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HOMOGENIZATION OF QUASILINEAR OPTIMAL CONTROL PROBLEMS
INVOLVING A THICK MULTILEVEL JUNCTION OF TYPE 3 : 2 : 1*

T1ZIANA DURANTE! AND TARAS A. MEL'NYK?2

Abstract. We consider quasilinear optimal control problems involving a thick two-level junction .
which consists of the junction body €y and a large number of thin cylinders with the cross-section of
order O(¢?). The thin cylinders are divided into two levels depending on the geometrical characteristics,
the quasilinear boundary conditions and controls given on their lateral surfaces and bases respectively.
In addition, the quasilinear boundary conditions depend on parameters ¢, a, 3 and the thin cylinders
from each level are e-periodically alternated. Using the Buttazzo-Dal Maso abstract scheme for varia-
tional convergence of constrained minimization problems, the asymptotic analysis (as e — 0) of these
problems are made for different values of a and ( and different kinds of controls. We have showed
that there are three qualitatively different cases. Application for an optimal control problem involving
a thick one-level junction with cascade controls is presented as well.
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INTRODUCTION AND STATEMENT OF THE PROBLEM

A thick junction of type k : p : d is the union of some domain in R™, which is called the junction’s body, and
a large number of e-periodically situated thin domains along some manifold on the boundary of the junction’s
body. This manifold is called the joint zone. Here ¢ is a small parameter, which characterizes the distance
between neighboring thin domains and their thickness. The type k : p : d of a thick junction refers to the
limiting dimensions of the body, the joint zone, and each of the attached thin domains, respectively.

This classification of thick junctions was given in [17,18,21-23], where rigorous mathematical methods were
developed (homogenization, approximation, asymptotic expansions) for analyzing the main boundary-value
problems in thick junctions of different types. It was pointed out that qualitative properties of solutions
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essentially depend on the junction type and on the conditions given on the boundaries of the attached thin
domains.

Various constructions of thick junction type are successfully used in nanotechnologies (e.g. [13,14]), microt-
echnique (e.g. [16]), modern engineering constructions (microstrip radiator, ferrite-filled rod radiator), as well
as many physical and biological systems such as, for example, the structure of the intestine lining with different
levels of absorption of nutrients on different part of the tissues.

Therefore boundary-value problems in thick junctions of different types are very extensively investigated at
present (see [1-3,6,8,10], [19,20,24,25] and references therein). The aim of these researches is to develop rigorous
methods to study the asymptotic behavior of solutions when the number of the attached thin domains of a thick
junction infinitely increases and their thickness vanishes.

It should be noted here that such problems lose coercitivity in the limit passage. Secondly, thick junctions have
special character of the connectedness and, as a result, there are no extension operators that would be bounded
uniformly in the corresponding Sobolev spaces. At the same time the availability of an uniformly bounded
family of extension operators is typical supposition in overwhelming majority of the existing homogenization
schemes for problems in perforated domains with the Neumann boundary conditions (see e.g. [12]). Thirdly,
thick junctions are non-convex domains with non-smooth boundaries. Therefore, solutions of boundary-value
problems in such domains have only minimal H'-smoothness and we have to take admissible boundary controls
with more smoothness (for comparison see [15], where the Dirichlet boundary controls belong to L? but the
boundary is smooth). All these factors create special difficulties in the asymptotic investigation.

A thick multilevel junction is a thick junction in which the thin domains are divided into a finite number
of levels depending on their geometrical and other characteristics (boundary conditions and controls for our
problem); in addition the thin domains from each level are e-periodically alternated along the joint zone.
In [8,10,24] it was shown that processes in thick multi-level junctions behave as a “many-phase system” in the
region which is filled up by the thin domains from each level in the limit passage.

In this paper we continue our investigation of optimal control problems in thick multilevel junctions, which we
have begun in [10]. Here we improve and generalize our results in the case of the perturbed nonlinear boundary
multi-phase interactions and more complicated structure of a thick multilevel junction.

There are two different approaches to homogenize optimal control problems. One consists in the passage
to the limit in the corresponding adjoint problem and then recover an optimal control problem which is called
the homogenized control problem to the initial one (see e.g. [7,11,12]). The other one (so-called direct method)
is based on the theory of I'-convergence (see [4,5]) and is more expedient since it keeps convergence of the
optimal solutions of the initial problem to the similar characteristics of the corresponding homogenized optimal
control problem. The main difficulty of the second approach consists in the mathematical description of the
homogenized optimal control problem and in the identification of the effective set of its cost functional. This
approach was improved by Denkowski and Mortola in [9] using the Kuratovski convergence of solution sets and
applying the Buttazzo—Dal Maso abstract scheme [5].

The main assumption in [9] is G-convergence (or PG-convergence for parabolic problem) of the sequence
operators, which describe the sequence of perturbed boundary-value problems in concrete case. Therefore,
the crucial point and the first step in the homogenization of an optimal control problem involving perturbed
domains is the proof of the convergence theorem for the state. On the second step, with the help of the
convergence theorem we get Kuratowskii convergence of solution sets which is equivalent to the I'-convergence
of the corresponding indicator functions. Then we deduce the I'-convergence of cost functionals. Finally,
applying the Buttazzo—Dal Maso abstract scheme, we obtain results for the asymptotic behavior of the optimal
solutions, thereby we correctly define the homogenized optimal control problem, and results for the convergence
of minimal values, thereby we prove the stability result of this direct method.

Statement of the problem. Let B be a finite union of smooth plane domains which are not crossed and
touched. In addition, the set B is strongly situated in the square O := {&' = (£1,&) : 0 < & < 1,0 < & < 1}
K1 K2
Let us arbitrarily divide B into two classes: B = |J B,(:) and B® = J B,(f) (see Fig. 1).
k=1 k=1
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FIGURE 1. Subsets of B.

A model thick two-level junction 2. of type 3 : 2 : 1 consists of the junction’s body
Q={recR®: 2/ = (z1,22) € Q:=(0,a) x (0,a), 0<ax3<n~(2)},

and a large number of the thin cylinders

K"L m
G(S‘m) = Uk:l G‘S‘ )(k)7 m=1,2,

where v € C1(Q) and min,, .5 v(z') =70 >0,

N—-1 T To

a =, {o: (? i, 2 —j) € B{", w3 € (~dm,0]}.

Here N is a large natural number, ¢ = a/N is a small discrete parameter that characterizes the distance between
nearby thin cylinders and their thickness; 0 < dy < d;. Thus,

Q.= JG., G.=c|Je?.

The thin cylinders G, are divided into two levels Ggl) and Gg). Cylinders GS’”) (k) are e-periodically alternated
along the Ox;-direction and Oxs-direction and they are joined with 2y over the e-homothetic images 5((2', Jj)+
B,ng)), i,7 = 0,1,...,N — 1, of B,(;”) c B"™ m =1,2, k =1,...,K,,. Some example of the cell of the
alternation is shown in Figure 2.

Denote by Sg(m)(k;) the union of the lateral surfaces of the thin cylinders Ggm)(k;), by Fém)(k:) the union of
the bases of GU™ (k); in addition, S = U S k), T = U ) (k), m =1,2.

Consider two classes of admissible controls

KO = {610 0€ H*(Ta), 16llo1(r,y) < Car } (0.1)
K& = {0+ 9 € HP(Ty),  19]s02(r,,) < Cas } (0.2)
where Ty ={x: 2’ € Q,z53 = —d;,} (m =1,2), 61 > 1 and §3 > 1, Cq, and Cq, are some fixed positive

constants that independent of e.
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FIGURE 2. The cell of alternation.

Let fo, 01 and g2 be given functions such that fo € L?(€), om : R — R,m = 1,2, are Lipschitz continuous
it is equivalent that g, € W2 (R)) and such that
loc

Je1 >0 Jeo>0: 1 <0, <co ae inR (m=1,2). (0.3)

Using the approach of paper [19], we can state that for fixed values of the parameters e, « € R, § € R, and
for every function 6. € Kgl) and 9. € IC,EQ) there exists a unique weak solution u. to the following problem

—Aguc(z) fol(z), z € Qo;
—Aguc(z) = 0, r € G
Opue(x) %01 (uc(z)), =€ Sél);
Opue(x) eP0s(uc(z)), =e S,
ue (2!, —dy) 0.(z'), (¢, —dy) e TLY; (0.4)
ue (2!, —ds) I ('), (2', —do) € T,
us(z) = 0, x e Yy
Oyuc(r) = 0, =
[UE]\%:O = [81311'8]‘3%:0 0, € Q.,

where 0, = 0/, is the outward normal derivative, Y1 = {x: z3 =y(2'), 2’ € Q}, T =00\ (GGE U Tl),
Q- = 00 N OG,; the brackets denote the jump of the enclosed quantities.

