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STABILITY AND STABILIZABILITY OF MIXED RETARDED-NEUTRAL
TYPE SYSTEMS *

RABAH RaBAH!, GRIGORY MIKHAILOVITCH SKLYAR?
AND PAVEL YUREVITCH BARKHAYEV?®

Abstract. We analyze the stability and stabilizability properties of mixed retarded-neutral type
systems when the neutral term may be singular. We consider an operator differential equation model
of the system in a Hilbert space, and we are interested in the critical case when there is a sequence
of eigenvalues with real parts converging to zero. In this case, the system cannot be exponentially
stable, and we study conditions under which it will be strongly stable. The behavior of spectra of
mixed retarded-neutral type systems prevents the direct application of retarded system methods and
the approach of pure neutral type systems for the analysis of stability. In this paper, two techniques
are combined to obtain the conditions of asymptotic non-exponential stability: the existence of a Riesz
basis of invariant finite-dimensional subspaces and the boundedness of the resolvent in some subspaces
of a special decomposition of the state space. For unstable systems, the techniques introduced enable
the concept of regular strong stabilizability for mixed retarded-neutral type systems to be analyzed.
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1. INTRODUCTION

The interest in delay differential equations and the corresponding infinite-dimensional systems stems from
the fact that many systems in economics, science and engineering can be described by such equations. The
stability theory of such systems has been studied intensively (see e.g. [3,10,15]). A number of results have
been obtained for retarded systems, however an analysis of neutral type systems is much more complicated and
these systems are thus less fully understood. We consider neutral type systems given by the following functional
differential equation:

d
E[Z(t) — Kz = Lz + Bu(t), t >0, (1.1)
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where z; : [-1,0] — C™ is the history of z defined by z:(8) = z(t + ). We assume the delay operator
L: H'([-1,0],C") — C" to be linear and bounded, thus, it has the following form:

0

Lf:[1 A (0)f(0) d9+/ A3(0)f(0) db, fe HY([~1,0],C"), (1.2)

-1

where Ay, As are n x n-matrices whose elements belong to La([—1,0],C). We take the difference operator K
in the form

Kf=Af(-1), (1.3)
where A_; is a constant n x n-matrix. The form (1.3) may be considered as a particular case of the operator
K : C([-1,0],C™) — C™ given by Kf = f_Ol du(0) f(0), where u(-) : [-1,0] — C"*™ is of bounded variation
and continuous at zero. However, the analysis of the system (1) with K as in (3) is difficult enough to warrant
a study of its own. As we shall see, the results depend strongly on the properties of the matrix A_;.

The well-known approach, when studying systems of the form (1.1), is to consider a corresponding infinite-
dimensional model @ = Az, where A is the infinitesimal generator of a Cy-semigroup. For systems (1.1)—(1.3),
the resolvent of the operator A allows an explicit representation (see [27,28]). Such a representation is an effective
tool for analyzing the exponential stability property since the latter is equivalent to the uniform boundedness
of the resolvent on the complex right half-plane. The resolvent boundedness approach is exhaustive when one
considers the stability of pure retarded type systems (A_; = 0) since such systems may be exponentially stable
or unstable only. This is because the exponential growth of the semigroup {etA}tZO is determined by the
spectrum’s location and there is only a finite number of eigenvalues of A in any half-plane {\: ReA > C}.

For neutral-type systems (A_; # 0), in addition to the notion of exponential stability, which is characterized
by the condition that the spectrum is bounded away from the imaginary axis (see [12, Thm. 6.1],[10]), we have
the notion of strong asymptotic non-exponential stability. This type of stability may occur in some critical
cases when the exponential stability is not possible (see e.g. [6]). Thus, strong stability cannot be described
in terms of the resolvent boundedness. In [27,28], for neutral type systems with a non-singular neutral term
(det A_1 # 0), this type of stability has been precisely investigated for systems of the form (1.1)—(1.3) and some
necessary and sufficient conditions of strong stability and instability have been proved. The proofs are based
on such a powerful tool as the existence of a Riesz basis of A-invariant finite-dimensional subspaces of the state
space and on further application of the results on strong stability in Banach spaces, which originated in [33]
and was later developed in [1,18,31,32] and many others (see e.g. [35] for a review). A recent development
was described by one of the authors [30]. In this work, the concept of a maximal asymptotic was introduced
and conditions of the lack of maximal asymptotic were given, which is a generalization of the strong stability
condition. Another approach is to characterize non-closed subspaces of initial conditions, where the rate of
convergence to 0 is polynomial (see [2,5] and our Rem. 5.2).

In the case of neutral type systems with a singular neutral term (det A_; = 0 and A_; # 0), which we call
mized retarded-neutral type systems, strong stability may also occur. However, the approach given in [27,28]
cannot be directly applied to such systems, since the existence of a Riesz basis of A-invariant finite-dimensional
subspaces of the whole state space cannot be guaranteed. Moreover, mixed retarded-neutral type systems, in
general, cannot be decomposed into systems of pure neutral and pure retarded types. Therefore, the analysis
of strong stability for mixed retarded-neutral type systems poses a difficult problem, which requires additional
essential ideas.

Other approaches are also hard to use for neutral type systems. In particular, in the frequency-domain
approach to the stability of delay systems, neutral type systems are difficult to analyze since they have chains
of poles close to the imaginary axis (see some recent results in [4,22]).

The method presented in this paper is based on a decomposition of the initial infinite dimensional model
# = Ax into two systems &g = Apxg and &1 = Ajx; in such a way that the spectra of Ay, A; satisfy:
Reo(Ap) < —e and —¢ < Reo(A;) < 0 for some £ > 0. Generally speaking, the operators Ay and A; are not
the models of delay systems (retarded or neutral), which means, in particular, that the relation between their
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exponential growth and spectrum’s location is a prior: unknown. We prove the exponential stability of the
operator Ay by analyzing the boundedness of its resolvent. This direct analysis requires subtle estimates and
the proof is technically complicated. For the analysis of the subsystem %7 = A;x1, we apply methods of strong
stability introduced in [27,28]. Finally, the introduced approach allows us to prove for mixed retarded-neutral
type systems the results on strong stability formulated in [28] for pure neutral type systems (det A_; # 0).

Besides, for control systems, the proposed approach can analyze the notion of regular asymptotic stabilizabil-
ity [29] which is closely related to the strong stability notion. The techniques of regular asymptotic stabilizability
were introduced in [29] and the sufficient condition for the system (1.1)—(1.3) to be stabilizable was proved in
the case det A_; # 0. In the present paper, using the same framework as for stability, we show that these
results also hold for mixed retarded-neutral type systems.

The general framework is the theory of Cp-semigroups of linear bounded operators (see e.g. [35]). In order
to specify the main contribution of our paper, let us first give the operator model of the system (1.1)—(1.3). We
consider first the system without control (u = 0), i.e. given by the equation

,é(t):A_lz'(t—l)—i—/OlAg(H)%z(t—i—G) d9+/01 As(0)=(t +0)do, >0, (1.4)

We use the model introduced by Burns et al. [7] in a Hilbert state space. The state space is Ma(—1,0; (C")déf(C" X

Lo(—1,0;C™), abbreviated M. The operator model is given by the equation
i=Ar. a0 =( YW ) e, (1.5)
(")

where the state operator is defined by

) [ A(0) S 2(0) A0 + [ As(0)z(0) do
- dz.(0)/d6 ’

with the domain
D(A) = {(y,2(:)) : z€ H(~1,0;C"), y = 2(0) — A_12(—1)} C Mo.

The operator A is the infinitesimal generator of a Cy-semigroup. The solutions of (1.4) and (1.5) are related as
z(0) = z(t +0), 6 € [-1,0].
For the controlled system (1.1)—(1.3), i.e. for the equation

0 0

Ht) = A_12(t— 1)+ L Ag(@)%z(t +0)do+ L As(0)(t + 0) A0 + Bu, (1.7)

the corresponding operator model is
& = Az + Bu, (1.8)

where the operator B : C? — M, is defined by the n x p-matrix B as follows: Bu! (Bu, 0)".

The operator A given by (1.6) possesses only a discrete spectrum o(A) and, moreover, the growth of the
semigroup {etA}tZO is determined by the spectrum’s location. Namely, denoting by ws = sup{ReA: X € o(A)}
and by wy = inf{w : [[eA*z| < Me“!||z|}, we have the relation wy = w; (see e.g. [10], Thm. 4.3).

For the stability problem, the last fact implies that the semigroup {etA}tZO is exponentially stable if and only
if the spectrum of A satisfies wy, < 0. However, this type of stability is not the only possible one for systems
of the form (1.4) (e.g. the same situation can also happen for some hyperbolic partial differential equations).
Namely, if ws = 0 (and A_; # 0), then there may be a sequence of eigenvalues with real parts approaching zero
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and imaginary parts tending to infinity. In this critical case, exponential stability is not possible: [e*|| /4 0

when t — oo, but asymptotic non-exponential stability may occur: . ligrn ety =0 for all z € M,.
— 100

For system (1.5), satisfying the assumption det A_; # 0, the problem of strong stability has been analyzed
in [27,28]. The main result obtained may be formulated as follows.

Theorem 1.1 ([28], Rabah et al.). Consider the system (1.5) such that det A_1 # 0. Let us put o1 = o(A_1)N
{p : |p| = 1}. Assume that o(A) C {\: ReX < 0} (necessary condition). Then one (and only one) of the
following three statements is true:

(1) o1 consists of simple eigenvalues only, i.e. a one-dimensional eigenspace corresponds to each eigenvalue
and there are no root vectors. Then system (1.5) is asymptotically stable.
(i) The matrix A_y has a Jordan block, corresponding to an eigenvalue p € 1. Then (1.5) is unstable.
(tit) There are no Jordan blocks, corresponding to eigenvalues from o1, but there is an eigenvalue u € oy
whose eigenspace is at least two-dimensional. In this case, system (1.5) can be either stable or unstable.
Moreover, there are two systems with the same spectrum, such that one of them is stable while the other
is unstable.

Let us discuss the importance of the assumption det A_; # 0. The proof of Theorem 1.1 given in [28] is
based on the following facts. Firstly, if det A_; # 0, then the spectrum of A is located in a vertical strip
dy < Re g(A) < dy. Namely, in [27,28] it was shown that o(A) = {In || + i(arg g, + 27k) + O(1/k) : pm €
0(A_1),k € Z}. From the latter, the necessary condition for the system to be asymptotically stable also follows:
o(Ay) C{p: pul <1}

Secondly, such a location of the spectrum proves the existence of a Riesz basis of generalized eigenvectors for
the operator A = A corresponding to the case As(0) = A3(f) = 0. For a general operator A, the generalized
eigenvectors may not constitute a basis of the state space (see an example in [27] and some general conditions
in [36]). However, in [27,28] the existence of a Riesz basis of A-invariant finite-dimensional subspaces of the
space Ms was proved (see also [37]). Such a basis is a powerful tool that has been applied for the analysis of
strong stability.

If we allow the matrix A_; to be singular, then the location of the spectrum described above does not hold
anymore. Generally speaking, in this case, for any a € R there is an infinite number of eigenvalues which
are situated on the left of the vertical line ReA = a. Thus, the existence of a Riesz basis of A-invariant finite-
dimensional subspaces for the whole space My cannot be guaranteed. As a consequence, the proof of the item (i)
of Theorem 1.1 given in [28], which is essentially based on the Riesz basis technique, is no longer satisfactory
and the stability needs to be analyzed another way.

However, it can be asserted that nonzero u,, € 0(A_1) define the spectral set {In|pn,| + i(arg i, + 27k) +
O(1/k) = pm € 0(A_1), tim # 0,k € Z} C o(A) which belongs to a vertical strip. In particular, this can be
asserted for p,, € o1. The fact that Theorem 1.1 is formulated in terms of o and the last remark gave us the
idea to decompose the initial system (1.5) into two systems

ﬂfo = A():EQ

ﬂfl = A1£L'1 (19)

T=Ar & {
in such a way that o(Ag) = o(A) N{A: —o0o < ReA < —¢} and (A1) = c(A)N{A: —e < ReA <w, =0}, for
some € > 0.

To obtain the representation (1.9), we construct a special spectral decomposition of the state space: My =
MY @& M4, where MY, M3 are A-invariant subspaces. We define A = Alpg and Ay = Al

The spectrum of the system #; = A;jx; is such that the corresponding eigenvectors form a Riesz basis of the
subspace M. The strong stability of the semigroup {e*| M1 bt>o0 is proved using the methods of [28].

The semigroup {etA| Mg}tzo is exponentially stable. We prove this fact using the equivalent condition con-
sisting of the uniform boundedness of the resolvent R(A,.A)[50 on the set {A: ReA > 0}. Thus, we prove that
the initial system & = Ax is asymptotically stable. The mentioned scheme requires complicated technique.
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To complete the stability analysis, we revisit the example showing the item (iii) with a simpler formulation
than in [28], where it was given using the Riesz basis technique. The analysis of the spectrum carried out in
our example is essentially based on the deep results on transcendental equations obtained by Pontryagin [23].
We notice also that the proof of the item (ii) given in [28] does not involve the Riesz basis technique and that
it is the same for the case det A_; =0 .

