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A SIMPLE PROOF OF THE CHARACTERIZATION OF FUNCTIONS
OF LOW AVILES GIGA ENERGY ON A BALL VIA REGULARITY

ANDREW LORENT!

Abstract. The Aviles Giga functional is a well known second order functional that forms a model
for blistering and in a certain regime liquid crystals, a related functional models thin magnetized
films. Given Lipschitz domain © C R” the functional is Ic(u) = 3 [, e ' [1— |Du|2’2 +e ’DQuIde
where u belongs to the subset of functions in W;'?(Q2) whose gradient (in the sense of trace) satisfies
Du(z) - ny = 1 where 7, is the inward pointing unit normal to 9Q at z. In [Ann. Sc. Norm. Super.
Pisa Cl. Sci. 1 (2002) 187-202] Jabin et al. characterized a class of functions which includes all limits
of sequences u, € WOQ’Q(Q) with I, (un) — 0 as €, — 0. A corollary to their work is that if there
exists such a sequence (uy) for a bounded domain €2, then  must be a ball and (up to change of sign)
w = limy, o0 up, = dist(+, 02). Recently [Lorent, Ann. Sc. Norm. Super. Pisa Cl. Sci. (submitted),
http://arxiv.org/abs/0902.0154v1] we provided a quantitative generalization of this corollary over
the space of convex domains using ‘compensated compactness’ inspired calculations of DeSimone et al.
[Proc. Soc. Edinb. Sect. A 131 (2001) 833-844]. In this note we use methods of regularity theory and
ODE to provide a sharper estimate and a much simpler proof for the case where 2 = B1(0) without
the requiring the trace condition on Du.
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1. INTRODUCTION

Let )
I () ;:/;l‘pwuﬂ +e| D%l d-. (1.1)
Q

The functional I, forms a model for blistering and (in certain regimes) for a model for liquid crystals [6,17]. In
addition there is a closely related functional modeling thin magnetic films [1,8-10,19]. For function u € WO2 2((2)
we refer to I.(u) as the Aviles Giga energy of w.

For an example of a candidate minimizer take the distance function from the boundary ¢ (z) := dist(z, 92)
convolved by a standard convolution kernel p. with support of diameter e. It has been conjectured that for
convex domains (2, the minimizers of I. have the structure suggested by this construction, i.e. they are in some
quantitative sense close to the distance function from the boundary, Section 5.3 [4,13].
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The first progress on this conjecture was achieved by Jin and Kohn [17] whose showed that if I, is minimized
over

o=

AQ) =
(@) pointing unit normal to 02 at z

{ ve WP (Q): 2% =1 where 7, is the inwards } (12)

where () is taken to be an ellipse then as € — 0 the energy of the minimizer of I, tends to the energy of
¥ * pe. Their method was to take arbitrary u € A(2) and to construct vectors fields X1, X9 out of third order
polynomials of the partial derivatives of u that have the property that the divergence of these vectors fields is
bounded above by I.(u). Using the trace condition g—:; = 1 and the fact that € is an ellipse the lower bound
provided by the divergence of 3, 35 can be explicitly calculated and shown to be asymptotically sharp as e — 0.

As has been discussed in [2,4,17] the functional I, minimized over W;?(Q2) has many features in common with
the functional J?(v) = [, |Dvt — Dv~ |” dH! for the case p = 3, when minimized over the space Dv € BV (2)
with [Dv(z)] = 1 a.e. x and v = 0 on 09Q. Aviles and Giga [5] showed that if € is convex and polygonal then
the distance function is the minimizer of J' over the subspace of piecewise affine functions satisfying these
conditions. They conjectured the same is true for p = 3.

From a somewhat different direction a strong result has been proved [16] by Jabin et al. who characterized
a class of functions which includes all limits of sequences u,, € WO2 2((2) with I, (u,) — 0 as €, — 0. A corollary
to their work is that if there exists such a sequence (u,,) for a bounded domain €, then  must be a ball and
(up to change of sign) u := lim,, o u,, = dist(-,0). In [18], a quantitative generalization of this corollary was
achieved for the class of bounded convex domains, a corollary to the main result of [18] is the following.

Theorem 1.1 ([18]). Let  be a convex set with diameter 2, C? boundary and curvature bounded above by ™= .
Let A(2) be defined by (1.2). There exists positive constants C > 1 and X < 1 such that if u is a minimizer of

I. over A(QY), then

A
o= Glhwsaa < © (e nr 08810 (1)
where ((z) = dist(z, 09Q).

We take constant \ = Tlsl and thus the control represented by inequality (1.3) is far from optimal. Theo-
rem 1.1 follows from Theorem 1 of [18] which is a characterization of domains 2 and functions w for which the

Aviles energy is small, more specifically there exists a constant v such that given u € A(Q2) such that I.(u) =
2
then |QAB;(0)] < ¢47 and fBl(O) ‘Du(z) + é—l‘ dz < ¢f37, here we can take v = 51271, The proof of Theorem 1

of [18] is fairly involved, it relies heavily on the characterization of ‘entropies’ for the Aviles Giga energy that
was achieved in [9] (see Lem. 3). While the calculations in [18] are elementary and self contained, they can
appear quite unmotivated to those unfamiliar with the background of [9]. In addition the trace condition on
the gradient in the definition of A(f2) is used in an essential way.

