s. of the
Carleman estimate. We shall provide such details in the case of parabolic operators below (see Sect. 7).

Remark 3.7. In the proof of Theorem 3.5 we have used Assumption 3.1. We give complementary roles to
the square terms in (3.2), HQluﬂg and ||Q2u||§, and to the action of the commutator i([Q2, Q1]u,u). As the
square terms approach zero, the commutator term comes into effect and yields positivity. A. Fursikov and
Imanuvilov [22] have introduced a modification of the proof that allows to only consider a term equivalent to
the commutator term without using the two square terms. This approach is presented below.

The following proposition yields a more precise result than the previous Carleman estimate and illustrates
the loss of a half derivative in the neighborhood of the characteristic set 2.

Proposition 3.8. Let s € R and V be a bounded open set in R™ and let @ satisfy Assumption 3.1 in V. Let
X1, X2 € SO with compact supports in x. Assume that x1 vanishes in a neighborhood of Z and that Yo vanishes

3Note that in the elliptic region, e.g. for large |£|, we can obtain a better result without the factor h in (3.3). In the neighborhood
of the characteristic set 2 = {p, = 0} the choice of the norm in /! or /#? matters very little since this region is compact. See
Proposition 3.8 for more details.
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supp( x1)

/ supp( X2)

V x R"

F1GURE 2. Characteristic set 2 and supports of x; and ys in Proposition 3.8.

outside a compact neighborhood of 2. Then there exist C > 0 and 0 < hy < hg such that
10p( x1)vlly < C (I1Ppvlly + Rllvlly) . and h2[|Op( x2)vll, < C (I[Ppvll, + Allvlly) (3.4)

forve €>(V) and 0 < h < ha.

The geometry of the cut-off functions in Proposition 3.8 is illustrated in Figure 2. This proposition is proven
in Appendix A.5. We take x; and xo that satisfy the assumptions made in Proposition 3.8 and such that
x1 + x2 = 1 in a neighborhood of V' x R™. For v € €2°(V') we have ||Op(1 — x1 — x2)v|, < Cnr.rhN ||v]],, for
all N € N and r,7" € R. We thus obtain

h2[vlly < RE([Op(L = x1 = x2)vll, + [[Op(x1)v]l, + [Op(x2)vlly) < C ([[Ppvlly + Alvll;) -
Choosing h sufficiently small we obtain
1
B |loll, < €' Pyl (35)

which brings us back to the last step in the proof of Theorem 3.5. Also note that (3.5) allows us to remove the
second term in the r.h.s. in each inequalities in (3.4) and we thus obtain

10p( x1)olly < ClIPyvllys  and h2[Op( x2)vll, < C||Pyvll,- (3.6)

We have seen that the sub-ellipticity condition in Assumption 3.1 is sufficient to obtain a Carleman estimate
in Theorem 3.5. In fact we can prove that this condition is necessary. We also note that the powers of the
factors h in the Lh.s. of the estimate in Theorem 3.5 as well as in the second inequality in (3.6) are optimal: for
instance, we may not have h?® in front of the first term in inequality (3.1) with o < % These two points are
summarized in the following proposition.

Proposition 3.9. Let V' be a bounded open set in R™, p(x) € €*(R",R), 0 < hy < hy and C > 0 such that
for a certain a < % we have

helle?/Mully < Ch2[[e?" Pl (3.7)

for allu € €°(V) and 0 < h < hy. Then o = % and the weight function ¢ satisfies Assumption 3.1 in V.

The reader is referred to Appendix A.6 for a proof.
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3.1. The method of Fursikov and Imanuvilov

Following the approach introduced by Fursikov and Imanuvilov [22], we provide an alternative proof of
Theorem 3.5 in the elliptic case. We use the notation of the proof of Theorem 3.5, and write

~ 2 .
lg + 1h Aol = Qa0 + [ Grolls + (1Qs, Qa]v, v) + 2 Re(Qav, phAgv), 0 < ji < 2.

where Q; = Q, — iuhAy and we obtain ||g + ,uhAgovH?) = [|Q2v]l2 + HQ1U||(2) + h Re(Rv,v), where p = o(R) =
({g2, 1} + 2192Ap). We have the following lemma, which proof can be found in Section A.4.

Lemma 3.10. If ¢ = ¥, then for A > 0 sufficiently large, there exists C > 0 such that
p={a a1} +2uplp>Cr(E)? zeV, {eR™

With the Garding inequality we then conclude that Re(Rv,v) > CIH’UH?, for 0 < C" < Cy and h taken

~ 2
sufficiently small. The Carleman estimate follows without using the square terms ||Q2’UH§ and [|Q1v]|,. In fact
we write

2 2 2
g + phdev|lg < 2||gllo + 21°h% | Apv|;,

and the second term in the r.h.s. can be “absorbed” by h||v|ﬁ for h sufficiently small. O

Remark 3.11. The method of Fursikov and Imanuvilov, at the symbol level, is a matter of adding a term of

the form 242 Ap to the commutator symbol ;[Q2, Q1]. As the sign of g2 Ay is not fixed, a precise choice of the
value of p is crucial.

In the proof of Lemma 3.3 in Section A.2 we in fact obtained the following condition on the weight function
V(z, &) € VXR", q2,6) =0 = {q,q}(z,&>C>0, (3.8)
which is stronger that the condition in Assumption 3.1, which reads
V(z,8) € VxR", py(2,8)=0 = {g,q}(z,&) >C>0.

Finally the condition of Fursikov and Imanuvilov, i.e., {2, q1} + 2uqaA¢ > C(£)? is itself stronger than (3.8).
The different conditions we impose on the weight function ¢ are sufficient to derive a Carleman estimate. We
recall that the weaker condition, that of Assumption 3.1, is in fact necessary (see Prop. 3.9 and its proof in
Sect. A.6).

Condition (3.8) turns out to be useful in some situations, in particular to prove Carleman estimates for
parabolic operators, such as 9y — A, as it is done in Section 7.1.

4. UNIQUE CONTINUATION

Let €2 be a bounded open set in R™. In a neighborhood V' of a point zy € §2, we take a function f such that
Vf #0in V. Let p(z,€) be a second-order polynomial in ¢ that satisfies p(z, &) > C[¢]? with C > 0. We define
the differential operator P = p(z,d/1).

We consider u € H?(V) solution of Pu = g(u), where g is such that |g(y)| < Cly|, y € R. We assume that
u=0in{x € V; f(x) > f(xo)}. We aim to show that the function u vanishes in a neighborhood of z.

We pick a function 1) whose gradient does not vanish near V and that satisfies (V f(z0), Vab(z0)) > 0 and is
such that f — 1 reaches a strict local minimum at zy as one moves along the level set {z € V; ¥(x) = ¥(x0)}.
For instance, we may choose ¥(z) = f(x) — c|z — xg|2. We then set ¢ = e*¥ according to Lemma 3.3. In the
neighborhood V' (or possibly in a smaller neighborhood of xy) the geometrical situation we have just described
is illustrated in Figure 3.
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F1GURE 3. Local geometry for the unique continuation problem. The striped region contains
the support of [P, x]u.

We call W the region {z € V; f(z) > f(xzo)} (region beneath {f(xz) = f(x0)} in Fig. 3). We choose V'
and V" neighborhoods of xy such that V" € V' € V and we pick a function y € €>°(V’) such that y = 1 in
V"”. We set v = yu and then v € HZ(V). Observe that the Carleman estimate of Theorem 3.5 applies to v by
Remark 3.6. We have

Pv = P(xu) =x Pu+ [P, x]u,
where the commutator is a first-order differential operator. We thus obtain
Blle/Mxully + 1€/ (xu)llg < C (B le/"xg(w)llg + h*e#/" [P, x]ully)
< ¢ (Bl ™xullo + B4 [P xJullg) . 0 < h< hi.

Choosing h sufficiently small, say h < ho, we may ignore the first term in the r.h.s. of the previous estimate.
We then write

2 2 2 2 2
hlle? Ml 2 iy + B3P MV gl 2 oy < Rl xcully + 2P|V (xu)[lg < Ch [/ [P, x]ul 25y, 0 < b < ha,

where S := V' \ (V" UW), since the support of [P, x]u is confined in the region where x varies and u does not
vanish (see the striped region in Fig. 3).

For all e € R, we set V. = {z € V; p(z) < ¢(x9) —e}. There exists € > 0 such that S € V.. We then choose
a ball By with center z such that By C V" \ V. and obtain

einfBD w/hHuHHl(Bg) < (Cle®Ps w/hHuHHWS), 0< h < hs.

Since infp, ¢ > supg ¢, letting h go to zero, we obtain v = 0 in By. We have thus proven the following local
unique-continuation result.

Proposition 4.1. Let g be such that |g(y)| < Cly|, o € Q and u € HE () satisfying Pu = g(u) and v =0
in {x; f(x) > f(xo)}, in a neighborhood V' of xo. The function f is defined in V and such that |V f| # 0 in a

neighborhood of xo. Then u vanishes in a neighborhood of .
With a connectedness argument we then prove the following theorem.

