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SECOND-ORDER SUFFICIENT OPTIMALITY CONDITIONS
FOR CONTROL PROBLEMS WITH LINEARLY INDEPENDENT GRADIENTS
OF CONTROL CONSTRAINTS

NikoLAl P. OsMoOLOVSKII! 23

Abstract. Second-order sufficient conditions of a bounded strong minimum are derived for optimal
control problems of ordinary differential equations with initial-final state constraints of equality and
inequality type and control constraints of inequality type. The conditions are stated in terms of
quadratic forms associated with certain tuples of Lagrange multipliers. Under the assumption of linear
independence of gradients of active control constraints they guarantee the bounded strong quadratic
growth of the so-called “violation function”. Together with corresponding necessary conditions they
constitute a no-gap pair of conditions.
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1. INTRODUCTION

In this paper we discuss sufficient second order conditions for bounded strong minimum in optimal control
problems of ordinary differential equations with control constraints and constraints on the initial-final state.
There exists an extensive literature on this subject, ¢f. Bonnans and Hermant [1], Bonnans and Shapiro [3],
Bonnans and Osmolovskii [2], Levitin et al. [8], Malanowski [9,10], Maurer [11], Maurer and Pickenhain [12],
Milyutin and Osmolovskii [17], Osmolovskii [19-22], Zeidan [23,24] and further literature cited in these papers.
The no-gap second order conditions of Pontryagin and bounded strong minima in optimal control problems with
initial-final state constraints and mixed state-control constraints, satisfying the hypothesis of linear independence
of gradients (LIG) w.r.t. control of active mixed constraints, were formulated by the author in [8], pp. 155-156,
but the proofs (written later in [19,20]) were not published. The aim of this paper is to publish the proofs of
sufficient conditions [8] (partially modified in 2007-2008). For simplicity, we consider a less general problem
than in [8], replacing mixed constraints by control constraints.

Recently, the same problem, as in the present paper, was analyzed by Bonnans and Osmolovskii in [2]
under the hypothesis of positive linear independence (i.e., linear independence with nonnegative coefficients) of
gradients (PLIG) of active control constraints. The no-gap second order conditions of Pontryagin and bounded

Keywords and phrases. Pontryagin’s principle, critical cone, quadratic form, second order sufficient condition, quadratic growth,
Hoffman’s error bound.

I Systems Research Institute, ul. Newelska 6, 01-447 Warszawa, Poland.
2 Politechnika Radomska, ul. Malczewskiego 20A, 26-600 Radom, Poland.
3 University of Natural Sciences and Humanities in Siedlce, ul. 3 Maja 54, 08-110 Siedlce, Poland. osmolovski@uph.edu.pl

Article published by EDP Sciences © EDP Sciences, SMAI 2011


http://dx.doi.org/10.1051/cocv/2011101
http://www.esaim-cocv.org
http://www.edpsciences.org

SECOND-ORDER SUFFICIENT OPTIMALITY CONDITIONS FOR CONTROL PROBLEMS 453

strong minima, similar to conditions [8], were obtained for this problem. Although the assumption of PLIG
is weaker than the assumption of LIG, the results, obtained in [2], cannot be considered as a generalization
of results [8], since in [2] we additionally assumed the Mangasarian-Fromovitz type condition for endpoint
constraints and the so-called “restoration property” for these constraints. Hopefully, it would be possible to
prove the same results, as in [2], under the PLIG hypothesis, but without two mentioned additional assumptions.
The present publication could be an important step in this direction.

The paper is organized as follows. Section 2 sets the problem, recalls the concepts of bounded strong,
Pontryagin and weak minima and gives the formulations of the first order necessary conditions of Pontryagin
and weak minima, namely Pontryagin’s principle and local Pontryagin’s principle. In Section 3, for the cost
functional, we define the “bounded strong growth condition of the order 4”7, where v is a continuous functional
(in the space of variations dw = (du, dy)) equal to ||dy||%, JrfOT |6u|? dt in some neighborhood of zero and positive
outside of this neighborhood. This condition implies a bounded strong minimum. We also define the violation
function of the optimal control problem and the notion of the bounded strong ~-sufficiency (as the bounded
strong growth condition of the order v for the violation function). The latter implies the bounded strong growth
of the order v for the cost functional (and hence a bounded strong minimum). In Section 4, for the reference
point w = (z,u), we introduce the quadratic form 2 (the second variation of the Lagrange function) and the
critical cone K. We formulate a sufficient condition for a bounded strong ~-sufficiency in terms of 2 and K. It
should be noted that this condition implies the quadratic growth of the Hamiltonian, from which the continuity
of the optimal control follows [2]. Sections 5-11 are devoted to the proofs. In Section 5 we define the set of
Pontryagin’s sequences II related to the notion of Pontryagin minimum and the so-called basic constant C,
for II. We prove that the inequality C,, > 0 implies the bounded strong vy-sufficiency. Hence the positivity of
any lower bound for € also implies the bounded strong 7y-sufficiency. In the next sections, we obtain several
successive lower bounds for C.,, pursuing the goal to find the lower bound defined in the most simple way. In
Section 7 we introduce a concept of support of the critical cone and show that the first order approximations of
the endpoint constraints possesses Hoffman’s error bound on the support. This fact plays a crucial role in the
proof of sufficient optimality conditions and allows us to obtain in Section 9 (which completes the proof) a lower
bound for C, formulated in terms of the quadratic form 2 and the critical cone K. The proofs of several basic
lemmas are gathered in Section 10. In Section 11 we prove abstract lemmas (used earlier in Sect. 10) concerning
compatibility of a system of linear inequalities on a convex cone and Hoffman’s type [7] upper bounds for the
distance from the origin to the set of solutions of such system on the cone. We also discuss an abstract notion
of support of critical cone.

The paper is self-contained and formally does not use results of other papers. But it should be noted that
the main idea of the proof (of sufficient optimality conditions), related to the role of the basic constant C, first
appeared in the abstract theory of higher order conditions published in [8,14-16]. We use notation introduced
in these papers.

2. PONTRYAGIN AND BOUNDED STRONG MINIMA. FIRST ORDER NECESSARY CONDITIONS

Consider the following optimal control problem on a fixed interval [0, T):

y(t) = ( (t),y(t)) for a.a. t €[0,T], (2.1)
u(t) € U, fora.a.te|0,T], (2.2)
di(y(0),y(T)) <0,i=1,...,r, (2.3)
dh(y(o) ( ) =0,i=r+1,. (2.4)
J(u,y) := do(y(0),y(T)) — min, (2.5)
where f : R™ x R® — R" and ¢; : R* x R® — R, i = 0,...,7 are twice continuously differentiable (C?)

mappings, U is a closed subset of R™. Denote by U := L*>(0,T;R™) and Y := WH(0,T;R") the control
and state space (where W11(0,T;R") is the space of absolutely continuous functions from [0,7] to R™). We
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consider problem (2.1)-(2.5) in the space W := U x Y, and we refer to this problem as problem (P). Define the
norm of element w = (u,y) € W by |[w|lw = [[ullec + [[y[l1,1 = ess sup o p|u(t)] +[y(0)] +fOT |y(t)| dt. Elements
of W satisfying (2.1)—(2.4) are said to be feasible. The set of feasible points is denoted by F(P). We shall use
abbreviations yo := y(0), yr := y(T), n := (Yo, yr)-

It is well known that any control problem with a cost functional in the integral form J = fOT F(u,y)dt can be
represented in the endpoint form by introducing a new state variable z defined by the state equation Z = F(u, y),
z(0) = 0. This yields the cost functional J = z(T'). The new variable z is called unessential component in the
augmented problem. The general definition of an unessential component [17], p. 290, is as follows. The state
variable y;, i.e., the ith component of the state vector y is called unessential if the function f does not depend
on y; and the functions ¢;, 7 = 0,1,...,r are affine in y;0 := y;(0) and y;r := y;(T). Let y denote the vector of
all essential components of the state vector y. We introduce two concepts of minimum.

Definition 2.1. Following [8], p. 156, and [17], p. 291, we say that w® = (u°,y°) € F(P) is a bounded strong
minimum if J(w®) < J(wy) for large enough k for any sequence wy, € F(P), bounded in W, such that Y — go
uniformly and y;(0) — y°(0).

Definition 2.2. We say that w® € F(P) is a Pontryagin minimum (see [8], p. 156, and [17], pp. 2-3) if
J(w®) < J(wy) for large enough k for any sequence wy € F(P), bounded in W, such that y; — y° uniformly

and [uy, — u0|)1 — 0, where [[ulls = [ [u(t)|dt.

Equivalently, w® is a bounded strong minimum iff for any M > 0, there exists ¢ > 0 such that if w € F(P)
is such that ||lullec < M, [ly — 3|l < &, and |y(0) — y°(0)] < &, we have J(w®) < J(w). A point w® is
a Pontryagin minimum iff for any M > 0, there exists ¢ > 0 such that if w € F(P) is such that ||u|le < M,
ly — ¥ )l < &, and |lu — u°||; < &, we have J(w") < J(w). Obviously, a bounded strong minimum implies
a Pontryagin minimum.

The strict bounded strong (Pontryagin) minimum is defined in a similar way. The only two distinctions
are that the nonstrict inequality J(w®) < J(wy) (in Defs. 2.1 and 2.2) is replaced by the corresponding strict
inequality and the sequence wy € F(P) is assumed to contain no terms equal to w".

Let us recall the formulation of Pontryagin’s principle at a point w € F(P). Denote by R™ the dual to R™
identified with the set of n-dimensional row vectors. Set

0 (yo, yr) = P(yo, yr, ) == Y _ pidi (Yo, yr), (2.6)
=0

where yo = 5(0), yr = y(T), 1 = (po, ..., pr) € ROTV* Consider the Hamiltonian function H : R™ x R" x
R™ — R defined by

H(u,y,p) = pf(u,y). (2.7)
Let W1°°(0,T,R™) denote the space of Lipschitz continuous functions from [0,7] to R™*. By the costate
associated with p € RUTD* we understand the solution p = p# € Whee(0, T,R™) (whenever it exists) of

—[)(t) = Hy(u(t),y(t),p(t)), a.a. t e [OaT];

(2.8)
p(0) = —b (y(0),y(T)); p(T) = ¥l (y(0),y(T)).

Definition 2.3. We say that w = (u,y) € F(P) satisfies Pontryagin’s principle if there exist a nonzero
p € ROTD* and p € WHo°(0, T, R™) such that (2.8) holds and

i >0, i=0,...,m, Mi¢i(y(0)ay(T)):Ov t=1,...,r, (29)

H(u(t),y(t),p(t)) < H(v,y(t),pt)), forall veU, aa. te(0,T). (2.10)
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The following theorem holds (see, e.g., [13], pp. 17-19, and [17], pp. 24-25, 150).
Theorem 2.4. A Pontryagin minimum satisfies Pontryagin’s principle.
In the sequel, we assume that the set U is given in the form
U={ueR"|g(u) <0}, (2.11)
where g : R™ — R? is a C? mapping. In other words, the control constraints are defined by
g;(u(t)) <0, foraa. t€][0,T], j=1,...,q (2.12)

We assume that the following qualification hypothesis of linear independence holds the gradients g}(u), i 6 I, (u)
are linearly independent at each point u € R™ such that g(u) < 0, where I, ( {z e{l,...,q} | gi(u) = 0}
is the set of active indices.

Let us recall the first order necessary condition of a weak minimum, which is a local minimum in Y. To this
end, define the augmented Pontryagin function H : R™ x R x R™ x R? — R by

H(u,y,p,a) = H(u,y,p) + ag(u). (2.13)

For w = (u,y) € F(P), denote by Ag the set of all tuples A = (u,p,a) € ROTD* x Wheo(o, T;R™) x
L>(0,T;R?) of Lagrange multipliers such that the following relations hold

wi >0,i=0,...,r1, di(n) =0,i=1,....m, |ul =1,
()Z a(t)g (U( )) =0, a.a.t€(0,T),
=p(t) = Hy(w(t),p(t)), a.a.t € (0,T),
p(0) = =gy, (n), p(T) = ¢}, (1),
Hy(w(t),p(t),a(t)) =0, a.a. t € (0,T), (2.14)

where n = (y(0),y(T)). The following result is well-known (see, e.g., [6], pp. 422-429, [13], pp. 148-149,
and [17], p. 13).