The proof of Theorem 1 requires quite a careful construction of an upper bound of the Aviles Giga energy of
a minimizer on a domain with smooth boundary that is ‘close’ to a ball, then the theorem follows by application
of Theorem 1 [18]. The many steps required to complete the proof result in a gradual loss of control resulting
in the constant \ = ﬁ

The propose of this note is twofold, firstly to provide a simple proof of a characterization of the minimizers
of the Aviles Giga energy on a ball with a sharper estimate and secondly to prove the result without the trace
condition on the gradient, specifically to characterize the minimizers over WO2 2(B1(0)). Additionally we find it
worthwhile to introduce new methods to study the characterization of minimizers of I, the regularity theory
and ODE approach of this note is quite different from previous methods of [5,16-18]. Our main theorem is:

Theorem 1.2. Let u be a minimizer of I. over Wi>(B1(0)). Then there exists € € {1,—1}

/Bl(o)

Du(zx) + §|—z|r dz < ces <log (eil)) %
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The desirability of a simpler proof with a better estimate has already been discussed, it is of interest to prove
a characterization without a trace condition on the gradient due to the fact this is a strong assumption that
is inappropriate for a number of physical models. More specifically the condition Du(z) -n = 1 for z € 99 is
not natural in the context of blistering, Gioia and Ortiz [13] proposed instead Du(x) -7, = 0. The original
functional proposed by Aviles and Giga [4] to study liquid crystals also has this trace condition. In addition for
the micro-magnetic analogue of functional I. there is nothing like a pointwise condition on the trace [8,10]. This
micro-magnetic functional is given by M (v) = ¢! [, [H (D) *+e Jo | Dv|? where H is the Hodge projection onto
curl free vector fields and © is the extension of v to 0 outside (2, this functional is minimized over W12(Q : S1).
As mentioned, in the proof of Theorem 1 [18] the trace condition is used in an essential way, this is also true
of the proof of Theorem 5.1 [17]. In order to achieve a characterization for less rigid functionals, methods need
to be developed that do not use this trace condition. A related but different micro-magnetic functional F. was
studied by Ignat and Otto [15]. They also achieved a characterization of minimizers E. showing that minimizers
converge to Neel Walls, the focus of E. was to provide a two dimensional approximation of the micro-magnetic
energy in the absence of an external field and crystal anisotropy.

The proof of Theorem 1.2 requires establishing the essentially folklore fact that critical points of the Aviles
Giga energy have W23 regularity and their gradients satisfy certain natural Caccioppoli inequalities. The much
more subtle question of regularity of critical points of functional M, has been studied by Carbou [7] and Hardt
and Kinderlehrer [14]. The non-local term in M. makes the Euler Lagrange equation harder to study and in
some sense weaker regularity has been proved, it is not clear if the Caccioppoli inequalities needed for the proof
presented in this note are available via the methods of [7]. Working with a three dimensional model, different
methods are used in [14] and Caccioppoli inequalities are established off a discrete set?.

Roughly speaking the main open problems related to the Aviles Giga functional are either: (A) conjectures
on how the energy concentrates, specifically the I'-convergence conjecture of [2] and related problems; or (B)
conjectures about the minimizer of I.. It is know from [17] that for non-convex domains the minimizer does
not need to be the distance function from the boundary (contrast this with the main theorem of [3] which
showed that for a sequence €, — 0, the minimizer m,, of the micro-magnetics functional M., must converge
to the rotated gradient of distance function for any connected open Lipschitz domain). However as mentioned
for general convex domains the conjecture remains largely open, in [18] we developed methods that prove the
conjecture for convex domains with low Aviles Giga energy, it is likely these methods could be used to prove the
same result for general low energy domains with C? boundary. For domains with Aviles Giga energy of order
O(1) neither the methods of [18] or this note yield much. A very attractive open problem is to characterize
the minimizers in the case where ) is an ellipse, given the sharp lower bound provided by [17] in this case
there seems to be much concrete information about this problem — yet it appears to be out of reach of current
methods.

2. PROOF SKETCH

Beyond the regularity issues mentioned in the introduction the proof reduces to essentially applying an ODE
and using the Pythagorean theorem. In order to sketch the main strategy of the proof we will make a number
of assumptions that we will later show are not needed.

We start by assuming for a moment that the cardinality of the set of critical points of Du is 1, i.e.

Card ({x € B1(0) : |Du(z)| =0}) = 1. (2.1)
In addition let us temporarily assume we have the (in the sense of trace) boundary condition

Du(z) = —é—| for z € 0B1(0). (2.2)

21 appears possible that the methods of [14] would establish the appropriate Caccioppoli inequalities everywhere in the interior
if the arguments were carried through for the two dimensional model, if this is the case the strategy of this note would likely yield
a characterization of minimizers of M. for where Q = B1(0).
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So let zp € Bi1(0) be the point for which |Du(zg)] = 0. Take yo = —zoR N 9B1(0) and let X(0) = ypo,
4% (s) = Du(X(s)). For z € {X(s) : s € [0,1]} let t. denote the tangent to this curve at z. Now for any ¢ > 0

W(X (1) = u(X (1) — u(X(0)) = /{X( oy D)t

If we also assume
|Du(z)| = 1 for z € {X(s) : s € [0,¢]} (2.3)
then we could conclude that
[u(X (1) = H (X (s) : s € [0,1]) > |X(t) — X(0)].
Now by (2.2) we know that the path X (¢) has to run into B;1(0) and can not escape this domain, so we must

have X (t) — zp as t — oo we have |u(zg)| > |z0 — X (0)| = |z0] + 1.
As will be established later in Lemma 3.3, inf 22 g, (o)) I.(v) < celog(e™1). Hence if u is a minimizer of I,

/ ‘17|Du| ‘ do < ce?log(e ) (2.4)
B (0)

so we know u ‘is close to being’ 1-Lipschitz and thus |u(zo)| Z 1, hence |z =~ 0 and |u(zo)| ~ 1. Again since u
is close to 1-Lipschitz,

lu(z)] = 1 for any x € B (0). (2.5)

Now for y € 0B1(0) let e*(y) = f[a J ‘1 - |Du|2‘ dH!. Let J,(z) = Z=% note that |DJ,(2)| < 2=, so by

RERE

the Co-area formula

/ o (y)dH'y — // 1~ [Du()?| amzamo
9B1(0) stz t0)

/ 1= [Du()?| 1D 7.2 a2
B1(0)

/ ‘17|Du )| ‘|z Ydz.
B1(0)

IN

Now by Fubini and (2.4) we have
/ / ‘17 |Du(z)|2‘ |z — 2| ' dzdx < ce%\/log(efl)
B %(O) B1(0)

thus we can assume we chose z € B 4 (0) such that faBl(o e®(y)dH'y < cei\/log(e~1). Now

/[z,y]

2
y—2 YT L 1dH'2
ly — z|

Du(z) + W —a]

dH'z = / |Du(z))* + 2Du(z) -
[.y]

< 2z —y[ - 2u(x) +e*(y)
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So

y—x

2
dH'2dH'Yy
ly — x|

Du(z) +

2
‘Du(z) o
/ dz < c/ /
B1(0) |z — | y€dB1(0) J[z,y]

(2.6)

2. / ¢ (y) dH'y
y€9B1(0)

< ce%, /log (6*1). (2.7)

2
As for ‘most’ z € B;(0), < ce¥ so we have fBl(O) ’Du(z) + ‘—;’ dz < ces.

Now the big assumptions we made are (2.1), (2.3) and to a lesser extent (2.2). The main work of this note
is to find substitutes for these assumptions.