Theorem 4.2 (Calderén theorem). Let g be such that |g(y)| < Cly|. Let Q be an connected open set in R™ and
let w € Q, with w # 0. If u € H?(Q) satisfies Pu = g(u) in Q and u(z) =0 in w, then u vanishes in Q.
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Proof The support of u is a closed set. Since F' = supp(u) cannot be equal to 2, let us show that F is open. It
will then follow that F' = (). Assume that fr(F') = F'\ F*° is not empty and chose 21 € {r(F). We set A:= Q\ F.
We recall that we denote by B(z,r) the Euclidean open ball with center z and radius r. There exists R > 0
such that B(xz1,R) € Q and a9 € B(x1, R/4) such that xyp € A. Since A is open, there exists 0 < r; < R/2
such that B(xg,r1) C A. For ro = R/2 we have thus obtained r; < ry such that

B(xzg,m1) C A, DB(xg,r2) €, and z1 € B(xo,r2).

We set B = B(xq, (1 —t)ry +tre) for 0 <t < 1. The previous proposition shows that is u vanishes in %y, with
0 <t <1, then there exists € > 0 such that « vanishes in B;i.. Since u vanishes in %y, we thus find that u
vanishes in %, and in particular in a neighborhood of z( that thus cannot be in fr(F'). Hence F is open. O

5. INTERPOLATION AND SPECTRAL INEQUALITIES

Let 2 be a bounded open set in R™, Sy > 0 and « € (0, Sp/2). Let also Z = (0, Sp) xQand Y = («, So—a) x Q.
We set z = (s,x) with s € (0,5p) and = € Q. We define the elliptic operator A := —9%2—A, in Z. The Carleman
estimate that we have proven in Section 3 holds for this operator.

We start with a weight function ¢(z) defined in Z and choose p1 < pj < p2 < ph < ps < ps and set

V={z€Z; p1 <p(z)<ps}, Vi={z€Z; pj <elz)<p;}, j=1,2,3.

We assume that V is compact in Z (we remain away from the boundary of Z) and that ¢ satisfies the sub-
ellipticity Assumption 3.1 in V.
The Carleman estimate of Theorem 3.5 yields the following local interpolation inequality.

Proposition 5.1 (Lebeau-Robbiano [39]). There exist C > 0 and §o € (0,1) such that for u € H*(V) we have

s
1-6
||“HH1(V2) <C (||AU||L2(V) + ||U||H1(V3)) HUHHl(V)?

for 6 €10, do].

Proof Let x € €2°(V) be such that x(z) = 1 in a neighborhood of pj < ¢(z) < ps. We set w = xu. The
Carleman estimate of Theorem 3.5 implies [|e?/"w, + [|[e?/"Vw|, < C||e?/" Aw||, for h small, 0 < h < hy < 1.
We then observe that Aw = xAu + [A, x]u, with the first-order operator [4, x] uniquely supported in V3 U Vj.
We thus obtain

M ull g vy < CeP M lull g gy + e ([ Aul pagyy + 1l g1 v

as x = 1 in V5. We finally write
M lull gy vy < OV Ml gy + Ce? (| Al oy + lullpragrgy)s 0 << ha.

We conclude with the following lemma. O

Lemma 5.2 (Robbiano [49]). Let Cy, Cy and Cs be positive and A, B, C non negative, such that C < C3A
and such that for all v > ~vo we have

C <e C7A 4B, (5.1)

Then
Cy Ccy
C < Cst Ac1+C2 BCi+Cy (5.2)
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FIGURE 4. Level sets of the weight function ¢ and regions Vi, Vo and V3. The red regions, V;
and V3, localise the support of V.

Proof We optimize the r.h.s. of (5.1) as a function of v and we find yopt = W. To simplify we
choose vy, = 1?;(1%2)- If v1 > 50, substitution in (5.1) then yields (5.2). If we now have 1 < 79, we then see
that A < CstB. We conclude as C < C3A. [l

We now apply the result of Proposition 5.1 to a particular weight function. Let y € Z and r > 0 be such
that B(y,6r) € Z. Let us set ¢)(z) = —dist(z,y) and choose A > 0 such that ¢ = e*¥ satisfies the sub-ellipticity
Assumption 3.1 in B(y, 6r) \ B(y,r/8) by Lemma 3.3. We then take

—57rA

/ —4rA
p1L=¢€ )y P1 =€

y P2 = 673TAa p/2 =e
The neighborhoods V;, V5 and V3 are illustrated in Figure 4.

By applying Proposition 5.1 we obtain, for u € H?(Z),

6 é
1-6 1-6
sy < € (14wl iz + el gy Nullintyy < € (I1Aullaiz + Nl agam) el

which yields

5
lllzs (amy < € (140l 22y + Nl oy ) Iallintz):
The H'-norm in the ball B(y, 3r) is thus estimated by the H'-norm in the ball B(y,r). In particular, we recover
the local uniqueness result of Section 4 when Au = 0.

When € has a regular boundary, this local inequality can be “propagated” up to the boundary, under suitable
boundary conditions. We then obtain a global result. In addition to the Carleman estimate we have proven
here, one needs to prove a similar estimate at the boundary (0, Sp) x 9€2. The proof we give below of a Carleman
estimate at the boundary for a parabolic operator (see Thm. 7.6 and its proof in Appendix A.10) is similar to the
proof of a Carleman estimate at the boundary for an elliptic operator (see [39]). The “propagation” technique
makes use of a finite covering by balls of radius r. The reader is referred to [39] for details (pp. 353-356).
Here, as in [41] (see the proof of Theorem 3, pp. 312-313), the interpolation inequality can be “initiated” at
the boundary s = 0 (again by a Carleman estimate at the boundary).
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Theorem 5.3 ([31,39,41]). Let w be an open set in 2. There exist C > 0 and § € (0,1) such that foru € H*(Z)
that satisfies u(s, x)|zcoa = 0, for s € (0,Sp) and uw(0,2) =0, for x € Q, we have

é
-5
lllgr vy < Cllullzitzy (14wl gz + 180000, ) 2(e) (5.3)

We may now deduce a spectral inequality that, in particular, measures the loss of orthogonality of the
eigenfunctions of —A in €, with homogeneous Dirichlet boundary conditions, when they are restricted to an
open subset w C €2 such that w # Q. Let ¢;, j € N*, be an orthonormal basis of such eigenfunctions and
w1 < po < --- < pup < --- the associated eigenvalues, counted with their multiplicity.

Theorem 5.4 ([31,41]). There exists K > 0 such that for all sequences (oj)jen+ C C and all pr > 0 we have

5l = [| £ asosa) | do < ek / | S oy | an, (5.4)
o Hj <

Hj<p M <

KeXVi| ZM <u J¢JHL2

Proof We apply Inequality (5.3) to the function u(s, ) =3, ., a;— == sinh( ‘/ES) ¢ () that satisfies Au = 0 as well
as the boundary conditions required in Theorem 5.3. We have

or concisely || 3, <, J¢J||L2(Q)

So—«a So—a

2
2 2 sinh” (/7155
[l vy 2 Nullpzry = 2 o P——=—=ds > ¥ |o* [ 57 ds=Cspa 3 |yl
HiSp Hj HjSp o HjSp
and also

So So

sy < € [ (= B 4 101?) ds =€ E Jasf [ (s () + cost(79)) s
i<
0 0

< COVE Y oyl

By <p

using that Hv||§{1(9) is equivalent to (—Awv, v) in H}(Q2). Finally, we have ||0su(0, x HL2(w) f | Zu]<u ;i (@) }2
dz, which yields

Hj <

) oo 10 2 5
5 i < e (5 i) ([| S s | o),
pg<p e B <p
and the conclusion follows. O

On the one hand, in the case w = €2, the result of Theorem 5.4 becomes trivial and the constant Ce®V# can
be replaced by 1. On the other hand, it is clear that K = K (w) tends to +o0o as the size of w goes to zero. An
interesting problem would be the precise estimation of K (w). Some recent results are available with some lower
bonds and uperbounds [47,57].

When @ # €, the following proposition shows that the power % of pin KefvH is optimal (see also [31]).

Proposition 5.5. Let w be a non empty open set in Q with @ # Q. There exist C > 0 and pg > 0 such that
Jor all p > o there exists a sequence (), <u, such that

2
a;¢;(z) | dz.

ey Sp

3 ey)? >Cec‘/_/

HiSp
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Proof We denote by Pi(z,y) the heat kernel that we can write }_ e ig;(z)p;(y) for t > 0; we have
e f(z) = [ Pi(z,y)f(y) dy. We then write

>oeMigi(x)di(y) | < [Pxy)| +| X e Higi(a)es(y) |-

Hj<p Hj>p
For k € N sufficiently large, Sobolev injections give

5ll oo < Cllsllpran < C' A% 12 = C'hi5. (5:5)

For all 2,y € Q we have pi(x,y) < (4nt)~ (see Appendix A.7). Let yo be
such that d = dist(yo,w) > 0. We then have p;(z, 7o) < e/, with Cy > 0, uniformly for z in w. From (5.5)
we thus obtain

‘ 2 e_t“jqﬁj(fﬂ)%(yo)‘ <e 4O Y et s ew.