Recall that a function u. € H(Q; Y1) = {u € HY(Q.) : u|y, =0} is a weak solution to problem (0.4) if for
any function ¢ € H'(Q¢; Y1) such that w|r§”ur§2> = 0 the following integral identity

[ Vo Vavds 4= [ (v do + 2 [ mafu) v do, = [ fovas (0.5)
Qo

Q. 5 5™

holds and the traces of u. on Fgl) and r?) are equal to 6. and 9. respectively.
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As usual, functions 6., 9. are called “controls”, the corresponding solution u. = u.(z, 0., 9.) is said “state” of

the system to be controlled. We look for optimal controls 8% € ICS) and U7 € ICS), which with the corresponding
state u}, minimize the following cost functional

1 N N.
T (600 = 5 [wemade+ 5 [ (0 -m@)) e+ 2 [ (0.6 -ma(@)? 4’ + Bufusia, 5), (06)
Qo Q) r
that is,
Jo (0%,9%) = inf Je (0:,9:) . (0.7)

0.e kM, v.e kP
In other words, we want to optimally control the state in €2y and the energy

/ (01(us) — 01(0)) ue doy + €7 / (02(ue) — 02(0)) ue d%)

E.(ue;a, 0) = % ( /|Vu5|2d:c +e°
Q. s 5™

of the all complex system using controls from the different classes ICS) and ICS) given respectively on the

different bases F,(gl) and F,(EQ) of the thin cylinders that are e-periodically alternated along the surface (). Here

N1, Na, N3 are positive constants, the given functions gy € L?(Q0) and 7; € L?(Q), i = 1,2. This optimal

control problem will be denoted by CP..

The aim of this paper is: (i) to find the corresponding homogenized optimal control problem CP for problem
CP. ase — 0 (N — +00), i.e., when the number of attached thin cylinders from each level infinitely increases
and their thickness vanishes; (ii) to prove that the optimal solutions to CP. converge to an optimal solution to
the homogenized problem CPy and that the minimal values of J. converge to the minimal value of Jy as ¢ — 0.

Remark 0.1. Recall that ¢ = a/N is the small discrete parameter and we always mean the elements of this
sequence when we write ¢ — 0 or € > 0.

In a typical interpretation the solution to the boundary-value problem (0.4) represents the density of some
quantity (chemical concentration, temperature, electronic potential) at equilibrium within the junction Q.. We
considered the nonlinear Fourier boundary conditions on the boundaries of the thin cylinders. These conditions
mean that there is a flux of this quantity through the surfaces of the cylinders. In fact very small activity holds
always on the surface of some material (therefore the Fourier boundary conditions are more natural for applied
mathematical problems).

For instance, in [13] the following experimental data were obtained: the electron microphotographs of the
surface of a thick absorber (its structure has the form of a thick junction) have shown that these structures
exhibit the chemical activity without interference of an external fields in reactions of degradation of organic
solutes in water; in addition, the analysis of the absorption spectra has shown that mainly oxidative degradation
of organic molecules takes place. Mathematical justification of this fact is presented in [19] with due regard for
the very small chemical activity between the surface of a thick absorber and water.

Therefore to study the influence of the boundary interactions on the asymptotic behavior of problem CP.
we introduce special intensity factors e and & in the Fourier boundary conditions on the lateral surfaces of
the thin cylinders from the first and second level respectively. We will show that there are three qualitatively
different cases: (1) a > 1and > 1; (2) a > 1 and § < 1 (the same when a < 1 and 8 > 1); and (3) a < 1
and 8 < 1.

To homogenize problem CP. in the first case we will use the direct method and approach of our previous
paper [10], where we studied a linear optimal control problem involving a plane thick two-level junction of type
2 : 1 : 1. Nevertheless, here we essentially simplify this approach, namely, we prove the convergence results
without any special constructions of multilevel extension operators and without any additional assumptions of
smoothness for the right-hand sides and controls. These studies we do in Section 3.
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The second case is characterized by the fact that we are only partially able to control our system for very
small values of €. This case is considered in Section 4.

In the third case, even the formulation of the optimal control problem becomes meaningless. In fact, we can
not completely control our system for € small enough. Therefore in Section 5, we prove only the convergence of
the corresponding solutions of problem (0.4) and the convergence of the energy integrals.

All these results are discussed in the last Section 6, where application for an optimal control problem involving
a thick one-level junction with cascade controls is presented as well.

1. AUXILIARY INTEGRAL IDENTITIES AND ESTIMATES

In what follows we will often use the following identities (see [18])

l(m)
€ vdo, = k—/ vdx—i—s/ v /Y(m)(§I)| i_a - Vypvdr (1.1)
/S,é'ln)(k) x |B](€m)| G (k) G (k) &k =% x

for arbitrary function v € H! (Gém)(k)), k=1,...,K,,, m=1,2. Here |B,(€m)| is the area of the plane domain
B,gm), l,im) is the perimeter of B,im), Yk(m) is the unique solution to the following problem

-1
AYME) = ™ B ¢ = (&) € B,
duenVi™(E) = 1, ¢ eoB™,

fB]imYk(m)(gl)dfl = 0,

and then it is 1-periodically continued in & and &;. Due to the regularity properties of solutions to elliptic
problems we have

sup Ve V"™ (€)] < cpm- (1.2)
6,GB,(Cm)

Using Cauchy’s inequality with § (ab < da? + Z—z, a,b,6 > 0) and (1.2), we deduce from (1.1) the following

estimates
5/ v? do, < C4 52/ |V v]? da +/ v dx |, (1.3)
S8 (k) G (k) G (k)

/ v?dz < Co 52/ |V dz + 5/ v? doy (1.4)
Gi™ (k) G (k) 8™ (k)

for arbitrary function v € H*! (Ggm)(k)), k=1,...,K,,, m=1,2.

Remark 1.1. In (1.3), (1.4) and in what follows all constants {C;} and {¢;} in inequalities are independent of
the parameter ¢.

Similarly as in [19] we get from (0.3) the following inequalities

At + om(0)t < om(t)t < cot? + 0m(0)t VEER, m=1,2. (1.5)
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With standard approach and with the help of (1.3), (1.4) and (1.5) we deduce the following a priori estimate
for the solution to problem (0.4):

llue|lmr oy < C3{Hf0||L2(QO) + 97 o1 (0)] + 7702 (0)| + ||95||H1(Fél)) + WEHHI(FS))
+ e (1 |01 (0)) (<1 Varbell ooy + 101 aren))

+ (14 [0200)]) (VB apiony + 10 e ) b (1.6)

where the constant Cj is independent both of € and of u., fo, 6, V¢, u..
From (1.6) it follows that we have to consider different values of the parameter o and (3, namely o < 1,
a =1, a > 1 (similarly for §), to study the asymptotic behavior of problem CP..

2. PROPERTIES OF PROBLEM CP, FOR A FIXED VALUE &

Obviously, that the sets IC,gl) and IC§2) are non-empty and convex. Let us show that they are closed with
respect to the weak topology of H? (I’gl)) and H°2 (Fg)) respectively. We do this for K. Let {eé")}neN c kM
be a sequence of control functions such that ol — 0 weakly in H® (Fgl)) as n — +00. From definitions of the

sets K and K (see (0.1), (0.2)) it follows that these controls are restrictions of functions from the following
sets

K = {9 € H"(Ta,) |0l (ryy) < Cdl}’ 2.1)

K@ = {0 e B (C0): 9]y, < Car ) (2:2)

on Fgl) and I‘g) respectively. Therefore, there exists a sequence {é\é")}neN C ICél) such that (56(")) |F(1) = 92").
Note that such a sequence is not unique. Then for any such sequence we can choose a subsequence such that
96("’“ ) 0 € Kél) weakly in H°'(Ty,) as k — +oo. From this we immediately conclude that the sequence of
corresponding restrictions {9§"k)}k€N is weakly convergent to (95*) lp) in H% (Fgl)). Therefore, 6 = (95*) I,
i.e., 0% belongs to the set K.

Proposition 2.1. If for some sequences of controls {9§n)}neN c K and {ﬁﬁ")}neN c kP

0 — 0F  weakly in H(TW) as n — 400,

g

(
I — 9% weakly in H?(T'®) as n — +oo,

then the corresponding sequence of states {ui")}neN weakly in H'(Qe; Y1) converges to a function u® that is the
unique state corresponding to the controls 0% and VU%.