The techniques of direct spectral decompositions and resolvent boundedness presented above allow us to
extend the results to the stabilizability problem given in [29] for the case of a singular matrix A_;.

The general problem of stabilizability of control systems is to find a feedback © = Fz such that the closed-loop
system & = (A + BF)x is asymptotically stable in some sense. For the system (1.7), the result of exponential
stabilizability may be derived from those obtained for some particular cases (see e.g. [9,11,20,21]). The required
feedback for our system is of the form

0 0
F(z(t+-))=F_1z(t—1)+/ F>(0)2(t+0) d9+/ F5(0)z(t + 0) do.

-1

Our purpose is to obtain, as in [29], the condition of asymptotic non-exponential stabilizability of the system (1.7)
with the regular feedback

0

F(z(t—i—-)):/_Ole(H),é(t—i-H) d9+/ F3(0)=(t +6) do,

-1

where Fy(+), F5(-) € La(—1,0;C™*P). The motivation is that this kind of feedback is relatively bounded with
respect to the state operator A and does not change the domain of A: D(A) = D(A + BF). The natural
necessary condition of regular stabilizability is o(A_1) C {u: |u| < 1} because A_; is not modified by the
feedback. Under the same restrictive condition det A_; # 0 in [29], the following result on stabilizability was
obtained.

Theorem 1.2 ([29], Rabah et al.). Let the system (1.7) verify the following assumptions:
(1) All the eigenvalues of the matriz A_y satisfy |u| < 1.
(2) All the eigenvalues p € o1 = o(A_1) N{p: |u| =1} are simple.
Then the system is regularly asymptotically stabilizable if
(3) rank(A(X), B) =n for all A : ReA > 0,
(4) rank(ul — A_1, B) =n for all u € o1.

The proof of this theorem given in [29] uses the existence of a Riesz basis of finite-dimensional eigenspaces
of the whole state space M, and, thus, it requires the assumption det A_; # 0. To avoid this assumption,
we construct and prove another spectral decomposition which takes into account the unstable part of the
system. By means of this decomposition, we separate a subsystem which is generated by the part of the
spectrum corresponding to the zero eigenvalues, i.e. the singularities of the matrix A_;. Proving the resolvent
boundedness, we show the exponential stability of this subsystem. The main “critical” part of the system is in
A-invariant subspaces, where we apply the same methods as were given in [29], namely, the theorem on infinite
pole assignment, introduced there, and a classical pole assignment result in finite dimensional spaces.

The paper is organized as follows. In Section 2, we recall the results on the spectrum, eigenvectors and the
resolvent of the operator A obtained in [28,29]. Besides, we prove some properties of eigenvectors. In Section 3,
we construct and prove two direct spectral decompositions of the state space. One of them is used to prove the
main result on stability and the other for the proof of the result on stabilizability. Section 4 is devoted to the
proof of the uniform boundedness of the restriction of the resolvent on some invariant subspaces. Finally, in
Sections 5 and 6, we give the formulation and the proof of our main results on stability and stabilizability. In
addition, in Section 5 we give an explicit example of two systems having the same spectrum in the open left
half-plane but one of these systems is asymptotically stable while the other is unstable.



STABILITY AND STABILIZABILITY OF MIXED RETARDED-NEUTRAL TYPE SYSTEMS 661

2. PRELIMINARIES

In this section, we recall several results on the location of the spectrum of the operator A, on the explicit form

of its resolvent and on the form of the eigenvectors of A and A*. We prove some properties of the eigenvectors
of A and A*.

2.1. The resolvent and the spectrum

The results given in this subsection have been presented and proved in [27-29]. Some formulations of the
propositions are adapted for the case det A_; = 0.

Proposition 2.1 ([28], Prop. 1). The resolvent of the operator A has the following form:

e My [0 e (s)ds + (I — e A A1) AT (N)D(2,€, )

RAA) (2 ) = ’ '
A ( ¢) > fcf MO ¢(s)ds + M AL (N)D(2, €, o

where z € C",£(+) € La(—1,0; C™); A(N) is the matriz function defined by

0 0

e)‘SAg(s)der/ e*® Az (s)ds, (2.2)

-1

AN =A4N) = M+ e A + )\/

-1

and D(z,&, \) is the following vector-function with values in C™

0 0
D(z,&,\) = z+)\e_AA_1/ e M¢(9) do —/ A (0)£(0) db
-1 -1

0 0
- / M [AA2(0) + As(6)] [ / e () ds] de. (2.3)
—1 0

From (2.1), one may see that the resolvent does not exist in the points of singularity of the matrix A(\), i.e.
the equation det A(A) = 0 defines the eigenvalues of the operator A. Now let us characterize the spectrum of
A more precisely.

We denote by pi1, ..., e the set of distinct eigenvalues of the matrix A_; and by p1, . .., ps their multiplicities.
We recall the notation o1 = o(A_1) N{p: |p| = 1} and assume that o1 = {u1,. .., pe, }, €1 < £. We notice that
one of the eigenvalues pig, 11, ..., (e may be zero.

Further, when studying stability and stabilizability problems, we consider mainly the situations when the
eigenvalues from o; are simple. This gives us a motivation to assume below (if the opposite is not mentioned)
that p1 = ... = py, = 1. Besides, without loss of generality, we assume that the matrix A_; is in the following
Jordan form:

po... 0 0 ... 0
0 ... f 0 ... 0
Aa=1 o o Jos1 ... 0 |7 (2.4)
0 ... O 0 R
where Jy, 41, ..., J; are Jordan blocks corresponding to the eigenvalues g, 41, - . ., fe.

Let us denote by A the state operator in the case when A () = As(#) = 0. It is not difficult to see that the
spectrum of A4 has the following structure

o(A) :{Xﬁqzln|um|+i(argpm+2ﬂkz): m=1,...,0,um # 0,k € Z}U{0}.

We denote by L% (r*)) the circles centered at AF, with radii 7).
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Proposition 2.2. Let oy = {1, .., e, } consist of simple eigenvalues only. There exists Ny € N such that the
total multiplicity of the roots of the equation det A(\) = 0, contained in the circles Lfn(r(k)), equals p,, = 1 for
allm=1,...,6y and k : |k| > Ny, and the radii r®) satisfy the relation . (r?)? < co.
kEZ
This proposition is a particular case of [29], Theorem 4, which was formulated and proved there under the
assumption det A_; # 0. The proof for the case det A_; = 0 remains the same. A similar result was obtained
for systems given by transfer functions in [4,22].

Notation 2.3. We denote the eigenvalues of A mentioned in Proposition 2.2 by Ak, m =1,... ¢y, |k| > Ny.

Remark 2.4. Proposition 2.2 is formulated for m = 1,...,¢;, however, it also holds for all those indices
m =1,...,¢ which correspond to nonzero eigenvalues (i, € o(A_1).

Remark 2.5. In the case det A_; # 0, the spectrum of A belongs to a vertical strip which is bounded from
the left and from the right. However, in the case det A_; = 0, in addition to the eigenvalues mentioned in
Proposition 2.2, the operator A may also possess an infinite sequence of eigenvalues with real parts tending to
—00.

Similar results hold for the operator A*. The spectra of A and A* are related as o(A*) = o(.A). Eigenvalues
of A* are the roots of the equation det A*(\) = 0, where

0
AN = Aue(\) = — AT+ e A", + A/

-1

0
e A3 (s) ds +/ et Az(s) ds,

-1

and the relation (A(X))* = A*(X) holds. The eigenvalues Ak, m = 1,...,¢;, |k| > N; may be described as in
Proposition 2.2.

2.2. Eigenvectors of A and A*
First, we give the explicit form of eigenvectors given in [28,29].

Proposition 2.6 ([28], Thm. 2, [29], Thm. 7). The eigenvectors ¢ and ¥ of A and A*, respectively, are given
by:
IT—e Az
e=e= (17507, (2:5)

e

Y

v=90) = Fe_x‘g — A3(0) + e~ jq eXS(Ag(s) + XA;(S))dS] y |’ (2:6)

where © = x(\) € KerA(N), @ #0 and y = y(\) € KerA*(\), y #0.

Below we give several properties of the sets of eigenvectors and we begin with the calculation of the scalar
product between the eigenvectors of A and A*.

Lemma 2.7. Let Ao, A1 € 0(A) and ¢ = ¢(A\o), ¥ = (A1) be the corresponding eigenvectors: (A— Xol)p = 0,
(A* — X\ 1)y = 0. Then the scalar product {p, 1)), s given by:

0, for Ao # A1,

(o ¥)n, = { —(A"(Xo)z, y)en, for Ao = A, -

where A'(X) = LA(N) and z = z(\o), y = y(\1) are defined by (2.5) and (2.6).
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Proof. Since ¢(\o) and 9(\;) are eigenvectors of adjoint operators, then (p, 1)y, = 0 when \g # A;. Let us
consider the case \g = A1 and compute directly the scalar product (¢, 1) ar, using the representations (2.5)—(2.6):

<507 1/)>M2

0 0
(I —e ™A )z, y)en + /(eAUGx,)\_Oe’TUGymn de — /(eAUGz,Ag(Q)ymn do
—1 —1

0 0
+/ <e)‘°9z,e)‘(’9/eA‘)S(A§(s) + AoA3(s)) ds - y> dé

~1 0 Ccn

0 0
= (I—e™A_)z,y)+ </)\0 de - IE,ZJ> - </6A09A2(9) de - x7y>

—1 Cn -1 Cnr

0 0
Aos s 0A5(s)) ds df - x
+</O/e (As(s) + Ao Az2(s)) ds db ,y>

1 Ccn
- <F(>‘O)Iay>C"a

where

0 0 2
TN)=T—e A ;| + N\l — / ™% 4,(0) do +/ / e (A3(s) 4+ Mo Aa(s)) ds db.
—-1J0

-1
The last term of I'(\g), which is the integral over the domain —1 < 0 < s < 0, we rewrite using the identity
I Y G(s,0) ds d = — [°, [*, G(s,0) A0 ds. Thus, we obtain:

0 0 s
T(A) = T—e ™A |+ N\l — /e)“’eAQ(H) dg — /e)“’s(Ag(s) +)\0A2(s))/ df ds
—1 —1

-1

0
= |I—e A - /eAOS(sAg(s) + sAoAz(s) + Az(s)) ds
1

0
+ | Aol — /e/\OS(Ag(S) —+ )\0142(8)) ds
1

= —A'(N) —A(Ng).
Taking into account the relation = € KerA()g), we conclude that

<90a w>M2 = *<A/()\0)1', y>(cn .

The latter completes the proof of the lemma. O

k

k and y¥ instead

For p(\k) an@(m) we will use the notation ¥, and ¥ respectively. Besides, we use x
of 2(AE)) and y(\k)).

Lemma 2.8. Let 01 = {p1,..., e, } consist of simple eigenvalues only. The eigenvectors ok, m =1,... {;,
k : |k| > Ny constitute a Riesz basis of the closure of their linear span. The same holds for eigenvectors ¥F,
m = 1,...,61, k: |k’| ZNI

A more general formulation of this proposition was given in [27], Theorems 7, 15 under the assumption
det A_; # 0. We give a sketch of the proof in our case.
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The families of functions {ej\fna}kez form an orthogonal basis of the space La([—1, 0], C) foreach m = 1,..., ¢y,

where an = i(arg pm + 27k) are eigenvalues of the operator A. Thus, the functions {e)‘fne}|k|21\;, N € N form
a basis of the closure of their linear span.

Since we have chosen the matrix A_; in the form (2.4) and due to (2.5), the eigenvectors @F, of A are of the

- 0 -
form ¢k, = ( ko, ), em = (0,...,1,...,0)T. Therefore, the family {¢F, : m =1,...,¢; : |[k| > N1} is a
m

basis of the closure of its linear span.
(I - e*Aan,l):cfn

k
etk

The eigenvectors ¢F, = of A are quadratically close to @¥,. To prove this fact,

we should argue similarly to Theorem 15 given in [27] (based essentially on perturbation theory [14]). Thus,
eigenvectors F . m =1,...,01, k : |k| > N constitute a Riesz basis of the closure of their linear span.

From Lemma 2.7 and Lemma 2.8, we conclude the following.

k
m’

Corollary 2.9. The sequences ¥, and
and (@, Uy )ar, = — (A (A2, ym)en-

m=1,...,01, k: |k| > Ny are biorthogonal after normalization

The following relation will be used essentially in the analysis of the boundedness of the resolvent in Section 4.

Lemma 2.10. Let 1) = ¥(X\g), Ao € o(A) be an eigenvector of the operator A* and let g = (z,£(")) € My be
orthogonal to ¢: g L 1. Then the following relation holds:

D(Z,g,)\o) S ImA()\Q), (28)

where D(z,&, \) is defined by (2.3).