B <p Hj>p

We choose a; = e " ;(yo) and we take t = 1/,/. We have

} > O‘j(bj(m)‘ < Ce CVi L > e_t"jM?k, T € w.

Bj<p K> p

To estimate the second term we introduce J, = {l; u; < p}. The Weyl asymptotics (see e.g. [1]) yields
#J, < Cpu™?. Then, for u > 1 large, we write

Z e_th?k _ Z e_t“j,u?kg Z e—t(;t+N)(M+N+1)2k < Z #J;H-N-‘rl e—t(u+N)(u+N+1)2k
B> N<M;V*€§§N+1 N<“j1\iiN§N+1 v

<O Y e N (4 N 4 1)2RH2 < ¢
NeN

L~z

e (x4 1)/ dg = Ce! /e_tﬁ":ﬂ%Jr"/2 dx.
m

m

In fact, with ¢ = 1/,/, the function e~*®z2+7/2 decreases in [, +00) for p large. We set | = 2k + n/2. The
change of variable y = t(x — u) then yields

[ee] (oo} [oe]
/ “alde =t le” /e Y(ut +y)' dy = / (Wit y)
I 0 0
< u“%e_ﬁ/e_y(lﬂw)l dy = Cp'*t2evr,
0

since t = 1//p. For y > 1 large, we have thus obtained |Zm§u ajp;(x) | < Ce~“V#, which yields

2
/‘ > ajqu(:c)‘ dz < Clwle”OVE,
i <p

We now conclude by proving > w<u |o<]-|2 > Cp™/* > 1, for p sufficiently large with the choice of coefficients
o, 7 € N, we have made above. In fact we find

S logP = 30 e (yo)1? = Par(yo, yo) — >, e "9 |o;(yo)|*-

M < Hj<p Hj > p
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As here t = 1/,/j1 is small, Lemma A.5 (see Appendix A.7) gives Pa;(yo,y0) > C(2t)~ n/2 = C'p"*. Finally, us-
ing Sobolev inequalities as above we obtain the following estimate 1y h e 2i|g;(yo)? < C'Y > e~ 2t M?k <
Cle= Ve, O
The spectral inequality of Theorem 5.4 also leads to the following unique continuation result for series of
eigenfunctions.
Proposition 5.6. Let w C Q be open and € > 0. Then for all functions u = ZJEN* aj¢; with the complex
coefficients o satisfying |a;| < e VFi, j € N*, we have u =0 if u|, = 0.
This result yields an analogy between the series > jen+ @j¢; and analytic functions, when the coefficients o
satisfy the asymptotics |a;| < e =V,

Proof For 0 < s < & we set v(s,z) = ZjeN* o Sm}wé) ¢j(z). The asymptotic behavior we have assumed

for the coefficients a; yields v € €2((0,¢), H*(Q2)). We then apply the interpolation inequality of Theorem 5.3
taking ¥ = (o, Sp — @) x Q with 0 < a < Sy — a < Sy < e. Since v satisfies the proper boundary conditions
and since Av = 0 and 9sv[{0}xw = ulw = 0, this yields [|v[| 1y = 0. For almost every s € (a, So — ) we thus
have z — ZJGN* Smh(mé) ¢;(z) = 0 in L*(Q2). The orthogonality of the eigenfunctions gives a; = 0 for all
7 € N O

6. CONTROL OF THE HEAT EQUATION

We shall now construct a control function for the heat equation in the time interval (0,7") for an initial
condition yq in L?(Q),

Oy — Ay = 1,0 in@Q=(0,T) xQ,
y=0 on X = (0,T) x 09, (6.1)
y(0) =wo in Q.

The function v is the control. The goal is to drive the solution y to zero at time 7" > 0, yet only acting in the
sub-domain w.

We start with a partial control result. Next, in Section 6.2, the control v will be built as a sequence of active
and passive controls. The passive mode allows to take advantage of the natural parabolic exponential decay of
the L2 norm of the solution. A similar approach, on the observability side, can be found in [47,57)].

6.1. Observability and partial control
For j € N, we define the finite dimensional space E; = span{¢y; u; < 2%/} and the following null controlla-

bility problem

Oy — Ay =g, (1,v) in (0,7) x £,
y=0 on (0,7) x 09, (6.2)
y(0) = yo € E; in ,

with 7 > 0 and where IIg; denotes the orthogonal projection onto E; in L?(2). We estimate the so-called
control cost, i.e., the L? norm of the control function v that gives y(7) = 0.

Lemma 6.1. There exists a control function v that drives the solution of system (6.2) to zero at time T and
1 oi
1ol L2 0,7y xw) < CT 2672 lyoll L2 (q)-
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For a > 0, when we consider the time interva_l [a,a + T], we shall denote by V;(yo,a,7) such a control
satistying [|V;(yo, & T)|| p2((a,ar1)x0) < CT 307 1ol 22 -

Proof The adjoint system of (6.2) is

—0iq — Ag=0 in (0,7) x Q,
q=0 on (0,7) x 09,
a(T) = qr € Ej.

If we write ¢(0) = >, <25 bign then q(t) = 37, _o2; i (t)dr with a(t) = bret** and we thus have

T T
T)q(0)|: 0 s/nq(t)uizm) dt://
0 0 Q

T

T
§CeCQJ//‘ Zrak(t)qﬁk‘ dt d:c:CeCQJ//|q(t)|2 dt dz,
0 w pe S2% 0 w

because of the parabolic decay and from the spectral inequality of Theorem 5.4. This observability inequality
yields the expected estimate of the cost of the control. O

2
> ak(t)qbk‘ at dz
g <227

6.2. Construction of the control function

We split the time interval [0, T] into sub-intervals, [0,T] = U;enlaj, aj+1], with ap =0, aj11 = a; + 215, for
j € Nand T; = K277 with p € (0,1) and the constant K chosen such that 2 Z;io T; =T. We now define the
control function v according to the strategy exposed above:

ift € (aj,a; +T5], o(t,x) =V;(Ilg,yla;,.),a;,T))
t
and y(t,.) = (¢~ a;)ulas. ) + [ St - (s, s,

ifte(a; +Tj,aj41], v(t,z)=0 and y(t,.)=St—a; —Tj)y(a; +1j,.),

where S(t) denotes the heat semi-group S(t) = e*®. In particular, SO z2,z2) < 1.
The choice of the control v in the time interval [a;,a; + T}], 7 € N, yields

ly(a; + T, M2 < 1+ Ce“)ly(az, )2 ), and Tgy(a; +Tj,.) = 0.
During the passive mode, t € [a; + T}, a;+1], the solution is subject to an exponential decay

—92j T;

ly(ajt1, )z <e ly(a; +Tj, )l L2(0)-

C27 22Ty

We thus obtain |y(aji1,.)||r2@) <e lly(az, )l £2(q), and hence we have

J k
_,02F 2

2k .
ly(ajr1, )Lz < eXie B lvollz2(), J€N.

We have 22T}, = K2*2=°) We observe that 2 — p > 1 which yields lim; ZiZO(CTf — K2k2=r)) = 00,
For a certain constant C' > 0 we have

—_Ci2=

) .
ly(aji1, )2 < Ce “Nvollrz@). j€N. (6.3)
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We conclude that lim;_. [|y(aj,.)||L2¢) = 0, i.e. y(T,.) = 0 since y(t,.) is continuous with values in L*(Q)
since the r.h.s. of (6.1) is in L?(Q) by construction as we shall now see.
We have Hv||%2(Q) =2 >0 Hv||%2((aj a;+7;)xq)- From the cost of the control given in Lemma 6.1 and (6.3)

we deduce

_ C 1 Cc2¢ —col-1(2=p)
10]132(0) < (CTO 120 > o1 1,02 —C2 ) .
J]Z

As 2 —p>1and Tj = K2777, arguing as above we obtain [|v z2(q) < Crllyol r2(e) with Cp < co. We have
thus obtain the following null controllability result.

Theorem 6.2 (null controllability [39]). For all T > 0, there exists Cr > 0 such that for all initial conditions
yo € L*(Q), there exists v € L*(Q), with ||v]|12(q) < Crllyoll12(0), such that the solution to system (6.1) satisfies
y(T) =0.

Corollary 6.3 (observability). There exists Cr > 0 such that the solution y € €([0,T], L*()) of the adjoint
system

—0iq—Aq=0 1inQ,

q=0 on 3,

q(T) =qr in €2,

T
satisfies the following observability inequality ||q(0)||%2(9) < C% [ [1q®)|? dt dz.
0w

7. CARLEMAN ESTIMATES FOR PARABOLIC OPERATORS

Here we shall prove Carleman estimates for parabolic operators, typically P = 0; + A with A = —A. Asin
the previous sections 2 is a bounded open set in R”. We set Q = (0,7) x Q. We start by proving local (in
space) estimates, away from the boundary 9.