Proof. Let uén) be a state that corresponds to the controls Gén) S Kél) and 19§n) S ngQ), n € N. Then from uniform
estimate (1.6) and the compactness of trace operators it follows that there exists a subsequence {ugn’“)}keN of
{u&”’}neN such that ui”“ — u? weakly in H'(Qe; Y1) and u&”’“’|s<m) — u

k — +o0. Since functions p; and g2 are continuous,

Igom ae. in SLm) (m =1,2) as

Qm(ugn’“”sém))Hgm(uysém)) as k— +oo (m=12).

ng)

Now, passing to the limit in the integral identity (0.5) for ul , we conclude that u} is the weak solution to

problem (0.4) with the Dirichlet condition u} = 6% on I and ul = Y% on I'® . Due to the uniqueness of the
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weak solution to problem (0.4), the above arguments hold for any subsequence {uﬁ"k)}keN of {uﬁ")}neN chosen
at the beginning of the proof. Therefore, the proposition is proved. O

From definition of the sets of admissible controls and Proposition 2.1 it follows the compactness property of
problem CP..

Proposition 2.2. For any sequences of controls {(ng), ﬁé"))}neN c KM x K2 there exist subsequences such
that

0e) — 0*  weakly in HO(TWM) as k — +oo, (2.3)

90 9% weakly in H?(T'®) as k — 400, (2.4)
and the corresponding sequence of the states {ugn’“)}keN weakly in H'(Q.; Y1) converges to the state u® that
corresponds to the controls 07 and 9.

Theorem 2.3. For every value of € the optimal control problem CP. has a solution, i.e., there exist a pair of
controls (6%,9%) C K x K2 and the corresponding unique state such that the equality (0.7) is satisfied.

Proof. Let {(95”’, ﬂg"))}neN be any minimizing sequence for the cost functional (0.6). Due to the compactness
property of problem CP. (Prop. 2.2) there exist subsequences such that (2.3) and (2.4) hold and the correspond-

ing sequence of the states {u,ﬁ"“}keN weakly in H(2.; T1) converges to the state u* that corresponds to the
controls 07 and 7. In virtue of the weakly lower-semicontinuity of the cost functional J., we have

inf L (0,02) = lim J (egmww) > J.(07,97),
(0e,9:)EK XK oo

i.e. the equality (0.7) holds. O

3. THE MAIN RESULTS IN THE CASE o« > 1 AND 3 >1

It follows from (1.6) that if « > 1 and $ > 1 then
luell 0.y < Ch. (3.1)

3.1. Convergence results for the admissible controls

Since the classes of admissible controls ICS) and ICS;I) are defined on variable spaces depending on ¢, we should
introduce the special convergence of controls.

Definition 3.1. We say that a sequence of control pairs {(95, ) € ICS) X ICS;Q)} is weakly convergent with

respect to the space H% (I'g,) x H%(Ty,) as e — 0 (we will denote this convergence by (0.,7.) ~ (6o,7)), if
there are sequences {§€}E>o C IC(()l) and {1,9\5}€>0 C IC(()Q) such that (§€)|F(1) =0, (§E)|F(2) =1, and

weakly in  H® (Pg,) as e—0, (3.2)
weakly in  H%?(T'g,) as & —0. (3.3)

g

)y )

w
— o
w
— Yo

>

€

Obviously, that the pair (6g, o) € Kél) X ICéQ). To show the correctness of this definition we suppose that
there are other sequences {0:}.~¢ C ICél) and {¥:}es0 C ICéQ) such that (95)|F<1> = 0., (196)|F<2) =1, and

(95,195) & (90,50) as ¢ — 0.
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Let us define 1-periodic functions x; and ys such that

1, & e Bm,

—1,2.
0, ¢eo\pm, "

Xm(gl) = {
It is well known that Xm(%/) — |B")| weakly in L?(Q) as ¢ — 0, where |B("™)| = Z£(=11 Bl(cm)|7 |Bl(€m)| is the

area of the plane domain B,gm), m=1,2.
Then, passing to the limit (¢ — 0) in the following integral identity

/X1($’/8)5e($’)<p(x’)dx’=/ xi(@'/e) 0=(a") p(a') da’ Vo € C5°(Q),
Q Q

we get

i.e., 9~0 =0y a.e. in I'y,. Similarly we can prove that 50 =1 a.e. in [y,.
From results obtained above we have as follows.

Proposition 3.2. The following statements hold:
(1) Ewery sequence of control pairs {(95, Je) € Kél) X IC,EQ)}DO is compact with respect to the weak conver-

gence introduced above and all its partial limits belong to IC(()l) X ICéQ).
(2) For any pair (6p,9) € Kél) X IC62) there exists a sequence of admissible control pairs {(0-,9.) €
K x KDV | such that (0.,9:) *> (60, 90) as € — 0.

3.2. Convergence results for the states and the cost functionals
Let us introduce the following extensions by zero:

(m)
Z]E(m,k:)(x): Ye, ZCEGE (k.)(;n) k:]_’.'.’Km’ m:]_’Q’ (34)
0, S Dm \ GE (k)7

where D,,, = Q x (—dn, 0) is the parallelepiped that filled up with the thin cylinders Gém) (k) in the limit passage
as € — 0. It is obvious, that the extension yNE(m’k) belongs to the anisotropic Sobolev space W%%1(D,,) =

{ve L*(Dy,) : 3 weak derivative 9,,v € L*(Dyy,) } .
Theorem 3.3 (the case a > 1 and 3 > 1). Let {(6:,9.) € K x K§2)}s>o be a sequence of admissible control

pairs such that (0,9.) < (6p,99) ase — 0 (obviously, (00,0) € Kél) X ICéQ)). Then the corresponding sequence
of the solutions {u.} .~ to problem (0.4) satisfies the following relations

Ueloy, — vg weakly in HY(Q9; 1),
a2, |B,(€m)| o8™ R weakly in WO0L(D,y,), as £ —0 (3.5)
/‘\/(m,k) w
Oy, Ue — 0 weakly in L*(D,,), i =1,2,

Yo (.ﬁ), S QO;
(k) (3.6)
vy " (x), *xE€ Dy, k=1,..., Ky, m=1,2,
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18 a weak solution to the following problem

—Avg (2) fo(x), x € Qo,
(I) = 0) S T17
g (z) = 0, x €0\ (QUTYTy);
— BN 02, 08P (@) + 6aalN o1 (0§F (@) = o, ceDy, k=1,..., K,
o @, —dy) = 6o, P eQ, k=1,... K, 3.7)
—|B 2)I (M (x )+5g1l(2 Q2(’U02k) (z)) = 0, x €Dy, k=1,...,K>,
’Ué2k(l ) = 1905 xIEQ,kzl,...,KQ;
o™B (2 0) = vf(@0), 2 €Q, k=1,...,Kpn,
et S 1B 00 (@,0) = 0 uf (27,0), @' €Q,

which is called homogenized problem for problem (0.4). Here |B(m | is the area of the plane domain By, (m) Z(m

is the perimeter of B,gm), m=1,2.
In addition, lim._,g J. (0:,9.) = Jo (00, V0) , where

1 Ny Ny
o, 90) = 5 [ (0 = qo)de + B 1>|/<007m> da’+ 2B [ (00— me)? do

(o) Fd2
Km
N ([ Past S B [ [8n,05™P | d
+5 | [ Ve PAr+ >0 1B [ |Oague™ e
QO m=1 k=1 D
+ 04,1 Zl( ) / (1’k)(:c)) - 01(0)) vél’k)(x) dx
Dy
+d51 Z 12 / (Q’k) (z)) — 02(0)) v(()Q’k) (x) dm) . (3.8)
D>
Here |B(™)| = m=1,2.
—(m,k) ——(m,k) .
Proof. It follows from (3.1) and (1.5) that the values |luc|lf1 (o), [|ue ||L2(D )> 10z, ue 2D,y (i =

1,2,3), |om (~(m )) 2D,y (B =1,..., Ky, m = 1,2) are uniformly bounded with respect to €. Hence, there
exists a subsequence {¢'} C {e}, again denoted by {e}, such that

U5|QO L ’U(J)r inHl(QO;Tl),
@B (1B TR = B g™ i LA(Dy),
mk) (mak) as ¢ — 0, (3.9)
Oy Ue — in L2(Dyy,),
om @) (b in L?(Dy,),

where ’US_, Uém’k), vfm’k), Cmb) f=1,.

mined in what follows.