What assumption (2.1) provides is the existence of a long integral path of the vector field Du which using
assumption (2.3) we can show is close to a straight line. In order to find such a path, it is sufficient to show
that the set of critical points of Du are merely low in number, using the energy upper bound and regularity of
minimizers of I, that is what we will be able to do.

Now if we define v(z) = u(ez) then v satisfies A%v + div ((1 - |Dv|2) Dv) = 0 which is an Elliptic equation

with right-hand side bounded in H~1?(B,-1(0)) for all p > 1. Thus it is not hard to believe Dv is Holder so if
|Dv(z)| = 0 for some zy then there must be a constant g such that sup {|Dv(z)| : z € Be,(20)} < 3 so after
rescaling we have that for every 21 such that |Du(z1)| = 0 we have that sup {|Du(z)| : z € Be,(20)} < 1. Thus
by (2.4) we have that we can have as most clog(e~!) critical points of I, that are spaced out by €. So cutting

B;(0) into N = LO;(‘%} equal angles slices which we denote by 13,75, ..., Ty then at least half of them do

Z—x
|z—=]

2z
2|

not have any critical points of Du. So if T3 is one of them, taking yo to be the center of the arc 71 N 9B1(0)
the ODE X (0) = yo, %(s) = Du(X (s)) has to run until it hits 0T}.

Now the second main assumption we made is (2.3). Again since for minimizer u we know that I.(u) <
celog(e™1), so

/ ‘1 - |Du|2‘ |D2u| dz < celog (671).
B1(0)

Take v € S1, for all but ¢(elog(e)) lines L parallel to v we have that I }1 - |Du|2‘ |D?u| dH 2 < (e log(€))3.
Now on the line L if there is a point z; € L with ’1 - |Du(21)|2‘ > 5(elog(e™)) then we must be able
to find z2, 23 we have inf {‘1 - |Du(y)|2‘ (Y € [22,23]} > 4(elog(e1))s and ‘1 - |Du(23)|2‘ > 5(elog(e1))3,
1 |Du(22)|2‘ < 4(elog(e1))3 then

3

[ 1t ay > a(clog(o)?

z2

(clog(©)f = | N

22

1= [Du(y)P| [D*u(y)] dH'y = 4(elog (1))

which is a contradiction. Thus for most lines L we know that sup { ‘1 - |Du(z)|2‘ ryeLNbB (0)} < 5(elog(e)).

For vector w € R? define (w) := { \w : A € R} and given subspace V let Py, denote the orthogonal projection
onto V. For subset S C R™ let |S| denote the Lebesgue n-measure of S. Now if we run an ODE X (0) = yo,

4% (s) = Du(X(s)) between 0 and ¢ then taking v = % then we have a set G C P, ([X(0), X (1)])

with [Py ([X(0), X (O)D\G| < c(elog(e 1)) and if z € {X(s):s€[0,4]} N P<;>1(x) for some x € G, then

‘|Du(z)|2 - 1‘ < 5(elog(e))s thus the part of the path {X(s) : s € [0,#]} that is in the set P<;>1 (G) is such that
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|Du(z)| = 1. So the H* measure of the set of points x € {X(s) : s € [0,#]} for which we can assume |Du(x)| = 1
is of measure as least | X (0) — X (¢)| — ¢(elog(e~1))3 and hence assumption (2.3) can in effect be justified. It
is worth noting that the idea of following integral curves of the vector field given by Du (where u is the limit
of a sequence of functions whose Aviles Giga energy tends to zero) was used by [16] and a similar idea later
by [15].

Finally we also assumed (2.2), the only purpose of this assumption was to allow us to run an ODE starting
from yo € 9B1(0) without it immediately trying to leave the domain. Recall yy was the point at the center of
the arc 9Ty N 9B1(0). If instead of starting at this point we started at yo + c(log?%l))z then running the ODE
forwards and backwards until both ends hit 977, then we will have a path of length (at least) c(log(e=1))~2
which will be very close to a straight line, see Figure 1. Let s < 0, r > 0 be such that X(s), X(e) are the
endpoints of the path (where we assume without loss of generality X (s) is closer to 0B1(0) than X(e)). If
we are able to show that X (s) € 9Ty N 0B1(0) then the argument can proceed very much as described in
the paragraphs above. The only way this can fail is if the path is (close to) a line of length c(log(e=1))~!
and runs, (roughly speaking) parallel to 9T} N dB1(0). However as |u(X(e)) — u(X(s))| > c(log(e™1))~! this
implies we must have |u(X (e))| > c(log(e~!))~!, but since the path is close to ‘parallel’ to B1(0) NdT; we have
dist(X (e),0B1(0)) < clog(e~!)~2 which contradicts 1-Lipschitz type property as represented by inequality (2.4),
thus we must have that X (s) € 971 N 9B1(0). By use of this argument assumption (2.2) can be avoided.