Proof. We show the relation D(z,¢, \g) L KerA*(\g) which is equivalent to (2.8). The eigenvector 1 is of the
form (2.6):

)
V= ( [Roe0? — A45(6) + =20 [ eos A5 (s) ds + Doe ™ [ Mo A5 (s) ds] y ) |

where y = y(\g) € KerA*()\g). For any g = (z,£(+)), which is orthogonal to v, we obtain:

(C n

0 0
- <971/)>M2 = <Zv y>(CW +/<£(9)7)‘_Oei/\706y> dg — / <£(9)7 A§(9)y>tc” de

0 0
+ / <5(9), et / 27 (A3(s) + NoA3(s)) ds~y> a0

1 0 Ccn

0 0
=(2,Y)cn +</Aoew£(9) d9,y> - </A2(9)€(9) d9,y>

—1 Ccn -1 cn

0 0
+</ e*AUG/e)‘OS(A;g(s) + Mo Aa(s)) ds| £(0) do, y> . (2.9)

-1 0 Cn
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Using the identity fi)l foe G(s,0) ds df = *fi)l J°,G(s,0) df ds which holds for any function G(s,6), we
rewrite the last term of (2.9), and, finally, we obtain the relation:

0=(g, ¥ < /O e M%¢(0) /0

- / 0 [A5(s) + Ao Aa(s)] / e %¢(9) 4 ds, y> : (2.10)
-1

—1 cr

Since y € KerA*()\g), then for any 2 € C" we have:

0= (2, A*(Ro)y)cn = (A(Xo)z, y)en

Therefore, for any @ the relation (e"*?A(\g)&(0),y)cn = 0 holds, and, integrating it by € from —1 to 0, we
obtain:

0 0 0
0= < e MPA(N)E(H) db, y> = <— Xoe 0%(0) Ao + | Ae P A_1£(0) dO
/ v /
0 0
+ [ €% [A3(s) + MAa(s)] ds [ e 0(0) do, y> . (2.11)
/ / .

Let us sum up the left-hand sides and the right-hand sides of the relations (2.11) and (2.10). In the obtained
relation, the term f81 Aoe~200¢(0) df is cancelled. The last terms of (2. 11) and (2 10) are summed up according

to the identity — f81 [°, G(s,0) do ds + f81 f81 G(s,0) df ds = f fy G(s,0) dods = f fo ) ds dé
which holds true for any function G(s,8). Finally, we obtaln

0 0
0 = <z+)\0eA0A_1/e’\°9£(9) de—/A2 0
-1

—1

0 0

- / 2 [A3(0) + Ao Az ()] / e Mosg(s) ds| db, y>
71 O n
(D(2,&,20)s Y)en - c

Since y € KerA*(\g), we conclude that D(z, &, \g) L KerA*(\g). This completes the proof of the lemma. [

Remark 2.11. We emphasize the fact that det A(\g) = 0 and, therefore, the matrix A=1()\g) does not exist.
However, the proved relation D(z,&, \g) € ImA(\g) means that the inverse image of the vector D(z, &, \g) with
respect to the matrix A(\g) does exist.

3. SPECTRAL DECOMPOSITIONS OF THE STATE SPACE

We recall that we consider the operator A in the case when all eigenvalues from o1 C o(A_1) are simple.
In this section, we construct two spectral decompositions of the state space M. Assuming that o(A) C {\ :
ReX < 0}, in the first subsection we construct a decomposition which we use later in Section 5 for the stability
analysis. In the second subsection, we assume only |u| < 1 for all u € o(A_1) (i.e. a part of the spectrum
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of A may belong to the closed right half-plane) and construct a decomposition needed in Section 6 for the
stabilizability analysis. The structures of these decompositions are very similar. In the third subsection, we
prove some technical results used in the proofs of the validity of the decompositions.

3.1. Spectral decomposition for the stability problem

For the stability analysis, our aim is to divide the system into an exponentially stable part and a strongly
asymptotically stable part. To do this, we construct a decomposition of the state space Ms into the direct sum
of two A-invariant subspaces and prove its validity.

We divide the spectrum of A into two parts. For some N > Nj, we define

Ar=M(N) = {\, €0(A), m=1,....0,]k| > N}, (3.1)
and represent the spectrum as follows:
O'(A) == AO @] A1 .

Remark 3.1. The set A; is determined by N € N. For any small € > 0, there is a big enough N such that Ay
belongs to the vertical strip {A: —e < ReA < 0}.

We introduce two subspaces of Ms:
My = M;(N)=ClLin{o: (A—X)p =0, A€ A}, (3.2)

M} = M}(N) = ClLin{¢) : (A* —=X)ih =0, A € A} (3.3)
Obviously, My is A-invariant and J/W\Ql is A*-invariant. We introduce M3 = MY (N) which satisfies

—. J_
My = Mi®M). (3.4)

Due to the construction, MY is an A-invariant subspace.

Remark 3.2. We recall that, due to Lemma 2.8, eigenvectors {¢F } of A, corresponding to \¥, € Ay, form a
Riesz basis of the closure of their linear span. The same holds for eigenvectors {¥k} of A*, corresponding to
)"]fn’ )"]fn e A

The main result of this subsection is the following theorem.

Theorem 3.3 (on direct decomposition). Let o1 = {u1,..., we, } consist of simple eigenvalues only. For any
N > Ny, the subset Ay = A1(N) C o(A) given by (3.1) and the subspaces MY, M3, M3, given by (3.2), (3.3)
and (3.4) define the direct decomposition of the space:

My = M & M, (35)

where the subspaces My, MY are A-invariant.

Proof. To prove (3.5) we show that any element £ € My allows the following representation:

41 151
E=+ >, Y ol GeM, o eMy, > > |d[P <o,

m=1k|>N m=1k|>N

where, as we have noticed above, the eigenvectors {¢F : (A — \E Tk =0, Ak € A1} given by (2.5) form a
Riesz basis of the closure of their linear span. Besides, the eigenvectors {/\éwﬁl s (AT =XNE DYk =0, \F e Ay}

k
m
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form a Riesz basis of the closure of their linear span, where eigenvectors ¥, are given by (2.6). We use the

notation ¢k, = /\}C k

Using the representations (2.5) and (2.6), we choose eigenvectors with ||z% ||c» = 1 and ||y%,||c» = 1. Due

to Lemma 3.5 given in Subsection 3.3, there is C' > 0 such that ||¢% ||y2 < C and [|[¢F |32 < C for all
m = 1,...,[1, |k’| ZN
Applying the decomposition (3.4) to vectors ¥, we obtain

’ym+z Z all, Ak e M.

=1 [j|>N

Since {¢F , {p\i) =0 for (m, k) # (i,7) (Cor. 2.9), the last representation may be rewritten as follows:

ok =k +ak gk, Ak e M) (3.6)

Moreover, due to (2.7) we have the relation

e P Rt v S NOL)h e .
"B, 12512, 1251,

From (3.6) and (3.7) it also follows that

vkl < Nkl + laf 195,11 < € + \/I (A (AR5 k) |- (3-8)

Using the decomposition (3.4) and the relation (3.6), we represent each vector £ € My as follows:

£y
§= 50+Zzb’”/”“*€0*zz +ZZ—’§
m=1|k|>N Um

m=1[k|>N m=1|k[|>N i

£y
=&+ Z Z Cfn(plncw (3'9)

m=1[k|>N

—~ £y K
where & € M9, S S0 [bE |2 < oo, € =& — Z > ak’ymGMg,c’ﬁn:%.

m=1|k|>N m=1 |k|>N m ”
To prove the validity of the decomposition (3.9), i for
some 0 < C1,Cy < 4+00. Taking into account (3.7) and (3.8), the latter provides the estimate
1 k k
0<C < )\_k<A (>‘ ) mvym> < Cy, >‘m€A1'
This estimate is proved by Lemma 3.11 given in Subsection 3.3.
Thus, the representation (3.9) holds for any £ € Ms. The proof of the theorem is now complete. O

3.2. Spectral decomposition for the stabilizability problem

We recall that for the stabilizability problem we assume only that |u| < 1 for all u € o(A_1). In this
case, an infinite number of eigenvalues may belong to the right-half plane. On the other hand, only a finite
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number of eigenvalues may be located on the right of a vertical line Re\ = ¢ for any € > 0. For the analysis of
stabilizability, it is convenient to construct a decomposition of the state space into three A-invariant subspaces.
We divide the spectrum of A into three parts:

o(A) = Ao UA; U As, (3.10)

where the subsets Ao, A1, Aa are constructed by the following procedure.
Let Ny be such that A% € LE (r), r < 3|AE, = X]|, (m, k) # (i,j) for all k > Ny and for all m such that
tm # 0. First, we construct an auxiliary division

o(A) = xa1 U xo, x1={\ co(A): |k| > No,m=1,...,0, pty #0}.

Due to the construction, any vertical strip St(d1,d2) = {\: d; < ReX < d2} contains only a finite number of
eigenvalues from xo. We also recall that ws = sup{ReA: X € 0(A)} < +cc.

If oy # () then for any r > 0 the strip St(—r, r) contains an infinite number of eigenvalues from x; and, as we
have noticed above, only a finite number of eigenvalues from x(. Let us fix some r > 0 and consider the value

€= min [ReAl.

- AESt(—r,r)Nxo

If e > 0, then the vertical strip St(—e, £) does not contain eigenvalues from x( but contains an infinite number
of eigenvalues from ;. Moreover, the strip St(e,r) contains only a finite number of eigenvalues from ;. Thus,
the strip St(e,ws) contains a finite number of eigenvalues of the operator A and, therefore, we conclude that
these eigenvalues are located in a rectangle {\: ¢ < Re) < wyp, |ImA| < M} for some M > 0. Finally, we put

Ag=0c(A)N{A: ReX < —¢},
Ay =o(A) N St(—¢,¢), (3.11)
Ay = o(A) N St(e, ws).

We notice that the relation € = 0 means that there are eigenvalues with a zero real part. In these cases, we

calculate res (min) |[ReA| without taking these eigenvalues into consideration and, after constructing (3.11),
eSt(—r,7)Nxo

we add these eigenvalues to As.

The obtained sets of eigenvalues may be described as follows: Ag belongs to the left half-plane and is
separated from the imaginary axis; A; consists of an infinite number of simple eigenvalues which may be stable
or unstable, the corresponding eigenvectors form a Riesz basis of the closure of their linear span; Ay consists of
a finite number of unstable eigenvalues.

Passing now to the construction of invariant subspaces, let us denote the elements of the finite set Ay as \;,
i=1,...,r, the corresponding generalized eigenvectors by ¢; j: (A—XiI)¢;; =0,j=0,...,8,—1. We also use
the notations proposed above: the eigenvalues from A; are denoted by A* and the corresponding eigenvectors
by ¢F  m=1,...,41, |[k| > N.

We introduce the following two infinite-dimensional subspaces of eigenvectors:

M} = ClLin{pF : (AN D)k =0, \F, € A},

— - (3.12)
T} = ClLin{uf, + (A~ D)k, =0, X € Ay,
two finite-dimensional subspaces of eigenvectors and root-vectors:
M22 = Lin{goi,j : (.A — )\il)j(piJ = 0, )\z c AQ, j = 07 e, S — 1}, (3 13)

J/W\22 = Lil’l{”(/)@j : (A* *)\_iI)jwi,j = 0, )\z S AQ, ] = 0,...,Si - 1},
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and the subspace MY, which satisfies
—_ o~ 1
My = (My & M3)®M?. (3.14)
Thus, we have constructed three A-invariant subspaces: MY, M1 and M2. The main result of this subsection
is the following theorem.

Theorem 3.4. Let o1y = {1, ..., pe, } consist of simple eigenvalues only. For any N > Ny, the decomposition
of the spectrum (3.11) and the subspaces given by (3.12)—(3.14) define the direct decomposition of the space Ma:
My = My & My ® M3,

where the subspaces MY, M3, M2 are A-invariant.

Proof. The proof of this proposition is very similar to that of Theorem 3.3. We prove that any element £ € My
allows the representation:

41 i 57;71 21
E=bt D) D et D i EMS D Y el <o
m=1|k|>N i=1 j=0 m=1|k|>N

The eigenvectors {¢F : M € A;} form a Riesz basis of the closure of their linear span. The finite set of
the generalized eigenvectors {g;; : A; € Ao} is also a basis of their linear span. These vectors are linearly
independent of eigenvectors {¢F }. Thus, eigenvectors {¢F } U {¢; ;} form a basis of the closure of their linear
span. Arguing in the same way, we conclude that the set {¢)* } U {1@ ;1 is also a basis of the closure of its linear
span, where Qan = /\%w,’f@ and QZ” = %wi,j. Moreover, without loss of generality, we may assume that the sets

{ek YU {p:,} and {4k YU {{b\”} are biorthogonal after the normalization.