W Kp,m =1,2,1=1,2,3, are certain functions which will be deter-
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1. At first we determine functions {’yi(m’k)}. Consider an arbitrary function ¢ € C§°(D,,) (m = 1,2). Since
o /\/(m,k)
Oz (ug(m’k)) = OpaUe k=1,...,Ky,,m = 1,2 (for curvilinear cylinder we should use special integral

identities (see [19])),
Oy Ue Ydr = — Ug " Ogyp dr Vip € CF° (D). (3.10)
Do, D,
Passing to the limit as € — 0 in this equality, we obtain the following integral identity
J,
which implies that Uém’k) has the weak derivative in 23 and ’yém’k) = |B,(€m)| 8x3v(()m’k) a.e. in Dy, m=1,2, k=

1. K.
Let (bgm (k), bém)(k)) is the geometric center of gravity of the domain B,gm). Consider the functions

AR dz = —|BM™)| / 0" O pd Vb € C° (D),
Dm

m

2P () = & + 0V R+ (5], k=1 K, m=12, j=1.2,

where [t] is the integer part of ¢t. With the help of this functions we determine the following test-functions

iy, O v €\ G (k)
;7 (@) = (m.k) [, (m)
eZ; (?’) Ym(x), x€ G (k),

E=1...,Ky,, m= 1,2, j = 1,2, where ¢ and 1 are arbitrary functions from C5°(D;) and C§°(D3)
respectively. It is easy to see that functions {@ém’k)} belong to H(2.; ;) and

VO™ = (<49,,0,0) + 2,V Ve, G (k),
VO™ = (0, ¢, 0) + 225"V G (k).
Substituting the functions {@él’k)} into the integral identity (0.5), we get
- / Oy, ue Pn da + & / Z\Y V- Vi de = —ette / o1(us) 2N 4y do, (3.11)
G (k) G (k) S8 ()
for k=1,...,Kq, j=1,2. Here Sém)(k;) is the union of the lateral surfaces of cylinders Ggm)(k)(m =1,2).

. ) 1k
Since for any k € {1,..., K31} and j € {1,2} max,/eg |Zj( )| <1,

€ /(1) ZJ(}}Q Vue - Vipy dz| < cls||Vu€||L2(G<1))||1/11||L2(D1) < coe. (3.12)
G (k) ’

Taking (1.2), (1.5) and (3.1) into account, with the help of (1.3) we estimate the right-hand side in (3.11):

5“01 /
G(l)(

€

ety | gy (AN Vol ]+ o () V-4]) o

e*Cs |1l L2(pyy + €T Cullvnll g (py) < e®Csllvnllm(pyy- (3-13)

1+a

IN

€

/ 01(ue) 2" 4y do, lo1(ue) ¥1| da
59 (k) k)

IN
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In virtue of (3.12) and (3.13) we deduce from (3.11) that

——(1,k) ]
/ Opjue  Yrde| <eCs|illmp,), 7=1,2, (3.14)
Dy
whence we get that 7(1 ) = él’k) =0a.e. in Dy, k=1,..., K1. Analogously, we obtain that 7(2 ) = 75271@) =0

a.e. in Do, k=1,. K2-
Thus the limits (3.5) hold up to subsequence. Now it remains to find vg', ’uém’k), k=1,....Kn, m=1,2.

2. At first we find the traces of vém’k) at x3 = —d,,, m = 1,2, k =1,..., K,,. Since (95,195) 2 (60,7) as
€ — 0, we have
/
/ng) (%) 0-(x") (2" dz’ — |B,(€1)|/90(ac')<p(x')dx' as € — 0 (3.15)
Q Q

for any function ¢ € C*°(Q). Here {Xs,]f) (€), ¢ eR?: k=1,...,K,, m=1,2} are 1-periodic functions such

that )
m

X = {1’ £ < by (m)

0, ¢ed\B™.

On the other hand, since u5|r(1) = 0., we get
CEAW T2 (! dy — 5 ) L d i
Xit\ o (@) p(a') = d1 x — o 23 Oz, Uz () dz. (3.16)
Q Dy

Passing to the limit in (3.16) as ¢ — 0 and taking (3.15) and the second relation in (3.5) into account, we obtain
(1) Moo e — B [ (LK) @) [ 0
|By, | 90(:E)<p(:c)d:c:fd—1 (vg " 4+ 23 0pavy ) p(a’) dz = | By, | (2, —dy) p(z') da’
Q Dy

for any function ¢ € C* (@) This means that
Uél’k)(ac', —dy) =6p(x') forae 2’ €Q, k=1,...,K;. (3.17)
By the same arguments we can prove
véQ’k) (2, —d2) = Vo(2') forae 2’ €Q, k=1,..., K. (3.18)

3. By virtue of the continuity of the trace operator, compact imbedding H /2 (Q) C L*(Q) and the first relation
n (3.9), we have
ue(x',0+0) - o (2/,0) inL*(Q)ase — 0. (3.19)

Since 2™ (27,0 — 0) = ¥ ( ) us(2',0 4 0) for a.e. 2’ € Q,

"R (' 0 —0) |Bl(€m)| vg (2/,0)  weakly in L*(Q)ase — 0, m = 1,2.

On the other hand, for each k € {1,..., K;,}, m € {1,2} and any ¢ € C5°(Q)

JE O o) ar = - / (@) + (@3 + )0y @ (")) d
J
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Passing to the limit in these equalities and take the second relation in (3.5) into account, we find that
a"™P (2 0) |Bl(€m)| o§™M (2/,0)  weakly inL?(Q) ase — 0.

Thus,
v (2,0) = Uém’k)(ac',O) forae. 2’ €Q, k=1,...,K,,, m=1,2. (3.20)
4. Consider the following space of multi-valued functions
C*(Q, D1, D3) := {<I> = ((po, gogl), e ,(p%i,(p?), o ,@&?Z ) :
w0 € C(Qp) and gly, = 0;
ga,ﬁm’ecm(ﬁm) and cpk )|de =0, k=1,...,K,,, m=1,2;
of(2',0) = gogcm)(x ,0) for 2/ €Q, k=1,...,K,,, m= 1,2}.

Obviously, the restriction

1 1 2 2
(‘po’ Al Pl e 917 o ) "905&09(1(2))

of any multi-valued function ® from C*°(Qq, D1, D2) belongs to H(Q:; Y1) and cpfgm)
m=1,2.
With the help of the identities (1.1) we rewrite the integral identity (0.5) in the following way

|Fgm>(k) =0,k=1,..., K,

/fosood:v—/Vua Vgood:n—i—zz:/vua -Vgo;m)dx

m=1k=1p
Ky (1)
a— ! @
23 [ (e el + T Vi) ) as
k=1 |Bk | ’
& (k)
K» (2)
1
Jrz A1k oy (u )%g) +€BV§Y,§(2)|§=£'V (QQ(UE)@k) dz (3.21)
B0 f
k=13 k
G (k)

for each multi-valued function ® € C*(Qg, D1, D3).
Let us pass to the limit in (3.21) as ¢ — 0. Taking into account (1.2) and that o > 1 and 8 > 1, the integrals
with factors e* and &” vanish in the limit passage. By virtue of results obtained in the previous items, we have

K
|B,i’”>|/ax3 ™) 9, 0t™ de

m=1 k=1

2
/fogoodx:/VvJ-Vgoodx—i- >
QO QO

1,k) 2,k)
+0 (1)|/c< d$+5g71 (2)|/c< de. (3.22)

=qF = |B
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Since the space C*°(Qg, D1, D) is dense in the anisotropic Sobolev space of multi-valued functions
— _ (1) (1) (2 (2) . 1 )
H(QO7D1;D2) = {‘P - (()007()01 3. '7SDK17()01 PR '7SDK25> LYo cH (QO7T1)7

o™ e WO (D,,) and P\, =0, k=1,...,Kn, m=1,2;
o5 (2,0) = (m)(:c,O) forae. 2’ €Q, k=1,..., Ky, m:1,2},

the identity (3.22) is valid for each multi-valued function ® € H(Qq, D1, D).

5. Consider the following functions

-1 ! —1 !
W, — ) —23dy 0:(2'), x€ D, @y _ ) —x3dy Ue(a'), x € Dy,
% (@) { 0, zeq, M (=) 0, z€Qo.
Due to the definition of classes of admissible controls (see (0.1) and (0.2)) we can regard that 6. and 9. are
defined respectively on I'g, and I'g,.
With the help of (0.5), (3.5), (3.14), (3.17), (3.18) and (3.22) we get that

ngO(/ |Vu|* dz + mzl e* 2 /s(m) Qm(ue)uedax) (3.23)
= hm (/ |V | da + g / Ve - g™y dx + & 2 [sém) Om (ue) (ue — ¢t™) doy, ))

2

+Elir% ( oy Ve - Vg™ da o g00m HB0m / oy om(ue) g™ dax>
— G Sam

Km

2
= hm / foue d:c + Z Z |Bl(€m)|/ &Eavém’k) 8m3qém) dz
Do,

m=1k=1

2
1k) 1) Qk) 2)
215 <1>|/ ¢ dx+5512 <2>|/ ‘ &
:/Q Vg |2dx+ZZ|B(m|/ 105, 0™ 2dz
0

m=1 k=1
K K> Z(2

(1,k) (lk (2,k) , (2,k)
(1)|/ ¢ dx+(531z (2)|/Dz(: vy dw. (3.24)