3. THE E.L. EQUATION

Note that if u is a critical point of I. it weakly satisfies the E.L. equation i.e.
eA%u + e Ldiv ((1 - |Du|2) Du) =0. (3.1)

835

1,1 e Ow s 2,1 3,1 I o) o
Let w € W+ define w; := similarly for v € W*', s € W define v;; := 0.0 and sy, == w07, 975

aIi’

Lemma 3.1. Suppose u € W22(Q) is a weak solution of (3.1). Define Q.1 := ¢ *Q and let v: Q.1 — R be
defined by v (z) := u (ez) e~ 1, then v satisfies

A%y + div ((1 — |Dv|2> Dv) =0 (3.2)

weakly in Q1.
Proof. Follows directly from the definition of w. O

Lemma 3.2. We will show that any v € W2 (Q.-1) that satisfies (3.2) weakly in Q.1 is such that for any
UCCQe1,veW32(U) and v satisfies

2

|3 v+ (1= Do) - D) Doy dz=0 (33)

i,5,p=1
for any ¢ € C} (U).
Proof. Given set S C R?, let d(z,S) = inf {|z — 2| : 2 € S} and define Ns(S) := {x : d(x,S) < J}. O
Step 1. For § > 0 let IIs := Q,-1\Ns(8Q.-1). We will show that D?v € W2(IIss).

Proof of Step 1. Let g(x) := Dv(x) (1 - |Dv(x)|2) and w := Av. Since v € W??2(Q,-1), by Poincare’s inequal-
ity (Thm. 2, Sect. 4.5.2 [12]) Dv € LP(Q,-1) for any p < oo, hence g € L(2.-1) for any ¢ < co. So

/wA(,b = /g~D(,z5 for any ¢ € C3°(Q-1).
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Let p € C§°(B1) be the standard convolution kernel and define p,(z) = p (£) o~2. Given function f € W1
we denote the convolution of f and p, by f * p,. Let ¢ € (0,9) and define w,, := w * p, and g, := ¢ * p,. Now
for any ¢ € C§°(2.-1), defining ¢, = ¢ * p, we have

Jweso= [wrs.= [g-Do.~ [4. D6

which gives that Aw,(2) = —divg,(z) for any z € 5. Let ¢ € C5°(Ils) with ¢ = 1 on Ilss and [Di)| < c§*
and |D21/)‘ < ¢d72. Define s(z) = wy(z)Y(z), so

As = —divg,y 4+ 2Dwy, - D) 4w, Ag.
Now div(g,v) = divget + g, - Dy and 2Dw,, - D = div(2w, D)) — 2w, A1) and thus
As = div(—g,¥ + 2w, DY) + gy - DY — w,Av. (3.4)
Let X = Ds, so by (3.4) we have that
curl(X) = 0 and div(X + g,¢ — 2w,D) = g, - DY — w,Av. (3.5)
For any C? vector field V, let H(V') denote the Hodge projection of V onto the subspace of curl free vector

fields, i.e. H(V) = —DA~'divV, so H(V) satisfies div(H (V) + V) = 0 and curlH (V) = 0 on R2. So from (3.5)
then we have

curl(X — H(g,¥ — 2w, D)) = 0 and div(X — H(g,¢ — 2w, D)) = g, - DY — w,A. (3.6)
Let n € C*°(R?) be such that
D= X — H(gyt — 2w, D), (3.7)
so finally we have
An = gy - D — w, A (3.8)

Now recall X = Ds where s = wyt. Thus Ds = Dw,v + w,Dt) and thus for any p € [1,2],

[ X zr w2y < c||Dwy || Lem@2) + cllwe||rrey < cllw* Dpy||Lrre) + cllwell L re2)

2250 o 2-3p
<cp v |D u||L2(9571) <cp 7 . (3.9)
And by LP boundedness of Hodge projection we know

H (9o¢ — 2w, DY) Lo(re2) < cllgp — 2w D[ Lor2) < cllgpllzr, 1) + cllwsllrq,_,) < e (3.10)

(3.10),(3.9),(3.7)

Thus for p = 2 we have || Dn| 3. What we need to do is obtain an ¢ independent bound

L3 (R?) < “r
on Dn, we will achieve this by use of (3.8). First note by Holder g, - DY — w,A¢ € Lg(RQ) from (3.8) by
standard LP estimates on Riesz transforms (see Prop. 3, Sect. 1.3, Chap. 3 [20]) we know

D7) <ec. (3.11)

+ CHU}‘PHL%(Q 1) =

L%(R2) < CH94P||L%(Q€71)

So Dn € Wl’%(RQ) and thus by Sobolev embedding theorem (Thm. 1, Sect. 4.5.1 [12]) we have || Dn||psr2) <
(3.11)

c||D2n||L%(R2) < ¢ As SptX CTl5 C Qe | Dsl| 22y = | Ds|r2(q__,) < ¢ and using L* boundedness of the

Hodge projection

(3.7)
[DsllLz@ey < D0z, o) + 1H(9p% — 2w DY) L2, _,) < c (3.12)
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(3.12)
Since Ds = Dwyt+wyDv, so [|[Dwytp||2mey < e+ ||lwe Dl p2r2). Now w, = Av, and so [|w, DY p2r2) <
c|D?vy || L2(11y) < ¢ for any ¢ > 0. Hence

| Dwy || £2(11,5) < ¢ for all ¢ > 0. (3.13)

Let g € C§° (Ily5) with ¢ = 1 on IIg5. Let z, = vy,1q s0 Az, = Avy1q + 2Dv, 1 - Dg + v, 12q. Thus as
Dvg 1 = wep 1

(3.13)
||AZ¢||L2(]R2) < HAU%IQHLz(R?) + 2||Dv<p71 . DQHL?(R?) + |‘U%1Aq||L2(R2) < ¢

Now as we have seen before by L? estimates on Riesz transforms, this implies D?z, € L?(R?). As D2z¢ =
D?v, 1q 4 2Dv, 1 ® Dq + vy,,1D?q we have that

/ ‘D2v%1|2 dz < c/ ‘D22¢‘2dx + c/ |D’U<p71|2 + c/ |’U<p71|2 da < ¢ for every ¢ > 0. (3.14)
M5 R2 R2 R2
Arguing in exactly the same way gives fHaa |D21)<p72‘2 dz < ¢ for every ¢ > 0, thus
/ |D3U¢|2 < ¢ for every ¢ > 0.
II3s

Now for any ¢, — 0, DQU% is a bounded sequence in W2(Il35), so for some subsequence k,, DQ’U(P,M —
¢ € WH2(II35 : R2X2). Clearly ¢ = D?v for a.e. in I35. Let 7,5,k € {1,2} and ¢ € C5° (I13),

/%jf#k = lim [ vy, i¢rde

I

|
L

S.

o
©
[o]

8

Thus v ;; € Wh2(Ilss) for any i,j € {1,2} and hence D?*v € W12(Il3). O
Step 2. We will show that v satisfies (3.3).