Using the representations (2.5) and (2.6), we choose eigenvectors with ||z¥ ||c» = 1 and [|y¥,||c» = 1. Due to
Lemma 3.5, there is C' > 0 such that |¢F |32 < C and H@%HMz <Cforallm=1,...,4y, |k]| > N.

Applying the decomposition (3.4) to vectors F,, we obtain

41 T 57;71
k k k Tk i k 0
Om = Ym T Z Z Uy Yy, + Z Z @i j%igs  Ym € My,
=1 |j|>N i=1 j=0

Since the sets {¢} and {¢} are biorthogonal, the last representation can be rewritten as follows:
P = Vm + Gy Y € M, (3.15)

and, moreover, due to Lemma 2.7 we have

ek (et (AT )k, pk e 0
" kIR, 19513, 19513,

Besides, arguing in the same way, we obtain:
Pij =Yij + Gijthig, Vg €My, j1=0,...,8 —1

From (3.15) and (3.16) it also follows that

~ 1
Iyl < lemll + lag lemll < € + \/‘X@’(Afn)x%,ym : (3.17)
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Using the decomposition (3.4) and the relation (3.15), we represent each vector £ € M, as follows:

r o s;—1
§= §0+Z ST OE YN b
m= 1\k\>N i=1 j=0
T 5171 by rosi—1 b -
= _mk ’J,_|_ AP ©J y
r o s;—1
=&+ Z PR D SRR IR (3.18)
m=1|k|>N i=1 j=0

3=

37

here £, 0 & k|2 _7 4 bE K U 0ok _b
where §o € M3, >3 > [bpl° <00, & =% — > > w2 ZO ;5 € My, ¢, =
i=1 j=

m=1|k|>N m=1 k>N ™ e “
To prove the validity of the decomposition (3.18) it is enough to show that
Taking into account (3.16) and (3.17), the latter gives the estimate

1
_k:

< 1 and [k < G

1
0<C < A—( "R zk Ry < Oy, Me AL

™m

This estimate is proved by Lemma 3.11. Therefore, the representation (3.18) holds for any £ € M, and this
completes the proof of the theorem. O

3.3. Auxiliary results

In this subsection, we prove several estimates which have been used in the proofs of Theorem 3.3 and
Theorem 3.4.

Lemma 3.5. Let us consider eigenvectors ©f, = o(\E)) and ¢F, = (\E)) and their representations (2.5)
and (2.6). Let us assume that ||z% ||cn = ||y¥ |lcn = 1 in these representations. Then, for any N € N there is a
constant C' > 0 such that

In other words, the two families of eigenvectors {@%, : m = 1,...,01, k| > N} with |25 [cr = 1 and
[k s m=1,. 0 lkl = N} with gk

c» = 1 are bounded.

Proof. Using (2.5) and the relation ||z% ||c» = 1 we obtain:
b2 = e Ak 2+ [ 15t a0

< |\I*67A?"A71||2 +/62Re)\f”t9 a0

-1
. 1 — e—2ReX},
< 1+ e2Redn [|A_q ||2 W <C.

The last inequality holds since the real function 1= * s hounded in every bounded neighborhood of 0. This

gives the first inequality.
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From (2.6) and since ||y¥ |[cn = 1, we have:

0
1 2 VR 1
1 ..k _ k —AkO T opx
I = o Il [ - ==a30)
m

-1

ReAk
k112 1 (S m — 1 1 % 2
< sl (MP + e T SO,
/ 1
—2ReM" eXf s * *
+ oo ag [ (i Ao+ 1431 ) ds
—1 _ m
1 1 . ) e2ReAl, 1 . ) . 5
S |)‘fn|2 + |)‘7]fn|2 ||A2(9)||L2 + QRG)\fn ]‘+ |)‘fn|2 ||A3(9)HL2 + HA2(9)||L2

1 y ol §
< (e 0 ) (45O, + 1) + 53 1450)]7, < Cs,
A%l A
where C7 and Cy are some constants. 0

Remark 3.6. We notice that the norm of eigenvectors ¥¥, (assuming [|y¥ || = 1) increases infinitely when
k — oo. This can be seen in the example of eigenvectors ¥ of the operator A* (A5(0) = A3(0) = 0):

Tk )2 k2 R NEO, k2 k2 k QQQRE)\f”*l
e A A e Ll R e
> (14 CsA5 %) — +00, k= o,
where ('3 is a constant.
To formulate the next proposition we introduce the matrices
0 0 0 1
N 01 ... 00
Rm:(%m ?) Ru=| 1 @ 1 0 |€C™T m=1..0,
0 0 1 0
1 0 0

where I = I,,_,, is the identity matrix of dimension n —m. Obviously, Ry = I and R,,! = R}, = R,, for all
m = 17 . ,fl.

Lemma 3.7. Assume that o1 = {u1,..., e, } consists of simple eigenvalues only. There exists N € N such
that for any \E, € A1, |k| > N and the corresponding matriz A(NE)) there are matrices Py, i, Qm i of the form

1 —p2 ... —pn 1 0 ... 0

Pm,k = : : . : 5 Qm,k = . : .. . (319)
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such that the product A%I%mkl%mA()\’;@)RQO,k has the following form:

0 0 0
1 L 0
)\—kPmkRmA()\m)RQO,k = . Sk , det Sy i #0. (3.20)
m . m,
0

Moreover, for anye > 0, there is N € 7 such that for any |k| > N the components p; = p;(m, k), ¢; = ¢;(m, k)
of the matrices (3.19) may be estimated as follows:

pil<e lal<e i=2....n. (3.21)

Proof. We begin with the analysis of the structure of the matrix

1 0 1
)\_kRmA()\fn)Rm = I+ efAi“,LRmA,lRm +/ eA?nSRm <A2(s) + )\—kAg(s)) R,, ds.
m —1 m

Since the matrix A_; is in Jordan form (2.4), the multiplication of A_; on R,, from the left and from the right
changes the places of the one-dimensional Jordan blocks 1 and fiy,:

RmA_1Ry, = ( “6” g, > S e ¢n=Dx(n=1),

We introduce the notation

0 1 611()\) . Eln()\)
/ e R, (Ag(s) + XAg(s)) Ry, ds = . (3.22)
- ent(N) ot Emm(N)

According to Proposition 4.5, the elements of the matrix (3.22) tend to zero when [ImA| — oo (and |Re)| <
C < o0). Thus, |g;;(AF))| — 0 when k — oo.
In the introduced notation, the singular matrix /\%RmA()\fn)Rm has the following form:

71+e—kﬁtumk+su(xfn) ern(MNEY L (AR
1 821(>‘m)
— R, AN R,, = 3.23
A»]fn m ( m) m : Smyk I ( )
Enl(Afn)
where

. 622()\7]%) AN Egn()\fn)
Smge = —In-1+e*mS + :

en2OE) L enn(AR)

and [,,_; is the identity matrix of dimension n — 1. Let us prove that

det Sy 1, # 0. (3.24)
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Consider the identity —I,,_1 + e~ *m S=-I1+ e S 4 (e m — e_j\iﬂn)S7 where ¢, = i(arg ji, + 27k) is an

A

eigenvalue of the operator A. Since e*m = L we have

S 0 0
CTa e A 1R, = =
e R AR ( 0 —I,_i+e S )

and since the multiplicity of the eigenvalue p,, € o1 equals 1, we conclude that det(—1I,,—1 + e S ) # 0. Since
[NE —AF| — 0 when k — oo, then for any ¢ > 0 there is N > 0 such that for k : |k| > N the estimates

|e_’\§n - e_A];r|||S|| < £ and |e;;(A%)| < £ hold. Thus, we have that det Sy, x = det(—I,_1 + e S 4 Bk,
where the absolute value of each component of B,, j is less than . Therefore, there is N > 0 such that Sy,  is
invertible and we obtain the relation (3.24).

Since det S, # 0, from the relation (3.23), we conclude that the first row of the matrix = R A(AF,) Ry, is

a linear combination of all other rows and the first column is a linear combination of all other columns:

e1i(NE) = pasoi + ...+ pusni, 1=2,...,n, (3.25)
Ejl()\,]fn)ZQQSjQ-i-...-i-anjn, j=2,...,n, '

where s;; = s;;(m, k), 2 < 1,7 <n are the components of the matrix S, j.
Let us consider the matrices Py, i, Qm.k of the form (3.19) with the coefficients ps,...,p, and ¢2,...,qn
defined by (3.25). Direct computations give us that =P,k Rm A(NE,) Ry Qo i s of the form (3.20), i.e.:

0 0 ... 0
1 . 0
)\_kpm,kRmA()‘m)RQO,k = : Sm X
0
Let us estimate the coefficients po, ..., p, and ¢, ..., ¢,. The equations (3.25) may be rewritten in the form:
U1 = (S’myk)Twla V2 = Sm,ka;
where v1 = (e12(AE), ... etn OENT, wy = (p2,--,00)T, v2 = (e21(AE), .. et DENT, wa = (g2, -, qn)T-
Since det S,, r # 0 then _ B
mk % wy = (Sm?k)Tvl, we = Sm}kUQ

and since the values £;;(A¥,) are small then to show (3.21), we have to prove that the estimate ||S; | < C,
C > 0 holds for all k: [k] > N.
As we have shown above, S, = —I[,-1 + %S + By, i, where elements of the matrices B, tend to

zero when k — oo. Thus, there is N € Z such that for all & : |k| > N the norm of the matrix Em,kd:ef -

-1 ~ ~
(— n—1+ l%S) By, is small enough, say || B, x| < % Thus, the inverse matrix of I,,_1 — B, ; exists for
every |k| > N, and these inverse matrices are bounded uniformly by k:
o0
I(Zn-1 = Bui) " = 1Y (Bua)'ll < C1y k| = N
i=0

Thus, we obtain the estimate

- 1 -1
(Infl - Bm,k)il <In1 + _S> § Cl

[,

1S5kl =

The proof of the lemma is complete. O
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Corollary 3.8. The matriz function ﬁmk()\) def %Pm,kRmA()\)RQO,k, where Pp, i, Qm,k are given by (3.19),
enables the following representation in a bounded neighborhood U(\X,) of the corresponding eigenvalue \F, € Ay,
k| > N:

A= AR ) = NEEE ) (v = B TR (N
~ (A= AE)rgF ()
Apk(A) = : S k(M) : (3.26)

(A= AL )R ()

where the functions " (\) are analytic in U(NE,). Moreover,

ij
AT OR) A0, TR = 1k = oo (3.27)
Proof. Since A(\) is analytic, then all the components of the matrix function

B = 3 Pt B SO R Qi
are analytic in a bounded neighborhood of the point A¥,. Moreover, since the matrix ﬁmk()\f;) has the form
(3.20), then we conclude that A,, &(A) is of the form (3.26).

Let us prove the relation (3.27). If we assume that 72" (AE ) = 0, then (A — AE )P () = (A = AF 277K (),
where 777" ()\) is analytic. The latter implies that the multiplicity of the root A = A* of the equation
det ﬁmyk()\) = 0 is greater than or equal to 2, i.e. det ﬁmyk()\) = (A — AE)2r(N), where r()\) is an ana-
lytic function. Indeed, decomposing det ﬁm,k()\) by the elements of the first row, we see that all the terms of
this decomposition have the common multiplier (A — A¥ )2, Thus, we obtain that the multiplicity of A = Ak,
as the root of the equation det A(A) = 0 is greater than or equal to 2, and this is in contradiction with the
assumption that A\ is an eigenvalue of multiplicity one of the operator A.

Taking into account (3.23) and the form of the transformations (3.20), we see that

A= MR = (14 e g +e11(V)) — Zpi&?ﬂ()\) - quflj(A)- (3.28)

Differentiating (3.28) by A and substituting A = Ak, we obtain

n
k
Tﬁyk(Afrz) = *ei)\mﬂm 511 E szzl - E Qj51j(>\)
Jj=2

A=Ak,
The terms (g;;(A))" are of the form
0
sty = [ o (SAQ(S) 3 A5(s) - %Ag(s))ij s,
therefore, due to Proposition 4.5 and Lemma 3.7, we conclude that
B . '
e11(\) — Zpisﬂ()\) - Z gie1(N) — 0, k— oo
i=2 j=2

A=k
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Since fe’/\fnum — —1 when k — o0, we obtain the relation (3.27) and, in particular, there is a constant
C > 0 and an integer N such that for |k| > N we have

O<C<’r11 )‘.

The latter completes the proof of the proposition. O

Remark 3.9. The same arguments give that

[rmE (k)| — 0, |rmk()\k ) —0, k—o0

foralli=2,...,nand for all i =2,... n.
Proof. Indeed, let us consider 7“ ()\) for j =2,...,n and use the fact that A_; is in a Jordan form:
(A=A ) = e (A szez] +pj (~1+e ) +pj_ic,

where p € 0(A_1) and the constant ¢ = 0 if p is geometrically simple or, otherwise, ¢ = 1. Thus, we obtain

=2

!