K1

+6a1

+6a1

= |B

It should be commented here the passage to the limit in the integrals

/ Vu, - Vq(m)dx*/ VA/uE
G (k) Dy

For definiteness we take m = 1 and some k € {1,..., K;}. Since (f,9.) ~* (fy,90) as € — 0 and due to the
compactness of the embedding H%(T'y,) € H*(Ty,) (61 > 1),

k
T G de, k=1, Ky, m=1,2.

qém) — q(()m) strongly in H*(D,,)ase — 0, m = 1,2,
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where q( )( ) = —a3d;'0o(x’), x € Dy; q((f)(:c) = —a3dy"g(z'), ® € Dsy. Therefore, by virtue of the
convergences obtained in the first item of the proof, we have

— (Lk
1ir%/ Vue( " VgV dz = |B,(€1)| &Cgvél’k) &ngél) dz. (3.25)
E— 1 D1

6. Now it remains to determine the functions {¢("®)} if o = 1 and {¢®®} if g = 1. We will do this in the
most complicate case « = 3 = 1. For this we use the method of Browder and Minty, which somehow applies to
the corresponding inequality of monotonicity to justify passing to a weak limit within a nonlinearity. Thanks
o0 (0.3), the inequality of monotonicity in our case reads as follows

2 Kp
/ |Vu5fV<P0|2dx+/ Vot |2 dze + ZZ/ |3z3u57 ma%g )| A
Qo G. it G(m
2 Kn
+EZ /S<m) (om(ue) = om(pf™)) (ue — ™) dow > 0 (3.26)
=1k=1
for any multi-valued function ® = (9007<P§1),...,<pg3,@§2)7,,_,sp%,> such that ¢o € Hl(Qo,Tl), (p;ﬂm) c

WO0L(D,.), (e, 0) = o™ (2/,0) for ae. o/ € Q and k=1,..., Ky, m=1,2.
The inequality (3.26) is equivalent to

/ |Vu€| dx—i—z /( m (Ue u6d01—2/ VuE-Vgoodx—i—/ [Vo|? da
0

Qo
2 Kn ) - o (mk) o
+ Z Z ( sﬁ)(%) |893390km |2 - 28:63“5 . 81390];” )dl‘
m=1 k=1 Dy,
2 K
oc / o (o) ™ + om (™) e = om (o) ™ )dow = 0. (3.27)
m=1k=1 Sem (k)

The limit of the first three summands in the first line of (3.27) is given by (3.24). With regard to the results
obtained above we know the limit of the other ones in the first and second line of (3.27). And with the help
of (1.1) we can find the limits of the summands in the third line. As a result we get

2 Kn
2
/ |V,U3_ _V(p0|2dx+ Z |B](€m)|/ (8$3Uém7k) _813()05;”)) dI
Qo m=1k=1 D,
2 Kmoy(m)
m m mk; m
#3030~ B o) (667 - ) e 2 0. (328)
m:1k=1| k | /D

Take arbitrary multi-valued function ¥ = (wo, w%l), . ,dz%f, 1%2), . ,dz%) such that 19 € C=(Qo), Yo|r, =

0, wl(c € C®(Dy), Yo(z',0) = wl(cm)(ac',O) for ' € Q and for k = 1,...,K,,, m = 1,2. Then substitute the
following function ®¢ := Vg — A¥ (A > 0) instead of ® in (3.28), where Vj is defined by formula (3.6). We
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then obtain
/ |Veho 2 dz + A Z Z |B(m)|/ |0y 0™ |2 daz
m=1k=1
2 K,
m=1 k=

l(m)

) () — B o (09— ™)) 0 d >
B,‘j”)|/Dm (€9 @) 1B om (6™ = 2™) ) wf™ d = 0.

In the limit (as A — 0) we get

2 Km l(m) .
SN [ (@) = B o)) o e > 0
Dy,

Replacing the multi-valued function ¥ with —W¥ and taking into account that ¥ is arbitrary, we conclude that,
in fact, the last inequality turns into the following equalities:

C(m’k)(x) |B m)|gm( (m, k)(ac)) forae.x € Dy, k=1,..., K, m=1,2. (3.29)
7. Thus function Vg defined by (3.6) satisfies the following integral identity

Km

2
Vg - Vipg dz + Z
o m=1k=1

|B(m)| / Oy v(m k) 0x3<p(m) do + 001 Zl(l) / 01 (Uél’k) (z)) gog) dz

k=1 Dy

K>
+ 951 Zl,(f) / 02 (082’k)(x)) <p§€2) dz = / fowodax V® € H(Qo, D1, D2). (3.30)
=1 Do Qo

Thanks to (3.17), (3.18) and (3.20) the integral identity (3.30) means that the multi-valued function Vy is
a weak solution to the homogenized problem (3.7).

Assume that Vo and Uy are two weak solutions to problem (3.7). Then with the help of (0.3) we deduce
that Vo = Uy. Due to the uniqueness of the solution to problem (3.7), the above argumentations hold for any
subsequence of {e} chosen at the beginning of the proof.

8. Now let us prove the convergence of the cost functionals. At first we note that from the first limit in (3.5)
and the condition of this theorem, we get the limits of the first three summands in (0.6). The energy functional
we can represent as follows

E.(us; o, 8) = </ |Vu€| dz + Z £01m +B82m /(m) om (1) ue dog — Z £01m+B02m o (0) [Sém) Ue dax>.

m=1 Se

The limit of the first three summands was found in the 5th and 6th items (see (3.24) and (3.29)). The limit of
the last two integrals can be found with the help of (1.1) and the second limit in (3.5) (similarly as in (3.21)
and (3.22)). As a result we get (3.8). O

From Theorem 3.3 and the second part of Proposition 3.2 the following statement ensues.

Proposition 3.4. For any pair (6p,%0) € ICél) X ICéQ), there exists a sequence of admissible control pairs
{(95, Je) € IC,gl) X IC§2)}€ such that

>0’

(1) (95;195) % (90,190) as € — 0;
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(2) the sequence of the corresponding solutions {u.(z,0:,9:), © € Qe}eso to problem (0.4) satisfies re-
lations (3.5), where the multi-valued function V defined by (3.6) is the unique weak solution to the
homogenized problem (3.7) such that v(()l’k)|pd1 =0y, k=1,...,K1, and U(()27k)|r‘d2 =4, k=1,...,Ky;

(3) JE (95, 195) — Jo (90, 190) as € — 0.

3.3. Homogenized optimal control problem CPj

The results obtained are crucial point in the asymptotic investigation of problem CP.. Using these results we
define the following homogenized optimal control problem CPq:

e Find optimal controls 6* € ICél), v € IC(()Q) and the corresponding multi-valued solution V. (0*,9*) of
the homogenized problem (3.7) to minimize the cost functional Jy, i.e.,

Jo (0%,9%) = inf Jo (0,7). (3.31)
0,9)exit xk(?

Here the control sets IC(()l) and ICéQ) are defined in (2.1) and (2.2) respectively, the cost functional Jy is defined
by (3.8).

Since Kél) X IC62) is convex and closed with respect to the weak topology in H'(I'y,) x H*(I'y,) and the cost
functional Jy is weakly lower-semicontinuous, we can prove by standard way (see for instance [15]) the existence
of minimizer for problem CPgy. In the case if @« > 1 and § > 1 the cost functional Jy is strictly convex and
therefore the problem CPg has the unique solution.

To justify the definition of the homogenized problem for problem CP., we prove the following theorem.

Theorem 3.5. (1) If « > 1 and B8 > 1, then for any sequence of the optimal control pairs {(9:,19:) €
ICS) X ICS;Q) } o0 of problem CP. the following convergences hold (as e — 0)

where (05,03) is the unique solution to problem CPy.
In addition, for the sequence of the corresponding solutions {u? = ue(0%,9%)} c>0 to problem (0.4) we have

ulo, — vt weakly in HY(Q0,T1),
E(m’k) LN |B,(§m)| o™ weakly in WOOL(D,,,), as € —0 (3.33)
(mk) _ .
O, u? — 0 weakly in L?(D,y,), i = 1,2,
fork=1,... . K,, m=1,2 where the multi-valued function
v (z), x € Qo,
V(@) =14 (mp B B (3.34)
vy (x), *x €Dy, m=1,2, k=1,...,Kp,
is the unique weak solution to problem (3.7) such that
e, =65, k=1, Ky P =05 k=1,... K. (3.35)

(2) In the other cases (when one or two of the parameters o and (8 can be equal one), for any sequence of
the optimal control pairs {(0%,97%) € K& x K§2)}6>0 of problem CP. there exists a subsequence { (0% 9% ) €

En

ICSL) X ICS;?L)} such that the limits (3.32) hold as €, — 0 (n — +00) and (65,95) is a minimizer of problem CP.
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In addition, the sequence of the corresponding solutions {u? := uc, (0% ,0% )} to problem (0.4) satisfies
relations (3.33) as €, — 0 (n — +00) and the corresponding multi-valued function V., defined by (3.34) is the
unique weak solution to problem (3.7) with the boundary conditions (3.35).