Proof of Step 2. Take any arbitrary ¢ € C° (1), letting 1" (z) := w we know from (3.2)

/Z% (y) dijp (v) + (1 —|Dv (y)IQ) Duv (y) Doy (y) dy

2

= [ 3 v el )+ (14100 P) Do) e )

=0 (3.15)

thus integrating by parts
/ > visptns + (1~ 1Dv*) Dv) Dody =o.
i,

Repeating the argument gives us (3.3). O
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Lemma 3.3. Let u € W2*(B1(0)) be the minimizer of I., then
I.(u) < celog(e™ ). (3.16)

Proof. Let p be the standard rotationally symmetric convolution kernel with Sptp C Bs(0) and let p.(z) :=
p(%)e 2. Let w(z) =1 — |z and we = w * pe. So if y € Byc(0)

‘/ 2) = 1)D2p(y — 2)dz

<ece? /B o lw(z) —1]dz < ce L. (3.17)
6Ge

Note Dw(y) = —‘—z‘ and D?w(y) = Zﬁé’ — |y|"" Id so |D?w(y)| < ﬁ. So
‘DQwE ‘/D2 2)pe(y — z)dz| < 4/ pe(ﬂjfT)dz < |—;| for any y & Bac(0). (3.18)
Thus
(3.17),(3.18) 1
/ |D2w€‘2dy < / |D2w€‘2dy —|—/ |D2w€‘2dy < c+ c/ rldr < clog(e_l).
B1(0) By (0) B1(0)\B4c(0) 4e
Now {z € R? : w.(z) =0} is a circle of radius h ~ 1 so deﬁmng v( (%) h, v € WZ*(B1(0)) and
2 CE
fBl(O) |D?v|"dz < clog(e™!). Now if @ & Buc(0), |Dwe(z) — 7)| = |f — Dw(z))pe(x — z)dz| < &
So ‘|Dw€ —1‘ < e¢||Dwe(x)] —1)* < “‘2 Thus
2|2 2
‘1—|Dw6( )| de < ce”+ ‘1—|DwE )| ‘ dz
B1(0) B1(0)\B4.(0)
1 €2
< et 4 € ar
4 T
< clog(e !)e?
and this establishes (3.16). O

Lemma 3.4. Let u € Wy (B1(0)) be a minimizer of I.. Let Cy be a some small positive constant to be chosen
later. Define A(x, o, 3) := Bg(x)\Bo(z). We divide B1(0) into N = [61—2 log(e™1)] slices of equal angle, denote
their closure by Ty, Ts, ..., Tn. There must exists a set I1 C {1,2,..., N} with Card (II) > % such that if i € 11

1
inf {|Du (z)| : 2 € T; N A0, clog(e™)e, 1 — 2€) } > 3 and
sup {|Du (2)| : z € T; N A(0, clog(e ' )e, 1 — 2€)} < 2. (3.19)

Proof of Lemma 3.4. Define v (z) = u(ez)e . Let S; = ¢ 'T; for i = 1,2,...,N. Fori € {2,3,...,N — 1}
define B _ B

Sz' = 51;1 USi U S’L+1 and let Sl = SNfl U Sl U SQ, SN = SNfl U SN U Sl.
Define

2
Go = {z c{1,2,...,N} ;/~ ‘1 - |Dv|2‘ +[D%[*dz < cl}. (3.20)
Si
2
Note that by (3.16) of Lemma 3.3 we know [, 10 ‘1 — |Dv|2‘ +|D2v‘2dx < clog(e™ 1), so C1 (N —Card (Gy)) <

clog(e™1), thus (assuming we chose C; small enough) Cl; (e71) < Card (Gp).
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Step 1. Let ¢ € Gy, we will show that for any yo € S, such that Bo (yo) C S; and ¥ € C§° (Bz (yo0)) such that
¥ =1 on By (yp) we have

/ ‘D3v|21/16dz <ec. (3.21)

Proof of Step 1. Let Y = (47) " Jayey PO T = (47) " S5,y v @0d We define 0 (z) = v (2) =Y (z —yo) = T.
Let ¢ := 995, So ¢, = 0,9® + 601)°¢, and

bpi = Vpit® + 601" 1h; + 60,9y, + 60 (4°1)y) - (3.22)
Gpij = Upi¥® 4 6vp° 05 + vy 0P + 67, (¢5¢i)j
+ 6039 ¢y, + 60; (1/’5@/’17)]- + 67, (@/’5@%)1- + 60 (wswp)ij : (3.23)

By the fact that Ba(yg) C S; we know fBQ(yo) ‘D%‘? < Cy, by Poincare’s inequality this implies || D[ 12 (B, (yo))
< cand ||9]|L2(By(ye)) < ¢ So from (3.23)

‘/Uijpéf)z'jp */(Uijp)Q P

(3.23) N -
< cloiptliee (ID*0ll2ss (o)) + 1100l 282 (40)) + 191l L2(B2 (00)))

< || D3uyd| pe. (3.24)

Now

(G-t 22), -

_ V ((1 - |Dv|2) Dv) - Déppdz

< } (1= 106) D) - (D, ~ D) =

+ ‘/ ((1 - |Dv|2) DU) - Duppyp®dz

23) 5
< el (1= 1Dof*) Dol e (auon 100l 280

+1D* 0y |gz]| (1= Do) Doy 2

.20)
< (L 1D*09? L2 (B (30)) - (3.25)
Recalling the fact that by Lemma 3.2, v satisfies (3.3) we have
2 - 2
3.3
/ > (vijp)® v0dz = / D (wigp) Y = vijpip — / ((1 - |DU|2) Dv) - Déppdz
ijp=1 ij,p=1 P
(3.24),(3.25)
c|| D3 || L2 + c.

