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DIMENSION REDUCTION FOR FUNCTIONALS
ON SOLENOIDAL VECTOR FIELDS

STEFAN KROMER!

Abstract. We study integral functionals constrained to divergence-free vector fields in L? on a thin
domain, under standard p-growth and coercivity assumptions, 1 < p < oco. We prove that as the
thickness of the domain goes to zero, the Gamma-limit with respect to weak convergence in L” is always
given by the associated functional with convexified energy density wherever it is finite. Remarkably,
this happens despite the fact that relaxation of nonconvex functionals subject to the limiting constraint
can give rise to a nonlocal functional as illustrated in an example.
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1. INTRODUCTION

This article is devoted to the study of the “effective” value per unit volume of functionals constrained to
solenoidal (i.e., divergence-free) vector fields defined on a thin domain w x (0,¢), in the limit as the thickness &
goes to zero. We assume that on a domain with finite thickness, our functional (which we call the “energy”,
although its meaning might be different from a physical point of view) is given by a integral of the form

1
—/ 9(v,v(y) dy ifve V.,
G:(v) := ¢ € Jux(0,)
+ o0 if v € LP(w x (0,€); RV) \ V.

where N > 2, w is a bounded domain in R¥~1 4y = (v, yn) € w x (0,¢), g : w x RY — R is a given energy
density, and G. is finite only in the class of solenoidal vector fields on w x (0, &) in L? for some 1 < p < 0, i.e.,

V.= {v e LP(wx (0, RY) [dive =0}

Here and throughout the rest of this article, differential constraints as for v above are understood in the sense
of distributions, in particular, dive = 0 for a v € LP(w x (0,¢); RY) means that wa(O NCE Vedy =0 for all test
functions ¢ € C2°(w x (0,¢)) (smooth functions with compact support, scalar-valued). Using rescaled variables
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260 S. KROMER

given by z = (2/,2n) = (¢, 'yn) and u(z) = v(2’,exn), G- is transformed into a functional defined on a
fixed domain:

Fo(u) = fo(ac,u(ac)) de, ifuel., with Q:=wx (0,1),
ST Yoo if u e LP(Q;RN) \ U,

where f(z,-) = g(2/,-) for z = (z/,zn5) € RV "I x R,
U = {ue LP(QRY) ] diveu =0}

and

div, u = div’ o’ + %0NuN = (Zg;llé)auo‘) + %0NuN
for u = (v, u’V) = (ul,...,u’V). As this does not further complicate our approach, we allow f to explicitly
depend on xy as well below. We assume that

f:QxRY = R is a Carathéodory function? (f:0)
satisfying the following structural conditions:

(growth)  |f(z,p)| < Clp/”+C, (f:1)
(coercivity) f(z,p) > & |ul’ —C, (f:2)

with constants C' > 0 and 1 < p < oo, for every u € RY and a.e. z € Q.

Using the notion of T'-convergence introduced by De Giorgi [9,10], the effective energy in the limit ¢ — 0%
is expressed by the I'-limit of F. with respect to weak convergence in L”. For an introduction to the theory of
I'-convergence, the reader is referred to [4,7]. We use the notation

NG

P eak) — liminf F(u) := inf { lisrg(iﬁf F-(ug) | ue — u weakly in L7},

D(L? ) — limsup F.(u) := inf { lim sup F.(u.) | ue — u weakly in L”}.

e—0t

Below, we omit the topology indicated in brackets as throughout this paper, this is always the weak topology
in LP. We say that I' — lim F; exists if I' — liminf F, and I" — lim sup F. coincide, in which case this quantity
is denoted by I' — lim F.. In particular, the use of the weak topology in LP causes a process of relaxation in
the limit, roughly speaking because energetically favorable microstructures of a characteristic size converging
to zero as € — 0 are allowed along the sequences generating the effective (macroscopic) limiting energy.

The corresponding problem of dimension reduction for functionals depending on gradients instead of
divergence-free fields was investigated by Le Dret and Raoult [18-20] and stimulated a great deal of further
research, including the study of different scalings, partially with energy densities that are realistic from the
point of view of hyperelasticity (see [15] and the references therein), as well as extensions to non-flat limiting
surfaces [22,23].