Proof. (1) Let {(0z ,9% )} . - e any convergent subsequence of the sequence of minimizers {(62,097) € K x

IC,EQ)}DO such that (6% , 9% ) % (6p,9) as n — oco. In view of Proposition 3.2 such choice is always possible

and (6o, Vo) € IC(()l) X IC(()Q). In addition, due to Theorem 3.3 the corresponding solutions {u? } to problem (0.4)
satisfies relations (3.5), where the multi-valued function V{ defined by (3.6) is the unique weak solution to the

homogenized problem (3.7) such that vél’k)|rd1 =60y, k=1,..., Ky, véQ’k)|pd2 =Y, k=1,...,K;, and

lim Jg, (9;,19;) = Jo (6o, 0) > inf Jo (0,9) = Jo (05, 95) ,
n—o0 ' ' 0,9)exit xx?

where (65,75) is the unique solution of problem (3.31).

On the other hand, from Proposition 3.4 it follows that there exists a sequence of control pairs {(92, ) €
w

K x ICS;Q)}DO such that (62,92) <~ (65,9%) and J. (92,192) — Jo (0§,95) as € — 0, and the corresponding
solutions {u.(z,02,92)} c>o to problem (0.4) satisfies relations (3.33), where the multi-valued function V. defined
by (3.34) is the unique weak solution to problem (3.7) such that v(()l’k) lry, =05, k=1,..., Ky, and v(()Q’k) Irs, =
95, k=1,..., K.

Taking these facts into account, we deduce

min  Jo (0,9) = Jo (65, 95) = lim J. (92, 19@) >limsup  min  Je (6c,9:)
(9719)61C[()1)XK(()2) e—0 £—0 (05,195)EIC§1)><IC§2)
> lim sup min J- (0, ,9:,) = lim J., (92‘”,19:”) = Jo (60, 90) .

€
n=00 (0e, Vep ) EKE) XKE) e

Thus, Jo (0o, %) = Jo (65, 79) . Thanks to the uniqueness of the solutions to problem (3.31) and to prob-
lem (3.7), we have 0y = 6§, -9, Vo = V..

Since all these relations are valid for any converging subsequence chosen at the beginning of the proof, the
convergences (3.32) and (3.33) hold.

(2) Due to the first statement of Proposition 3.2 we can extract from any sequence of the optimal control pairs
{(02,97) € K x IC,EQ)}DO of problem CP. a subsequence { (6% ,9U% ) € ICS,L) X K,gi)} such that (6 0% ) <

(05,95) as €, — 0. By the same arguments as in the first item we can prove that (6,4f) is one of minimizers
of problem CPy. O

4. THE MAIN RESULTS IN THE CASE a > 1 AND < 1

In this section we additionally assume that p2(0) = 0. Even under this assumption we cannot apply esti-
mate (1.6) to obtain the uniform boundedness for the states as in the previous case (see (3.1)).
4.1. Reformulation of the problem

We have known that for every ¢ > 0 problem CP. has a solution (6%, %) € K& x K2 Let {(6z ,9: )} - -0

En

be any convergent subsequence of the sequence of minimizers {(9:, 19:)} 50 such that

(02 9% )~ (00,99) as n — oo.

In view of Proposition 3.2 a such choice is always possible and (6, g) € IC(()l) X ICéQ).
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For any e, let us take zero controls #p = 0 and ¥g = 0. Then the corresponding state ugn satisfies the
following equality

/Q Vol [2da + & /g<1> (01(u2,) — 01(0)) w2, do, + & /S o, 02(u2, ) ul, doy

from where with the help of (1.3) and (1.5) we deduce at first that
IVaug, 2.,y < C1, (4.1)

and then the following estimates

e /S(l) (01(u?)) — 01(0)) ul do, < Co, Eﬁ/s 02(ul Yul do, < Cs. (4.2)

®
From these estimates it follows that Ee(ugn,a, B3) < C3 and consequently
‘]En (9;,719;,) § ‘]En (07 0) < C4a

from where we get

*do, < Cs, (4.3)

2 o < Cor 5[,
e

En

kL * *
where u? = u., (z, 9%,196”), x €, .

The first estimate in (4.3) means that there is a subsequence {€/,} C {e,}, again denoted by {e,}, such that

o S0 weakly in  H(Q0; T1),
(mak) as &, — 0, (4.4)
: e, |B,(€m)| o™ weakly in L2(D,y),
fork=1,..., K, m=1,2,:=1,2,3.
With the help of (4.3) we deduce from (1.4) that
/ w Pdw < C5el-b. (4.5)
cE
This means the strong convergence of {@(2@}”61\] to 0 in L%(Dsy). Then, from (3.10) it follows the weak

convergence of {0, u? 7 to 0in L?(Ds), k =1,..., K. Hence,
37€n neN

o) — 0 aein Do, k=1,...,Ko. (4.6)
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Now from (3.16) we get

« \2 3.0 _ 1 * P~ 1 * (o0
/Fg] (0% ) da’ = ~ % @ ul (z)9Z («')dx — & o 23 Ops e, () V7 (2') dw. (4.7)

n

(2,k)

Since 97 9 as n — oo and E % 0 weakly in WO%H(Dy) (k=1,..., Ks), we have that

lim [ (92)%da’ =0.
o Jeg U
This means that ¢ = 0.

From the first limit in (4.4) it follows that the sequence of the traces {u? (2’,0+0)} strongly in L?(Q) converge
to v*(a’,0). Taking (4.6) into account, we deduce similarly as in the third item of the proof of Theorem 3.3 that

v, 0) ="M@ 0) =0 forae 2’ €Q, k=1,..., K. (4.8)

If we take a test-function 1) such that ¢» = 0 on the thin cylinders G, in the integral identity (0.5) and
then pass to the limit with regard to (4.4) and (4.8), we get that v§ is the unique solution to the following
boundary-value problem

(4.9)

_A;c ’US = fo inQo,
vg=0 onlhUQ, O,y =0 on@Qo\(Fl UQ).

Due to the uniqueness of the solution to problem (4.9), the above argumentations hold for any subsequence
of {e} chosen at the beginning of this section. Hence

—~(2,k
ulla, — vy weakly in H'(Q,T), u;( )

250 strongly in L*(Dy) (k=1,...,K>), 9550

€

as € — 0. These limits mean that we cannot control the state of the system in £y through the thin cylinders Gf)
if 8 < 1 and ¢ is small enough. Therefore, we should reformulate problem CP. in the following way:

o Find an optimal control 0% € Kgl), which with the corresponding state wk, minimize the following cost
functional

1 N
IO 0) =5 [ we—arde + [0 -mPda’ + Beluia ), (1.10)
0 Fs

where u. is the unique weak solution to problem (0.4) with the following boundary conditions on the
bases of the thin cylinders:

uc(e', —di) = 0., (2',—dy) el uc(x',—dy) =0, (2',—dy) € T?, (4.11)

This new problem we denote by CPS).
Obviously, we can repeat word-for-word the proofs of results from Section 2 and Section 3.1 for problem

CPS). In this case we should neglect all things connected to IC§2). Next, due to the uniform Dirichlet conditions
on I’g) we obtain the following a priori estimate:

el .y < Cl{HfOHL?(QO) + &2 o1 (0)] + 10ell g1 p ey

e (14 |01 (0)]) (el Varbell ooy + 162 oo ) } < Co (4.12)

(see for comparison (1.6)).
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4.2. Convergence theorem

Theorem 4.1 (the case a > 1 and § < 1). Let {95} o be a sequence of admissible controls such that 0. 5 6

as € — 0 (obviously 6 € ICél)). Then the corresponding sequence of the states {u.} >0 satisfies the following
relations

uclo, — vy weakly in H'(Qo,T'1),
ﬂg(l’k) LN |B,(€1)| vél’k) weakly in WOOY(Dy), k=1,..., K,
as € — 0. (4.13)
we o, .
Oy, Ue — 0 weakly in L?(Dsq), i = 1,2,

w2, strongly in L*(Ds), k=1,...,Ka,

Here the function va' is the unique weak solution to problem (4.9) and v(()l’k)

following problem

is the unique weak solution to the

1B 22,06 (@) + bl 0 (v (@) = 0. we Dy,
1,k 1.k (414)
’U(() ' )(x/’o) =0, 'U(() ) )(:E/,fdl) = 0, ' €Q,

k=1,..., Ky, which together with (4.9) are called the homogenized problem for problem (0.4).
Furthermore,

1 N.
lim 7 (6:) = 3 /(vo+ — qo)%dz + 73 / \Voi [Pdz + I (60) (4.15)

Qo Qo
where

N Ny &2 )
J5 (60) ==+ B /(90 —771)2dx’+732<|B,(€1)|/|0x3v51’k)| d
r Dy

k=1
dy

+ a1 l,(:) /(91 (’Uél’k) (z)) — 01(0)) vél’k) (x) dx) . (4.16)

Dy

Proof. Since the proof follows closely that of Theorem 3.3, we indicate only principal differences.