7.1. Local estimates

We set 0(t) = t(T — t) and h = £6(t). The parameter ¢ will be small, 0 < & < g9((1. For a weight function
¢(z) we define P, = h2e?/"Pe=¢/"  The semi-classical parameter h depends on the time variable ¢ here, and
moreover vanishes for t =0 and t =T

We have

P, = h*0; + ep(z)0 (t) — h*A + 2h{y', V) — |¢'|* + hAp.

We define the following symmetric operators

Q2= (Pp + P7)/2, Q1= (P, —F;)/(2i0),
which gives

Q2 = —eht/(t) +ep(@)0' (t) — K*A — |¢' [,

h? h h 2h
Qu= "0+ Z0(0) + 7 Ap+ (el V),

with respective principal symbols
a2 = ep(@)0'(t) + €] — |12 a1 =hr +2(0, ).

We have p, = ¢2 +iq1 and P, = Q2 +1Q)1.
We choose the weight function ¢ according to the following assumption.
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Assumption 7.1. Let V' be an open subset of . The weight function ¢ satisfies

p(z) <0, [ (@)]|#0, z €V,
Q2|e:0 =0= {Q2|e:07 Q1|s:0} > 07 T e Vag S Rna (71)
These conditions, stronger than those we presented in the elliptic case, were introduced in [38]. We shall see

below that they are sufficient and also necessary for a Carleman estimate to hold. They only involve the spatial
variables, x and £, and can be fulfilled by choosing ¢ of the form

pla) =M~ with L> ¢, [/ (2)] #0, 2 €V,
and letting the positive parameter A be sufficiently large (see Lemma A.1 in Sect. A.2).

With this assumption we can prove the following lemma (see Appendix A.8 for a proof).

Lemma 7.2. There exist C >0, 1 > 0 and 61 > 0, such that for p > p1 and 0 < T < 61 we have
pas —2¢0|€]° + {q2, b} 2 C(€)*, z €V, €€R™,

where b 1= 2(¢', €).

We can now prove the following Carleman estimate, that is local in space and global in time, for the parabolic
operator P.

Theorem 7.3 (local Carleman estimate away from the boundary). Let K be a compact set of Q and V " an open
subset of Q that is a neighborhood of K. Let ¢ be a weight function that satisfies Assumption 7.1 in V. Then
there exist C > 0 and 62 > 0 such that

2 . 2 2
Ihd e/ ulr o) + 1326V ull32 ) < CIW%#/" Pl

(@) Q)

foru € €>([0,T] x Q), with u(t) € € (K) for all t € [0,T], and 0 < (T + T?)e < Js.
Proof We introduce v = e¥/"u. We observe that v, along with all its time derivatives, vanishes at time ¢t = 0
and t =T, since ¢ < —C' < 0in K. We have P,v = h%e?/" Py = g and we write, similarly to (3.2),

2 2 2 .

l9l1720) = Q1 72(q) + Q20|72 +i([Q2, @1lv,v)12(q),
which yields, with B = Q1 — 228, — €1¢/(t) = LAy + 22(y/, V,),
2 2 2 .
1911720y = 1Q10ll72(q) + 1Q20ll72(q) + (—h*(8:Q2) + i[Q2, B)v,v)12(q)

> ((hQ3 — 1(01Q2) +ilQ2, BYY.v) 1o ) = (1 (4Q3 — h(@iQ2) + 1 (@2, B) vv) |,
for £ > 0 and 0 < h < 1/u. We note that h(0;Q2) = —eh?0” — 2h(¢')? + eh0" ¢ — 2e0’h?A. The principal
symbol of pQ3 — h(8;Q2) + +[Q2, B] is pugs — 20/[£]* + {q2,b}. We choose p1 > 0 and d; > 0 according to
Lemma 7.2 and we take 0 < €T' < d;. The Garding inequality is uniform with respect to the semi-classical
parameter h, once taken sufficiently small (i.e., by taking 0 < 0 < eT?/4 < §} for &} sufficiently small, for
instance), and we obtain

> 2 T 2
Loy 2 Cllv@®)llz, Vvt e[0,T], (7.2)

(023~ 1(0:2) + 51@2. B) v(0), v(0)

for p > p1 and 0 < (T + T?)e < §3 = min(d1,46}), and it follows that ||g|\ig(Q) > CfOThHUHg dt. We then
obtain the sought local Carleman estimate by arguing as in the end of the proof of Theorem 3.5. (|
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Remark 7.4. In the proof of the previous theorem, we note the importance of only relying on the non-negative
term ||Q21)H%2(Q) since the other square term HQﬂ)Hi?(Q) involves a time derivative of v, and cannot be used
in the Garding inequality (7.2) at fixed ¢. If we chose to use a Garding inequality with respect to all variables
(t,x), we could then use both square terms ||ng||2LQ(Q) and HQlUH%?(Q)' This is the scheme of the proof that
we shall follow to prove an estimate at the boundary below.

The following proposition shows the necessity of Assumption 7.1. See Appendix A.9 for a proof.

Proposition 7.5. Let V be an open subset of Q, o(z) be defined on V', and 6 > 0 and C' > 0 be such that for
a certain a < % we have

1h*e? M ul| 2y < ClIR*e?" Pul 12 (g, (7.3)

for allw € €°°([0,T] x Q), with u(t) € €>°(V) for all t € [0,T], and 0 < (T +T?)e < 6. Then o = 3 and the
weight function ¢ satisfies

| ()| #0, we€V,
@le=o=0 = {@|:=0,q1]c=0} >0, z€V,£eR™

7.2. Estimate at the boundary
If we place ourselves in the neighborhood of the boundary we have the following result.

Theorem 7.6 (Carleman estimate at the boundary). Let x¢g € 9Q and K be a compact set of Q, xo € K, and
V an open subset of Q that is a neighborhood of K in Q, with K and V chosen sufficiently small. Let ¢ be a
weight function that satisfies Assumption 7.1 in 'V, and Opplaony < 0, where n is the outward pointing unit
normal to Q). Then there exist C > 0 and d3 > 0 such that

1 2 2 2
Hh2€<p/huHL2(Q) 4 Hh3/2€<ﬂ/hvxu||L2(Q) < CHhQQW/hPUHLz(Q)a

for 0 < (T +T2%)e < 3, h = et(T —t) and u € €>=([0,T] x Q), with supp(u(t)) C K for all t € [0,T], and
ul(0,1)x 900V = 0.

The proof of this estimate is more technical than that of Theorem 7.3. We have placed it in Appendix A.10.
The idea of the proof is to use the Garding inequality in the tangential directions, including the time direction.
The original proof for this estimate is available in [22]. However, following the approach of [22] does not put
forward the sufficiency of Assumption 7.1.

7.3. Global estimate

We now focus our attention on global Carleman estimates. We proceed by patching together the local
estimates we have presented here, in the interior and at the boundary. The global aspect of the estimate will
impose an “observation” term over (0,7) x w, with w € Q in the r.h.s. of the estimate.

To patch these local estimates together we choose a global weight function that can be used to derive each
of these local estimates by satisfying the following requirements.

Assumption 7.7. Let wy € w € ). The weight function ¢ satisfies

plog = Cst,  Onplon <0,  supp(z) <0,  [¢'(z)] #0, z € Q\wo,
zEQ
¢2]e=0 = 0 = {¢2|c=0, q1le=0} >0, 2 € Q\ wy.
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Such conditions can be fulfilled by taking ¢ of the form

o(x) = @) _ A with K > V)l ¥ (2)] #0, 2 € 2\ wy, and
z/}|8Q = 07 (9n1/f|an < 0; 1/)(96) > Oa S Qa

and by taking the positive parameter A sufficiently large. For the construction of such a function v we re-
fer to [22], Lemma 1.1. The construction makes use of Morse functions and the associated approximation
theorem [3].

Theorem 7.8 (global Carleman estimate). Let ¢ be a function that satisfies Assumption 7.7. Then there exist
04 >0 and C > 0 such that

1 2 2 2 1 2
||h2€¢/hu”L2(Q) + ||h3/2€¢/thU||L2(Q) S C (Hth(P/hP’U/HLQ(Q) + Hh?e(P/huHL?((O,T)xw)) )

for 0 < (T +T?)e <04, h=et(T —t) and u € €>([0,T] x Q) such that u| rxa0 = 0.

Proof Let w; be such that wyp € w; € w. For all x € O\ wy, there exist an open subset V, of ), with
x €V, C Q\ wp for which the local Carleman estimate, in the interior or at the boundary, holds with the weight
function ¢, for smooth functions with support in the compact K, = V.