Theorem 2.5. Let w be a weak minimum. Then the set Ay is nonempty and bounded. Moreover, the projector
(u,p,a) — p is injective on Ag, and hence Ng is a finite dimensional compact set.

Denote by My the set of all A = (u,p,a) € Ag such that inequality (2.10) of Pontryagin’s principle is satisfied.
Obviously, My C Ag, and the condition My # () is equivalent to Pontryagin’s principle.

3. GROWTH CONDITION OF ORDER 7y

Let us fix a pair w = (u,y) € F(P). By éw = (du, dy) we denote a variation, i.e., an arbitrary element of the
space W, and the notation {dwy} stands for an arbitrary sequence of variations in Y. For any dw € W we set

0f = flu(t) + oul(t),y(t) + oy(t)) — f(u(t),y(t)) = f(w(t) + dw(t)) — f(w(t)),

i.e., 0f is the increment of the function f (at the point w) which corresponds to the variation jw. Similarly, we
set

5o = do(y(0) + 6y (0), y(T) + dy(T)) — ¢o(y(0), y(T)) = do(n + 6n) — do(n),

etc.
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Definition 3.1. A function I' : R™ — R is said to be an order function if there exists a number er > 0 such
that:

(a) T'(u) = |ul? if |u| < er;

(b) T'(u) > 0 if |u| > er;

(¢) T'(u) is Lipschitz continuous on each compact set C C R™.

Obviously, the function I'(u) = |u|? is an order function. For an arbitrary order function I'(u), we set

Y(6w) = [[6y]12, + / P(6u(t)) dt. (3.1)

Following [8], p. 123, we call the functional v : W — R the order (of minimum).
Further, following [8], p. 112, we define the wviolation function

T

a(6w) = (6¢o)4 + Y din+on)y + > |di(n+ )| + 169 — 6.1, (3.2)

=1 1=r1+1
Wher{e 7 ? (yo,yr) = (¥(0),y(T)), on = (0yo,dyr) = (9y(0),0y(T)), (d¢0)+ = (¢o(n + 1) — do(n))+, ay =
max{ca,0}.

Definition 3.2. We say that {owy} is a bounded strong sequence if

sup [0urlloc <00,  [6yr(0)] +[10y,[lcc =0 (k — o0). (3.3)

Denote by S the set of all bounded strong sequences satisfying:

(a) u(t) + dug(t) € U for a.a. t € [0,T] for all k; (3.4)
(b) o(dwg) — 0 (k — o0). '
Definition 3.3. We say that a bounded strong v-sufficiency holds (at a point w € F(P)) (¢f. [8], p- 126) if there
exists a constant C' > 0 such that for any sequence {dwy} € S we have o(dwy) > Cy(dwy) for all sufficiently
large k.

Equivalently, a bounded strong ~y-sufficiency holds iff there exists C' > 0 such that for any M > 0 there exists
€ > 0 such that the conditions

u(t) + du(t) € U for a.a. t € [0,T], |dulle < M,
o(dw) <e, [0y(0)| <e, [0yl <€

imply the inequality o(dw) > Cvy(ow).

Definition 3.4. We say that a bounded strong ~-growth condition holds for the cost function J (at a point
w € F(P)) if there exists C' > 0 such that, for any sequence {dwy,} € S satisfying the condition w+ dwy € F(P)
for all k, we have 6;J > Cy(dwy,) for all sufficiently large k, where §xJ = J(n + dni) — J(n).

Equivalently, a bounded strong ~-growth condition holds for the cost function J iff there exists C' > 0 such
that for any M > 0 there exists ¢ > 0 such that the conditions w + dw € F(P), [|0ullcc < M, [|0ylleo < €,
[0y(0)] < &, and 6J < e imply the inequality 6.J > Cy(dw).

Theorem 3.5. For any order function T'(u):
(a) a bounded strong ~y-sufficiency implies a bounded strong ~-growth condition for the cost function; and
(b) a bounded strong y-growth condition for the cost function implies a strict bounded strong minimum.
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Proof. (a) Assume that a bounded strong v-sufficiency holds, i.e., there exists a constant C' > 0 such that
for any sequence {0wy} € S we have o(dwy) > Cvy(dwy) for all sufficiently large k. Then for any sequence
{6wy} € S satisfying the condition w + dwy, € F(P) for all k, we have o(dwy) = (0 )4+ > Cy(dwy) for all
sufficiently large k. The latter means that the y-growth condition for the cost function holds at w.

(b) Now assume that w is not a point of a strict bounded strong minimum, i.e., there exists a sequence
wy, € F(P), bounded in W, such that y, — y uniformly, y(0) — y(0), J(wi) < J(w) and wy, # w for all k.
Set dwy, = wy, — w for all k. Then, dwy, # 0, o(dwy) = 0, u(t) + dug(t) € U for a.a. t € [0,T], for all k, and
conditions (3.3) hold. Consequently, {dwy} € S, v(dwy) > 0 and dx.JJ < 0 for all k. This implies that a bounded
strong y-growth condition for the cost function does not hold at w. O

Corollary 3.6. For any order function T'(u), a bounded strong vy-sufficiency implies a strict bounded strong
minimum.

Set (¢f. [8], p. 126)

) .. . o(0wg)
= f 1 f .
Cy(0,5) {(Sul)?}ES < im in 7(&%)) , (3.5)

where the lower bound is taken over the set of all sequences from S that do not vanish. The following proposition
easily follows from the definitions.
Proposition 3.7. The inequality Cy(0,S) > 0 is equivalent to the bounded strong ~y-sufficiency.

Our goal is to obtain conditions which guarantee the inequality C(o,.S) > 0. To this end, we will estimate
C, (0, S) from below.

In order to formulate second order sufficient conditions for a bounded strong vy-sufficiency we shall need the
following strengthening of condition (2.10) of the maximum principle.

Definition 3.8. Let A\ = (u, p,a) € My. We say that the function H(v,y(t), p(t)) satisfies the growth condition
of the order T" if there exists C' > 0 such that

H(’U,y(t),p(t)) - H(u(t)a y(t),p(t)) > CF(U - u(t))

(3.6)
for all v € U and for a.a. ¢t € [0,7].

For a given C' > 0, denote by M (CT') the set of all A € My such that condition (3.6) holds.

Remark 3.9. Tt was shown in [19], pp. 372-374, and [20], pp. 275-276, that a bounded strong ~y-sufficiency
implies the existence of C' > 0 such that M(CT) # (). The latter implies the continuity of the control u(t) [2],
Lemma 2.7. The case of discontinuous (piecewise continuous) control u(t) corresponds to a certain finer order
than (3.1). The no-gap conditions of this order were obtained in [19,20], and their proofs will be published
elsewhere. The proofs of sufficient optimality conditions for a piecewise continuous control appeared in [22].
Also note that condition (3.6) is never fulfilled in the cases of singular or bang-bang controls, in problems
linear in control. These cases were studied, for example, in [4,5,17]. Finally, note that in this paper we do not
discuss an important question of a characterization of condition (3.6) in terms of (strengthened) Legendre-type
conditions. This will be the subject of another paper.

Remark 3.10. From Theorem 2.5 it follows that M (CT) is a finite dimensional compact set.

4. SECOND ORDER SUFFICIENT CONDITIONS

A direction (variation) dw = (du, dy) € W is said to be critical (cf. [6], Sect. 2) at a point w € F(P) if the
following relations hold
¢;(n)on <0, i € Iy(n) U{0}; ¢i(n)dn =0, j=r1+1,...,7 (4.1)
5y = fl(w)(swa
(g_; (u)au)X{gJ(u)=O} <0, aa. t€ [OvT]a j=1...,q (43)
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where I;(n) = {i € {1,...,71} | ¢i(n) = 0} is the set of active indices, X4, (u)=0} i the characteristic function

of the set {t € [0,T] | gj(u(t)) =0}, 5 =1,...,¢, n = (y(0),y(T)), and én = (0y(0),dy(T)). Denote by K the

set of all critical directions dw € W at w. Obviously, K is a convex cone in W. We call it the critical cone.
For any A\ = (i, p,a) € Ao, let us define a quadratic form (at w) by the relation

I g
Q6w X) = 5 ()60, 50) + 5 [ (o0, 0160, ) (44)

N =

where ¢, (1, 1) is the second partial derivative (w.r.t. ) of the function ¢(n, 1) defined by (2.6) and H ., (w, p, a)
is the second partial derivative (w.r.t. w) of the function H(w,p,a) defined by (2.13). Obviously, Q(sw, \) is
quadratic in dw and linear in X. For any C' > 0 such that M (CT) # 0, set

Qarery (0w) = Aerlrvllfc%r)Q(éw, A). (4.5)

In (4.5), the maximum exists, since M (CT') is a finite dimensional compact set. Our main result is the following.

Theorem 4.1. Let w = (u,y) be a feasible point of problem (2.1)—(2.5) (with the set U defined by (2.11)),
where f : R™ x R* - R", ¢; :R" x R® - R (i=0,...,7), and g : R™ — R? are C? mappings. Assume that
the mapping g satisfies the qualification hypothesis of linear independence (see Sect. 2). Let there exist an order
function T' and a number C > 0 such that the set M(CT) is nonempty and let there exist a number Cx > 0
such that

T
Qurer (dw) > Cx <|5y(0)|2 —|—/ |6ul? dt) for all dw € K. (4.6)
0

Then, for the higher order v defined by (3.1), a bounded strong v-sufficiency holds at w.

Remark 4.2. It was proved in [19], Chapter 5, and [20], Chapter 4, that if w is a Pontryagin minimum, then
the set My is nonempty and maxyea, Q(dw, A) > 0 for all dw € K. Thus, the sufficient condition given by
Theorem 4.1 is a natural strengthening of the necessary condition. Also, it was proved in [19], pp. 323-325,
and [20], Supplement, pp. 154-156, that if, in the definition of critical cone I, the condition dw = (du, dy) € UXY
is replaced by dw = (du, §y) € Uz X Vo, where Us = L%(0,T,R™) and Yo = WH2(0, T, R"), the new condition of
the form (4.6) is equivalent to the original one (this equivalence is not obvious).