The state u. € H'(Qe;T1 U I‘g)) ={ue HY Q) : y = 0} satisfies the following integral identity

U|T1UF§2

Vate - Vopdr + e [ o1(ue) v doy + €7 | 0a(uc) v dow = [ fou da (4.17)
/ [rereins [ otuies

Sél) S§2)

for any function ¢ € H! (QE; T, U I’gl) U Ff)). If we take in (4.17)

ue(x), xeQ. U G§2)7
Y(E) =19 , (1)
d—l(m3+d1)u5(m,0), x e Ge’,

and take (4.12) into account, we get similarly as before (see (4.5)) the following estimate
/ |u€‘2d:c < Chet A, (4.18)
a®

From this it follows the last limit in (4.13).
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Then, by the same way as in Section 4.1 we prove the first limit in (4.13), where the function vg is the
unique weak solution to problem (4.9), and equalities (4.8) for functions vg and vél’k), ki = 1,..., Ky, where
the function vol’k) is the limit of {ﬂ;(l’k) }€>0 under some subsequence of {&}.

Now it remains to find the other relations which determine functions vél’k), k=1,...,K;. Similarly as in the
second item of the proof of Theorem 3.3, we prove that v(l k)( " —dy) =0p(2)) for ae. ' € Q, k=1,...,K;.

In the fourth item of the proof of Theorem 3.3 we should take the subspace of C*°(Qq, D1, D2), which consists
of such multi-valued functions ® = (0, gagl), ceey cp(;z, 0,...,0, ) Then repeating the arguments from this item,
we obtain

Z|B(1 |/arzv(1k zz‘Pk dm+5alz

In the fifth item of the proof of Theorem 3.3 we have to take q( ) = 0. Then we get

/c‘l o) =0. (4.19)

hm( /|Vu6| dx + Zga61m+ﬁ62m / Qm(ua)uadax>

m=1 S(m)
K l(l
/ [Veg|? da + Z 1B, / 102505 24 + G / ¢ o . (4.20)
= 1B}
To determine functions {¢ LRk =1,... K 1} in the case o = 1, we consider the following inequality of

monotonicity

/IW Vol dz + / Vo ue|? da + / |Vua|2dx+2 / 1Oy e — Bayipy” |2 dae
k=1

G(l) G(2) G(l)(k:)
+ EZ / 01(ue) — 91(9021))) ( e (1)) doy +¢ / o2(us)ucdo, >0 (4.21)
k=1 ) o)
= (k) Se
for any multi-valued function ® = (cpo, gagl), .. ,cpK) 0,. ,0) such that g € H(Q0, Y1), ¢ (1) € WooL(Dy),

wo(x',0) = <p,(€1)(ac',0) =0 for a.e. 2’ € Q and k = 1,...,K;. Using (4.20), we pass to the limit in (4.21)
similarly as the sixth item of the proof of Theorem 3.3. As a result we obtain

K
1 1,k 142
/|Vv0+fwo|2dz+Z|B,i>|/<amvé )= 0, 00)? da
Q0 k=1 D,

K1 4(1)

L 1 1 1,k 1
vy / OB @) — 1B a1 (") (68 — o0y dw 2 0. (4.22)
k=1

Now we take arbitrary multi-valued function ¥ = (1, (1), o ,w(l) 0,...,0) such that 1o € C>(Qy),

Polr, =0, 1/)(1) € C®(Dy), 9o(2',0) = ](:)(:L'/ 0) =0 for 2’ € Q and k = 1,..., K;. Then substituting the

following multi-valued function ® := vo—AW instead of ® in (4.22), where vo = (’Uo ,U (1 1), .. ,vél’Kl), 0,... ,0)
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and passing to the limit as A — +0, we get

Kl I (1 D W (B (D)
> o /c ~1BOloa (o§7)) 0 da > 0.
From this inequality it follows that
¢ () |B(1 | 01 (vy (1, k)(ac)) forae.z € Dy, k=1,...,K;. (4.23)

The identity (4.19) and (4.23) mean that v(()l’k) is the unique weak solution to problem (4.14), k =1,..., K;.
Thus the limit in the second line of (4.13) also holds for the whole sequence {c}.
By analogy to the proof of the limit (3.8), we deduce (4.15) with regard to the results obtained above. [

As before (see Prop. 3.4) the following statement ensues.

Proposition 4.2. For any control 6y € Kél) there exists a sequence of admissible controls {95 € ICS)}DO, such
that 0. ~> 0y as € — 0; the sequence of the corresponding solutions {uc(z,0:), © € Q.}eso to problem (0.4)

satisfies relations (4.13), where the functions var and v(()l’k), k=1,..., K, are, respectively, the solutions to
problems (4.9) and (4.14);

1 N.
lim J (0.) = & / o — qof2de + 2 / Vo Pde + I (80),
e—0 2 Q0 2 Q0
where JO (0o) is defined in (4.16).

)

4.3. Homogenized optimal control problem CP(O1

Since we cannot control the state in the junction body g, we define the following homogenized optimal

control problem CPél) :

(1)

e Find an optimal control 0% € K (1)

and the corresponding solutions vy, k = 1,..., K1, of prob-
lems (4.14) to minimize the cost functional JO(I), ie.,

JP 07y = inf M (0). (4.24)
pext

Here the control set IC(()l) is defined in (2.1) and the cost functional J(gl) is defined in (4.16).
1)

Since Kél) is closed with respect to the weak topology in H'(T',) and the cost functional J; ' is weakly
lower-semicontinuous, we can prove by standard way (see for instance [15]) the existence of minimizer for
problem CP(()I). In the case if a > 1 the cost functional Jy is strictly convex and therefore the problem CP(()I)
has the unique solution.

Next reasoning as in the proof of Theorem 3.5, we can prove the following statement.

Theorem 4.3. (1) If a > 1, then for each sequence of the optimal controls {9’6" € Kél)}oo of problem CPS)
and for the sequence of the corresponding solutions {u} := u.(0)}e>0 to problem (0.4) with the boundary
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conditions (4.11) the following limits hold (as e — 0)

9 % o* (4.25)

€ )

utlo, —— vy weakly in H' (9, T1),

—~(1,k w .
=B weakly in WOON(Dy), k=1,..., K,

K, (4.26)
O, uk — 0 weakly in L*(Dq), i =1,2, k=1,..., Ky,
ZLE(Q’k) =0 strongly in L*(Ds), k=1,..., K,
(1) (p* 1 + 2 N3 +2 M (p*
TOO) = 5 [~ aorde+ 52 [ e a0 @), (4.27)
Qo Qo

where 0% is the unique solution to problem CP(()I), ’uar is the solution to problem (4.9), and vil’k) is the solution

to problem (4.14) such that U£17k)|1"d1 =0*k=1,... K.
(2) If « = 1, then for any sequence of the minimizers {9: € IC,gl)}E>O of problem CPS) there exists a subse-
quence {07 € ICSL)} such that the limits (4.1) and (4.27) hold as €, — 0 (n — 400) and 0* is a minimizer of

problem CP(()I); for the sequence of the corresponding states {uf = u., (0X)} we have
ulo, — vd  weakly in H'(Qo; Y1),
2k as € — 0,
ut’ 5 0 strongly in L*(Dy), k=1,..., Ko,
where var is the solution to problem (4.9), and
k) w (1)), (1K) - 1770,0,1 _
: — |B,|vs weakly in WOOY(Dy), k=1,..., Ky,
—— (1,k) as € — 0,
Og,uf, - 0 weakly in L*(D1), i=1,2, k=1,..., Ky,

where v*l’k) is the solution to problem (4.14) such that vil’k)|pdl =0, k=1,...,K;.

5. THE CASE ¢ <1 AND < 1

In this section we additionally assume that p1(0) = 02(0) = 0. In a way analogous to that made in Section 4.1
we can prove the following statement.