And this establishes (3.21). O
Proof of Lemma 3.4 completed. By Theorem 2, Section 5.6 [11]

(3.3)

IN

I D*0]| LBy (yo)) < ID*vllwr2(Byyo)) < €+ ID*0l|L2(Ba(we)) < €

By Sobolev embedding this implies Dv is %—Holder in B (yo)-
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2 2
Since fBl(yO) ‘1 — |Dv|2‘ dz < Cy. Let L = {z € By (yo) : ‘1 - |D’u|2‘ < \/C_1} so we have |B; (yo) \L| <

VCi. So B4C (yo) N L # 0 so we can pick z; € B4C (yo) N L. Since Dv is 1 Holder

1 1
4 4
1 1

IIDv (o)l = 1| < |Dv(yo) — Dv (21)| +Cf
1 1
< clyo — =17 +Cf
< cCF,

assuming we chose C; small enough this implies |Dv(yo)| € (1,2). Since yo is an arbitrary point in Si\N2(0S;)
and Du(eyo) = Dv(yo) this implies (3.19). O

Lemma 3.5. Let u € W22(B;(0)). Suppose

/ ‘1 - |Du|2‘ |D2u|dz < 3 (3.26)
B1(0)
and
/ ‘1 - |Du|2‘ dz < 5. (3.27)
B;(0)
We will show that for any w € S* we can find a set G, C P,1 (B1(0)) with

and for any x € Gy, we have

sup {||Du (z)| = 1| : z € P! (z) N B1(0)} < 533, (3.29)

Proof. Let

By =z € Py (Bi(0)): / ‘1 - |Du|2‘ |D2u| + ‘1 - |Du|2’dz <3l
P;i (z)NB1(0)

u

By Chebyshev’s inequality we have |P,1 (B1(0)) \By| < 26%. For any z € P,. (Bl—ﬁ% (0)) we know |P1;j (x)N
B1(0)] > 3% and so if in addition z € B, we have that there must exists z, € PJ} (x) N B1(0) such that
1= Du(z)l| < 8%, 1

Suppose © € By, N Py (31—6% (0)) and for some y, € P, !(z) N B1(0) we have |1 — |Du(y,)|| > 533. Then
as we can assume without loss of generality that Du is continuous on PJ} () N B1(0) and so there must
exists ag, by € P 1(x) N B1(0) such that |[Du(ay)| — |Du(b,)|| > #5 and inf {|Du(z)| : @ € [ag, by]} > 1+ 405,
However by the fundamental theorem of calculus

ba:
46% || Du(az)| — | Du(by)]] < / 11— |Dul| | D?u| <
(o2

which is a contradiction. Thus taking G, := B, N P+ (Bkﬁ% (0)) completes the proof of the lemma. O

Lemma 3.6. Suppose i is a C? function that satisfies (3.26), (3.27) and A C B1(0) is convex with the property
that inf {|Da(x)| : @ € A} > 3 and sup {|Di(z)| : x € A} < 3.
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Given function X : R — R? that solves X(0) = = and X (s) = Di(X(s)), suppose s1 < 0 < so are such that
X(s) € A for any s € [s1, s2] then

(X (s2)) = A(X(s1)) > (1= F7)| X (52) = X(s1)] = f7. (3.30)
And if in addition X (s1), X(s2) & By(x) for some By.(x) C Q, then

{X(s):s€[s1,82]} CN 1 ([X(s1),X(s2)]). (3.31)

o
N B

Proof. Let w € S be orthogonal to X (s3) — X(s1). Let G, be the set satisfying (3.28) and (3.29) from
Lemma 3.5. Let P = {X(t):t € [s1,82]} and ' = PN PJf(Gw). So HY(T) > |P,. ([X(s1), X(51)]) N Gy| >
X (53) — X(s1)| — 8% and so

(X (s2)) —a(X(s1)) = /Du )-t.dH'z

Y

(1—c¢B3)HY(T )+3H1(P\F

Y

(1—@%HX@Q—AX&N+§H%PHU—qﬁ (3.32)
which establishes (3.30). Now

(X (s2)) — u(X(s1))

IN

/ |Dii(z)| dH" 2
[X(s1),X (s2)]

(14 ¢B%) [P, ([X (52), X (51)] N Gu)| + 3| Py ([X (52), X (51)] \Gu)|
X (s2) = X(s1)] + ¢ (3.33)

[VARVAN

1

now putting (3.32) and (3.33) together we have H*(P\I') < ¢(5. Now this and the second inequality of (3.32)
and inequality (3.33) imply that

|X (s2) — X(s1)] — ¢85 > H'(P). (3.34)
If X(s1),X(s2) € By(z) then as X(0) = x € P and as P is connected we know H(P) > |X(s1) — X(0)| +

| X (s2) — X (0)] > 27 which by (3.34) implies | X (s1) — X (s2)| > r and so | X (s1) — X (s2)] (1 + c[i ) > HY(P)
Now letting ¢. denote the tangent to the curve P at point z we have
2
/ p - Xls2) = X(s0) | / 29t . <—X(52) — X(s1) ) dH'~
P [ X (s2) — X(s1)]| P [ X (s2) = X(s1)]
= 2HY(P)—2|X(s2) — X(s1)|
33
<
r
By Holder’s inequality and the fundamental theorem of calculus this immediately implies (3.31). (]

Lemma 3.7. Suppose u is a minimizer of I. over Wi'>(B1(0)). There exists r ~ €t (log(e™1))® and € € {1,—1}
such that ) »
inf {€u(z) : 2 € B.(0)} > 1 — ces (log(e 1)) (3.35)

Proof. First recall that by Lemma 3.3, (3.16) we know that I.(u) < celog(e™!). Let Ty, Ts, ..., T be as defined
in Lemma 3.4. By Lemma 3.4 there exists ¢ € {1,2,..., N} such that 7; satisfies (3.19). O
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By Lemma 3.2 we know u € W32(B;_5.(0)). Now by approximation of Sobolev functions (see Thm. 3,
Sect. 5.33 [11]), for any small 7 > 0 we can find @ € C°°(B;1-2.(0)) such that

||ﬂ — u||W3,2(31725(0)) <T. (3.36)
Since )
/ ‘1 - |Du|2’ dr < ce?log(e™h) (3.37)
B1(0)
and
/ ‘1 - |Du|2‘ | D2u| do < celog(e ™). (3.38)
B1(0)

By Sobolev embedding we have that u is %—Holder and thus
sup {|u(2)] : 2 € OB1_2.(0)} < cv/e. (3.39)

Now assuming 7 is small enough, as by Sobolev embedding D is Holder continuous, @ must satisfy sup {|@(z)] : z
€ 0B1-2:(0)} < ¢y/e and
1
inf {|D@ (z)| : 2 € A(0,clog(e ')e,1 —2¢) N T;} > 3 and
sup {|Dii (z)| : z € A0, clog(e e, 1 — 2¢) N T} } < 3. (3.40)
It is also clear that for small enough 7, @ satisfies I. (@) < celog(e™1).