Recently, dimension reduction problems for Ginzburg-Landau-type functionals, involving a magnetic potential
which is divergence-free as a choice of gauge, were studied in [1,6]. In both cases, the relevant parts of the energy
density (apart from compact perturbations) are convex and thus no relaxation occurs during the limit process,
avoiding the main difficulty of our problem. Relaxation and homogenization of functionals constrained to
solenoidal matrix fields were treated in [2,29] (for related results and some physical background also see [16,28]),
as well as in [5,12,14] for a more general constraint of the form Au = 0. In this context, A is a linear differential
operator assumed to satisfy Murat’s condition of constant rank [26], and apart from the examples in [21,24,31],

2].e. measurable in its first and continuous in its second variable.
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very little is known if this condition is violated. In our framework, div. satisfies the condition of constant rank
for each e, but the associated limiting operator divy (diveu := dyu” for u : Q — RY) does not. From the point
of view of the theory for A-free fields developed in [5,14], this means that important bounds for the projection
operator onto div.-free fields and its complementary projection are not uniform in € and projecting tends to
create large errors as € — 07 (¢f. Rem. 2.8). Hence, we can (and do) use the projection only along sequences
that are asymptotically div.-free in a very strong sense (¢f. Lem. 2.9).

As we shall see, the divergence-free dimension reduction problem with nonconvex energy density exhibits some
intriguing features that do not occur in the gradient case. In particular, it turns out that dimension reduction
and direct relaxation in the limit setting do not yield the same result in general. While the former simply
leads to convexification by our main theorem stated below, the latter may give rise to a nonlocal functional as
illustrated by the example discussed in Proposition 3.3.

Unless indicated otherwise, we assume throughout that

N >2, wc RY¥!isopen and bounded, €Q:=w x (0,1) and 1< p < oco.

Theorem 1.1. Suppose that (:0)—(f:2) are satisfied. Then T' —lim,_ g+ F. (with respect to weak convergence
in LP) exists, and it has the representation

: f F(u) = [ £ (@u)de if u € Uy,
Fhme(“){ too N ifue LY RN)\ Lo,

where for each x, f**(x,-) denotes the convex envelope of f(x,-) and
Uy = {ue LP(GRY) | Oyu™ =0 in Q} .

It is fairly easy to see that both T' — limsup F.(u) and T' — liminf F.(u) are finite if and only if v € U
(Lems. 2.2 and 2.3), and the lower bound for I" — liminf F, (u) is of course a simple consequence of the weak
lower semicontinuity of convex functionals (Prop. 2.6). However, the upper bound, I' — lim sup Fy(u) < F**(u)
for u € Up, is far more difficult than in the gradient case. The main issue here is that a priori, we do not
know whether or not I' — limsup F. is a local integral functional. The usual trick for a proof of this property,
based on “localizing” a sequence u. that weakly converges to zero by multiplying it with suitable smooth cut-
off functions with the desired support. In the gradient case, the fields uw with finite I'-limit are independent
of %V, whence it suffices to localize in the first N — 1 variables. By contrast, in our setting, only the last
component u' is independent of z, and we have to somehow localize in zx as well. But using a cut-off in X
as described above does not work, because the distance of the modified sequence to the set of div.-free fields
in LP? may be of an order approaching 1/e which is an error too large to handle. Indeed, our proof of the upper
bound in Section 4 (culminating in Prop. 4.9) does not use this kind of truncation in direction zy, instead
relying on a rather explicit construction of suitable sequences with small support in direction of xy which are
asymptotically div.-free in the sense that their distance to U, with respect to the norm of L” goes to zero as
e — 07 (by Lem. 2.9). A prototype of this construction for a simple example is presented in Proposition 3.5.

2. PRELIMINARY OBSERVATIONS

We first observe that both I' — limsup F.(u) and I' — liminf F.(u) are finite if and only if v € Uy. The
following simple density result turns out to be useful.
Lemma 2.1. With respect to the strong topology in LP(S;RN), Uy N O (Q;RY) is dense in Uy.
Proof. Let u € Uy, and extend u = (u!,...,uV) to a function in L (RN;RM) such that u/ = 0 on RV \  for

j=1,...,N—=1,u¥N =00on RV \ (w x R) and u™V (2, 2) is still constant in xx for a.e. 2’ € w. Mollifying in
the usual way yields a sequence (uy)ren in C®(RY;RY) Ny with up — u strongly in LP(Q; RY). O
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Lemma 2.2. Let v, be a bounded sequence in LP(2) with v, — ve, weakly in LP(SY), and suppose that Onv, — 0
in the sense of distributions. Then v is constant in xx. In particular, if (u.) C U: and u. — u weakly in LP,
then u € Up.