Theorem 5.1. For the sequence of the optimal control pairs

{(02,95) e KV x KB}

of problem CP. and for the sequence of the corresponding solutions {uf := uc(6%,9%)} c>0 to problem (0.4) the
following limits hold (as e —0)

(02,92) ~ (0,0),
ulo, — vg  weakly in H'(Qo; Y1),

";(m»k) S
€

0  strongly in L*(D,,),
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fork=1,....K,, m=1,2, where vg is the unique solution to problem
7Az 1}8_ = f() iTLQ(), (5 2)
Uar=0 onYT; UQ, &,UarzO onaﬂo\(TluQ). '

The statement of this theorem means that we cannot control the state of all system Q. if @ < 1 and 8 < 1.
In fact, even setting the optimal control problem makes no sense in this case for € small enough. Nevertheless,
similarly as was done in the proof of Theorems 3.3 and 4.1, we can prove the following theorem.

Theorem 5.2. If u. is the weak solution to problem (0.4) with the uniform boundary conditions on the bases of
the thin cylinders: ue(z',—dq) =0, (2, —dy) € ™ and ue (', —dg) =0, (2/,—dz) € T'?) | then the limits (5.1)

hold and in addition N
Ee(ue; o, B) — 73 / Vo [?dz as € — 0,
Qo

where vy is the unique solution to problem (5.2).

6. CONCLUSIONS

1. In fact, the statements of Theorem 3.3 and Proposition 3.4 are sufficiently to apply the Buttazzo-Dal Maso
abstract scheme based on the I'-sequential convergence of functionals (see [5]) in the case v > 1 and 8 > 1. The
first statement of Theorem 3.3 and the first two statements of Proposition 3.4 mean the Kuratowski convergence
of the solution sets (see Prop. 4.4 in [9]). This is the first condition in this scheme, which is equivalent to the
I'-convergence of the corresponding indicator functions.

The second statement of Theorem 3.3 and the first and third statements of Proposition 3.4 are equivalent to
the T'-convergence of the cost functionals (the second condition in the Buttazzo—Dal Maso scheme, see Prop. 4.2
and Rem. 4.2 in [9]). Applying this scheme to problems CP. and CPg, we can directly obtain Theorem 3.5.
Nevertheless, in the paper we proved this theorem independently.

2. It is evident from the results we have presented that the boundary conditions have a substantial influence
on the asymptotic behavior of problem CP. (there are three qualitatively different cases).
At first glance it may seem that there is no difference between the boundary conditions

—Oyue = %01 (ue) on Sél), —Oyue = Eﬁgg (ua) on SCEQ)

and the homogeneous Neumann condition if & > 1 and 8 > 1, since the terms o,,(uc), m = 1,2, are multiplied
by £ and €” respectively. It appears that this is true only for & > 1 and 8 > 1. But if « = 1 (or 8 = 1), then
the term g, (ue) from the boundary conditions transforms into the new blow-up terms l,im) Om (v(()m’k)), k=
1,..., K, in the homogenized equations in D,,, m = 1,2. A similar phenomenon is observed in [19] for
a boundary-value problem in a thick one-level junction.

Thus in this case (& > 1 and 8 > 1) we have deduced the well-posed homogenized optimal control problem
CPy for problem CP.. On the other hand, problem CP( is untypical since the corresponding state is the multi-
valued solution to the nonstandard quasilinear boundary-value problem (3.7). It should be noted that problem
CP¢ becomes linear if « > 1 and § > 1.

Here we try to give some physical justification of a new qualitative property of problem (3.7). As a con-
sequence of the difference of the local properties of conductivity on the lateral surfaces Sém)(k:) of the thin
cylinders Gém)(kz), the flows of quantity (heat conductivity or any other physical entity) are different in both of
the cylinder set Gé’”) (k) (k=1,...,Ky,,m=1,2). But these set are connected through the junction’s body €
and alternated along the joint zone (. As a result, the global flow described by the multi-valued function Vg
(see (3.6)) behaves as a many-phase system in the region which is filled up by the thin cylinder from each level
in the limit passage as the parameter ¢ — 0.
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3. In the second case (v > 1 and 8 < 1), interactions between the lateral surfaces SéQ)(k) of the thin cylinders
Gg)(k) and the medium plays a dominant role in the asymptotic behavior of all problem CP.. Note that this
interaction is not necessarily too large locally for g € (0,1). However, such an effect takes place because of the
total surface area of 5(52)(]’6), k=1,...,Ks. As a result, we cannot control the state in the junction’s body
through the cylinder set G§2) = Ufjl Gf)(kz). Since the cylinders Ggl) and G§2) are e-periodically alternated, we
cannot even control the state in the junction’s body and the energy of whole system through the cylinders Ggl)
Thus the optimal control problem CP. is degenerated as € — 0 into the homogenized optimal problem CPél).
4. In the third case (o < 1 and 8 < 1) because of the reasons mentioned above, even the formulation of the
optimal control problem becomes meaningless for ¢ small enough. Therefore we proved only the convergence
results both for the solutions of the corresponding boundary-value problem and for the energy integrals.

6.1. Application

Here we present the application of our results for an optimal control problem involving a thick one-level
junction with cascade controls.

Let dy = ds, 01 = 02, a = > 1 and K; = K, = 1. In addition, we assume that B(!) is congruent to
B®); this means that [BM| = |B®| and |V := lgl) = l§2). Then the corresponding optimal control problem
2)CFd1:Fd2:{x: $/EQ, l‘gz—dl}
and admissible controls are taken from the different classes Kél) and IC§2) that are e-periodically alternated
(so-called cascade controls).

Nevertheless, the homogenized optimal control problem for problem CP. is the corresponding problem CPy
involving the multi-valued state

J (z), € Qo,
Vo(a) = 40w (6.1)
vy (x), x € Dy=Dy m=1,2,

CP. involving the thick one-level junction 2. in which 1“,9) U Fg

that is the weak solution to the following problem

—AUO () = folx), x € Qo,
(1’) - 07 T € Tla
0 ’UO J(x) = 0, x €I\ (QUTTY);
—[BW| 02, 06" (x) + ba 11%1( ‘()) = o0, zeDy, m=1,2,
2
O —dy) = 6o, v eQ. (6.2)
( 1) = 190) xl S Qa
(ac',O) = g (2/,0), eq, m=1,2,
B2 _ lamvgm (2/,0) = 0Ouui(2',0), 2/ €Q.

5 From this result it follows that we cannot take in problem CP. the Dirichlet controls bounded in L?. To
argue this statement we assume that o > 1 and 7, = 12 = 0 for simplicity and consider problem CP. in the
thick one-level junction with the Dirichlet controls from a set

L.:={0¢ H(So(rgl) UF?)) . <Co} (6p =01 =382 > 1).

161l L2 @)y

Let us show that this optimal control problem cannot have any reasonable limit as ¢ — 0.
Indeed, the homogenized optimal control problem for problem CP. with the Dirichlet controls from the set

.Ago) = {9|F§1)UF(52) : 0e Héo(Fdl), HGHH‘SO(FM) < Co}
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(in this case AL ¢ L.) is as follows:

e Find an optimal control 6 € A(()O) ={0c H*(Ty,): 101l z750 (r,,) < Co} and the corresponding solution
to the problem

—Avg (r) = fol@), z € Qo,
vi () = 0, x e Yy,

g (z) = 0, r €0\ (QUTYY);
_|B(1)| @%31}0— () = 0, x € Dy,
vg (2, —d1) = 0o, 2’ € Q,
vy (2',0) = vf(2',0), 2’ € Q,
2|BW|0y,vy (2/,0) = Opyvg (27,0), 2’ €Q,

to minimize the cost functional

| Ny £ N N )
Jo(60) = 5/(v37q0)2dx+1TQ|B(1)| / 98dx’+73</|V’u6r|2d:c+2|B(1)|/‘8mvo |2dm).
QO Fdl Q() Dl

On the other hand, the homogenized optimal control problem for problem CP. but with the following Dirichlet

controls on Fgl) and Fg):

AL = ol 0 0 € HOTa), 100,y < Cr 10llz2r,,) < Co/V2

Ag) = {19|Fé2) VNS H‘SU(Fdl), Ci <Oy < Hﬁ”H‘SO(Fdl) < (s, Hﬁ”L?(Fdl) < Co/\/ﬁ},

where Cy, Cq, C3 are some fixed constants (in this case also Aé” U A§2) C L.) is as follows:

o Find
inf Jo (6,0,
(6,0)e A x A5

where
A = {0 B Tu) s 10llso,) < Cro 6]z, < Co/V2 )

A(()Q) = {19 S H(so(rdl) N Cl < CQ S ||19HH60(F¢1) S 03, H7‘9||L2(Fdl) S C(]/\/ﬁ},

the corresponding cost functional Jo (0,9) is defined in (3.8) and the multi-valued function Vo defined
in (6.1) is the solution to problem (6.2).

Thus, for the different admissible control sets, which are subset of L., we have obtained two different homog-
enized optimal control problems.

Acknowledgements. The authors are very grateful to the referee for his fruitful remarks that helped us to improve the
paper.
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