From the covering of Q\ w; by the open sets V,, € Q \ w; we can extract a finite covering (V;);ez, such

that for all i € Z the Carleman estimate in V; holds for h < h;, C = C; > 0 and supp(u) C K; = V;.
Let (x:)iez be a partition of unity subordinated to the covering V;, i € Z, [28,58], i.e.,

Xi € €(Q), supp( i) C K; = V;, 0<yv; <1, ieZ, and Sxi=11in Q\ wy.
i€T

Note that we have supp(x;) Nwo = 0. For all i € 7, we set u; = x;u. Then for each u; we have a local Carleman
estimate. We now observe that we have

Pu; = P(xiu) = xiPu+ [P, xiJu = xiPu — [A, x:]u,
where the commutator is a first-order differential operator in . For all i € Z, we thus obtain
102/ Pusl| 2 g) < ClIA%e?/" Pull 2 g + Cllh%e? ul 2 gy + Cllh%e/ Vol g
< OB/ Pull}a o) + CET?P R/ ull o g + CeT2 03262/ Y ull . (7.4)
We note that we have
|hZe#/h “||iz(Q) 4 (|13/%e2h vy, U||iz(Q) <C ZI (”h%e«p/h Ui||iz(Q) + ||h3/2eP/h qui”;(@)
i€
+ O™ ull 2 077y + O 2 Tl 07y

From (7.4) we then obtain

1 2 2 2 1 2
||hée¢/hu||L2(Q) + ||h3/2€¢/h Vx UHLQ(Q) S C (||h2e¢/hPU||L2(Q) + (€T2)3||hée¢/hu||L2(Q)

2 1 2 E 2
JrfJ‘TQ||hB/2e(P/h Va U||L2(Q) + ||h2e<p/hu||L2((0,T)><w1) + ”h3/26w/hv$u||L2((O,T)><w1)) .
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For T2 sufficiently small we have
B /M2 + D326/ T ull i) < C (18267 Pullra o) + [Ih3 e/l
L2(Q) z HIL2(Q) = L2(Q) L2((0,T)xw1)
2
+ Hh3/2e¢/hkuHL2((O,T)le)) .

We now aim to remove the last term in the r.h.s. of the previous estimation. Let x € €°(w) be such that
x = 1 in a neighborhood of @;. If Pu = f, after multiplication by e2#?/"h3y@, and integration over Q, we obtain

1
3 //eQw/hh3Xat|u|2 dt do — Re//eQ‘p/hh3xﬂAu dt da = Re//eQ‘p/hh:gxﬂf dt da. (7.5)
Q Q Q

For the first term I; an integration by parts in t yields

1 1
h| = ‘5 // e22/M 33,0, ul? dt dx‘ — ‘5 //(359%2 2060’ h)e2? Py Juf? dt dz
Q Q

N 2
< C||h> ew/huHm((o,T)Xw)a

since £]0'| < CeT'is bounded. The third term can be estimated as

2 1 2
] = [Re [ [ e2#/"hdxaf dt do| < OB £l )+ IR ul a1y
Q

For the second term, with integration by parts in x, we have

I, = // 2?3y |V ul? dt dz 4+ Re // B3V, (2" uV pu dt da

2 1
> Hh%e“’/’lkuﬂm((om)xm) - 5// K3 A2\ ul? dt da,
Q
and | [[ B3A(e*?/hx)|ul? dt dz| < C||h%e‘/’/hu||;((0’T)Xw). The previous estimates and (7.5) then yield
Q

3 2 2 1 2
Hh?ewhvxuﬂw((omxm) < CHthWhPUHLz(Q) + C||h2ewhu||L2((o,T)m)~
The proof is complete. O

7.4. Observability inequality and controllability
It is now simple to deduce an observability inequality for the adjoint system
—0:q—Agq=0 1in Q,

q=0 on X,
o(T) = qr in Q.
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We note that the estimate of Theorem 7.8 also applies to the adjoint operator —9; — A. With the parabolic
2 2 _ 2 2
decay of energy we have 37g(0)[720) < lal72(cryasrya xy- We also have Ce=C/ T g] 2 g4y ) <
2
||h%e“’/hq|\Lz((T/4’3T/4)XQ) since we have 0 < CT? < t(T —t) < C'T? on the interval [T'/4,3T /4] (we note that

¢ was chosen negative here, which explains the restriction to the interval [T'/4,3T/4] away from 0 and 7' for
this estimation). Then for (T'+ T?)e = d4, the Carleman estimate yields

C 2 ’
2 2 2
1g(0) |72y < Tec/(ET )HqHL2((O,T)><w) < et /THqHL2((O,T)><w)'

From this observability inequality we can also deduce the null controllability of the heat equation and obtain
Theorem 6.2 again. We note however that we have a more explicit expression for the observability constant
including its dependency in the control time 7. We naturally see the blow up of this constant as T' goes to zero.

Remark 7.9. As mentionned in the introduction, parabolic Carleman estimates allow to treat the controllability
of more general parabolic equations. By linearization and with a fix point argument, one may consider the
controllability of semi-linear parabolic equations for certain forms of non linearities [4,14,18]. A fine knowledge
of the observability constant, obtained by parabolic Carleman estimates, is precisely what allows to treat these
non linear cases. In particular, the powers of the semi-classical parameter h in the global Carleman estimate of
Theorem 7.8 play a central role in these results. Proposition 7.5 shows the optimality of these powers.

Appendix A. SOME ADDITIONAL RESULTS AND PROOFS OF INTERMEDIATE RESULTS

A.1l. Proof of the Garding inequality

The symbol a(z,&,h) is of the form a(z,&,h) = am(x, & h) + ham—_1(x,& h), with a,,—1 € S™"1. For h
sufficiently small, say h < hy, the full symbol a(x, &, h) satisfies

Rea(z, & h) > C"{E)™, re K, £E€R" he(0,h),

with C < C" < C. Let U be a neighborhood of K such that the previous inequality holds for (z,£) € U x R"
with the constant C" replaced by C" that satisfies C! < C"" < C” < C. Let x(z) € €°(U) be such that
0 <x <1and xy =1 in a neighborhood of K. We then set a(x,&, h) = x(z)a(x,& h) + C" (1 — x)(z)(€)™ that
satisfies

aeS™ and Rea(x,&h)>C"(E™, reR” £€R”, he(0,h). (A.1)
We moreover note that (Op(a)u,u) = (Op(a)u,w) if supp(u) C K. Without any loss of generality we may thus

consider that the symbol a satisfies (A.1) in the remaining of the proof.
We then choose L > 0 such that C' < L < C" and we set

W=

b(x,& h) == (Rea(x,& h) — L{E™)?, and B = Op(b).

The DO symbolic calculus gives B* o B = Re Op(a) — LA™ + hR, with R € ¥"~! where Re Op(a) actually
means (Op(a) + Op(a)*)/2. We then have

Re(Op(a)u,u) = (Re Op(a)u,u) > L(A"u,u) — h(Ru,u) > L||Am/2u|\§ — hL’||u||?m_1)/2
> (L —hL)[|ull}, -

We conclude the proof by taking h sufficiently small. O
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A.2. Example of functions fulfilling the sub-ellipticity condition: proof
of Lemma 3.3

We shall actually prove the following stronger lemma here.

Lemma A.1. Let V be a bounded open set in R™ and ¢ € €< (R™,R) be such that |¢)'| > 0 in V. Then for
A > 0 sufficiently large, ¢ = e satisfies |¢'| > C >0 in V and

V(z, &) e VxR, @) =0 = {g@q}(z&>C>0. (A.2)

Proof The computation of the Poisson bracket {g2,q1} = > j O¢,;q20:,q1 — Oz, q20¢, q1 gives

{2,y =4 Y ©fu(&é + 950k = 4" (&) +¢" (¢, ¢)).
1<j5,k<n

Here we have ¢ = *¥, and thus ¢’ = A1)’ and Ol = Xl + Ny, j,k =1,...,n, which yields

{az, a1} = 4°0° (M| + 9" (W', ¢") + 0" () 716 (M) 1) + AT 172 (9, 6)%) .
When g2 = 0 we have [£] = Ap|¢)'|. We then note that

()T M) OIS CRP, [ (W )] < Cl'PP

We deduce
{go, 1} > AN3¢? (>\|1//|4 —ClW'P).
We then see that for A sufficiently large we have {g2,¢1} > Cy > 0, since |[¢'| > C > 0. O

Remark A.2. In Lemma 3.3 we chose to use an exponential function. The reader will note that a similar
result can be obtained by taking ¢ = G(\)), with X sufficiently large, for a function G : R — R that satisfies
G'>0,G" >0and G"/G" > C > 0. This procedure is often referred to as the “convexification” of the weight
function.

A.3. Proof of Lemma 3.4

For |¢| large, the property holds since g2 = |£|* — |¢’|? and since the symbol {qz2, ¢} is only of order 2.

It remains to prove the result for |¢| < R, with R > 0, i.e. for (x,€) in a compact set (here x € V). In a
more general framework, consider two continuous functions, f and g, defined in a compact set K, and assume
that f >0 and f(y) =0=g(y) > L > 0. Weset h, = uf +g.