Remark 4.3. In the literature, there are sufficient conditions for strong local optimality that require (i) one
tuple of Lagrange multipliers at which the corresponding quadratic form is positive definite on a larger critical
cone; (ii) the strengthened Legendre-Clebsch condition; (iii) the existence of a “unique” control maximizing the
Hamiltonian (the strengthened condition of Pontryagin’s principle) which means that argmin, H (x(t), u, ¥ (t))
is a singleton equal to {u(t)} a.a., and (iv) a certain growth condition (w.r.t. «) of the Hamiltonian at the
infinity (c¢f., e.g., [21], Sect. 10.4, Thm. 10.5). Since (i) and (ii) form a pair of sufficient conditions for weak
local optimality, (iii) and (iv) complement them to a set of conditions being sufficient for strong local optimal-
ity. Moreover, (i) can be equivalently represented in the form of the strengthened Jacobi-type condition (cf.,
e.g., [23]) or in the form of the existence of a solution to the corresponding Riccati equation (cf., e.g., [24]).
Let us briefly compare Theorem 4.1 of the present paper with a known result by Vera Zeidan for strong local
minimum given in [24], p. 1308, Theorem 6.1. In [24], the optimal control problem, referred as problem (C),
has the form: minimize J(z,u) := I(x(b)) + f;g(t,:c(t)u(t)) dt subject to &(t) = f(t,z(t),u(t)), z(a) = A,
P(x(b)) =0, and G;(t,x(t),u(t)) <0,i=1,...,k. So, in comparison with (P), problem (C) has mixed state-
control inequality constraints (instead of pure control inequality constraints), but has no endpoint inequality
constraints. Let (£,%) be an extremal such that @ € L. It is assumed that the gradients G, (¢, x, u) of active
constraints are uniformly linearly independent along the trajectory (t,Z(t),4(t)) and moreover, there exists
a tuple of Lagrange multipliers with Ag # 0, where )¢ is the Lagrange multiplier of J. Let ¢;(¢) be the Lagrange
multiplier of the constraint G;(¢,z,u) < 0. For any v > 0, set J(¢t) = {¢ € {1,...,k} : ¢;(t) > ~}. In [24],
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it is assumed that there exists v > 0 such that J,(¢) = Jo(t) a.e. This is a very strong assumption removing
certain difficulties in the proofs. Consider the case, where the control 4(t) is continuous and f, g, and G are
independent of ¢t. In this case, all ¢;(t) are continuous and the assumption J,(¢) = Jo(t) (v > 0) means that
for any ¢ = 1,...,k we have: (a) ¢;(t) > 0 for all t € [a,b] or (b) ¢;(t) = 0 on [a,b]. In [24], the critical cone
(corresponding to the Riccati equation) is enlarged up to a subspace in such a way that among all G; < 0
only the constraints of type (a) are taken into account in the sufficient conditions, while the constraints of type
(b) are simply ignored. Therefore, in the case of continuous control, sufficient conditions of weak minimum
in [24] turned out to be much stronger than those in the present paper. Now let us turn to sufficient conditions
for strong minimum. We can prove that the strengthened Legendre-Clebsch condition (ii) together with the
strengthened condition of Pontryagin’s principle (iii) guarantee the existence of order function ' (Def. 3.1) such
that the growth condition of order T" holds for the Hamiltonian (Def. 3.8). Hence (according to Thm. 4.1),
(ili) complements (i) and (ii) to the set of sufficient conditions for bounded strong minimum. To guarantee
a strong minimum, one may add some kind of growth condition (iv) for the Hamiltonian at the infinity (or
assume that the inequality g(u) < 0 define a compact set in R™). In [24], the following condition complements
(i) and (ii) to the set of sufficient conditions for strong minimum (and hence play the same role as pair (iii) and
(iv)): there exists a mapping @(t, x,p) (defined in some neighborhood of the trajectory (&(t),p(t)), where p(¢)
is the adjoint variable) such that (a) (¢, -,-,-) is continuous uniformly in ¢, (b) a(¢, £(¢), p(t)) = 4(t) a.e., and
(c) a(t,z,p) € argmin, {pf(t,x,u) + g(t,z,u) : G(t,z,u) < 0} (where p corresponds to the minimum principle).
Obviously, the latter condition strengthens the Pontryagin principle, but a detailed comparison of this condition
with (iii) and (iv) is not so simple and could be done elsewhere.

The proof of Theorem 4.1 will require preparatory sections, namely, Sections 5-8. This proof will be completed
in Section 9. The proofs of several important lemmas will be gathered in Section 10; one of these lemmas (namely,
Lem. 7.2) will be based on the results of Section 11 concerning Hoffman’s error bounds.

5. BOUNDED STRONG AND PONTRYAGIN’S SEQUENCES

Let us introduce a set of Pontryagin’s sequences II related to the notion of Pontryagin minimum. In what
follows, we omit the subscript k£ in the notation of sequences.

Definition 5.1. We say that {dw} is a Pontryagin’s sequence if the following conditions are satisfied:
limsup [[du]|co < 00, |[6ull1 — 0, and ||0y|l1,1 — 0. Denote by II the set of all Pontryagin’s sequences.

5.1. Passage to Pontryagin’s sequences, the basic constant

Given any A\ = (i, p,a) € Ag and dw € W, we define the following Lagrange function for the cost function (2.5)
and constraints (2.1), (2.3) and (2.4):

T T
U(dw, ) := dpt — / p(6y — of)dt = dp — / (poy — 6H) dt, (5.1)
0 0

where o = " (n + 0n) — ¢t (n) (recall that ¢ was defined in (2.6)) and §H = pdf. Below we shall need
another representation of ¥. Using (2.8), we get

T T
/ péydt = pdy |§ */ poy dt
0 0

T (5.2)
= ¢l (mdy(0) + ¢l (n)oy(T) +/O Hy(w, p)dydt

for any A € Ag. Consequently,

T
W(dw, A) = dp" — ol (n)on +/ (0H — Hy(w,p)dy)dt, VA€ Ao. (5.3)
0
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Set

Uy, (dw) = max U (dw, A). (5.4)
Since Ag is a bounded set, using (3.2) and (5.1) it is easy to show that there exists kg > 0 such that

Uy, (0w) < koo (dw). (5.5)
In what follows we assume that, for a given order function T' and a number C' > 0, the set M (CT) is nonempty.
Using estimate (5.5), let us show that any sequence from S is a Pontryagin’s sequence.
Proposition 5.2. If {ow} € S, then ||dul|l1 — 0, ||dy|[1,1 — 0, and v(dw) — 0.
The proof of this proposition will be based on two lemmas.

Lemma 5.3. If {ow} € S and (u,p,a) € Ay, then (fOT (5Hdt) — 0.
+

Proof. According to (5.3)-(5.5), dp" — @b (n)dn + fOT((SH — Hy(w, p)dy)dt < koo(dw). Since ||dy||oc — 0, the
condition o(dw) — 0 implies (fOT 0H dt) — 0. O

Lemma 5.4. If {w} € S, then fo (du)dt — 0 and fo |6ul?dt — 0.

Proof. Let {0w} € S and (y,p,a) € M(CT') (C > 0). We have 6H := H(w + dw,p) — H(w,p) = SyH + 6, H,
where 0, H = H(u+6u,y+ 0y, p) — H(u+0u,y,p), 0, H = H(u+du,y,p) — H(w, p). The conditions |6y — 0

and lim sup ||0u|oe < co imply that ||§, H||c — 0. Therefore, the condition (fOT 0H dt) — 0 (which holds by
+

Lem. 5.3) implies <f0T5 Hdt) — 0. But §,H > CT(du), since (u,p,a) € M(CT) and u(t) 4+ du(t) € U a.e.

Consequently, fo (6u) dt — 0. This implies that fo |6ul? dt — 0. O

Proof of Proposition 5.2. Let {ow} € S. Then by Cauchy-Schwartz inequality and by Lemma 5.4 we have
[6ullr < VT'||6ull2 — 0. Moreover, from conditions [|dull; — 0, |5y(0)| + [[0y[l — 0, and [|67 — 5f[l1 — 0 we

easily deduce that ||dy|[1,1 — 0 and hence ||0y|c — 0. Also, by Lemma 5.4, fo (6u)dt — 0. Consequently,
7(6w) — 0. O

Corollary 5.5. We have: S C Il and moreover,

S = {{ow} e [ g(u(t) + du(t)) < 0}, (5.6)
where the condition g(u(t) 4+ du(t)) < 0 is assumed to be satisfied for a.a. t € [0,T] and for all members of the
sequence {ow}.

Proof. The inclusion S C II follows from Proposition 5.2. Further, for any {ow} € II, we obviously have
o(0w) — 0. Therefore, {{ow} € II | g(u(t) + du(t)) < 0} C S. This and the inclusion S C II implies
equality (5.6), since any sequence from S satisfies g(u(t) + du(t)) < 0. O

Set
o = {{0w} € | g(u(t) + du(t)) <0, o(dw) < O(y(dw))}- (5.7)
From equality (5.6) and definition (5.7) we easily deduce that
Cy(0,5) = Cy(0,115,), (5.8)
where the definition of C.,(0,I1,~) is similar to the definition (3.5) of C, (o, S). Using (5.5), we get

Cv(ga ch) > ko_lcv(\IleaHﬂ)a (5.9)
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where, by definition

C(Up,,Iyy) = inf (lim inf M) (5.10)

{dw}€ell,,
(the lower bound in this formula is taken over the set of sequences from II,, that do not vanish). We call
C, = Cy(¥n,,I1,+) the basic constant (on the set of Pontryagin’s sequences). From (5.8) and (5.9) we obtain
the following inequality
Cy(0,8) > kg 'O, (WA, T,ry). (5.11)

In the sequel, we shall estimate the basic constant from below. Under conditions of Theorem 4.1, we shall show
that this constant is positive. Then in view of (5.11), Theorem 4.1 will follow from Proposition 3.7.

5.2. Extension of the set I,

In the sequel, we shall use one more representation for U. Let A = (u,p,a) € Ag and {dw} € II satisfies the
condition u(t) + ou(t) € U a.e. on [0, T] for all members of the sequence. Then relation (5.3) combined with the
equalities adg + adg— = 0 (where a— = max{—a,0} > 0 and g_ = (g1—,...,9,—)) and 0H = §H + adg implies

T T
W (dw, \) = ot — @b (n)on + / (5H - Hy(w,p)éy) dt + / adg_ dt. (5.12)
0 0

Assume in addition that {dw} € II,, and hence o(dw) < O(y(éw)). For given sequence, we deduce from (5.5)
and (5.12) that

T T
max {&p" — ¢y (n)on +/ (5F - Hy(w,p)5y> dt +/ adg— dt} < 0(9), (5.13)
€Mo 0 0
where v := y(dw). Since H,(w,p,a) =0, H, = H, and limsup ||0w||« < oo, the following estimate holds uni-
formly on Ag: fOT |0H — Hy(w, p)dy| dt < O(y). Moreover, |6 — @t (n)én| < O(y) uniformly on Ag. Therefore,
condition (5.13) implies
T
dg—dt < O(7). 5.14
max /O adg— dt < O(v) (5.14)
This estimate is satisfied for any {0w} € II,,. Hence we can rewrite (5.7) as

T
I, = {{&u} ell| g(u+du) <0, 0 <O(v), f\nz}\x/ adg_ dt < 0(7)} . (5.15)
€Mo Jo

Since the set Ag is finite dimensional, so is its convex hull coAy. Hence the relative interior ricoAg is
nonempty. The following proposition will allow us to simplify the last relation in (5.15).

Proposition 5.6. Let \ = (fi,p,a) € ricoAg. Then there exists C > 0 such that, for any \ = (u,p,a) € colg,
the following inequalities hold
i < Cgy i=0,...,m1;  a;(t) < Caj(t) ae on[0,T], j=1,...,q. (5.16)

Proof. Since A= (fi,p,a) is an interior point of the bounded set co Ag, there exists p > 0 such that for any
A= (u,p,a) € coAg we have A + p(A — A) € co Ag. Condition A — p(A — X) € coAg implies fi; — p(p; — fi;) > 0,
i=0,...,m,and a;(t) — p(a;(t) —a;(t)) >0, j =1,...,q. Consequently,

+p. 1+p

1 . . .
TM’L'ZM’U Z:Ow")rl; Ta](t)za](t)a .7:177q

Thus, it suffices to set C' = (1+ p)/p. O
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Let us fix an element \ = (fi,p,a) € ricoAg. Tt follows from Proposition 5.6, that condition (5.14) is
equivalent to the condition fOT a(dg)— dt < O(v). Then, from (5.15) it follows that

T
II,, = {{&u} ell| glu+du) <0, o <O(v), /0 adg_dt < 0(7)} . (5.17)

Since we estimate the basic constant from bellow, we can extend the set of sequences Il,,. Namely, let us
define a set of sequences

T
My ) = {{5w} ell| glu+du) <0, o <o(/7), /0 adg_ dt < 0(7)} . (5.18)

Obviously, I, C I, ), and hence
C’Y(‘IIAO’HU’Y) > C’Y(‘IIAoaHo(\ﬁ))7 (519)

where the r.h.s. of inequality (5.19) is defined similarly to the L.h.s. of this inequality. In what follows, we will
estimate Cy (¥, I, /4)) from below.

6. LOCAL SEQUENCES

Our final goal is to obtain a lower bound of C., defined by the set of sequences of critical variations (satisfy-
ing (4.1)—(4.3)) and by the quadratic form Q (defined in (4.4)). It will be done in several steps. In each step
lower bound of C, is defined on a different set of sequences and a modification of the function V¥ is used. In
this section, we shall make one more step in this direction, namely, in the definition of C., (W, Il,(, )) we shall
replace Pontryagin’s sequences by the sequences satisfying the condition ||dwl|yy — 0. After that the obtained
lower bound of C., will be simplified.