A=)k

m

and since p; = p;i(m,k) — 0 when k — oo due to Lemma 3.7, then we conclude that [ F(AE)| — 0 when
k — oo. g

Remark 3.10. Direct computations give:

1 p2 Dn 1 0 0
P = (;) 1 (:) s Q= q:2 1 (:) : (3.29)
00 .. o1 w01
Lemma 3.11. Let oy = {p1,..., e, } consist of simple eigenvalues only. There are constants 0 < Cy < Ca,

N € Z such that for any A, € A1, |k| > N the following estimate holds:

0<Cr < | (A" ARz, ym) | < Ca, (3.30)

E
where A'(X) = SZAN); 2k, = 2(AF), vk = y(an) are defined by (2.5), (2.6) and ||z& || = ||lv%, || = 1.
Proof. First, we prove the estimate (3.30) for eigenvalues \¥ € A;. Since 2§ € KerA(\¥), then

1 _
0= TPk PLad(DQueQuiat = PLeAne(MD)Qy et (3:31)
where Py, Q1., ﬁlk()\’f) are defined by (3.19), (3.20). Thus, Q1 k:cl € KerA, k(AF) and, taking into account
the form (3.20) of the matrix 31,19()\ ), we conclude that Q7 } kscl = (#1,0,...,0)T, Z; # 0. On the other hand,
applying directly Qf,lc given by (3.29) to the vector ¥ = ((:U’f)l, ooy (@)n)T, we conclude that ; = (z}); and

(%) = —qi(zh)1,i=2,...,n.
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Due to the relation (3.21), for any € > 0 there is N € N such that for all k : |k| > N we have:
L= [t = 1@ (1+ la2l? + -+ 1aal?) < @D (1+ (n = 1)e?)
which implies |(2%);| — 1 when k — oc. Finally, we obtain
Qiiak = (@h1,0,...,0)",  0<C<|@hnl<1, [k]=N. (3.32)
Conjugating (3.20), we have the relation

0 0 ... 0
0

. 1 * *
S, <)\k Py AN )Ql,k) = _le KA ()\k)P1 k= 1,k(>\lf)- (3.33)
: , AT
0

Using the fact that y¥ € KerA*()\_’f) we get:

1 * %\ K\ D* * 0\ — * \—1A* /\k * O\ —

= Zk(Q1 k)~ lQmA ()\]f)Pl,k(PLk) lyiﬁ = (Qm) 1A1,k(>\lf)(P1,k) lyf- (3.34)
AT

This gives (Pl"ik)’lyiC € Kerﬁ’{yk()\_’f) and, taking into account the left-hand side of (3.33), we conclude that
(P ) 'yt = (31,0,...,0)", 41 # 0. Multiplying (Py,)~" on ¥ = ((y7)1,. ., (¥)1)" we obtain the relations
71 = (y¥)1 and (y¥); = —p;(y¥)1, i = 2,...,n. Thus, due to (3.21), for any € > 0 and k : |k| > N we have:

L= lyill* = [l (1 + 5ol + ..+ [Bal?) < I(wnl? (1 + (n — 1)e?)
and we conclude that |(y¥);| — 1 when k — oc. Finally,
(PL) ™' = ((W1)1,0,..,0)",  0<C <yl <1, [k > N, (3.35)

Differentiating (3.26) by A and putting A = A¥, we obtain

rii’;(k’f) ry (N ROl
a1 (AY) ~ 1 /
=A (0= =P LA
; S M) N G
i (AF)
— P (A 0F) - LA 014 (3.36)
FAMT Y (T w '

Using (3.3) and the relation z¥ € KerA(\Y), we obtain

1 1 _
S @Ot o) = (PP (rA00 - A0 ) Quedilat of)
1 1 1

— <p17,€ ()\%A’(A’f)— (A%) AX )) Q11Q7 17y, (Pg)* y1>

= (AL (h@rket, (P ). (3.37)
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Finally, using the representation (3.3) of the matrix Aak()\’f) and representations (3.32), (3.35) of the vectors
Q;,lcx’f, (Pl_kl)*yf, we conclude that

1
3 (ANt o) = mi D @D Wi (3.38)
Moreover, taking into account the estimate (3.27) of Corollary 3.8 and (3.32), (3.35), we obtain the esti-
mate (3.30), which proves the lemma for the case of eigenvalues AY, i.e. for m = 1.

Let us now prove the estimate (3.30) for A¥, € Ay, m = 2,...,¢;. In this case, the idea of the proof remains
the same but the argument appears to be more cumbersome. In the proof, we omit some detailed explanations
that were given above for the case m = 1.

Let us consider the product R,,A(Af)R,,. Using the relation 2%, € KerA(\F)), we have

1
e

m

0= RmP;}kPm,kRmA()\lnfq)RQO,er_n}kRmxlnfq = Rmpéylkzm,k()‘ﬁz)Qr_n}kRmxlnz' (339)

Thus, Q;fkRmxf; € Kerﬁmk()\fn) and, from the explicit form (3.20) of Amk()\f;), we conclude that Q;ﬁkRmxfn =
(71,0,...,0)T, Z1 # 0. Multiplying Q;le on R,, from the right, we exchange the first and the m-th column of

Q;ﬁk, therefore, we obtain:

~

(@h)m = T1, (@)1 = —@m(@p)m, (@5)i = ~@i(2h)m, 1 =2,...,n,0 £ m.
Thus, taking into account (3.21), for any € > 0 there is N € N such that for all k: |k| > N we have:
1= flaml® < |(23)ml? (1 + (n = 1)e?)
and, thus, |(z%,);m| — 1 when k — co. Therefore,

Qi Rk, = (25, 0,..,0),  0<C<|(@h)m] <1, [k = N. (3.40)

m

Similar considerations give

(Pose) Bty = (0 0+, 00T, 0 < C < |(yp)m| <1, K| = N. (3.41)

m,k

The derivation of (3.26) by A at A = \F gives

Tﬁ’:(Afn) rist ) RN
7’;’1’ (Afn) _ A ()\k)
: e (Ah) R
it (%)
1
= Py 1 Rom ANy — ANF Q- 42
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Finally, using (3.40)-(3.3) and the relation 2% € KerA(\}), we obtain

SRS

1 1
—1 k
= <Rum$kPmﬁkRm (EA/()\m) - k2
= (B Vo) R Qs (P k) Rt
= T O (@5 ) ()

To complete the proof of the lemma, we use the estimates (3.27), (3.40) and (3.41). O

A(A’;)) B Q@ Rt ym>

4. BOUNDEDNESS OF THE RESOLVENT ON INVARIANT SUBSPACES

In this section, we prove the exponential stability of the restriction of the semigroup {etA}tZO onto M3 (i.e.
the semigroup {etA|M20 }>0), where the invariant subspace MY is defined in Section 3 by (3.4). To show this, we
use the following well-known equivalent condition of exponential stability (see e.g. [35], p. 119 or [17], p. 139):

Let T'(t) be a Cy-semigroup on a Hilbert space H with a generator A. Then T(t) is exponentially stable if, and
only if, the following conditions hold:
(1) {A:ReA >0} C p(4);
(2) |R(NA)|| < M for all {\: ReX > 0} and for some constant M > 0.
Our main result in this Section may be formulated as follows.

Theorem 4.1 (on resolvent boundedness). Let o1 = {p1,..., e, } consist of simple eigenvalues only. On the
subspace MS, defined by (3.4), the restriction of the resolvent R(X, A)|ng is uniformly bounded for A : ReX > 0:

3C >0, RO\ Azl < Cllall, Vx € My.

Let us briefly describe the ideas of the proof. From the explicit form of the resolvent (2.1), we conclude that
the main difficulty is to prove the uniform boundedness of the term A=Y(\)D(z, &, A) in bounded neighborhoods
of the eigenvalues of A located close to the imaginary axis. Indeed, since det A(AF)) = 0 for A\¥, € A; and
ReAf, — 0 when k — oo then the norm of A~1()\) grows infinitely when ReA — 0 and Im\ — oo simultaneously.
However, the product A=Y(A\)D(z,&, \) turns out to be bounded for (z,&(+)) € M3.

Lemma 4.2. The vector-function A=Y (\)D(z,&, ) : MY x C* — C™ is uniformly bounded in bounded neigh-
borhoods Us(\E)) of eigenvalues \E, € Ay for some fived § > 0, i.e.:

(1) For any k :|k| > N and m =1,...,¢; there is a constant Cp, . such that the estimate
[ATEND (2,6 )| < Conill (2, () s

holds for all A € Us(\E)) and (z,£(-)) € MY;
(2) There is a constant C' > 0 such that Cpy, < C for allm =1,...,61, k:|k| > N.

The proof of this lemma is technically difficult. It essentially uses the following relation.

Lemma 4.3. For any vector g = (z,&(-))T € MY and for any eigenvalue \E, € Ay the following relation holds:
D(z,&,\5) e ImA(AF)). (4.1)

The complete proofs of the mentioned propositions are given in the next subsection.

Remark 4.4. Theorem 4.1 also holds for the subspace MY defined by (3.14) under the assumption Ay = ().
The proof remains the same.
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4.1. The proof of Theorem 4.1

We begin with several auxiliary propositions.

0

Proposition 4.5. Let Ly C C be a compact set, f(s) € La[—1,0] and we denote by ar(\) = [ e2™Fsers f(s) ds
1

A€ Lo, k € Z. Then ap(\) — 0 when k — oo uniformly on the set Ly.

Proof. Integrals ax()\) can be considered as Fourier coefficients of the function e** f(s), thus, they converge to
zero when k — oo. We need to prove that they converge uniformly on the set Ly. We define the mapping
a: Ly — {5 taking A € Ly to the sequence a(\) = (a1(A),...,ax(A),...). Indeed, a(\) € 5 since ax()\) are
Fourier coefficients of the function e**f(s). The mapping a()\) is continuous, and thus the image of L is
compact in £2. This means (see for example [16]) that

o0
Ve>0, IN€N, Yn>N, VA€Lo, Y la(N)*<e
k=n-+1
This implies that the convergence ap(A) — 0 when k — oo is uniform in Lg. g

Corollary 4.6. If the sequence {\;} is such that ImA;, — oo and —oo < a < Relp, < b < oo then for any
f(s) € Ly(0,1; C™*"™) we have: f81 e f(s) ds — 0 when k — oo.

Lemma 4.7. Let U(0) be a bounded neighborhood of 0, then the following estimates hold:

(1) There is a constant C' > 0 such that || $A(N)|| < C for all X € {\: ReXA > 0})\U(0), and |[A(N)| < C
for all X € U(0).

(2) There is a constant C > 0 such that |3 D(z,&,N)|| < C|l(2,£(-)|az, for all X € {X: ReX > 0}\U(0),
and || D(z,&, M| < C[|(2,€(-)l[ar, for all A € U(0), (2,¢(-)) € Ma.

Proof. From the explicit form (2.2) of A(X) we have the estimate
As
As(
T H/ !

for A € {A: ReA > 0}\U(0). To prove the first item, it is sufficient to show that Hffl e* Ay (s)dsl|, i = 2,3
are bounded in the same set. Indeed, if we suppose the contrary, then there is an unbounded sequence {J; }J"‘;l

such that Hf?l eAjSAi(s)dsH — 00 when j — oo. On the other hand, it is easy to see that for any k& > 0:

1
HXA()\)H<1+||A 1|+H/ oA Ay (s)ds

ffl e*skds — 0 when |A| — co and A € {\: ReX > 0}. Since the set of polynomials is dense everywhere in
Ly(—1,0), then Hfi)l eASAi(s)dsH — 0 when |\| — 0o, A € {A: ReX > 0} and we have come to a contradiction.

This implies that ||$+A(A)|| is bounded in the set {A: ReA > 0}\U(0). The boundedness of [|A()|| in U(0)
follows easily from the explicit form (2.2).

The estimates for D(z,&,\) may be checked directly, in the same manner, because e™* f81 e Mskds — 0,
when |[A| — oo and A € {A: Re\ >0}, k& > 0. O

Now we pass to the proofs of the main propositions mentioned at the beginning of the section.

Proof of Lemma 4.2. Let us introduce the following notation:

FOEAT DG EN = (5800)  (§PEEN). (60) € 1 (1.2
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We analyze the behavior of the vector-function f()\) near the imaginary axis. For the points A\¥, € A, which
are the eigenvalues of the operator A, the inverse of the matrix A(\F,) does not exist. These eigenvalues get
closer to the imaginary axis when k& — oo. Our first aim is to prove that f(\) is bounded in each bounded
neighborhood U (AF,) of AF, € Ay, i.e. that the limit )\lirilk AY(N)D(z,€, \) exists for all (z,£(-)) € MY.

Since A()\) and D(z,€,\) are analytic and since, by construction, all eigenvalues \¥, € A; are simple, then
we have that if A\¥, is a pole of f()) then it is a simple pole. In other words, in every bounded neighborhood
U(AE), the vector-function f()\) may be represented as follows:

FO) = s St S AL (43)
m i=0

Thus, our aim is to prove that for each A\¥, the coefficient f_; = lim (A — M) f(N) is equal to zero in the
A=Ak

representation (4.3), d.e. that f(\) is analytic. To prove this, we construct a representation of the matrix

(%A(A)) ~! Which separates the singularity of this matrix.