For all y € K, either f(y) = 0 and thus h,(y) > L, or f(y) > 0 and thus there exists p, > 0 such that
hy,(y) > 0. This inequality holds locally in an open neighborhood V,, of y. From the covering of KC by the open
sets V,, we select a finite covering Vj,,,...,V,, and set p = maxi<;<, pt;. We then obtain h, > C > 0. We
simply apply this result to p/{€)*. O

A 4. Proof of Lemma 3.10
We saw in Section A.2 that

{az. a1} = 4°0° (M| + 9" (@', ¢) + 0" () 716 (M) 1) + A1 72 (9',6)%) .
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We observe that g2Ap = (J€> = X[/ |?0?) (A9 2 + A(A¢)p), which yields

2
p=Np? <4w”<<w>1§, (Ap) 1) + 2\ |2 + Av) ‘% + AT (Y, €)?

= 20N+ 400 0) — 20 P
which, as 0 < p < 2, we can make larger than C)(£)2, with C > 0 by taking \ sufficiently large. d

A.5. Estimations in the elliptic region and close to the characteristic set: proof
of Proposition 3.8

Let wy; = Op( x1)v. We observe that supp(w;) C V from the assumption made on the support of the symbol
x1. Then P,w; = g1 = Op(x1)g + [P,, Op(x1)]v, where g = P,v. The commutator is in h¥! and thus

lg1llo < C(llglly + Rllvlly) - (A.3)
Let x € S° be such that xy = 1 in a neighborhood of supp(x1) and x = 0 in a neighborhood of 2. Because
of the ellipticity of P, in supp(x), there exists a DO parametrix (see [27,42]) Epr = Op(e), e € S™2, with
e= ij\io hie;, for M € N large, where ¢; € S?77, ¢y = x/py,, and

EyoP,=0p(x)+h" Ry, Ry e 0 1M,

We then obtain wy = Eyg1 + §1, with §1 = (Id — Op(x))w; — hM L Rprwy. As supp(1 — x) Nsupp(x1) = 0,
and wy = Op( x1)v, the DO calculus of Theorem 2.8 yields

1911, < Chlvll;.- (A4)
With (A.3) and (A.4) we obtain the first result of the proposition,
lwilly < Cllgrllo + Plivlly) < C (llglly + hllvly)-

For the second part we introduce wy = Op( x2)v. We then have P,wy = g2 = Op(x2)g + [Py, Op( x2)]v and
lg2lly <C(llglly+hlvlly)- The proof of the Carleman estimate then yields (see (3.3)) hljws|| §C(||g|\g+h2||v|ﬁ).

Let Y2 € S° with compact support be such that Y2 = 1 in a neighborhood of supp(xz). The ¥DO calculus
of Theorem 2.8 yields

wg = Op(1 — x2)wz + Op( x2)w2 = Op(1 — x2)Op( x2) v + Op( X2)w2, N €N,

ehNy—-N

and we thus obtain, for all N € N and r, 7" € R,

[wally = 1A*wally < Cnvrsh™ [0l + [ A°Op( X2) wallo < Cnrsh™ 0l + C llwe]l,.-
————

/

(S48

It follows that [Jwsl|, < Cshllv]|; + CL|lwz||y, for all s € R, which yields the result. O
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A.6. On the sub-ellipticity condition and the optimality of the powers of the semi-classical
parameter: proof of Proposition 3.9

The proof that we give is adapted from that of Theorem 8.1.1 in [25]. We refer the reader to this proof for
the treatment of more general operators. Here, the symbol of the Laplace operator does not depend on x, which
simplifies the proof.

Let zp € V and let § € R™ be such that p,(zo,&) = 0 (such a &, always exists). There is no restriction to
consider the case zo = 0 and ¢(zg) = 0. We set (o = & + i¢(z0). Then }_, (3, = 0. We set w(z) = (z, o)
and have

l\D|H

p(z) — Im(w(z)) = A(z) +o(|z*),  with A(z) = Zk i (x0)

Let ¢ € €2°(R™) be such that ¢(0) # 0. We introduce uj, = ¢@/"¢(z:/hz) and we have

B2 Puy = e/ (—h(A)(x/h¥) = ihAw(w)o(a/h?) + (5,(0s,w())?) o(a/h?) = 2k (Vow(x), ¢/ (2/h3))
(A.5)

We note that °(0,w(x))* = 0 and observe that we then have

e Py = /2 [[F AR | (o) — () (hEole) — 2ibd (Vo)) ()] d

after the change of variables z — z/ hz. In the limit h — 0, by dominated convergence, we have

26/ Py ~ 40724 [ A0 G ) da

Similarly we have h2“||e“’/huh”(2) ~ h(n/2+20) [2A@@)|¢(7)[? dz. With Inequality (3.7) we conclude that we
necessarily have a = £ and ((o, ¢/(x)) # 0. In particular ¢'(zo) # 0 since otherwise we would have ¢y = 0.

If we denote by K the constant C in (3.7), with oo = %, the limit A — 0 yields

[P dr < K¢ [ G o))

for all ¢ € ¢2°(R"). Lemma 8.1.3 in [25] then gives >, ¢/ Co,jCop > 5= We set ¢ = & +ip/(z). The
computation carried out in Section A.2 gives {2, 1} = 4¢”((, () = ALZ].Jc <p3’,k ¢j (. For all x € V we thus

have

2
g € R" and p<p($,€) =0 = {qg,Q1}($,€) > ? (AG)
Let now (y,n) € OV x R™ be such that p,(y,n) = 0. We first consider a sequence (z(¥))yen« C V that
converges to y and (£))zen- C R™ such that pw(z(k),f(k)) = 0. We set (¥ = ¢®) 4 i/ (2()). We have in
particular [£*)| = |/ (2(®))| and the sequence (£()), is hence bounded. It converges, up to a sub-sequence, to
a certain £ € R™ and thus p,(y,£) = 0. In particular |£| = |¢/(y)|. We saw above that {g2,q1}(z®),£R) =

4zwcpw( )((k) C(k) > 2 I ¢ =&+ i (y) we have {g2,q1}(y,§) = 42”50 (VGG > %~This excludes
¢=0. As [¢] = |¢'(y |Weobtamthat<p()7é0
The characteristic set over V is given by 2 = 2 N (V x R") with

Z ={(x,6) €R" xR™; fi(z,£) = ¢ = |¢/(@)]> = 0, and fo(z,€) = (£, ¢/ (2)) = 0}.
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As ¢'(y) # 0 and n # 0 is orthogonal to ¢’(y), we then see that the partial differentials d¢ f1 and de f2 form a
rank 2 system at (y,n). Up to rearranging the variables, with the implicit function theorem, this implies that
in a neighborhood U; of (y,7n) and in a neighborhood Us of (y,71,...,Mm—2) we have

(x,§)€;@;ﬂU1 s (Ia€17"'7€n—2)€U2 and (gn—hgn):g(x7§17"'7§n—2)5

with a smooth function g. Consider then a sequence (I(k))keN* C V that converges to y. For k sufficiently
large, k > Ny, we have (%) ny,...,n,_2) € Uy and we set £ = (n1,....0,_2,9(@® m1,...,7,_2)). Then
() £()) is in 2 and converge to (y,71). We have {ga, ¢ }(z™®,£*) > 2/K for all k > Ny by the first part of
the proof. We thus obtain {g2,¢1}(y,n) > 2/K by passing to the limit. O

Remark A.3. In the previous proof we have chosen a test function uy that is localized around zg in space,
through the term ¢(x/ h%), and around (o in frequencies, through the term e!(*<)/" for the semi-classical
Fourier transformation. This microlocalization shows clearly that the non-zero power of the parameter h in
the Lh.s. of the Carleman estimate originates from the behavior of the symbol at the characteristic set Z as
we already pointed out with Proposition 3.8. We note that the scaling :L'/h% in d)(x/h%) allows to control the
variations of A(x)/h in the support of wuy,.

A.7. Estimation of the heat kernel

Let p:(z,y) be the heat kernel in €, a bounded open set in R™, with homogeneous Dirichlet boundary
conditions.

|z —y?

Lemma A.4. For all x,y € Q we have ps(x,y) < (4nt)~"/2e~ "2 — if t > 0.

lz—y|?

Proof The heat kernel in R™ is given by po ¢(2,y) = (4rt)~"/2e= % — if t > 0. Consider yy € €>°(Q) such that
yo > 0. We also denote by yq its zero extension to R™. We consider the following parabolic problems

Oy —Ay=0 1in (0,T) x Q,
sy in (0,T) x 8z —Az=0 in (0,T)x R™,
Yy = on (0,T) x 09, .
. Z|t:0 = %Yo in R™.
Ylt=0 = o in ©Q,

For t > 0, the solutions z and y are smooth functions given by y(t,z) = (pi(z,.),yo(.)) and z(t,z) =
Po.t(x,.),yo(.)). In particular z(t,z) > 0 if x € 9Q. Thus z —y > 0 in (0,7) x 02. The difference of
the two solutions thus satisfies a parabolic problem of the following form

Oh(z—y)—A(z—y)=0 in (0,T) x Q,
z—y>0 on (0,T) x 09,
(z—=Y)|i=0 =0 in Q.