Step 1. Let 9 denote the center point of 0B 2.(0) N'T; define ¢ = 2(1 — cos(5)), so ¢ = %. Let
0= (1—¢)9. For any set A let conv(A) denote the convex hull of A. Note that (see Fig. 1)

dist (0, conv(0B1_2.(0) N T;)) > =- (3.41)

NN

Let X : R — R? be the solution of X (0) = ¢ and X (s) = Du(X (s)). Let T; := T;NA(0, clog(e")e, 1—2¢). Let
to > 0 be the smallest number such that X (t2) € 97; and let ¢t; < 0 be the largest number so that X (¢1) € 97;.
Let s € {t1,t2} be such that

(X (s),0B1_.(0)) = min {d(X (t1), 0B1_2.(0)), d(X (t2), dB1_c(0))} . (3.42)

Let e € {t1,t2} \ {s}. See Figure 1.
We will show X (s) € 0B1-2¢(0) N Bez(1g(e-1))-1/2(9) and X(e) € 07;\0B1-2(0).

i X(s)—X(e) ¥ 7r 1
(|X<s> “X(o)] W) ST} (3.43)

Let 7 = cos™! (% . I%I)' Suppose (3.43) not true, i.e. ¢ > § — l—ég Since X (s), X (e) ¢ B.(¥) and

by (3.36)—(3.38) @ satisfies (3.26), (3.27) for 3 = elog(e~!) so applying Lemma 3.6 we have that by (3.31)

i (X)X @), (3.44)

Proof of Step 1. We claim

e€ Nceé (log

i.e. points o, X (s2), X (s1) are roughly (with error ces (log(e~1))%) aligned, so by (3.41) we must have

X(e) c 8’2\831,26(0)
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FIGURE 1. An integral path of the vector field Du going through p.

and in particular | X (e) — X (s)| > Cg—f(log(e’l))*l. Note also by (3.42) and by (3.44) we have that

d(X(s),0B1_2:(0)) < c(log(e 1)) ~2. (3.45)
Thus by (3.30)
[a(X(e)) — u(X(s))| = %(102;(671))71- (3.46)
Since @ is 3-Lipschitz and d(X (s),0B1-2¢(0)) < 2¢ we have |a(X (s))] < 6¢ < Toate=Tyyz- Lhus by (3.46) we
have
a(X ()] > T log(e™) ™ (3.47)

Now let L be the line parallel to [X(s), X(e)] that passes through g, by (3.31) we can pick v € LN

Be%(log(fl))% (X (s)) and let p = (X (e) + (9)) N (v + 91). Note that by trigonometry

d(p, 0B1-2:(0)) < d(v,0B1-2.(0)) + c(log(e 1)) 2. (3.48)
And so
(3.45)
d(p1,0B1_9:(0)) < d(X (5),0B1-2.(0)) + c(log(e ™ *))™? < c(log(e )2 (3.49)
Recall we have assumed by contradiction that 1 > F — t35. By (3.44) X(s), o, X(e) are with error

(e (log(e™1)))¢ aligned and by (3.42) X (s) is closer (or equally close) to dB;_2(0) than X (e), so X (s) - % >
X(e) - ‘%‘ — ces (log(e™1))%, hence 3 < T+ m35. We will deI}ote a triangle with corners at a, b, c by T'(a,b,c).
Consider the right angle triangle T'(v, X (e), ). Now let ¢ denote the angle of the corner of the triangle
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T(v, X (€), ) at X (e). By construction as |v — X (s)| < €8 (log(e 1)) so ’w @‘ e (log(e™1))® < 5% — a3
thus ¢ € [% — % 5+ 128} Thus
127 2 —1y\—1
98 v—X(e)| <|v—X(e)|sin(®) < |u—v| < 2xC3(log(e™ ) .
So
v~ X(e)] < 8C2(log(e ™). (3.50)
Thus
[X(e) —ul < cos(d) v~ X(e)l
(3.50) T 1
z 2 loe(e—1)) 1 T 1
8Ci(log(e™)) 005(2 128)
C2(log(e™1))~!
. 3.51
Hence
@51 Ci(log(e”") ™"
d(X(e),0B1-2:(0) < d(p,0B1-2:(0)) + ——— 5~
(3.49) 2(] —1))—1
< Cl( Og(e )) +C(1Og(671))72.
16
Thus |a(X (e))| < %1))71 +c (log(efl))2 which is a contradicts (3.47). So (3.43) is established.
Let w = LN (Y + 9+). Consider the right angle triangle T(w,o,9). By trigonometry we know that

lw —d|tan (5 — ) = ¢ which implies |w — 9] < 258, hence X(s) € 0B1-2¢(0) N Be2ose—1))-1 (9). As we
2

know already X (e) € 07;\B1_2¢(0) this completes the proof of Step 1. O
Step 2. We will show

ot (K0 (X)X
X6) 1XG) — X(e)]
)
[

~ el [ X(8) | (X(s)=X(e)
Proof of Step 2. Let 6 = cos (‘X(s)‘ X=X ()

) ‘ < ces log(e™1)s. (3.52)

) Let

k= (X(s) + (X()") N (X(e) + RX(s)).