According to Lemma 3.5, for each )\ffn € A, there are matrices P, i, @m,r such that the value of the
matrix-function A, x(\) = %PmkRmA()\)RQOk at the point A = \¥, has the form (3.20), i.e

0 0 0

N k 1 k 0

Amyk(Am) = )\_kpm,kRmA(Am)RQO,k - : S & ) det Sm,k 7é 0
0

We rewrite the representation (4.2) of the function f()) in a bounded neighborhood U(AF,) as follows:

—1
FO) = (R PPt B SOV Quus @iyt ) - (3006.0)
-1
= RQO,k (%Pm,kRmA()\)RQO,k) Pm,kRm (%D(z, ga )‘))

— RO (Bm,k(x))fl PoiRon (%D(z,g, )\)) . (4.4)

Let us consider the Taylor expansion of the analytic matrix-function Am,k()‘) in U(AE)):

A k(N = B p(AE) + (A = AF)A le AEYVALD (AR, (4.5)
=2

=

Due to Corollary (3.8), ﬁmﬁk()\) allows the representation (3.26) in some U(AE)), i.e.

A= MR O (A= AR )R L (o= AR R ()
- (A= AL )rg ()
Am k(M) = : S k() !

(A= ALk ()
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where r?;’k()\) are analytic functions, and we note that Sy, 1 (A\E,) = Sy, k, where S, is defined by (3.20).

Differentiating the last relation by A at A = A\¥ | we obtain:

IO O e )
n RO
;n,k()‘lnfm) = " S/ ()\k ) - F'ron,k + Fin,ka
. m,k\"'m
k
i (A%)
m,k m, m,
PR R ORY L R (R) 0 ) 0 ... 0
ro  def 0 [l def a1 (Am)
"t . 0 Lo | S (V)
! it O%)
We introduce the matrix-function Fm,k()\)défﬁm,k()\fn) + (A= X )T9, 1., which has the following structure:
PEEOE Y = AE) rmEOE ) =AY R OE (A = AR
0
: Sm,k
0

The matrix F,, (A) is non-singular in a bounded neighborhood U (X )\{\E }. Indeed, due to Lemma 3.5
and Corollary 3.8, we have that det S, » # 0, rﬁ’k()\’;@) # 0, and, thus

det Fpy (X)) = 7R (OE YA = AF ) det Sy £ 0, A€ UNE)\{AE )

Therefore, the inverse matrix F;lk()\) exists, and is of the following form:

1 m,k m,k
PO (A=AE,) Fﬂk ka
0 Fk o F™
Fo() = , oo (4.6)
0 Fyvk o ek

where

FiT’k - 22(_1)1+Jrﬁ,k()\fn)[vak()\fn)]l.ﬁ i= 27 LD
]:

m,k it o

FR0 = (1) [Sm e (A)]is ij=2....m,

1
TR (AR) det Son ke

(4.7)

m,k
ij

Sm.k()). Since the matrix-functions Sy, x(A) are analytic and since Sy, x(\F,) — S when k — oo, then ||S,, 1 (N)]],
IS, (N)]i5]] and |sg‘k()\)| are uniformly bounded for all k and A € Us(Ak,). Thus, we conclude that |Fz7jnk| <C

for all k£ and 4,5 = 2,...,n. Moreover, since rﬁ’k()\’;@) — 0 due to Remark 3.9, then F:fk —0,1=2,...,n
when k — oo.
Let us rewrite the representation (4.5) as follows:

and by [Sm,x(A)]i; we denote the complementary minor of the element s;"*(\), ¢,j = 2,...,n of the matrix

AN = FosN) + A= MO0 4+ 2 20— A5 )AL (Ak)
o _ o (4.8)
= Fua) (T4 0= MIFE O+ 5 30 M) FAMBD,08))
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and introduce the notation
Lo k(A) = (A= Ao Fo (AT, + Z (A= AE)TF L VAL (AR,

Let us prove that for any £ > 0 there is 6 > 0 and N € N such that for any k: |k| > N the following estimate
holds:

ITmeWl <e A€ Us(AE). (4.9)
From (4.8) we have that Y, 1 (\) = F%}k()\)ﬁm,k()\) — 1, and we are proving the estimate ||Fn;1k (A)ﬁmk()\) -
I|| <&, A € Us(A\E)). Using the representations (3.26), (4.6) and (4.7), we estimate the elements {fy;-?’k()\) Tz

of the matrix T,, (). For the sake of convenience, we divide these elements into several groups and we begin
. m,k
with the element ~{""(\):

m,k n
M) = L ) SRR ) - 1
11 ()‘m) 1=2

RO
P O%)
k: |k| > N and A € Us(AF,). Besides, since F7"F — 0,4 =2,...,n and r/7"*(\¥,) — 0 when k — oo, we obtain
the estimate "yﬁk()\)‘ < sforallk: [k >N, e Us(Ak).

Let us consider other diagonal elements of the matrix Y, x(A):

Due to Corollary 3.8 and since 77 k()\) is analytic, there is § > 0 and N € N such that

< 5 for all

n n

Vi) =D FG s ) = 1= (1) S W] (57 = s ), G =2,00m
=2 =2

There is 6 > 0 such that "y;;k()\)‘ < cforallk: |k[> N, e Us (X’ﬁn) Further, we consider the elements of

the first row:
m, k

m, Tl m,k m .
’yljk()\): ——— 0 +ZF klk j=2,...,n
)\ i=2
Since F"F —0,i=2,...,n and rﬁ’k()\’;@) — 0 when & — oo, we obtain the estimate vf;’k()\)‘ < £ for all
ko |kl >N, xeUs(\k).
Next, we consider all other elements:
n n
K K _m,k i k & . L
’YZ'I ()‘) Z F;? ;n] (A) - Z(_l) +T[Sm,k()‘)]““(5::l] (A) - S:} ()"]fn))v 6] =2,...,m1F# ]
r=2 r=2

They may be estimated as

fyg’k()\)‘ <z forallk: |[k|>N,\€ U(;(X’;@) choosing small enough 6 > 0.
Finally, we obtain the estimate (4.9), and then there is § > 0, N € N such that the matrix I + Y, x()) has
an inverse for any A € Us(Ak), k : [k| > N:

T+ YO P =T+ (A= N (), (4.10)

where T',, 1 ()\) is analytic in a bounded neighborhood Us(AX)).
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Lastly, from (4.4), (4.8) and (4.10) we obtain:
FO) = R s B0 P B (30060
= Ro@un (Bt T+ Xk ) Rt (500600
= RinQumi (I+ (A= X5 )T (V) F L (A) P i Rin (%D(z, £, A)) . (4.11)

Let us now use the fact that (z,£(-)) € MY. In Lemma 4.3 the important relation D(z,&,\E) € ImA(ME),
(2,€(")) € MY is stated. Since in the definition of A,, x(\) the matrices Py, i, Qm k, Ry are nonsingular, then

1
M,

m

PR D(2,6,A8) € ImA,,, 1,(AF)).

Moreover, since the matrix ﬁm,k()\fn) is of the form (3.20), we conclude that the first component of the
vector ﬁPm,kRmD(z,f, M) equals zero:

1
e

m

Pk RonD(2, € M) a1 = (0,00, ., cn)T

)

and since the vector-function %PmﬁkRmD(z,f ,A) is analytic in a bounded neighborhood U(AF)), we conclude
that 1 ~

1Pk B D (2,6 0) = don g + (M), A (AE) = 0. (4.12)
Finally, we note that F;le(A)Jm,k is a constant vector and the vector-function F;L}k()\)dm,k()\) is bounded in

U(AE)). Taking into account (4.11), (4.6) and (4.12), we obtain that

1
dm A= AE)FO) = RuQu lim (A= M) F 3 () P R (XD(Z,g,A))
= RnQmu hm ()\ NeEL S () (dite + din (V)
= 0.
Thus, we have proved that f(\) = A_l()\) (z g, )\) is an analytic vector-function in Us(A\k)), &k : |k| > N,

m =1,...,4; and this gives the estimate || A~ (A)D(2,&,N)|| < Cpug, (2,€(+)) € MS.
We have now to prove that f(X) is uniformly bounded in the neighborhoods U(;()\’ﬁn) for all & : k| > N,
m =1,...,¢1. In other words, we must prove that the set of vectors

Jo= = f()‘k )= (A _1()‘)D(27§a )‘))/\zx\fn

is bounded. Taking into account the representation (4.11), we obtain:

<RQO,ka1k(>‘)Pm,kRm (lD(za fa A)))
T A A=Ak
= RnQumiFo 5 (N (g + dim (V) axs,

" T
— QOk( m,?(l)\k)Jchz Zcz ,Zczﬂfsk> )
1=2

=2

k
f"

where di = (d, ,.(A},))1 is the first component of the derivative of dy, 1(A) at the point AF,.
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As we have mentioned above, there is a constant C; > 0 such that ||F$k|| <Cy,forallkeN,m=1,... 4.
The estimates || Py, k|| < C1 and ||Qm k|| < Cy follow from the estimate (3.21) of Lemma 3.7. The estimates
le;| < €1 and |d}| < Oy follow immediately from Lemma 4.7. From the relation (3.27) of Corollary 3.8, it follows
that there is a constant Cy > 0 such that 0 < Cy < [r{2"(AF)| for all k € N, m = 1,...,/; and, thus,

1 1
W < o
11" (M) 2

Finally, we conclude that HfénkH < Cforallm=1,...,01, k: |k|] > N, and this completes the proof of the

lemma. (|
Proof of Lemma 4.3. Since g € MY then g 1L % = w(ﬁ) for all Ak, € A;. Therefore, the proposition follows
from Lemma 2.10. O

Proof of Theorem 4.1. Let 6 > 0 be such that Lemma 4.2 holds. We divide the closed right half-plane into the
following two sets: N
K1(5)={)\ Re)\ZO, )\EU(;()\];,L), )\%EAl}
First, let us estimate ||R(\, A)z| for any A € K;(6) and z € MY. Due to Lemma 4.2, we have:

AT ND(z. &N < Crllall, @ = (2,€(-) € M.
Due to Corollary 4.6, we have the estimate || f81 e *€(s) ds|| < Co|z||. Thus, for any = = (z,&(-)) € MY,
A € K1(d) we obtain:

0
IR, A)z|| = |le™* A, /e‘ASE(S) ds+ (I —e A )ATH(N)D(2,6,N)
1

(Cn
6
+ /eA<9—s>g(s) ds + AT (A)D(z, €, \)
0 Lo
<A Collz] + (1 + &A1 |)Ca 12|
ol 6 2 3
+ / /eW—s)g(s) ds +eMATYN)D(z, 60| do
—1 [/0 cn
< [14-11Cz + (1 + A + (s + CD) ] o] = Cllal. (4.13)

Let us consider A € K3(6). There is € > 0 such that |§ det A()\)‘ > ¢ for any A € K5(0)\U(0). Indeed, if we

suppose the contrary then there is a sequence {\;}22; such that ‘/\% det A(X\;)| — 0, ¢ — oo. If the sequence

{Ai}2, is bounded, then it contains a converging subsequence: A;;, — A and, thus, %det A(X) = 0. However,
the closure of the set K3(6)\U(0) does not contain zeros of the function det A(\) and we have obtained a
contradiction.

If the sequence {A;}§2, is unbounded, it contains a subsequence \;; such that [\;,| — oo when j — oo, but
we also have

0 0

s 1 ,

/ ei® Ay(s) ds — 0, 5V eMi® Ag(s) ds — 0, i — 00.
—1 ij J—1
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Moreover, since |det(—I +e *A_y)| = ‘H(l +e )| > 11 ‘1 + e i, |, We conclude that

0

1 » 10
‘X det A(N\;) % Ay(s) ds + )\—/ % Az(s) ds £ 0, i — oo.
i J—1

=det(—IT+e MA_, +/

-1

Thus, we have obtained a contradiction again.
Taking into account the estimates |3 A(A)[| < Cy and ||$D(z,&,A)| < oz from Lemma 4.7, we conclude

that |AL(A)D(z,&,N)|| < Csl|z|| for all A € Ko(5)\U(0). It is easy to see that ||e~* f81 e ME(s) ds| < Cyllz]]
for all A € K3(6)\U(0). Finally, similarly to (4.13) we obtain the following estimate

RO A)z|| < Clll, A € Ka.

This completes the proof of the theorem. O

5. STABILITY ANALYSIS

Based on the results from Sections 3 and 4, we prove the main result on stability which does not assume the
condition det A_; # 0.

Theorem 5.1. If o(A) C {\: ReA <0} and o1 = o(A_1) N{p: |p| =1} consists only of simple eigenvalues,
then the system (1.4) is strongly asymptotically stable.