The maximum principle gives z —y > 0 in (0,7) x Q (see e.g. [10], Thm. X.6). If yo € €>°(£2) with yo > 0, it
follows that (po+(x,.),yo(.)) > (pe(x,.),y0(.)) for ¢ > 0. This yields the result. O

|z —y|?

Lemma A.5. Let po(x,y) = (4nt)~"/2e= "2 be the heat kernel in R™ and let y € Q and Vy be a neighborhood
of y such that V,, C Q. There ezists C and C' > 0 such that

|pt(x7y) 7p0,t(x7y)| S Cteic//ta HAS Vya t> 0
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Proof Let x € €°(2) be such that y = 1 near V,,. We introduce v(t,z) = p;(z,y) — x(x)po.+(z,y) and observe
that v|¢=o = 0, v[(0,400)xa0 = 0 and that v satisfies the parabolic equation (9; — A)v = w with

w(t,z) = po(z,y) (Ax(x) — %(Vx(ac), T — y))

We observe that |x —y| > d > 0 in supp(x’) and thus have w(¢, x) = e%w(t x) e %> ([0, +00[x Q) with
furthermore (|| ;e (o, 4oo[x) < ©0- The Duhamel formula gives v(t, z) fo (t — s)w(s)ds, where S(t) is the

heat semi-group and we find v(t) = fot o S(t — s)w(s)ds, which yields

o)l gy < €% / 1S(t = 8)5(5) | oy ds <t 5 ()] o o soopuarys ¢ > O

by the maximum principle [10], Theorem X.3. The result follows in Vy where y = 1. (]

The reader will note that we can obtain the following short-time asymptotic expansion of the heat kernel on
a Riemannian manifold, with or without boundary, on the diagonal, for all N € N (see for instance estimate
(13.59) along with (13.39) and (13.40) in [56], Chap. 7.13)

Piy,y) =t (Coly) +t Cr(y) + -+ Cn()tY + OV TY)), t—0.

In the case we consider here, the metric is flat, and such an expansion is greatly simplified as shown in the
previous lemma.

A 8. Proof of Lemma 7.2

The proof of Lemma 7.2 is close to that of Lemma 3.4. It suffices to prove the result for (z,¢) in a compact
K C R™ x R". We first take e = 0. We have ga|.—o = |£|? — |¢|?>. For p sufficiently large we have

,U'QSL;:O + {q2|5:07 b} Z C<§>47 (1',5) € ’Ca

as seen in the proof of Lemma A.1 (p. 735). Finally, since (z,£) is in a compact set, this inequality still holds,
with a different constant C, for £]@’| > 0 small. Since |6’ (¢)| S this concludes the proof. O

A.9. Proof of Proposition 7.5

The proof is close to that of Proposition 3.9. Let xg € V and & € R™ be such that ¢ga|c=o = 0 (such a &
always exists). We set (o = & + i¢’(z9). There is no restriction to consider the case xo = 0. We then choose
70 € R such that

70 + 2(¢'(x0), &) = 0.
‘We then have

i+ Y., =0. (A7)
J

Next, we define
w(t,z) = ip(0) + (x, (o) +70(t — to)/h, with tg =1T/2,
—_————

=w(z)
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and we have

p(z) —Im(w(t,z)) = A(z) +o(|z|*),  with A(z) = 3 ¢f(z0)z;ar.
ok
Let v € (0,7/2) and let ¢ € € ((y,T — ) x R™) be such that ¢(tg,0) # 0. We then set

: t—to =
_ iw(t,x)/h 0
u. = e ¢< ) )
g \/g

We recall that 6 = ¢(T — t) and h = 6. We have
_ siw/h| w(t, ) t—ty x 1 t—ty =
atue € <Zat < I (725 c ) \/E +e€ at¢ c ) \/g ’

w(t, ) t—to 70 o' 0
8t< h ) Toat< 72 ) ( )ath 1 ﬁiQTO( )wa(x)%
We also have (similarly to the elliptic case in see (A.5)),
B2 Ague = (S (0, 0(2)? — hAi(e) |6 L0, )~ 2icte Vaaa), o [ L0, L
2 5 c ) \/g y Vo c ) \/g
2 ot 2 )],
sz 2)
With (A.7), and as 6/ = 2(tp — t) it follows that
; 2i t—ty = t—ty =
2 _ Jw/h| =2 _ 2 _ ~ LT v LT v
h*Pu. = e <9 <270(t to)” + h(t to)w(x)>q§< — \/§> +h98tq§< pa \/§>

_mAW(x)é(%,%) —21529< w(x), ¢x<—t%>> —e@Q(qub)(t;to,%)).

After the change of variables (¢, x) — ((t — to)/e, x/aé), we obtain, for £ — 0,

with

e/t Py ~ 422 [ [ oA 102 6o, 6, 1)

Rn+1

As we have Hh‘*e“’/huaﬂi ~ g/241420) [ e2A@)/010)0(1)2 (¢, z)|* dt dw, Inequality (7.3) yields o = 1
and (p # 0. Tt follows that ¢'(z¢) # 0. We then have obtained

// /9t0|¢(tx|2dtdx<0// 2)/000)|(¢o, ¢ (t, 2))|? dt du,

Rn+1 Rn+1
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for all ¢ € €°((v, T —7) x R™). For ¢y € €>(R"™) we thus find*
/e2A(:c)/9(to)|¢2(I)|2 dz < C/€2A(l.)/9(t0)|<€0,¢é($)>|2 de,
R‘n. R‘n.
which allows one to conclude as in the proof of Proposition 3.9.

A.10. Proof of Theorem 7.6

This proof is based on a proof provided in [36]. Its counterpart in the elliptic case can be found in [39]. In
a sufficiently small neighborhood V' we place ourselves in normal geodesic coordinates. In such a coordinate
system, the principal part of the Laplace operator A takes the form

Ay = =02 —r(z,0p), z= (2 2,), (A.8)
with r(z,£") a homogeneous second-order polynomial in & that satisfies
r(z,&) €R, and Ci|¢']? <r(x, &) < Col¢'|?, z€V, ¢ eR" (A.9)
for some 0 < C7 < C5 < 00. The local coordinates are chosen such that x( is at the origin.
We set n(t) = T*(¢(T —t))~'. Then h =6 = eT?n~!. We set h = T2 and &' = €T. We shall impose / and

I small in agreement with the statement of Theorem 7.6. To work on R for the time variable, instead of the
finite interval (0,7T), we make the following change of variable:

T
s(t) = tan (? - 5) (A.10)

We note that 9; = #88, with a(s) = m(s)? with (s) = (1+ s2)2. The parabolic operator we consider becomes
P=229 4+ Aand we find

n(s) = n* (g + arctan(s)) (g - arctan(s)) . ht=n(s)/h (A.11)

(We keep the notations P, A, 7, in an abusive way.) In particular we have
Cls) <n(s) < C'(s), seR, and C(s)'F <|n®(s)| <C'(s)'7*, keN. (A.12)
We define tangential semi-classical 1YDOs adapted to the parabolic problem we consider here. We denote by
S2*, the space of smooth functions a(z, (', h), (2,{'), z € RT‘I, ¢" € R™, defined for h € (0, hig] for some hy > 0,
that satisfy the following property:

Vo, B, 1020%a(z,¢ h)| < Cap(C)™ W, ze R, (" €R™, he (0, h).

Asymptotic series of such symbols as those defined in Section 2 can be considered. The notion of principal symbol
is introduced similarly. The tangential //DOs we shall consider are defined in the case z = (s,2',x,) € R"*!

“In fact, we can choose ¢ in the form ¢(t, z) = 77_%¢>1((t*t0)/77)¢>2 (z) with ¢1 € €°(R), [ |#1]?> = 1, and and n > 0 sufficiently
small. We then let n go to 0.
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and ' = (,¢'), with s,7 € R, 2/,& € R*! and x,, € R*. We define (s)! ¥ as the space of tangential )DOs
A = Op(a), for a € (s)!.S™, formally defined by

Aulsa) = (2m) "t @) [ [ [ [ tm R s ) ey 2a) dedyf dr

If we let them act on a function w that does not depend on x,,, they can be considered as regular ¢/DOs if we
only consider the restriction of Au on x,, = 0. We shall also denote the principal symbol by o(A). We have the
WesetDS:%andej = <.

following quantizations:
! hoy,
0(715'85) . 0( 1> e
i i

If we set M = ((1,¢')) € Sk we have the following regularity result: if a € (s)!.S7, I, m € R, then there exists
C > 0 such that

hOy

|0p(a)ul| < CI[{s)' Op(M™)ul.
The composition formula for tangential symbols, a € (s)!.ST, b € <s>l'S?', is given by

(atb)(s,z, 7, h) ~ S Hlel (B> L)‘al(é)ﬁ“é)?ﬁa) (8219%2b) (s, 2, 7, €', h), (A.13)

!
la @

with a = (a1, a2), a1 € N, ap € N*~1 and yields a tangential symbol in (s)lH/SQ’@*m’.
We now make the following change of variables in the = direction.
y=b(s)z, with b(s) =a(s)?.