6.1. Passage to the sequences of local variations

Set
§9¢ = {{ow} | 6wl = [dulloc + [9y]11 — 0} (6.1)

Sequences from 5'°¢ will be called local. Note that S'°¢ ¢ II. Bellow, we shall pass to the set of sequences

loc L loc

So(\ﬁ) = Ho(ﬁ) ﬂ S . (62)

In other words, S})(Efﬁ) is the set of the sequences {dw} satisfying the relations
[[6wlyw — 0, g(u+ du) <0, (6.3)

T
7= oy, [ aldg)-at< 0. (6.4)
By (3.2), the relation o = o(,/¥) is equivalent to the set of relations

165 = f'(w)dwllr = o(v/7), (6.5)
¢i(mon < o(v/7), i € Is(n) U{0}, (6.6)

6i(monl = o(v7), i=ri+1,...,m (6.7)
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The second relation in (6.4) is equivalent to

| atwsn-ar <06, 5= 1.0 (6.:5)

Thus, the set §'9°,_ can be characterizes by (6.3) and (6.5)(6.8).
o(v/7)

Lemma 6.1. For any A = (u,p,a) € Ay and for any sequence {5w} € S'°¢ satisfying the relation g(u+du) <0
(for all members of the sequence) the following formula holds:

T
U (6w, A) = Q(dw, \) +/O adg_ dt + o(y(dw)) (6.9)

uniformly on Ao, where Q is defined by (4.4).
Proof. Formula (6.9) follows from (5.12) and the relations: H, = H, and H,(w,p,a) = 0 for all A € Aq. O

For any C > 0 such that the set M (CT') is nonempty, we set

Uarery(dw) = /\enz\}[a(%r) U (6w, A). (6.10)

Lemma 6.2. For any C > 0 such that the set M(CT) is nonempty, the following inequality holds

C(ay, o) 2 min { Gy (Parior), S5 )+ €' (6.11)

lo

where the constant C, (WM(CF), So(fﬁ)) is defined as in (5.10).

The proof is given in Section 10.1.
Recall that we have fixed C' > 0 such that the set M (CT') is nonempty. Lemma 6.2 along with inequality (5.19)
implies

O, (W4, yy) > min {cv (\I/M(CF), S})‘Efﬁ)) , c} . (6.12)

In what follows, we shall estimate C (\If M(CT)> Sé%iﬁ)) from below.

6.2. Passage to the set of sequences 51

Proposition 6.3. Let A = (u,p,a) € Ag. Then the critical cone K, defined by (4.1)~(4.3), has the following
equivalent representation.:

@i (n)on < 0, pidi(n)on =0, i € Iy(n) U {0},
¢3(n)577:0a j :7’1+1,...,7’, 6y:fl(w)5w7 (613)
(gé'(u)(su)X{gj(u)=O} < 0; ajgju(u)(su = Oa .7 - 17 s q.

Proof. Indeed, from definition (2.14) of the set Ag it easily follows that, for any A = (u,p,a) € Ay and any

ow € W, we have
T

r T
B (n)on — 55— f'(w)s '(w)dudt = 0.
> ol /Op<y £(w) w)dt+/0 ag/(u)dudt = 0

Therefore, relations (4.1)—(4.3) imply that w;¢i(n)dn =0, i € I,(n) U{0}, ag’(u)du = 0. Thus, relations (6.13)
follows from (4.1)—(4.3). Vice versa, relations (4.1)—(4.3) obviously follows from (6.13). O
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Define a new set Sp of sequences {dw} C W by the relations

J6ullc + 6yl11 — 0. o(6w) = o (v/3(50)). (6.14)
g(u) + g’(u)éu <0, g;(U)CSUX{&Jza} =0,5=1,...,¢, e = +0, (615)

where x{4,>¢}(t) is the characteristic function of the set {t | a;(t) > ¢}. The equalities in (6.15) mean that for
a given sequence {dwy} there exists a sequence {ey} such that e, > 0, e — 0, and g} (u(t))dux(t) = 0 a.e. on
the set {t | a;(t) > ep}tforall j=1,...,¢gand for all k =1,2,... Set

DL (dw) = AG%%)C(T) {Q(éw, A) + /OT a(g’(u)du)_ dt} . (6.16)
Lemma 6.4. The following inequality holds
Cy (Wariery, S5 ) = Cy (@8, 91) (6.17)
where
(26, 51) = inf (lim inf ‘I;lc(((sit?)) : (6.18)

The proof is given in Section 10.2.

7. SUPPORT OF THE CRITICAL CONE

Here we define a notion of support of the critical cone and formulate an important property of the support
(Lem. 7.2) which will play a crucial role at the end of the proof of Theorem 4.1 in Section 9. This property
will mean that the first order approximations of the endpoint functionals possess the so-called “Hoffman’s error
bound” [7] on the support.

Set

Wo = {ow = (0u, dy) € W | 6y = fuw(w)ow}. (7.1)

Consider two sets of linear functionals

li: 6w € Wo — ¢i(m)on, i € Iy(n) U{0}, (7.2)
Li:dweWy — @i(n)dn, i=r+1,...,7 (7.3)

where dw = (du, dy), on = (dy(0),dy(T)). Let Qo be the cone generated by functionals (7.2), and let Q1 be the
subspace generated by functionals (7.3). Set

Q= Qo+ Q1. (7.4)

Then @ is a convex and finitely generated cone. Note that w* € @ iff there is a vector p = (o, .- ., fir) € R+
such that p; > 0,7 =0,...,71, pidi(n) = 0,4 = 1,...,r1 and (w*,dw) = @ (n)dén for all sw € Wy, where
ot =31 pidi, as in (2.6). Obviously, (w*, dw) < 0 for any w* € Q and any dw € K. Moreover, let p = p* be
the solution to the adjoint equation —p = pfy(w), p(T') = ¢}, (n). As it is well-known, the functional % (n)dn
has the following representation on the subspace Wj: (cpéjo (n) +p(0)) Yo + fOT pfu(w)dudt. This representation
is “pure integral” iff @& (1) +p(0) = 0.
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Let us define the set

Ro = {0w = (du,dy) € Wo | g (u)dux (g, wy=0y <0, 5)
ajgj(u)(su:()v]:]-a"'7Q}a -

where a is given in Proposition 5.6. Obviously, Rq is a closed convex cone, and by Proposition 6.3, £ C Ry.
Let wl € Q be a linear functional which has the following integral representation on the cone Ro: (wi,dw) =

fo w)dudt Vow € Ro, where a' € L*(0,T;R?*), a' > 0, and a'g(u) = 0. Clearly, (w},dw) > 0 for all
ow € Ro, i.e. wi € R§. Assume that there exists dw; € Rg such that (wj,dw;) > 0. Set Ry = {dw € Ry |
(wy,6w) = 0}. Conditions (7.5) along with a' > 0 and a'g(u) = 0 imply Ry = {6w € Ry | a'¢'(u)éu = 0}.
Moreover, since wj € @, we have (wf,ow) < 0 for all ow € K. But £ C Ry and w] € Rf, consequently
(wy, dw) = 0 for all éw € K. This implies that £ C Ry.

Similarly, let w € @ be a linear functional which has an integral representation on the cone Rq: (w3, dw) =
- fo u)dudt Vow € Ry, where a® € L1(0,T,R9*), a® > 0, a?g(u) = 0. Obviously, (w}, sw) > 0 Véw € Ry,
i.e. w; G R* Assume that there exists dwy € Ry such that (w3, dws) > 0. Set Ry = {dw € Ry | (w3, dw) = 0}.
Then Ry = {6w € Ry | a®¢’'(u)du = 0}. From conditions w} € Q, wi € R}, and K C Ry we deduce that
(w3, dw) = 0 Véw € K. Hence K C Ra.

Continuing this process, we obtain a set of functionals wj,ws, ..., w? and a set of cones Rg, R1,Ra, ..., Rs
such that X C Ry C ... C R1 C Ry and wj(Ry) = {0}, wi(Rix—1) # {0}, k =1,...,s. Due to these properties,
the functionals wi, w3, ..., w} are linearly independent. Since the cone @ (containing these functionals) is finite

generated, this process will be finished on some finite step s. Set S = R, a® = a. Thus
S = {ow e Wy | du € S, }, (7.6)

where
Sui={ou el | (g;(u)du)x(g;(w=0y <0, i=1,...,q,
a'g' (u)du=0,4i=0,1,...,s}.
We call § the support of the critical cone K.

(7.7)

Remark 7.1. Without loss of generality we can assume that a® € L>(0, T;JR’”)7 i =20,1,...,s. Indeed, for

a = a this condition holds. Further, we can choose a' so that a' > 0, a'g(u) = 0, and aj(t) = 0 a.e. on the

set {t | af(t) > 0}, j = 1,...,q. Also we have (wj,dw) := 3057‘1(77)577 = fOTplfu 5udt fT Lo (w)dudt
for all w € Ry, where p' is the solution to the adjoint equation —p' = p'f,(w), p'(T) = goyT (77) Using

these conditions and the linear independence hypothesis for the gradients gj,, we easily deduce that a' €
L*(0,T;R™). Similarly, we can choose a* € L>(0,T;R™) for i > 1.

The following important lemma will be used in Section 9.

Lemma 7.2. There exists N > 0 such that for any ow = (0u,dy) € S there exists w = (u,y) € S such that the
following relations hold

GO +17) <0, i€ Iy U{0}, d5m©n+a) =0, j=r+1,...,m (7.8)
folw <N | > (@imen)+ > il |, (7.9)
i€I,U{0} j=ri+1

where 57’ = (5y(0)a 6y(T)); n = (gj(O), g(T))

The proof is given in Section 10.3.
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8. AUXILIARY ASSERTIONS

Along with Lemma 7.2, the following three lemmas will be used in Section 9. Let Lﬁ_(O,T;R) denote the
cone of nonnegative functions from LP(0,T;R) (1 < p < 00), and let R} be the set of nonnegative numbers.

Lemma 8.1. Let r € LY(0,T,R), set M = {t | r(t) > 0}. Let {(v,®)} be a sequence in L3 (0,T;R) x Ry
such that a — 0, ||v[j2 < «, and fOT rvdt = o(a). Then there exists a sequence {B} of subsets B C M such

that meas B — 0 and for the sequence of sets {A} := {M \ B} we have ||[vxal|lcc = o(a), where x4 is the
characteristic function of the set A.

The proof is given in Section 10.4.
Denote by S’ the set of sequences {u'} in U satisfying the relations

[/lloc =0, measft [ w/(t) # 0} =0, g(w) +¢'(wpu <0,

gj(wu'x(a;5e =0, 5=1,...,q, &— +0. (8.1)

The equalities in (8.1) mean that for the sequence {u}} there exists a sequence e — 40 such that
g5 (u(t))u(t) = 0 a.e. on the set {t | a;(t) >er}t, j=1,...,¢, k=1,2,...
Recall that by the assumption M (CT') # (), where C' > 0. The following assertion holds.

Lemma 8.2. For any {u'} € 5, C" < C, and A € M(CT') we have

T T
/ ((Huu(w,p, a)u’,u') 4+ a(g' (u)u')-) dt > C'/ |u'|? dt, (8.2)
0 0

starting from a certain member of the sequence {u'}.

The proof is given in Section 10.5.

Recall that S; was defined in Section 6.2 as the set of sequences {dw} in W satisfying relations (6.14)
and (6.15). Equivalently, S; is the set of sequences such that ||[dw]|[yy — 0 and relations (6.15) and (6.5)—(6.7)
hold. For the set of functionals wj,...,w?, introduced in Section 7, and for any {Jw} € Sy relations (6.6)
and (6.7) imply the upper bounds (w;,dw) < o(\/¥), i = 1,...,s. This easily follows from the fact that each
functional (wy,éw) belongs to the set @ (defined by (7.4)) and therefore has the form }-,.; 1oy 1i®(n)0n +

Z;=7'1+1 i (n)dn, where p; > 0 for all i € Iy U {0}. Further, recall that each functional w} has an integral
representation (w},dw) = — fOT a‘g’(u)dudt on the cone R;_1,i = 1,...,s, where a* € L*(0,T;R™), a* > 0,
alg(u) =0,i=1,...,s (see Rem. 7.1).

Lemma 8.3. For any sequence {dw} € S1 we have

—/Taig'(u)éudtgo(\/m>, i=1,...,s. (8.3)
0

The proof is given in Section 10.6.