Proof. For every ¢ € C§°(w) and every n € C§°((0,1)), we have

0= lim //01 (@, 28 )o(2 i) dznda’ —//0 | @ an)ola i) e

n—oo

In particular, since ¢ was arbitrary, we get
/ Voo (', N )N(2zn) dzy =0 for ae. 2’ € w and every n € C5°((0,1)),
(0,1)

which in turn implies that v (2/, x5 ) is constant in xy. O
Lemma 2.3. For every u € Uy, there exists a sequence (u:) C Us such that ue —u — 0 in L”(Q;RN).

Remark 2.4. Using Lebesgue’s theorem, (f:0) and (f:1), we get that lim F.(u.) = [, f(#,u)dz < oo, and thus
I' — limsup F;(u) < oo for every u € Up.

Proof of Lemma 2.3.

Step 1: Assume in addition that u € C1(Q; RY).
For j=1,...,N — 1 define u! :=u’, and let

TN
ulN (2, xy) = uN(:c’,:cN)fs/ div’ u(z',t) dt,
0

where div'u = d1u' + ... 4+ Onv_1uV L. We thus have that div.u. = 0 and u. — u strongly in LP, whence
Ve := u. has the asserted properties.
Step 2: The general case. _

By Lemma 2.1, there exists a sequence (uy) C C*(; RY)NUy with up — u strongly in LP(Q;RY) as k — oo.
For each k and each ¢, we define uy . € U, as in the first step, using uy instead of u. Now choose (k(g))s>0 with
k(e) — oo slow enough such that e Huk(f)Hcl(ﬁ;RN) — 0 as e — 0. As a consequence, Uue := Up() . CONVerges
to u strongly in LP, and it satisfies div. u. = 0 by construction. U

To prove the lower bound I'—lim inf F, (u) > F**(u) for u € Uy, we first recall the well known characterization
of weak lower semicontinuity of convex functionals:

Theorem 2. 5 (see [17] or [13], e.g.). Suppose that f satisfies (£:0). Then the functional J : LP(Q,RYN) — [0, o],
fﬂ x,u)dz, is lower semzcontmuous with respect to weak convergence in LP if and only if f(x,-) is
convex for a.e. x €.

As an immediate consequence, we have:

Proposition 2.6 (lower bound). Suppose that the assumptions of Theorem 1.1 hold. Then for every u € Uy,
I —liminf F.(u) > F** (u).

For the upper bound, we have to construct a suitable sequence (u.) C U. such that v, — w in L? and
F.(us) — F**(u), starting from a given u € Uy. The main problem here is the constraint diviu, = 0. In
particular, we rely on a projection onto div.-free fields, which is based on the following special case of the
projection used in [14].
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Lemma 2.7. Let 1 < p < oo and let Q@ C RN be an open cube. For every e > 0, there exists a linear operator
P.: LP(Q; RY) — LP(Q; RYN) with the following properties:
(i) dive Pou =0 on RN for every u € LP(Q;RY), where P.u is extended Q-periodically.
(ii) Pew = w for every w € LP(Q;RYN) such that div. w = 0 on RN, where w is identified with its Q-periodic
extension to RN,
(iti) [1Peullpo(grny < Cc llullpoqryy for every u € LP(Q; RN), with a constant C. > 0 independent of .
(iv) (I = Pe)ullpogrny < Cell dive ullw-1.0(q) for every u € LP(Q;RN), with a constant C. > 0 indepen-
dent of u.

Here, on a given domain W~P denotes the dual space of Wol’p/ with p" =p/(p—1).

Proof. For £ = (¢,&N) € RV \ {0}, (¢/,1¢) € RN has full rank independent of ¢ # 0, which means that for
fixed e, div. satisfies Murat’s condition of constant rank [26]. Hence, Lemma 2.14 in [14] applies with A := div,
and T = P.. O

Remark 2.8. If p = 2 (avoiding the use of general Fourier multiplier theorems), it is easy to see from the proof
of Lemma 2.14 in [14] that (iii) and (iv) actually hold with constants independent of e. However, we do not
exploit this fact, and in any case, the factor % hidden in the div. on the right hand side of (iv) is still a major
obstacle even if the constant in (iv) does not blow up as e — 07.