Note that the points X (s), X (e), s forms the corners of a right-angle triangle where the angle at the point X (e)
is 0. Since k ¢ 7; and as 7; is convex, [k, X (e)] intersects 07; at one point only, so let ¢ = (k, X(e)) N IT;.
We claim that ¢ € 0B1_2.(0). To see this suppose it is not true, then the line segment [x, X (e)] must cross
one of the flat sides of 97;. Recall the angle at 0 of the ‘pie slice’ 7; is 2. So the angle between ¥ and

N
either of the sides of 07; is %. However the line segment [x, X (e)] is parallel to the line segment [0, X (s)] so

cos ™! (% : 2:?8) < %. Now in order for [k, X (e)] to cross the flat sides of 97; without first intersecting

0B1-2(0) it has to make a larger angle with ¢ than the flat sides of 97; so this a contradiction. Thus the claim
is established and we have cos(0) | X (s) — X (e)| > | X (e) — (|
Now since X (s) € 9B1_2.(0) so |u(X(s))| < ¢y/e and thus

W(X(e) 2 (1 clelog(e)F) X (e) — X(s)] — clelog(e 1))}

X —¢l c(elog(e™1))3. (3.53)

>
cos
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By Lemma 3.5 there exists a line segment I’ C 7; parallel to [X (¢), ¢] whose end points are within (e log(e™1))s
of X (e),¢ and for which sup {||Di(z)| — 1| : z € I} < ¢(elog(e~1))3. Let a,b be the end points of T, so by the
fundamental theorem of calculus, |@(a) — @(b)| < (1 + c¢(elog(e1))3)|a — b|. Since @ is Lipschitz on 7; and
[i(C)] < ey/e we have that [@(X (e))| < (1+ c(elog(e~1))3) | X (e) — ¢|, thus putting this together with (3.53) we
have

X(e) = (|
(1 + c(elog(e=1))3) cos

Recall B.(p) C 7; and as we know X (s) is closer to 9B1_2.(0) than X (e), so by (3.44) we have that | X (e) — (| >

5, so by (3.54) we have cos(f) > 1 — ces (log(e™1))% which implies 0] < ces (log(e 1)) and this completes the

proof of Step 2. O

X (e)—¢| > — c(elog(e 1)) (3.54)

Proof of Lemma 3.7 completed. By Step 1 we know X (s) € Bz goge—1))-1 (1), so the angle between the line

2
segment [X (s), 0] and the sides of 97; is at least C7(log(e 1)) "1 /4. So if we consider the triangle T'(0, X (s), X (e)).
2 —1yy—1
Let n be the angle of the triangle at corner 0, so n > M- Recall the angle at corner X (s) is # and

by (3.52) 6 < ced (log(e~1))é. So by the law of sins, 5l — X=X g,

sin 6 sinn

2sin 6
<

X ()] < cet (log(e ™)) ¥ (3.55)

sinn

Now as noted previously, (3.39) and (3.36), |a(X(s))| < ¢y/e. So by (3.30) we have that

[a(X(e))] > (1 - (elog(e™1))¥)[X(e) — X(s)| — c(elog(e™?))3
> (1 (elog(e™1)F)d(X (e), dB1-2.(0)) — c(elog(e 1))
> 1—ces(log(e ™)) e- (3.56)

13

So we must have r € (| X (e)| + ev (log(e 1)) ¢, | X (e)| + ces (log(e ™)) ) such that

(3.37),(3.36)

/ ‘1 - |Dﬂ|2‘ dHY: £ ced(log(e 1))~ ¥
B,(0)

By the fundamental theorem of calculus we have that

la(z) — a(y)] < c~s%(log(~sfl))7%60 for all z,y € 9B,(0). (3.57)
Let £ = % Pick z € 9B,(0) N 7;, since @ is Lipschitz on 7; we know
la(z) — a(X (e))| < cet (log(e™1)) % (3.58)
Thus for any = € 9B,(0)
ca(r) T ea(X(e)) — et log(e 1) T 1 — ceb (log(e ) ¥, (3.59)

together with (3.36) (using the fact that (3.36) implies ||& — u|[z(B,_,.(0)) < c€) this completes the proof of
Lemma 3.7. g
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Proof of Theorem 1.2 completed. Let r = €6 (log(e ™)), € € {—1,1} be the numbers that satisfy (3.35) from
Lemma 3.7. Let A(z) = 7o Dote |DA(z)| < rs7- Note by Fubini

/ / ’1 — |Du(z)|2‘ |IDA(z — )| dzdx
B.(0) Y B1(0)

_ /Bl(o) (/BT(O) |DA(mz)|dx> (1= 1Du()P) dz

log(e~1). (3.60)
So there must exist a set G C B,(0) with |G| > €3 (log(e™!))# such that if z € G we have

/ ‘1 - |Du(z)|2‘ IDA(z — 2)|dz < ce¥. (3.61)
B (0

For 6 € S', y € R? define lj :=y+Ry6. Pick x € G, by the Co-area formula

/wesl /l?

For each ¢ € S' let xy, = 0B,(0) N1, yy = dB1(0) NI and ey = [,
P

1-— |Du(z)|2’ dH'zdH ") < ce3.

1— |[Du(z)]*|dH"z. So

/ |Du(z) + &> dH'z / |Du(2)|* + 26Du(z) - + 1dH 2
[@y,yy] [@y,yy]

< 2|yy — xy| — 28u(zy) + cey
(3.35) 1 13
< cev(log(e )T + cey. (3.62)
Thus
z ? 2 [?
/ Du(z)+&—| dz2 < / Du(z) + &— (x — 2)|dz
B (0)\B. (2) 2] BL(O\B, (x) 2]
< / / |Du(z) + | dH' 2dH'4p
St g,y
(3.62) ) 13
< ces(log(e ) ® + c/ eypdH )
Sl
< cet(log(e ).
Hence
z 2 z 2 1 13
/ Du(z)+&¢—| dz < / Du(z) +¢=| dz + ces(log(e 1))®
B1(0) |z B,.(0) |z

13
6

= / 1~ [[Du(z)| - 1|[* dz + ceb (log(e ™))
B.(0)

< ces (log(e 1))@ O
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