Remark 8.4. Although the upper bound (wj,dw) < o(,/¥) holds for any {dw} € S and any i = 1,...,s, it
does not automatically imply upper bound (8.3), since generally speaking elements of {dw} € S; do not belong

to the cone R;_1 on which w; has the representation (w;, dw) = — fOT atg'(u)du dt.
9. PROOF OF THEOREM 4.1

We are going to estimate C., (9}, S1) (given in (6.18)) from below. To this end, choose any sequence {dw} € S;
that does not vanish. Using Lemmas 8.1 and 8.3 let us construct sequences {v'} € S" (where S’ is given in (8.1))
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and {du1} C S, (where S, is given in (7.7)) as follows. Set v; := —g’(u)dux{y;()=0y, j = 1,...,¢. Then v; >0

and [|vjll2 < O(y/7),j =1,...,¢. By Lemma 8.3 fOT afvjdt <o(\/7),i=1,...,s,j=1,...,q, wherey = y(dw).
Set

M ={t]a(t)>0}, i=0,....s,j=1,....q (9.1)
where a® = @ (recall that @ is given in Prop. 5.6), and
s .
M= M, j=1....q (9.2)
i=0

Leti e {1,...,s},7 € {1,...,q}. By Lemma 8.1, for the sequence {v;} and the set /\/l;», there exist two sequences
of sets {A%} and {B}} such that

A;- U B;- = /\/l;-, A;- N B;- =0, measB;- — 0, ||’quA; lloc = o(\/7) (9.3)

(so, in Lem. 8.1, we can set o := O(,/7)). Let {e} be the sequence corresponding to {dw} such that (6.15)
holds. Set

B=(UJUB Ul Uftlo<at)<ep]. (9.4)

i=1j=1 j=1
Then in view of (9.3) and (9.4) we have: meas B — 0, ||v;x,\Bllcc = 0(y/7)- Due to the hypothesis of linear
independence of gradients g’(u), there exists a sequence of functions {} in U such that
ldllcc = o(y/7), uxs =0,
95 (W)AXMNB = —VjX M\ B (9.5)
g}(u)ﬂX{gj(u):O}\Mj =0,5=1,...,q.

Define a sequence {u'} by the relation v’ = duyxp. Obviously, {u'} € S'. Set du; = du—a— ', dwy = (duy, Jy).
Then du; € S,,. Moreover, using (9.5), we deduce that, for the sequences {dw}, {dw}, and {u'}, the following
relations hold

(6w) = 7(6un) + / ! [2 dt + o((5w)), (9.6)
0
T P
Q6w, \) = QSwr, \) + / (L uw, p. 0, ') dt + o(y(6w)), (0.7)
T T
/0 a(g’ (w)su)_ dt > /B a(g' (w)du)_ dt = /0 a(g' (w)e')_ dt (9.8)

uniformly on Ag. Consequently,

AeM(CT)

T
dL(6w) := max {Q(éw,)\)Jr/O a(g’(u)éu)dt}

>  max {Q(éwl, A) (9.9)
AeM(CT)

[ (st at + ot dt} +olr(5w)).
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Moreover, |[dw1|w — 0, ||0y — fu(w)dus — f,(w)dyl]1 = o(y/(dw)), and relations (6.6)—(6.7) hold. Choose any
C' < C. Set w' = (0,u), y(w') = fOT |u'|? dt. Then in view of Lemma 8.2 and definition (4.5) (of the functional
Qu(cr)) we get

max {ﬂ(éwl,m | Aostwanty+ | a(g'(u)au'>dt}

AEM(CT)

= AeIAr}I%ér) Q0w A) + C'y(w') = Qar(er) (dwr) + C'y(w')

starting from a certain number of the sequences. Combining this inequality with (9.9) we obtain
D¢ (6w) > Qpriery(Swr) + C'y(w') + o(y(dw)). (9.10)

Furthermore, the relation |6y — f/(w)dwi|i = o(y/v(dw)) can be written as 6y — f,(w)dy — fu(w)du; = ¢,
IClli = o(y/v(dw)). Let us define a sequence {y¢} by the equation g = fy(w)ye + ¢, y¢c(0) = 0. Then ||y¢|l1,1 =
o(y/v(dw)). Set dys = dy — y¢, dws = (du1,0ys). Then 0ys — f'(w)dws = 0, and hence dws € S (see Def. (7.6)
of the set S). Since {0w; } satisfies relations (6.6)—(6.7), the same is true for {dws}. Thus, we get

di(mdns < o(v/v(0w)), i € Is(n) U{0},
@i (mons| = o(\/v(0w)), i =7 +1,...,7,

dws €8, |dws|w — 0,

where dns = (0ys(0),dys(T)). By Lemma 7.2, for each member dws of the sequence {dws} there exists
a solution w = (@, y) to the system

PL(n)(Ons + 1) <0, i € I(n) U{0},

such that ||@|y = o(y/7(dw)), where 7 = (g(0),7(T)). Set dwx = dws + w. Then for the sequence {dwi} we
obviously have

dwg € K, [[dwk||w — 0, (9.11)
y(dwr) = y(dwk) + o(y(dw)), (9.12)
Qur(ory(dwr) = Qe (0wi) + o(y(0w)). (9.13)

Now note that on the subspace Wy (specified by (7.1)) the functional |§y(0)|? + fo |6u(t)|? dt is equivalent to

the functional ||dy||%, + fo |6u(t)|?dt (in the sense that the first functional estimates the second one on W,
from below and from above with certain positive multipliers) and by (3.1) the latter is equal to y(dw) in a small
neighborhood of zero in W. Since dwy € K, condition (4.6) of Theorem 4.1 implies that there exists Cj > 0
such that

Qurcer) (Ow) = Ciey(dwi) (9.14)
starting from a certain member of the sequence {dwi}. Relations (9.10), (9.13), and (9.14) imply
O (dw) > Ciy(dwi) + Cy(w') + o(y(6w)). (9.15)
Recall that v(w fo |u'|? dt, hence combining (9.6) with (9.12) we get

v(0w) = y(dwx) +y(w') + o(y(6w)). (9.16)
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Consequently, the following relations hold

1 / / !
q)C(éw) > lim inf C,C’y(5w;c) +C V(w )

y(dw) y(dwic) + y(w’)

lim inf

> min{Cy., C"}.

Since {dw} is an arbitrary sequence of Si, the above inequalities together with (6.18) implies C., (q)lc, Sl) >
min{C}., C'}. The latter holds for any C’ < C. Hence C,(®¢,S1) = min{C}, C}. Combining this inequality
with (6.12) and (6.17) we get Cy(¥p,, ) > min{C,C} > 0. In view of (5.11) and Proposition 3.7 this
completes the proof of Theorem 4.1.

10. PROOFS OF BASIC LEMMAS

Here we give the proofs of Lemmas 6.2, 6.4, 7.2, 8.1, 8.2, and 8.3 used in the proof of Theorem 4.1.

10.1. Proof of Lemma 6.2

Consider the sequence {(0w,¢)}, where {dw} € Tl,( ) (see (5.18)) and ¢ — +0. For any member (dw,¢) =
((0u, 0y), €) of the sequence {(dw,e)}, we set

du(t) if |ou(t)] <e,
ous(t) =
0 otherwise,
ou® = du — due, Owe = (due,dy), ow® = (du,0).
Then ||duc|/coc — 0 and hence {dw.} € S™°°. Moreover, {0w} = {6w.} + {6w*}. To continue the proof of the

lemma, we need the following proposition.

Proposition 10.1. For the sequences {(dw,e)}, {ow:}, and {dw}, the following formula holds
Of =bef+0°f+ry, (10.1)

where

Of = f(w+ow) — f(w), 6 f = f(w+ dwe) — f(w),

5 = lw+60s) = J(w), ry = (6, — 5, F)x" 02

and x° is a characteristic function of the set M = {t | du®(t) # 0}.
Proof. We have
of =0fx"+46f(1—X%)
= (flut dus,y +8y) = flu+8us,y) +6°f)x" +0.f(1 = X°)
= 0y f X"+ O +0cf — 0 fXT =0 f + 0 f + (6yf — 6y )X°
= Gf -6 f s, 0

Let us continue the proof of the lemma. Note that from the definition of 7; in (10.2) it follows that

7 flloo < 118y fllso + 1y flloc < const. [|6ylloc — 0,
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where const. > 0 does not depend on the member of the sequence {(dw,e)}. Obviously, for a given sequence
{ow} € L,(, /), one can choose a sequence € — +0 such that

g2 g2

(Note that (b) = (a), since [|0y|lcc < v/7(0w).) Then we have

sty < 12l [ Ile [ e ar = o), (103)
13 Me 13 Me

where v¢ := y(dw®). Let A = (1, p,a) € Ag. Since 0H = pdf, it follows from Proposition 10.1 and estimate (10.3)
that fOT 0H dt = fOT o0.H dt—l—fOT §¢ H dt + o(¥¢) uniformly on Ay, where 6. H = H(u+ duc, y+ 0y, p) — H(u,y,p),
0°H = H(u + éu®,y,p) — H(u,y,p). Hence, from definition (5.1) of the function ¥, we obtain: ¥(dw,\) =
U(dwe, A) + fOT 0°H dt + o(y¢) uniformly on A, and then

U, (dw) = max {\Il(5w€7>\) i /OT 56Hdt} + o(¥%). (10.4)

AEAg
Furthermore, the condition g(u + du) < 0 implies
glu+dus) <0, glu+ou®) <0. (10.5)

Consequently, by (3.6), 6°H > CT'(6u®) for any A € M(CT), and then fOT 0°H dt > C~* for any A € M(CT).
Since M(CT') C Ay, we have

T T
max{‘l’(éwa,)\)+/ 55Hdt} > max {\If(éwe,)\)—i—/ 5€Hdt}
AEAQ 0 AEM(CT) 0

/\erl?/l%él“) {‘I’(5we, A) + Cry } = Wpcr)(dwe) + Cy

V

Y

(see Def. (6.10) of Wpscry). This along with (10.4) implies
U, (0w) > W pory (dwe) + Cy° + o(7°). (10.6)
Moreover, we obviously have v = . + v, where v := y(dw), v. := y(0w,), v¢ := v(dw*). For the sequence of

pairs {(dw, €)}, let us consider two cases.

Case 1. liminf~./y = 0. In this case, we choose a subsequence such that 7. = o(y), and hence v¢/y — 1
for this subsequence. Without loss of generality assume that this condition is satisfied for the whole sequence
{éw}. Then using Lemma 6.1 and the inequality ad.g— > 0 we get

T
\IIM(CF) ((5"(1)5) - )\g}\?(xc) {Q((Swsa )‘) + /O aéeg, dt} + 0(75)

Y

QM(CF)(5wa) +0(7e)

(see Def. (4.5) of Qp(cry). Combining (10.6) and (10.7) we obtain

W, (50) = Qagiery (Gw) + C7F + o). (10.7)
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Since |Qa(cr)(dwe)| < O(v:) = o(7) and v* /v — 1, we get

Y, (0w) o (10.8)

lim inf ———=
Y(0w)

Case 2. liminf~./v > 0, and hence v < O(7.) and 7° < O(,). Let us show, in this case, that

{6w:} € S5 (10.9)
Indeed, the sequence {dw.} = {(du.,dy)} satisfies the conditions ||§uc oo + ||0y[|1,1 — 0, i-e., {ow:} € S°¢, and
moreover, ¢(u + du:) < 0. Furthermore, since \/7/e? — 0, the following estimate holds

meas M- = & / 2 < 57 0(1) < Y VAF-0(1) = o). (10.10)

In virtue of Proposition 10.1 §f = 6. f +06° f +ry, where ||rs||1 = o(7°) (see (10.3)) and ||0° f||1 = O(meas M?) =
o(y/7°) (see (10.10)). This and the relations ||07 — df|1 = o(\/7), ¥ = O(7:) imply [[6y — 6. f|l1 = o(y/7=)-
Note that in the definition of dw. = (du.,dy) the component dy is the same as in dw. Therefore, conditions
o(dw) = o(\/7) and v < O(7e) imply o(dw.) = o(,/7=). Finally, fOT ad.g_ dt < fOT adg_ dt < O(y) = O(ve).
Thus, (10.9) is proved.