If we set P = P/a(s), its principal part is given by

1
Po = Tas - 857,, —t(y, 0y, t(y,9y) = r(y/b(s),0y).

We shall prove a Carleman estimate for this operator before moving back to the original coordinates. In the
sequel it is important to remember that & = y/b(s) remains in the compact domain K.
We set
n(s)

P(s,y) = @(y/b(s)),  du(s,y) = @&cw(y/b(é’))-

Note that ¢, does not stand for d,¢ but is in fact equal to 10,¢. This notation will however be convenient
below since the calculus we have introduced uses 7 and 7’ for small parameters instead of h = fin~!.

Remark A.6. With the definitions of v and ¢, we find that derivatives of the symbols with respect to s and
y generate a gain of a factor (s)~!. This will be taken into account in the application of the composition
formula (A.13).

Introduce v = e?/"y = e®/"y and B = h2e?/hBe=¢/" . We have PBev = h2e?/"Pu = g. We define the
following symmetric operators Q2 = (Py, + P7,)/2, Q1 = (Pp — P7,)/(2i), with

Qs = D;n + Q2 Q1= (Dynéf’xn + %nDyn) +2Q1,
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with respective principal symbols

62 = 5,% + q2, q2 = ’C(%fl) - t(%@c’) - (bin S 5%7
. T .
G =26n00, +201, @1 == +1(y. & b)) €Sy

(N}

where t(y, .,.) is the symmetric bilinear form associated with the real quadratic form t(z,¢’).
We note that

(thQwQ) = (Q2w17w2> —ih [(wily, —o+, Dy, waly,—o0+ ) + (Dy,wily, o+ waly, —o+),] »
(w1,Q1w2) = (Q1w1,w2> — 2ih (¢I,Lw1|yn=o+,w2|yn=o+)0,
for wy and wy smooth, where (.,.)o is the L? hermitian inner-product in {y,, = 0}, and we thus obtain

lgll* = 1@ro]” + [ Qavll” + i([Q2, Qr]v, v) + hB(v),

with
B(v) = (@1vly, =0+, Dy Vly,=or ) + (D4, Q1 = 262, Q)0ly, 0 Vg0t ), - (A.14)
which, as v|, o+ = 0, reduces to
B(v) =2 (¢a, Dy, vy, =0+, Dy, vy, —0+), =0, as ¢y, >0. (A.15)

We observe that we have i[Qg,Ql] =h (HODZQM + ﬁlDyn Jng), where Hj € <s>’1\I/jT, j =0,1,2. We then
note that DZ" — Qs € ¥Z and D, — ﬁ(h € UL, We thus find
i1Q2, Qi = 1 (HoQa + HiQu + Hz),  H; € ()W, j=0,1,2.

We have the following lemma, which proof is given below.

Lemma A.7. For p sufficiently large and h and h' sufficiently small, there exists C > 0 such that

(q% + ¢i,/12)2

()17 2 p i

+o(Hy) > C(s) " M2

Applying the Garding inequality in the tangential directions (including the time direction) we thus obtain,
for h sufficiently small,

lgl* = 1Qsel* + | Qo] + hRe (HoQav,v) + hRe (H1Quv,v)
+CHl(s) 2 0p(M)o]|* = hRe ((QF +62,Q2)v.Gls) 'v) , (A16)

0 Q%‘Hﬁi q2 0
where G € V7 and 0(G) = p——5— € S7.
We first see that we have

~ ~ _ 1, ~ 2 3 _ 2
| (HoQzv,v) | < BIGav) )"0l < R [Quvll” + € |4s) Mo, (A17)

A (#1:@av.v) | < BIGu 1) Op(Moll < OR [Quel]® + CRE(s) Op(aDl’. (A18)

From the form of Q; we deduce the following lemma.
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Lemma A.8. We have ||(s)~2D,, v| < C||Q.v| + C||(s)~2O0p(M)v].

Next since

(@1 =Dy 60.]) = 62D, (A.19)

| =

Q1=

we compute QF + ¢2 Q2 = —Q1¢4, Dy, + % (Q1 — Dy, d)m]) + @2 (Qa — D? ). Using (A.19) a second time

we have

Q1+ 62,Q2 = (60,04, — (@1~ Dy 62,])) 60, Dy + B (@1 = 1Dy 60,]) + 62, (@2~ D),
which reads
Q@+ 62,Q € 62, Qr — 3Dy, 60, Qo + W Qo+ h{s) WY D, + )" 0 (4.20)

We note that

2

~ 1 ~ 2 3 _
h|(¢2,Qev, Gls)™Mo)| < BECIQavll” + RECH ()0l
and

Pu
2i

hRe (%Dyn¢xnélva G<3>_1U> = gLRe (¢an1U; DynG<S>_1U> — 1’ Re (

QI’U|yn=OJr ? G<S>_1U|yn=0+> )

0

by integration by parts. The last term vanishes as v, _o+ = 0. We thus obtain
[ Re (@3 + 62, Q2)0,Gls) 1) |
12 1 2 3 _ 2 3 12 3 _ 2
< C (BH1Qul” + B3 1Qv]” + B 1(s) Dy, 0l + 5 ()~ u]* + B |(s) P OB(M)o]*) . (A.21)
By choosing £ sufficiently small, from (A.16), (A.17), (A.18) and (A.21), and Lemma A.8, we obtain

19017 2 Ch(lts) 200l + 1(5) 74Dy, 0l ) = Ch(ll(s) 2l + #21(5)~#9,0).

Arguing as in the proof of Theorem 3.5 we obtain
1 2 1 2
i le?/ spull” > On([le?/ (s)~Ful* + 2 ]e?/" (s) "+ T ull”).

Moving back to the x coordinate we find

n+1 n+3

n 2 2
B e/ (5) "2 Pull” = O (e (s) ™ F ull” 4+ 12je?/ " (5)~ "4 T ).

We now proceed with writing the local Carleman estimate we have obtained with the original time variable
t € (0,7). From (A.10) we have ds = Mdt = Z(s(t))>dt. We then have

n n— 2 n 2
Bl ()~ Pull* > Ch([le/ ()" ull” + K2 e ()% Vaal ).



CARLEMAN ESTIMATES 745

as 1(t)/C < (s(t)) < Cn(t). If we now change u into ()2 ~'u, which is possible because of the fast decay of
e?/M ast — 0 or T, we achieve

1 2 2
B/ Mn(t) 2 Pul” > Ch(lle?/Mn(t)~Ful” + B2 ()3 Vol

n
2

In fact, we chose €T = I sufficiently small to absorb the commutator [9;,7n(t)2 1] generated by this change of
unknown function. Recalling that 7/n = h this concludes the proof. U

Proof of Lemma A.7 We denote by {.,.}s, and {.,.}, the Poisson brackets with respect to the s, 7 variables
on the one hand and the z, ¢ variables on the other hand. We have

()15 5 0 (£[Q2, Q1)) = F{d2, @1} +Han, o
————
ch’(s)—181

For the property we aim to prove we may thus focus on the second term that belongs to (s)~1S2. We introduce

the map
R (0,76 < o (%(@) . (%) £>,

2
and set gj o k™1 = (%(s)) aj, j =1,2. We find

d2(8,l‘,7‘,€) = §721 +az € 527 az = r(xagl) - T(Iaax’sp) - (65871()0)2 € S%v
&I(S,I,T,f) - 2£n(axn90) + 2031 € Sla a1 = % +f(x7§/aaz’¢) € S’lfv

where 7(y, .,.) is the symmetric bilinear form associated with the real quadratic form r(z,£’). Recall that the

variable z remains in the compact set K, as opposed to y = b(s)x. We observe that {G2,¢1 }» = Z—Z{dg, a1}z 0 K.
In particular we have

{G2, @1}e = hoG2 + h1Gr + ha,  {aG2,a1}2 = loaz + L1081 + L,

with hj = o(H;) € (s)~1S% and ¢; € SJ. We find hy = Z—Z@gom. We set M’ = M ok~1. We note that M’ ~ M.
We set

2
(af + (0r,0)%a2)"  (s)
e + 752 € S%—

v=1[

We now prove that v > CM? for p sufficiently large. For |(7,¢&)| large, say |(1,£')| > R, we clearly have
v > CM?. We may thus restrict ourselves to the case of the variables (z,7,£) in a compact set. Recall that
s = s(t) and observe that v is smooth with respect to ¢ € [0,7]. Hence all the variables (¢,z,7,€) lay in a
compact set. We consider the case i = i/ = 0. Assume that a? + (9, p)%az and chose &, = —(a1/0y, ¥).
Then a; = az = 0. By the sub-elliptic property (7.1) (which is invariant by change of variables) we obtain
{Gg,a1}, = lz > 0. It follows that for u sufficiently large v/M? > C > 0 in this case as well. Relaxing the
condition i = &' = 0 only affects the constant C' for h, &’ positive and sufficiently small.
We conclude the proof since we have

2 42 )2
M :<3>7l<%)4yol€. =

ho + 1% <S>M2
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