Proof. Let us show that ||e**z| — 0 when ¢ — oo for any x € Ms. Due to Theorem 3.3, each = € M, allows
the following representation:

0 1
r=z0+2x1, To€ My, x1€ M,,

where MY and M are defined by (3.2)—(3.4). Moreover, the basis of MJ consists of the following eigenvectors:
{eh s (A= X Den =0, A, € Ay = A(N)}- (5.1)

Thus, for any z1 € M1 we have the representations

21 el k
ko Kk tA At kK
m=D0 Y e a= 3 30 e,

m=1|k|>N m=1|k[>N
£y
where > Y |ck |2 < 0o. Let us consider a norm || - ||; in which the Riesz basis (5.1) is orthogonal, then we
m=1k[>N
have the following estimate:
1
0 . 2
leaifi = Y Y M enenli | < el (5:2)
m=1 [k|>N
Ly
Since the series Y. > ¢k ok converges and since |¢F |y < C for all k and m = 1,...,/;, then for any

m=1[k|>N

Ly
e > 0 there is Ny > N such that Y. Y |k ok |2 < %. Moreover, since the set {(m,k) : m = 1,..., 41,
m=1|k|>N,
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N < |k| < Ny} is finite and since ReAf, < 0, then there is t; > 0 such that for any t > ¢, we have:
£y
ST eReALt||ck ok |12 < %. Thus, we obtain
m=1 N<[k[<N,

VA 41 £y 2
3SOS emk ok 2 < S emW%MM%XIZH%%ﬁS% (5.3)
m=1|k|>N m=1 N<|k|<N; m=1|k|>N;

Due to Theorem 4.1, the semigroup etA| My 18 exponentially stable, i.e. by definition there are some positive
constants M, w such that HetA|Mg | < Me=“t. Thus, for any zg € MY, there is to > 0 such that for any t > to
we have an estimate

ool < Me™|laoy < 5- (5.4)

Finally, from the estimates (5.2)—(5.4), we conclude that for any x € My and for any € > 0 there is tg > 0
such that for any ¢ > ty the following estimate holds:

"]y < [le"aol + [l @11 <e.
Therefore, . ligrn |letAz||; = 0, i.e. the system (1.5) is strongly asymptotically stable. O
— 100

Remark 5.2. One can easily see that under the assumptions of Theorem 5.1 and if the set {p : |u| = 1} is
not empty then the index wy(A) = 0. This, in particular, means (see for example [30]) that the norm of the
semigroup [le*4]| > 1, t > 0 and, as a consequence, there are some solutions e’z with an arbitrarily slow rate
of decay. On the other hand, one can prove a uniform estimation of this rate from the above if we consider the
initial data only on some non-closed subspaces of My, for example, if x belongs to D(A) or D(A%), a > 0. Such
an approach is considered, for example, in [2,5], where polynomial estimates of the rate of decay of semigroups
are obtained under some assumption concerning the behavior of the resolvent of the generators. In the present
work, we do not consider this problem. However, we can remark that, in our case, the existence of the polynomial
estimates similar to those given in [2,5] may be described in terms of the rate of deviation of eigenvalues of A
from the imaginary axis. Such problems are under investigation.

5.1. An example of a dilemma: stable and unstable situations

In this subsection, we give an explicit example illustrating the item (iii) of Theorem 1.1. Namely, we construct
two systems having the same spectrum and satisfying the following conditions: o(A) C {\ : ReA < 0} and there
are no Jordan blocks, corresponding to eigenvalues from o1 = o(A_1)N{u : |u| = 1}, but there is an eigenvalue
1 € o1 whose eigenspace is at least two-dimensional. Moreover, one of the constructed systems appears to be
stable while the other is unstable.

We consider the system of the form

s(t) = ( oY )z‘(t—l)—i— ( oo )z(t), 2eC, >0, (5.5)

where b is a real positive number and for the value of s we essentially distinguish two cases: s = 0 and s # 0.
The eigenvalues of the operator A are the roots of the equation det A 4(\) = 0, which, in our particular case,
has the form:

Y _ “A—de—b S _
det(—=AT +Xe ™ "A_1 + Ap) = det ( 0 e rp )T 0.

Thus, all the eigenvalues of the operator A satisfy the equation

Xed + A +bet =0
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and the multiplicity of each eigenvalue equals two. To prove that o(A) C {\ : ReX < 0}, we use the results
on transcendental equations obtained by Pontryagin [23]. It is easy to show that if s = 0 then the operator A
possesses eigenvectors only, i.e. it possesses no root vectors; if s # 0 then, to any eigenvalue A € o(A), there
correspond an eigenvector and a root vector of the operator A. This implies that if s = 0 then the system (5.5)
is stable, and if s # 0 it is unstable.

6. STABILIZABILITY BY REGULAR FEEDBACK

In this section, we prove Theorem 1.2 for control systems (1.7) with det A_y = 0. It is convenient to
reformulate this theorem as follows.

Theorem 6.1 (on stabilizability). Let bi,...,b, € C" be the columns of the matrix B. Assume that the
following four conditions are satisfied:

(1) all the eigenvalues of the matriz A_q satisfy |u| < 1;

(2) all the eigenvalues € o1 are simple;

(3) P Kbisy)en # 0 for alli = 1,...,p and all vectors y satisfying y € KerA*(X) for roots X of the
equation det A% (X) =0, such that ReX > 0;

(4) 3P [{bisym)cn # O for all vectors yn, of the matriz A* |, corresponding to eigenvalues fi,,, pm € 01
and for all i =1,...,p.

Then there is a regular control w = Fx of the form

0 0
W= Fr— / Fo(0),(6) 46 + / Fy(0)2(0) do, (6.1)
—1 —1

where x = (y,2(:)) € D(A), Fs(-), F5(-) € La(—1,0;C"*P). Moreover, this control stabilizes the system (1.7),
i.e. D(A) =D(A+ BF) and e!A+BF) g5 — 0 ast — oo for all xg € My.

The controllability conditions (3)—(4) of Theorem 6.1 are equivalent to (3)—(4) of Theorem 1.2 (for more
details concerning such conditions see [26]). We also note that regular stabilizability for a particular case of the
control systems (1.7) had been considered in [24,25]. Before giving the proof, let us discuss the conditions (1) and
(2). Since the regular feedback does not change the matrix A_; we need the assumption o(A_1) C {p: |u] < 1}.
Moreover, taking into account the results of Theorem 5.1 on strong stability, we conclude that by means of a
regular feedback it is possible to stabilize the system when the algebraic multiplicity of each eigenvalue u € oy
equals 1. In this case, the closed loop system will be asymptotically stable if and only if all the eigenvectors
of A+ BF are in the left half-plane. Thus, the problem of regular stabilizability for such systems consists
in assigning the spectrum of the system in the left half-plane. The most intensional problem in the situation
appears when an infinite number of the eigenvalues located “close” to the imaginary axis belong to the right
half-plane. This means, in particular, that oy # (0.

Proof of Theorem 6.1. Let us construct the decomposition of the spectrum of A introduced in Section 3.2 by
(3.10):

O'(A) = AO(.A) UA; (.A) @] AQ(.A), (62)
where the subsets are given by (3.11). Since Ag(A) C {X: ReA < —¢}, € > 0 then our aim is to construct the
feedback which moves the eigenvalues of A;(A) and A2(A) to the left half-plane.

We begin by moving the spectral set Ay(.A). The spectral decomposition of the state space My = MY @& M} @
M3 (Thm. 3.4), corresponding to (6.2), allows us to rewrite the system (1.8) as

o = Aoxo + Bou, zo € M3 = MJ(A)
Z1 = Aix1 + Biu, x1 € My = My (A)
1 = Asxa + Bau, x1 € My = M3(A),

where Ag = Alp0, A1 = Alpgs, A2 = Alpgz and B; are the projections of B onto subspaces M.
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The spectrum Az (A) of the operator Ay defined on the finite-dimensional subspace M3 belongs to the right
half-plane. Due to the assumption (3) of the theorem all the eigenvalues of As are controllable and, thus, they
may be assigned arbitrarily to the half-plane {\ : ReA < —e}. Namely, let us consider a feedback u = Fax,
Fo 1 My — CP which acts as follows:

Foxg = Fox1 = 0, o € MS,IEl S M21, Foxg = .7:21‘2, XTo € M22,

where F : M2 — CP is a bounded operator. It is easy to see that such a type of feedback allows only eigenvalues

of A2(A) to be moved, i.e. the set Ag(A) U A1(A) remains in o(A + BFz). Thus, we conclude that there is F
such that the spectrum of the closed-loop system A + BJF; is of the form

o(A+BFy) = o(A)\A2(A) UAy, Ay C {A: ReX < —&}. (6.3)

We choose the control in the form u = Fox + v, denote A A+ BFy and rewrite the system (1.8) as

i = Az + Bu. (6.4)

We emphasize, that due to the form of the feedback Fs, the infinite-dimensional system (6.4) corresponds to
the neutral type system (1.7) with the same matrix A_;.
Let us now construct the decomposition of the spectrum (3.10) for the operator A. Due to (6.3), we obtain

-~

A2(A) = 0 which gives
O'(A) = Ao(.A) U Al(.A), Al(.A) =A; (.A)
Applying Theorem 3.4, we construct the spectral decomposition of the state space My = MY @& M3. The
operator model (6.4) may be rewritten as follows:

o = Agzo + Bov, w9 € MY = MI(A)
7 = A121 +817}, 1’1€M21:M21( )a

where .Zo = .Z|M20, .21 = ./Z|Mé and gl are the projections of the vectors of B onto subspaces M3.

~

Due to Theorem 4.4, the restriction of the resolvent R(A, A)|pzo is uniformly bounded on the set {A : ReA > 0}

and, therefore, the semigroup {e'| Mg}tzo is exponentially stable.

To stabilize the second equation, we apply the approach introduced in [29] which is based on the abstract
theorem on infinite pole assignment. Below, for the sake of completeness and due to the specific form of the
operator .,Zl, we give a simplified formulation of the mentioned theorem (Thm. 6.5).

The theorem on infinite pole assignment holds for a single input system. However, as is shown in [29], the
multivariable case may be reduced to the single input case by the following considerations (see [29] and also the
classical result on finite-dimensional control systems in [38]).

Let us consider the vector b given by

- b o clb1+...+cpbp _ B . - .
b_(())_( 0 ={ 0 c=Be, c= S (6.5)
c

P

where {b1,...,b,} C C" are the columns of the matrix B. There are numbers ¢; € C such that the following
relations hold (Lem. 6.6):
(a) (b,ym)cn # 0 for all eigenvectors y,, of the matrix A*; corresponding to the eigenvalues Ti,,, where
tm €01, m=1,...0q;
(b) (b,y* )cn # 0 for all such y¥, which satisfy y¥, € KerA*(m) and ReAk, > 0.



STABILITY AND STABILIZABILITY OF MIXED RETARDED-NEUTRAL TYPE SYSTEMS 689
Let us denote the projection of b onto the subspace M4 by b; and consider the single input system
= 213’)1 + b1ﬂ, u e C. (66)
Due to the construction, the eigenvalues of A1 are simple and each eigenvalue A%, m = 1,..., ¢y, |k| > N;
belongs to the circle Lfn(r(k)) centered at )\’ﬁn = i(arg pm + 27k). The corresponding eigenvectors ¢k, form a
Riesz basis (Prop. 2.8).
Thus, the single input system (6.6) satisfies the conditions (H1)-(H4) of Theorem 6.5. According to that
theorem, the spectrum Al(A) of the operator .4; may be moved by the regular feedback (6.1) as follows.

Let us chose scalars )\k such that Re)\k < 0 and which are located inside the circles L¥ (r(k)). There is

a feedback © = .7-'1:0 .7-"1 : My — C such that )\k are eigenvalues of the operator A1 +b fl Taking into
account (6.5), we define the feedback v = Frz, Fq : My — CP as follows

m?

def =~
Fiz=cFix.

t(A+BF,

Due to the theorem on stability, the semigroup {e )| M} }i>0 is asymptotically stable. Thus, the feedback

u = Fix1 + Faxo

transforms the original system into one where all the conditions of Theorem 5.1 on asymptotic stability are
verified. The latter completes the proof of Theorem 6.1. (I

Remark 6.2. We would like to emphasize that, in the present paper, to prove the result on stabilizability
for the case det A_; = 0 we have contributed those ideas which are mainly technical in character: the direct
decomposition of the state space and the proof of the resolvent boundedness on some subspace. However, the
main contribution from the stabilizability point of view is the abstract theorem on infinite pole assignment
which has been proved in [29].

Remark 6.3. The stabilizability of the restriction of the system onto the subspace M2(A) also follows from
some classical results. Let us denote by I's a rectiﬁable simple, closed curve which surrounds the spectral
set Ag(A) and T's € {A: Rel > ¢}. By P, = f R(A,\) d\ we denote the spectral projector. The

27r1

subspaces Po My and (I — Py)Ms are A-invariant and the spectrum of the restriction (I — P»)Msy belongs to
the half-plane {\ : ReA < e}. According to [34], the spectral set Ay(A) may be assigned arbitrarily to the
half-plane {X: ReA < e} by means of a finite rank input operator (under some controllability conditions). The
development of this approach was given in [13,19] (see e.g. [8] for a review).