It follows from (10.9) and inequality (10.6) that

v owe) + Cye
liminfw > liminf M(CF)( we) +Cy
v(6w) g
v 0 € v é
— liminf (k ) M +C- 7_) > lim inf (min{m , C})
Y Ve Y Ve
v dwe v
= min {hm inf M ) C} > min ¢ inf <lim inf M) , C
e S v

= min{C’7 (\I/M(cr)asé(zfﬁ)> ’ C}’
where v = v(dw).

Thus, we have proved that for any sequence {dw} € Il /) there exists a subsequence such that for the
subsequence we have:

liminf ¥, /v > min {C7 (\I/M(Cp), Sggfﬁ)> : C} . (10.11)
This implies inequality (6.11). Indeed, in the opposite case there exists a sequence {dw} € Il /) such that
liminf ¥y, /v < min {C,Y (‘IIM(CF)a ngfﬁ)) , C’} :
Consequently, there exists a subsequence such that

lim Wy, /vy < rnin{C’7 (WM(CF),S};(’%)) , C’}.

But then the choice of a subsequence satisfying (10.11) is impossible. The lemma is proved.
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10.2. Proof of Lemma 6.4

Take any sequence {dw} € S°¢_.. As it was noted in Section 6.1, this sequence satisfies relations (6.3
o(v/7)

and (6.5)—(6.8). From the relation g(u + du) < 0 (see (6.3)) it follows that
65 (u(t)) + g (u(t)Fu(t) < kalSu(®)P, G=1,....q, (10.12)
where k1 > 0 does not depend on the member of the sequence. Due to the hypothesis of linear independence

of the gradients g} (u), for any sequence € = (du) — +0, there exist ka > 0 and a sequence of corrections {u}
such that

a(t)] < ko (I6u<t>|2 + me,.ze}(t)@; (u(t))6u<t))—) : (10.13)
g; (u(t)) + g} (u(t)) (Ou(t) + a(t)) <O ae., j=1,....q, (10.14)
g5 (u(t))(du(t) +a(t)) =0 if a;(t) >e, j=1,...,q, (10.15)
gi(u(t))a(t) =0 if 0<a;t)<e, j=1,...,q. (10.16)

Relations (10.13) imply ||@]|c < O(]|du]ls) = o(1). Since

/ 1T, 1
/{&JZE} (gj(u)&a), dt < E/Q aj(gj(u)éu)i dt < EO('Y(&U))

(see (6.8)), relation (10.13) implies that ||@]|; < O(y(dw))/e. Choose € = £(dw) — +0 such that ||dw| /e — 0.
Then /v(dw)/e — 0, and hence ||@||; = o(1/7(dw)). Moreover, since ||du||-c/e — 0, we have

/0 a2 dt < [[alloollally < O(l6ulloc) - O(y(3w))/e = olx(5w)), (10.17)
T

/0 (6l - ] dt < [[5ulloclls < [5ullocO(y(3w))/2 = ox(5w)), (10.18)

/O 16y] - [l dt < [5yllocllally < 116y]lO(v(w))/e = o(y(5w)). (10.19)

Set {0w1} = {(du + @, dy)}. Relations (10.17)-(10.19) imply that, for the sequences {dw;} and {dw}, we have
Qdwn, \) = 20w, \) + o(y(6w)),  A(6w1) = 3(5w) + o(1(3w)) (10.20)

uniformly on Ag. Since |||/ — 0, we have ||dw1]yw — 0, and using (6.5) and the estimate ||@|; = o(y/7(0w))
we get

163 — £/ (w)bwi s = o). (10.21)

Moreover, the sequence {0w; } satisfies relations (6.6)—(6.7) (with dn = dn; since dy = dy1) and the relations
95 (u(t)) + gj(u(t))dur(t) <O ae., j=1,....q, (10.22)
gi(u(t)dui(t) =0 if a;(t) >e, j=1,...,q, (10.23)

g5 (u(t)ou(t) = gj(u(t))dui(t) if 0 <a;(t) <e, j=1,...,q. (10.24)
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Consequently {dw;} € Sy. Let us show that, for any j = 1,...,q, we have

T T
/ a;j(g;(u)our)- dtS/ a;(g;(u+ u))_ dt + o() (10.25)
0 0

uniformly on Ag. Indeed, since & — 0 and in view of (5.16) {t | a;(t) < e} C {t | a;(t) < Ce}, relations (10.23)

and (10.24) imply
T
/aj( (w)duq)— / w)duy)— dt
0 a;S€

/aJ Su)_dt < /aj<és a; (g} (u)du) -

/ oyl b)) dt -+ O (ow)

<
IN

IA

g

IN
@
|/\

IN

/0 i(gj(u+ou))_ dt + o(y(ow)).

From relations (6.9), (6.10), (6.16), (10.20), and (10.25) it follows that ®¢(dw1) < Waror)(0w) + o(y(dw)),
where {0w;} € S;. Along with the second relation in (10.20) this implies that

M > lim inf M
y(6w) v(dwr)

lim inf > O, (g, Sh).

Since {dw} is an arbitrary sequence in S'°° ol /A7)’ inequality (6.17) follows. The lemma is proved.

10.3. Proof of Lemma 7.2

In order to prove Lemma 7.2 we need five auxiliary propositions, which will be proved bellow. Recall that
the critical cone K was defined by relations (4.1)—(4.3) and the support S was defined by (7.6).

Proposition 10.2. The following equality holds
K = {ow € § | conditions (4.1) hold}. (10.26)

Proof. Let Ks denote the r.h.s. of equality (10.26). Since X C Rs = S and each element of K satisfies
conditions (4.1), we have K C Ks. Vice versa, each element of Ks satisfies all equalities and inequalities
n (7.7), (4.1), and (4.2), and hence belongs to K. It means that Ks C K. Consequently, K = Ks. O

Recall that the cone @ (defined in (7.4)) and the system of functionals w7, . .., w? were introduced in Section 7.
Let us note that from the maximality of this system we get the following important property of the cone S.

Proposition 10.3. If a linear functional w* € Q has an integral representation (w*,ow) = — fo ag’(u)dudt
on the cone S such that a € L*(0,T;R%), a > 0, and ag(u) = 0, then (w*,dw) = 0 for all 6w € S.

Recall that S, was defined by (7.7), and the sets M, were defined by (9.2). Obviously, M; = {t |
Sio@j(t) >0}, j=1,...,q. Set

Nij=A{t]g;(u(®)) =03\ M;, j=1....q (10.27)
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Proposition 10.4. The following equality holds
Su = {6u e U | gj(u)duxn, <0, gj(w)duxm; =0, j=1,...,q}, (10.28)

where xn; and xm; are the characteristic functions of the sets Nj and M, respectively, j =1,...,q.

Proof. Let S, denote the r.h.s. of equality (10.28). If du € S.., then we have gé(u)éux{gj(u)zo} < 0, since
M; UN; = {t | gj(u(t)) = 0} Vj. Moreover, for any j, the condition g(u)dux; = 0 implies a’g}(u)du = 0
Vi and hence a'g’(u)du = 0 Vi. Consequently, du € S,. Vice versa, let du € S,. For any i, the condition
a'g'(u)du = 0 means that Zj ajg;(u)du = 0. Along with the conditions g}(u)duxy;w)=0y < 0, aj > 0, and
aégj (u) = 0 Vj this implies that a§g§ (u)du = 0 and hence ), a§g§ (u)ou = 0 Vj. Consequently, g’ (u)duxm, =0
Vj. Then from the conditions g’ (u)dux(y,w)y=0y < 0 Vj it follows that g’(u)duxn; < 0 Vj. Consequently,
ou € S,. Thus, S, = S,. 0
In the space L1 (0, T; R™*), consider the cone C of functions h of the form h = —ag’(u), where a € L*(0,T;R?*)

is such that
a;j(t)=0ift ¢ M;UN;; a;j(t)>0ifteN;, j=1,...,q. (10.29)

Proposition 10.5. C* = S,,, where C* is the cone polar to C'.

Proof. (a) Let us show that S, C C*. Indeed, if du € S, and h € C, then from (10.28) and (10.29) we
get (du,h) = fOT héudt = ffOT Yoi_iajgi(u)dudt > 0. (b) Let us show that C* C S,. Let du € C*, i.c.,

j=1

du € L*(0,T;R™) and for any h € C we have fOT houdt = =371, fOT a;gi(u)dudt > 0, where a € L*'(0,T;R%)

satisfies (10.29). This implies that g’ (u)duxa; <0 and gj(u)duxrm; = 0,7 =1,...,q, i.e., du € Sy. O
Now set

Y ={(0u,0yo) €U xR" | du € S, }. (10.30)

Obviously, there is a one-to-one correspondence between the sets S (defined in (7.6)) and ¥ given by the mapping
(0u,dy) € S — (du, dy(0)) € %.

Let = (poy ..., ptr) € ROFD* ol = 5™ 1, and let ©k(n)dn be the functional (defined on the sub-
space W) introduced in Section 7. In what follows, it will be convenient to treat ¢} (n)dn as a functional
defined on Y. Namely, define a linear functional

(0w, 0yo) € U x R™ — @l (n)dyo + ¢4, (n)oy(T), (10.31)

where 0y is the solution to the equation dy = fi,(w)du+ fy (w)dy with the initial condition dy(0) = dyo. For this
functional, we shall use the same notation ¢} (1)dn. This will also concern elements of Q. Set

P={(h,&) € L'(0,T;R™) x R™ | h € C, £ =0}. (10.32)
Since by Proposition 10.5, C* = S, we obviously have
P =3 (10.33)

Moreover, each element of P can be treated as a functional on i/ x R™ with a pure integral representation. The
following property will play a crucial role for the existence of corresponding Hoffman’s error bounds.
Proposition 10.6. There exists a subspace L in P such that PNQ C L C P.

Proof. Let | € PN Q. Then [ has an integral representation: [(du,dyy) = ffOT ag’(u)dudt, where a €
LY(0,T;R%) satisfies (10.29). Set a; = ajxn; Vj, @ = (ai,...,aq). Then, obviously, we have I(dw) =
— fOT ag'(u)dudt on S. Moreover, a > 0, ag(u) = 0, and a;xn; = a; ¥j. Since [ € @, by Proposition 10.3, [ is



SECOND-ORDER SUFFICIENT OPTIMALITY CONDITIONS FOR CONTROL PROBLEMS 475

equal to zero on § and hence fOT ag'(u)dudt =0 on S,. This implies that @ = 0. Consequently, a;xn; = 0 Vj.
The latter conditions define a subspace L in P (see (10.29) and (10.32)). O

Now we can prove Lemma 7.2. The proof will be based on abstract Lemma 11.9 proved in Section 11.

Proof of Lemma 7.2. For any dw € S consider system (7.8) of linear inequalities and equalities on the cone 3
(i.e., with (u,g0) € X). According to Proposition 10.6 and since P* = X, this system on ¥ satisfies all conditions
of Lemma 11.9 (with X =U x R, Y = LY(0,T;R™) x R™*, K = %, Ky = P, K, = Q). By this lemma,
for any dw € S, system (7.8) is compatible and has Hoffman’s error bound. Consequently, the same system
considered on the cone S (i.e., with w = (u,y) € S) is always compatible and has Hoffman’s error bound too
(note that a finite dimensional subspace in Def. 11.8 can be equipped with the norm of the space W). The
lemma is proved.

10.4. Proof of Lemma 8.1

Recall that at the beginning of Section 8, Lﬁ (0, T;R) was defined as the cone of nonnegative functions in
L?(0,T;R). The following proposition will be used in the proof of Lemma 8.1.

Proposition 10.7. Let r € LL(0,T;R), M = {t|r(t) > 0}, v € L1 (0,T;R), and N' = {t | v(t) > 0}. Assume
that N C M. For § > 0, set

0 otherwise, ro(t) = r(t) —rs(t),

ra(t) = {r(t) if r(t) <o

and similarly, for e > 0, define v(t) and v:(t). Set Ms = {t | rs(t) > 0}, M? = {t | rO(t) > 0}, NL = {t |
ve(t) > 0}, and N = {t | v¢(t) > 0}. Then the following estimate holds

1 T
meas V¢ < — / rvdt+5/ vdt | .
de 0 M

Proof. Since N® C N C M = MsUM?®, we have N© = (N N M?) U (NN Ms). Consequently,

T
55meas./\/5:/ 55dt+/ (5€dt§/ rodt + 0 vdt.
Nenms NenMs 0 M

The required estimate follows. O

Proof of Lemma 8.1. Without loss of generality, assume that {t | v(t) > 0} C M for all members of the
sequence {v}. According to the conditions of the lemma, we have ||v||2 < « and fOT rvdt < pa, where p — 40.

Set 6 = \/p and € = a(\/p++/meas /\/15)%, where M was defined in Proposition 10.7. Obviously, meas M5 — 0
and hence ||ve|leo < € = o(a). Since ||v||2 < a, according to Proposition 10.7 we have

T
meas{t | v°(t) > 0} < 1 / rvdt+5/ vdt
de \ Jo M;

< 5—15 (pa +5\/meas/\/15||v|\2) < 5% (p+6\/meas/\/l5)
< (Vp+ \/meas/\/l(;)% — 0.

Thus, it suffices to set B = {t | v°(¢t) > 0}. The lemma is proved.



476 N.P. OSMOLOVSKII

10.5. Proof of Lemma 8.2

Assume that the assertion of the lemma is not true, i.e., there exist a sequence {u'} € S’, a number C’ < C,
and an element A € M (CT') such that

/ ((Huu(w, p, a)u’,u') + a(g' (w)u')-) dt < C’/ lu'|? dt (10.34)
0 0

for all members of the sequence. Since {u’} satisfies (8.1), the following estimates hold
glutu) <kalu'P, gilu+u)xga, > <kild? G=1,....0,

where ¢ — 40 and k; > 0 does not depend on the member of the sequence. Due to the hypothesis of linear
independence of gradients g’(u), there exists a sequence of corrections {v} such that

glu+u +0v) <0, gilu+u +v)xga,5 =0, [v] <kfu?, (10.35)
where kg > 0 does not depend on the member of the sequence. Set {du} = {u' + v}. Then we obviously have
|6ul? = || 4+ 71, (Huu(w,p,a)du,du) = (Hyuy(w,p,a)u’,u’)y + ra, (10.36)

where |r;| < ks|u/|?, i = 1,2, and k3 > 0 does not depend on the member of the sequence. Moreover, using the

second and the third relations in (10.35), as well as inequalities (5.16), we get for any j =1,...,q
a;95(u+0u)— = a;g;(u+ 0u)_xqa;<cy < aj(g)(wu’) _ +raj,

where |r4;| < ekyj(|6ul?® + |v|) < eksju/|?, and k4; > 0 and ks; > 0 does not depend on the member of the
sequence. Consequently,

T T
/ wﬁdp:/|wﬁm+dyy (10.37)

0 0

T T

/ (H yu(w, p, a)du, du) dt = / (H o (w, p,a)u’,u'y dt + o(v'), (10.38)

0 0

T T

/ ajg;(u+du)_dt < / a;(gi(u)u’) _dt + o(y'), (10.39)

0 0

’12dt. These relations imply the inequality

T
where 7' = [ |u
0

/ ((H yu (w, p, a)Su, Su) + adg_) dt < / ((Fw(w,p7 a)u',u') + a(g'(“)ul)7> dt + o(v'), (10.40)
0 0

where 69— = g_(u + du) — g—(u). Since H,(w,p,a) = 0, §,H = §,H + adg, and §g + dg_ = 0, where
0uH = H(u + du,y,p,a) — H(u,y,p,a), etc., we obtain

T T T
/ ((H yu(w, p, a)bu, 6u) + adg_)dt = / (6,H + adg_) dt + o (/ |6u? dt)
0 0 0

T T
/)%Hﬁ+o</|MFﬁ>. (10.41)
0 0
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Combining relations (10.34), (10.37), (10.40), and (10.41), we get

T T T
/ S Hdt+o (/ |5u|2dt> < C”/ |6u|? dt. (10.42)
0 0 0

But since the sequence {du} satisfies the condition g(u + du) <0 and A € M(CT'), we have §,H > C|du|?, and

hence fOT 0 H dt > C’fOT |§u|? dt. This together with estimate (10.42) contradicts the inequality C' > C”’. The
lemma is proved.

10.6. Proof of Lemma 8.3

Let {6w} € Sy and let {} be the corresponding sequence of positive numbers converging to zero (see (6.15)).
For any j =1,...,q, define a sequence of sets B? ={t|0<a;(t) <e}. Let B® = ?:1 B;-), dupgo = dux o and
du® = 6u — dupo = du(l — xpo), where ypo is the characteristic function of the set B°. Note that [|0u’|s <
|dull2 < \/7(6w). Since meas B® — 0, we have ||dupo||1 < vmeas BO||6ul|2 = o(y/v(dw)). Moreover, we have
g; (u)éuox{gj(u)=0} <0, djg;(u)éuo =0,7=1,...,q. Let us define a sequence {5y} such that all members of the
sequence {0w’} = {(6u®, §y°)} belong to the cone R (see (7.5)). From (6.5) we get 0y = f, (w)dy+ fu(w)du+C,
where [|¢[[1 = o(/7(0w)). Define §y° as the solution to the equation §7° = f, (w)y°+ f..(w)du®, 5y°(0) = §y(0).
Set § = dy — dy". Then § satisfies the equation 3 = f,(w)j + fu(w)dupo + ¢, H(0) = 0, from which, in view
of estimates [[dupo|l1 = o(y/v(dw)) and ||¢|l1 = o(y/v(dw)), it follows that ||F|l1,1 = o(y/v(dw)). This and the
estimate (wy, dw) = gogl(n)én < o(y/7(6w)) imply (w},sw?) < o(y/v(dw)). But now dw’ € Ry, therefore we
get — fOT atg'(u)du® dt < o(1/~v(dw)). Since |[dupol|s = o(1/7(dw)), we also get — fOT atg'(u)dudt < o(y/v(dw)).

Now, using Lemma 8.1, let us change the members of the sequence {du’} on the sets M} := {t | a}(t) >
0}, j = 1,...,q, and define a new sequence {dw'} whose members belong to the cone Ri. Set ’UJO» =
—g5(w)ou’x (g, (=0} § = 1,...,q. Then we have v§ >0, [[v9[]2 < O(y/7(éw)) and fOT a'v) dt = o(y/~v(6w)),
j =1,...,q. According to Lemma 8.1, for any j there exist two sequences of sets {Ajl} and {BJI} such
that A} U Bj = Mj, A; N Bj = (), meas B} — 0, and H"U?XA;HOO = o(y/7(6w)). Let B! = U?Zl B} and
6ul, = 6u’xpi. Since meas B! — 0 and [[6u]]2 < \/7(dw) we have [|dul, |1 = o(y/7(0w)). In view of the
hypothesis of linear independence of the gradients gj(u), from the estimate ||’U?XA11 oo = o(y/7(dw)) it follows
that there exists a sequence {u°} such that [|i°|| = o(y/7(0w)), @Wxpr = 0, gj(u)a® = v} a.e. on the set
Aj\ B', and gj(u)u’ = 0 a.e. on the set {t | g;(u(t)) = 0} \ Mj, j =1,...,¢q. Set ou' = du® — dul, — a°
and define dy' as the solution to the equation 69! = f,(w)dy' + fu(w)du', dy*(0) = dy(0). Then, as it
is easily seen, all members of the sequence {dw'} = {(du',dy')} belong to the cone R;, and, for this se-
quence, we have (w},dw!') < o(y/v(6w)). This implies that —fOT a’g'(u)dut dt < o(y/v(6w)), and then
—fOT a*g'(u)dudt < o(/y(0w)). Similarly, we change the sequence {du'} on the sets M? = {t | a3(t) > 0},
j=1,...,q, and deduce that — fOT a?g’'(u)dudt < o(1/v(6w)), etc. The lemma is proved.

11. HOFFMAN’S ERROR BOUNDS FOR A SYSTEM OF LINEAR INEQUALITIES
ON A CONVEX CONE

Formally this section is independent from the others. Following [18,20], pp. 229-243, in Sections 11.1-11.3 we
study two questions concerning a system of linear inequalities on a convex cone: (a) the existence of a solution
to the system; (b) the existence of Hoffman’s type [7] upper bounds for the distance from the origin to the set
of solutions to the system. In Section 11.4 we consider the same questions for a system of linear inequalities and
equalities on a cone. In Section 11.5, we formulate an abstract notion of support of the critical cone and prove
that the system of inequalities defining this cone possesses a Hoffman’s error bound on the support. The main
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result of Sections 11.1-11.3 (Lem. 11.6) was published in [18] with a short sketch of the proof. Section 11.5 was
written in 2007.

11.1. On the compatibility of a linear system on a cone

Let X be a linear space, [; : X — R, 2 =1,...,k a set of linear functionals, K a convex cone in X. Consider
the following system:
(li,x) +& <0, i=1,...,k, z€K. (11.1)
We will write it briefly as
l(z)+€£<0, zekK, (11.2)
where [ : X — R is a lincar operator which corresponds to the set of linear functionals I; : X — R, i=1,....k,

and £ = (&1,...,&)" € RF.
Set Q =I(K) + R’i, where [(K) is the image of the cone K under the mapping | : K — R¥. It is clear that

) is a convex cone in R*, and system (11.2) is compatible (i.e., has a solution) iff (—¢) € Q. In what follows,
for any A C R the inequality A > 0 means that inf A > 0.

Lemma 11.1. Assume that the cone  is closed. Then system (11.2) is compatible iff the relations o € RE*,
al(K) > 0 imply af < 0.

Proof. Let system (11.2) be incompatible, i.e., —€ ¢ Q. Since  is a convex and closed cone, there exits a vector
a € R¥ such that a(—¢) < 0 < aQ, where af) = {aw | w € Q}. The inequality af > 0 implies that al(K) > 0
and aRi > 0. Consequently, « > 0. Moreover, a& > 0. Thus, we obtain: if the relations o € Ri*, al(K) >0
imply that a€ < 0, then system (11.2) is compatible.

Vice versa, let system (11.2) be compatible, and let 2y be a solution to this system. Let a € R¥* and
al(K) > 0. Since zp € K, we have al(xy) > 0. Consequently, af < al(xg) + af = a(l(xg) + &) < 0. The lemma
is proved. O

If K = L, where L is a subspace in X, then the cone Q = I(L) + Rff_ is closed. It follows from the fact
that, in this case, 2 is a finite faced cone, since € is the sum of the subspace [(L) and the finite faced cone Rf_.
Moreover, the inequality al(L) > 0 is equivalent to the equality «l(L) = 0. Thus we obtain the following
corollary of Lemma 11.1.

Corollary 11.2. Let K = L, where L is a subspace in X. Then system (11.2) is compatible iff the relations
a € R¥ al(L) =0 imply a& < 0.
11.2. On the existence of Hoffman’s error bound on a cone

Now let us study the second question: how one can estimate (from above) the distance from the origin to the
set of solutions to system (11.1)? Although X is assumed to be a linear space, any finite dimensional subspace
H C X can be endowed with a norm || - || and any two norms on H are equivalent. The following definition
pertains to this possibility.

Definition 11.3. We say that system (11.2) has Hoffman’s error bound if there exists a finite dimensional
subspace H C X such that for any norm || - || in H there exists a constant N = N(I, K, H, || - ||) > 0 such that
the following condition holds: if system (11.2) is compatible, then the system

l(z)+€£<0, zeKNH (11.3)
is also compatible, and there exists a solution xg to system (11.3) such that

[[zoll < N|E+], (11.4)

where |£4] = max &ty and &4 = max{¢;,0}.
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The well-known Hoffman’s lemma states that if K = X and the space X is finite dimensional, then sys-
tem (11.2) has Hoffman’s error bound.

So, we shall study the question: under what conditions system (11.2) has Hoffman’s error bound? In the
sequel, we do not assume that the space X is finite dimensional.

Recall that a cone C'is called finite generated if there exists a finite set of its elements ay, ..., as (generators
of the cone) such that each element z € C can be represented as © = Aja; + ...+ Asas with Ay >0,..., s > 0.
In a finite dimensional space, a cone is finite faced iff it is finite generated.

Hoffman’s lemma has the following simple generalization.

Lemma 11.4. Assume that Q = [(K) + Ri is a finite faced cone. Then system (11.2) has Hoffman’s error
bound.