Remark 6.4. Let us discuss the assumptions (3)—(4) of Theorem 1.2:
(3) rank(A(X), B) =n for all A : ReX > 0.
(4) rank(ul — Ay, B) =n for all 4 € oy.

The assumption (3) may include an infinite number of relations (obviously, it should be verified only for A
which are eigenvalues of A, i.e. det A 4(\) = 0; there may be an infinite number of eigenvalues of A belonging
to the right half-plane). However, only a finite number of these relations have to be verified. More precisely,
there is M > 0 such that for any eigenvalue A such that [ImA| > M the condition (3) follows from the condition

(4)-
Proof. Let A_; be of the form (2.4) and we prove the proposition for eigenvalues located inside the circles
LE(r(R) e, for Ak (for all other indices m = 1,...,¢; the idea of the proof remains the same). The matrix

A —ml=A_1—¢ =M T is of the form:

Ay — il = (8 %) AecClr=Dx(n=1 " get A #£ 0.
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Due to the assumption (4), there is i € {1,...,p} such that the column b = (by;,...,b,;)T of the matrix
B possesses a nonzero first component: b1 75 0. Besides, since det A # 0, then there is an unique o =
(ag,...,a,)T € C" ! such that b= Aa where b = (baiy ..., b))t € Cr L

Let us analyze the structure of A()\k). We rewrite it as follows:

AN = Mee ™M (AL — i1 + Dy),

where
Nk k k 0 k ].
Dy, = (e’ — e M) +eM / eM? <A2(9) + VAg(a)) de.
—1 1

From the last formula, we conclude that Dy — 0 when k — oo.
Let us show that there is N € N such that for any k: |k| > N-:

rank(A(\F), b) = n, (6.7)

which is equivalent to the statement of the proposition.

Since det A(Af) = 0, then det(A_y — p1 I + Dy) = 0. Let us denote by Dy = {(Dy)ij}'j—o. Since det A # 0,
then there is N € N such that for any & : |k|] > N we have: det(A + Dy) # 0. Therefore, there is a unique
vector ay, € C™ such that b= (A + Dk)ak From the latter, we conclude

o~ ~

= (A + Dk)_l/b\z (I—|— A\_lﬁk)_lg_l/b\: (I + A\_lﬁk)_la.

Since (I + A\_lﬁk)_l — I when k — oo, we conclude that o, — a.
If we suppose that (6.7) does not hold, then b; = by; allows the following representation:

bii = (ar)2(Dr)12 + (ar)n(Dk)1n

However, since (Dy)1; — 0, the right-hand side of the last relation tends to zero when k& — co. We have come
to the contrary, which completes the proof of the proposition. ]

As mentioned above, for the sake of completeness we give the formulations of the results on the infinite pole
assignment from [29]. We formulate them in a form which takes into account the specific form of the operator

Aj.

Theorem 6.5 (on infinite pole assignment [29]). Let H be a complex Hilbert space, A be an infinitesimal
generator of a Cy-semigroup in H, and the control system be given by & = Ax + Bu, x € D(A) C H. Let
1., e be some nonzero complex numbers and we introduce the complexr numbers

X’;@ =1In|pm| +i(arg pom + 27k), m=1,....¢, keZ,

and the circles L (r®) centered at A\, with radii r®) satisfying the relation " (r®)2 < oo.
kez

Let the following assumptions hold:

(H1) The spectrum of A consists only of eigenvalues which are located in the circles Lk (r(®)). Moreover, all
the eigenvalues of A are simple (i.e. its algebraic multiplicity equals 1) and there is N1 € N such that
for any k : |k| > Ny the total multiplicity of the eigenvalues contained in the circles LF (r®)) equals 1.

(H2) The corresponding eigenvectors, which we denote by o~ . constitute a Riesz basis in H.

(H3) The system & = Ax+Bu is of a single input, i.e. the operator B : C — H is the operator of multiplication
bybe H.
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(H4) We assume the following controllability condition: b is not orthogonal to eigenvectors ¥, of the operator
A*: (b,k ) # 0 and
Jim E[(b, " )| = cm, 0 < ¢ < +o00.

Then there is Ny > N7 such that for any family of complex numbers X’ﬁn € LE (r(®), |k| > Ny there is a linear
control F : D(A) — C, such that

(1) The complex numbers X’;@ are eigenvalues of the operator A+ BF,
(2) The operator BF : D(A) — H is relatively A-bounded.

Lemma 6.6 ([29]). If the assumptions (3) and (4) of Theorem 6.1 hold, then there is a vector b € ImB, say
b=ciby + ...+ cpbp, c; € C, such that the following relations hold:

a) (b,ym)cn # 0 for all eigenvectors vy, of the matriz A* | corresponding to the eigenvalues fi.,, where
1
uméal,mzl,...,él. _
(b) (b,yE \cn # 0 for all such yE, which satisfy y&, € KerA*(\E)) and ReXF, > 0.

7. CONCLUSION AND PERSPECTIVES

In the present paper, we have generalized the results on strong asymptotic non-exponential stability and
regular stabilizability for the case of mixed retarded-neutral type systems. The proofs of these generalizations
are technically complicated and require subtle estimates. We combine the Riesz basis technique with the analysis
of the boundedness of the resolvent on some A-invariant subspaces.

As a perspective, we consider systems with the difference operator K given by

Kf=3% Anf(h),  hi€[-1,0].
=1

Besides, the dilemma of item (iii) of Theorem 1.1 on stability may be investigated more precisely.

REFERENCES

[1] W. Arendt and C.J.K. Batty, Tauberian theorems and stability of one-parameter semigroups. Trans. Am. Math. Soc. 306
(1988) 837-852.

[2] A. Bétkai, K.-J. Engel, J. Priiss and R. Schnaubelt, Polynomial stability of operator semigroups. Math. Nachr. 279 (2006)
1425-1440.

[3] R. Bellman and K.L. Cooke, Differential-difference equations. Academic Press, New York (1963).

[4] C. Bonnet, A.R. Fioravanti and J.R. Partington, On the stability of neutral linear systems with multiple commensurated
delays, in IFAC Workshop on Control of Distributed Parameter Systems. Toulouse (2009) 195-196. IFAC/LAAS-CNRS.

[5] A. Borichev and Y. Tomilov, Optimal polynomial decay of functions and operator semigroups. Math. Ann. 347 (2010) 455-478.

[6] W.E. Brumley, On the asymptotic behavior of solutions of differential-difference equations of neutral type. J. Diff. Equ. 7
(1970) 175-188.

[7] J.A. Burns, T.L. Herdman and H.W. Stech, Linear functional-differential equations as semigroups on product spaces. SIAM
J. Math. Anal. 14 (1983) 98-116.

[8] R.F. Curtain and H. Zwart, An introduction to infinite-dimensional linear systems theory, Texts in Applied Mathematics 21.
Springer-Verlag, New York (1995).

[9] X. Dusser and R. Rabah, On exponential stabilizability of linear neutral type systems. Math. Probl. Eng. 7 (2001) 67-86.

[10] J.K. Hale and S.M.V. Lunel, Introduction to functional-differential equations, Applied Mathematical Sciences 99. Springer-
Verlag, New York (1993).

[11] J.K. Hale and S.M.V. Lunel, Strong stabilization of neutral functional differential equations. IMA J. Math. Control Inf. 19
(2002) 5—-23. Special issue on analysis and design of delay and propagation systems.

[12] D. Henry, Linear autonomous neutral functional differential equations. J. Diff. Equ. 15 (1974) 106-128.

[13] C.A. Jacobson and C.N. Nett, Linear state-space systems in infinite-dimensional space: the role and characterization of joint
stabilizability /detectability. IEEE Trans. Automat. Control 33 (1988) 541-549.

[14] T. Kato, Perturbation theory for linear operators, Die Grundlehren der mathematischen Wissenschaften, Band 132. Springer-
Verlag New York, Inc., New York (1966).



692

[15]
[16]
[17]
[18]

[19]

[27]
28]
[29]
[30]
31]
[32]
[33)

[34]
[35]

[36]
37]

[38]

R. RABAH ET AL.

V.B. Kolmanovskii and V.R. Nosov, Stability of functional-differential equations, Mathematics in Science and FEngineering
180. Academic Press Inc. [Harcourt Brace Jovanovich Publishers|, London (1986).

L.A. Liusternik and V.J. Sobolev, Elements of functional analysis, Russian Monographs and Texts on Advanced Mathematics
and Physics 5. Hindustan Publishing Corp., Delhi (1961).

Z.-H. Luo, B.-Z. Guo and O. Morgul, Stability and stabilization of infinite dimensional systems with applications. Communi-
cations and Control Engineering Series, Springer-Verlag London Ltd., London (1999).

Yu.I. Lyubich and V.Q. Phéng, Asymptotic stability of linear differential equations in Banach spaces. Studia Math. 88 (1988)
37-42.

S.A. Nefedov and F.A. Sholokhovich, A criterion for stabilizability of dynamic systems with finite-dimensional input.
Differentsial nye Uravneniya 22 (1986) 223-228, 364.

D.A. O’Connor and T.J. Tarn, On stabilization by state feedback for neutral differential-difference equations. IEEE Trans.
Automat. Control 28 (1983) 615-618.

L. Pandolfi, Stabilization of neutral functional differential equations. J. Optim. Theory Appl. 20 (1976) 191-204.

J.R. Partington and C. Bonnet, Ho, and BIBO stabilization of delay systems of neutral type. Syst. Control Lett. 52 (2004)
283-288.

L.S. Pontryagin, On the zeros of some elementary transcendental functions. Amer. Math. Soc. Transl. 1 (1955) 95-110.

R. Rabah and G.M. Sklyar, Strong stabilizability for a class of linear time delay systems of neutral type. Mat. Fiz. Anal.
Geom. 11 (2004) 314-330.

R. Rabah and G.M. Sklyar, On a class of strongly stabilizable systems of neutral type. Appl. Math. Lett. 18 (2005) 463-469.
R. Rabah and G.M. Sklyar, The analysis of exact controllability of neutral-type systems by the moment problem approach.
SIAM J. Control Optim. 46 (2007) 2148-2181.

R. Rabah, G.M. Sklyar and A.V. Rezounenko, Generalized Riesz basis property in the analysis of neutral type systems. C. R.
Math. Acad. Sci. Paris 337 (2003) 19-24.

R. Rabah, G.M. Sklyar and A.V. Rezounenko, Stability analysis of neutral type systems in Hilbert space. J. Diff. Equ. 214
(2005) 391-428.

R. Rabah, G.M. Sklyar and A.V. Rezounenko, On strong regular stabilizability for linear neutral type systems. J. Diff. Equ.
245 (2008) 569-593.

G.M. Sklyar, Lack of maximal asymptotics for some linear equations in a Banach space. Dokl. Math. 81 (2010) 265-267.
Extended version to appear in Taiwanese Journal of Mathematics (2011).

G.M. Sklyar and A.V. Rezounenko, Stability of a strongly stabilizing control for systems with a skew-adjoint operator in
Hilbert space. J. Math. Anal. Appl. 254 (2001) 1-11.

G.M. Sklyar and A.V. Rezounenko, A theorem on the strong asymptotic stability and determination of stabilizing controls. C.
R. Acad. Sci. Paris Sér. I Math. 333 (2001) 807-812.

G.M. Sklyar and V.Ya. Shirman, On asymptotic stability of linear differential equation in Banach space. Teor. Funktsii
Funktsional. Anal. i Prilozhen. 37 (1982) 127-132.

R. Triggiani, On the stabilizability problem in Banach space. J. Math. Anal. Appl. 52 (1975) 383-403.

J. van Neerven, The asymptotic behaviour of semigroups of linear operators, Operator Theory: Advances and Applications
88. Birkhauser Verlag, Basel (1996).

S.M. Verduyn Lunel and D.V. Yakubovich, A functional model approach to linear neutral functional-differential equations.
Integr. Equ. Oper. Theory 27 (1997) 347-378.

V.V. Vlasov, Spectral problems that arise in the theory of differential equations with delay. Sovrem. Mat. Fundam. Napravl.
1 (2003) 69-83 (electronic).

W.M. Wonham, Linear multivariable control, Applications of Mathematics 10. 3th edition, Springer-Verlag, New York (1985).



	Introduction
	Preliminaries
	The resolvent and the spectrum
	Eigenvectors of A and A*

	Spectral decompositions of the state space
	Spectral decomposition for the stability problem
	Spectral decomposition for the stabilizability problem
	Auxiliary results

	Boundedness of the resolvent on invariant subspaces
	The proof of Theorem 4.1

	Stability analysis
	An example of a dilemma: stable and unstable situations

	Stabilizability by regular feedback
	Conclusion and perspectives
	References