Proof. Since ) is a finite faced cone in R*, then ( is finite generated. Let ¢! = [(2%) + 7, i = 1,...,r be the
generators of the cone , where 2° € K, n' € Ri, i=1,...,7. Let H be the linear span of the set {z!,... 2"},
and let K be the cone generated by x!, ..., 2". Then it is easy to see that Q = [(Kj) +Ri. The cone Ky is finite
generated and hence finite faced in H. Consequently, there exist linear functionals m; : H — R, j =1,...,s
such that Ko = {x € H | (mj,z) <0, j =1,...,s}. In the finite dimensional subspace H, let us consider the
System

i,y +& <0, i=1,....k, (mj,z)<0, j=1,...,s, x€H. (11.5)

The set of solutions to system (11.5) contains in the set of solutions to system (11.1); moreover, both sets are
empty or nonempty simultaneously. Now, using Hoffman’s lemma for system (11.5), we obtain the required
error bound. The lemma is proved. (]

Corollary 11.5. If K = L is a subspace in X, then Q = Z(K)JrR’i is a finite faced cone, and hence system (11.2)
has Hoffman’s error bound.

11.3. Special case, where Hoffman’s error bound holds

Lemma 11.6. Let Y be a locally convex topological space, X = Y™ the dual space, Ky a closed convex cone inY,
K = K5 the dual cone in X, l;, i =1,...,k a set of elements of the space Y considered as the linear functionals
on X. Denote by K| the cone in'Y generated by the elements l;, i = 1,....k, le., K, ={y=al | a € Rff_*}
Assume that there exists a subspace S C'Y such that K, N Ky C S C Ky. Then system (11.2) has Hoffman’s
error bound. Moreover, system (11.2) is compatible iff the conditions « € Rﬁ*, al € Ky imply that o < 0. In
particular, for any xg € K the system l(x + x¢) < 0, x € K is always compatible.

The proof of this lemma will be based on the following theorem.

Theorem 11.7. Let Y be a locally convex topological space, K1 CY a finite generated cone, Ko CY a convex
closed cone. Assume that there exists a subspace S C'Y such that K1 N Ky C S C Ka. Then (K1 N K)* =
K{ + K35.

Proof. (a) First, consider the case K1 N K2 = .S, where S is a subspace in Y. Set Q = K] + K;. We must show
that @ = S*.

It is obvious, that S* = (K1 N K3)* D K7 + K5 = Q. Next, it is easy to see that, for two nonempty cones,
the dual cone to their sum is equal to the intersection of their dual cones. Therefore, Q* = (K} + K3)* =
K{* N K3*. Since K; is a finite generated cone, we have K{* = K;. Moreover, K1 C Y. Consequently,
Q" =KiNK;* =K N(K;*NY). Since K3 is a convex closed cone and Y is a locally convex topological space,
we have K3*NY = Ky (here, local convexity of Y was used). Thus we obtain Q* = K; N Ko = S. Moreover,
@ C S*. Let us show that this implies the equality @ = S*.

Assume that @ C S* and @ # S*. Then there exists € S* such that ¢ Q. Consequently, there exists
x* € @Q* such that (x*,x) < 0. But since 2* € Q*, Q* = S, and = € S*, we have (z*,x) > 0. This contradiction
proves that the condition @ # S* does not hold, i.e., Q = S*.
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(b) Now, consider the general case: K1 N Ko C S C Ks, where S is a subspace in Y. Since the cone K is
finite dimensional, without loss of generahty, we can assume that the subspace S is finite dimensional.

Set K1 = K, + S. Let us show that K1 N Ky = S. Since 0 € Ky, we have S C K1 Moreover, S C Ks.
Therefore, S C K1 N Ks. Vice versa, let yo € Ko and ys € K1 =K1+ S5, i.e. yo =11+ s, where y; € K3
and s € S. Since S is a subspace, we have —s € S. Therefore, —s € K5. Since K5 is a convex cone, we have
y1 = y2— s € Ky. Consequently, y; € K1 N Ky C S. Therefore, yo = y1 +s € S. This implies that kl NKy CS.
Consequently, KinK,=S8.

Since K1 N Ky C S C Ky, we have K1 N Ky = K1 N S. The cone K is finite generated, and S is a finite
dimensional subspace, hence S can be also considered as a finite generated cone. As it is well-known for
finite generated cones, the dual cone to their intersection is equal to the sum of their dual cones. Therefore,
(K1 N Ky)* = (K1 NS)" = Ky + S*. Further, since KiNKy =S8 C Ky and the cone K; = K; + S is finite
generated, in virtue of (a) we have §* = (K} N K>y)* = Ki + K3. But Kf = (K, +S)* = K{N.S*. Consequently,
S* = Kf NS*+ K. Thus, we get (K1 N Kq)* = K{ + 5" = K{ + (KfNS*) + K; = K{ + K. The theorem is
proved. [

This theorem was discussed and proved in the seminar of Milyutin.

Proof of Lemma 11.6.. Set C = (K;NKy)*, Q@ = (K)+R%. Let us show that © = {(C)+R% . Indeed, in virtue
of Theorem 11.7, C' = K} + K3.. Consequently, [(C) = I(K}) + (K} ). But, obviously, I(K;) C R%, and hence
I(K})+ RE = RE. Consequently, I(C) + RY = [(K}) + RY = [(K) + RE = Q. Further, as it was mentioned
in the proof of Theorem 11.7, K; N Ky = Kl N.S. Since Kl is a finite generated cone and S is a subspace, the
cone K; NS is finite generated too. Consequently, C' = (K; N Ky )* is a finite faced cone in X. This implies
that Q = [(C) +R% is a finite faced cone too.

Since each finite faced cone is closed, by Lemma 11.1 the compatibility of the system I(z) +& < 0,z € K
is equivalent to the condition: if o € Rf_, al(K) > 0, then a& < 0. But since [; € Y for all ¢, the condition
al(K) > 01is equivalent to the condition al € K*NY = Ky. This implies the assertion of the lemma concerning
the compatibility of the system. In particular, if g € K and &, = I(z¢), then the conditions ol € Ky, a € Rﬁ
imply al € S C Ky. Since S is a subspace, K = K5, and z9 € K, we have al(xg) =0, i.e., a&y = 0. Thus, in
this case the system is compatible. The lemma is proved. ]

11.4. System of linear inequalities and equalities on a cone

Let Y be a locally convex topological space, X = Y™ the dual space, Ky a closed convex conein Y, K = K5

the dual cone in X, l;, i =1,...,k and m;, j = 1,...,s two sets of elements of the space Y considered as the
linear functionals on X. Let [ : X — R* and m : X — R® be the linear operators corresponding to the sets
of functionals l;, i = 1,...,k and my, j = 1,..., s, respectively. Consider the system of linear inequalities and

equalities on the cone K:
l(z)+£<0, m(x)+n=0, z €K, (11.6)
where ¢ € RF and n € R®.

Definition 11.8. We say that system (11.6) has Hoffman’s error bound if there exists a finite dimensional
subspace H C X such that for any norm || - || in H there exists a constant N > 0 such that the following
condition holds: if system (11.6) is compatible, then the system

l(z)+£<0, m(z)+n=0,2€e KNH (11.7)
is compatible too, and there exists a solution = to system (11.7) such that
[zl < N(I&+| + [nl)- (11.8)

Denote by K; the cone in Y generated by the elements I;, ¢ = 1,...,k, and denote by L,, the subspace
generated by the elements m;, j = 1,..., k. Set K, = K+ Ly, t.e., Kjp ={y =al+pm | a € Rff_*, 0 e R}
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Lemma 11.9. Assume that there exists a subspace S C'Y such that K, N Ky C S C Ky. Then system (11.6)
has Hoffman’s error bound. Moreover, system (11.6) is compatible iff the conditions o € Rff_*, 0 e R ol +
Bm € Ky imply o + Bn < 0. In particular, for any xo € K, the system l(x 4+ x9) <0, m(x +x9) =0, x € K
s always compatible.

Proof. System (11.6) can be represented as a system of inequalities
)+ €<0, m(x)+n <0, —m(z) —n <0, z € K, (11.9)

and hence one can apply Lemma 11.6 to the latter system. Obviously, system (11.6) is compatible iff sys-
tem (11.9) is compatible; moreover system (11.6) has Hoffman’s error bound iff system (11.9) has Hoffman’s
error bound. Thus we get an analog of Lemma 11.6 for system (11.6). O

11.5. Abstract notion of support of critical cone

Let Y be a Banach space, X = Y™ a dual space, I;, i = 1,...,k a set of elements in the space Y considered
as linear functionals on X, C a closed convex cone in Y, Q@ = C* a dual cone in X. Set K = {z € Q|
li(x) <0,i=1,...,k}. The cone K will serve us as an abstract model of the critical cone (see, e.g., [6]). We

shall define the notion of the support of the cone K. Set Q = {l = Zle ail; | a; > 0,1 =1,...,k}. For any
y € @ and for any x € K we obviously have: (y,z) < 0.

Let y1 € Q be such that y1(2) > 0 (i.e. y1 € C) and let 21 € Q be such that (y;,21) > 0. Set QO = {x € Q|
(y1,2) = 0}. Then K C Qq. Moreover, the cone €; is dual to the cone C; := C + Span{y; }, where Span{y }
is a one dimensional subspace generated by vector y;. Indeed, (C' + Span{y:})* = C* N Span{y1}* = QN {z €
X | <y1,1'> = 0} = Ql.

Let y2 € @ be such that y2(21) > 0 (i.e. y2 € C1) and let 22 € Oy be such that (ys,z2) > 0. Set
Qg = {x € Q1 | (y2,2) = 0}. Then the cone Qs is dual to the cone Co := Cy + Span{y2}.

Assume that we have already cones Q1, Qo,...,Q,_1, dual to the cones Cy, Co,...,Cs_1, respectively, and
functionals y1 € QN C, y2 € QNCq,...,ys—1 € QN Cs_a. Let ys € @Q be such that ys(Qs—1) > 0 (i.e.
ys € Cs—1) and let x5 € Q471 be such that (ys,xs) > 0. Set Qg = {z € Qs_1 | (ys,z) = 0}. Then the cone
is dual to the cone Cs := Cys_1 + Span{ys}. Let us show that the vectors y1,...,ys are linearly independent.
Let the numbers A1,...,A\;_1 be such that y; = Ay + ... + As_1ys—1. Since yx(Q) =0, k =1,...,s — 1
and Qs C Q-1 C ... C Q C Q, we have yx(Qs-1) =0, k = 1,...,8 — 1, and hence ys(Qs_1) = 0. This
is a contradiction with condition (ys,xs) > 0. Consequently, ys ¢ Span{yi,...,ys—1}. Since the vectors
Yi,...,Ys € @ are linearly independent and the set @ is finite dimensional, this process will be finished on
a certain step s.

Let the system yi,...,ys be maximal. Then for the cone Q, we have: if y € @Q is such that y(Qs) > 0 (i.e.
y € Cs), then y(2,) = 0. In this case we have (—y) € Cs. It means that the linear span of the intersection
QNC; is a subspace in C. Denote this subspace by H. Set S = 5, Sy = (5. Then Sy =S, Sy NQ C H C Sy,
where H is a subspace in the cone Sy. Thus, for the system of functionals [y, ...,[; considered on the cone S,
the conditions of Lemma 11.6 are satisfied. By this lemma, for any xo € S, the system [(z + z¢) <0, x € S is
compatible and has Hoffman’s error bound. We call S the support of the cone K.

Remark 11.10. As before, let K = {z € Q | l;(x) <0, i =1,...,k}. Denote by l;, i = 1,...,k all functionals
of the set [q,...,[; such that l;(K) = 0. All functionals I; which do not posses this property we denote by L
i=1,..., l~€, where k 1=k — k. By definition, for each I; there exits an element #; € K such that ll(:@) < 0. Set
i=>%. Then & € K, and [;(Z) <0 foralli=1,...,k. Set Q= {z e li(z) =0 Vi}. One can show that
KcQc S, and, for any z € Q, the system l;(zo+2) <0,i=1,...,k,z € Qs compatible and has Hoffman’s
error bound. Question: is it true that O=387 A simple example shows that this is not true. Let k = 2, [} be
such that 1;(Q) =R, and Iy = —ly. Thenly =l, b=l and K =Q={z € Q| l1(z) =0} £Q = S.
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