For technical reasons, it is important for us to be able to work with sequences which are not div.-free but
can be projected to div.-free sequences with an error that is negligible in the limit ¢ — 0%. The following
application of Lemma 2.7 gives a useful sufficient criterion for sequences with this property.

Lemma 2.9. Let Q C RY be open and bounded, let 1 < p < oo and let e, — 0F. Then there exists a sequence
on — 0% such that the following holds: For every sequence (uy) C LP(Q;RN) with u,, — 0 in LP and

Jiver sy + | (e 20 [y < 7 21)

where ul, := (ul, ... ull =t
0 in LP(Q;RY).
Proof. For every k € N choose a function ¢, € C°(9;]0,1]) such that ¢r(x) = 1 for every x € Q with

dist (x; 0Q) > % Moreover, choose a cube @ containing € and a sequence G, — 0% such that C., 5, — 0 with
the constants of Lemma 2.7 (iv) (which also depend on Q). We define

), there exists a sequence (vy,) C LP(Q;RY) such that dive, v, = 0 in Q and u,—v, —

0n = [[0im sy G0 8 i i= @5m)
with a sequence of integers j(n) — oo (fast enough) such that u,, — i, — 0 in LP(; RY). Since
dive, (prtin) = pr dive, un + Vo - (u), Zul)),
we have that
ldive, (Pl -1 < llorllwe e @y (Idive, wally oo + | (wh Zu) | )-
Hence, (2.1) implies that

Ce

diVE-,L ﬁn”W*l,p(Q) = CE diVE-,L ﬁn||W71’p(Q) S ana'n — 0

n n

as n — oo. The sequence v, = P,u, € L”(Q;RN), restricted to 2, now has the desired properties by
Lemma 2.7. O
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Applying Lemma 2.9 is not easy because o, might converge to zero extremely fast. Nevertheless, it turns
out to be possible for certain sequences constructed below, first in Proposition 3.5 for a simple example and
then in Proposition 4.3 as the first step in proof of the upper bound.

3. AN EXAMPLE AND A RELATED RELAXATION PROBLEM

When studying the dimension reduction problem for functionals depending on gradients (instead of divergence-
free functions), one usually relies on a characterization of the associated relaxed functional in the limit setting,
both as a lower semicontinuity result for the lower bound and as a first step in the construction of a sequence
for the upper bound. In our framework, the associated relaxed functional in the limit setting corresponds to the
functional Fy introduced below. Although Fy does not play a role in the proof our main result, we briefly discuss
it here to point out the somewhat surprising fact that Fy does not always give the right limiting model for the
divergence-free dimension reduction problem and may even be nonlocal, in sharp contrast to the gradient case.
In addition, the crucial idea for the proof of the upper bound in our main result is developed in Proposition 3.5
for a simple model problem.

In the following, we consider the functional

= [ flzu)de  if u € U,
Flu) = { oo i ¢ Uy

By definition, the relaxed functional associated to Fis given by the lower semicontinuous hull of F with respect
to weak convergence in LP. For u € LP(Q; RY), it can be expressed by

Fy(u) :=T — lim F(u) = inf { lim inf F(u,,) | u, — u weakly in Lp} . (3.1)

Here, note that since F does not depend on n, I' — liminf F = T’ — limsup F. Moreover, Uy is weakly closed
in LP, whence Fy(u) is finite if and only if u € Up.

Proposition 3.1 (partial representation of Fy). Let f : w x RN — [0,00) (identified with f : Q x RN — R
constant in xn) satisfy (£:0)— (£:2). Then for every u € LP(w; I@N) (identified withu = (u',...,u™N) € LP(Q;RY)
with u? independent of xn for every j =1,...,N), we have Fy(u) = F**(u), the convexified functional.

Proof. Since f > f** and F** is weakly lower semicontinuous in LP(€; RN), it is clear that Fo(u) > F**(u).
On the other hand, for any u € LP(Q; R") which is constant in 2, we have

Fy(u) = inf{liminf F(un) | wp — u weakly in LP(Q; RY), oyul) =0 ¢ R}

IN

inf { lim inf F'(u,,)

un — u weakly in LP(Q:RY), Onun = 0 € RN}

= inf{hminf/ f(@' iy,) da’

w

/wf**(ac',u)dac'z/ﬂf**(ac',u)dac,

Uy — u weakly in LP(w; RN)}

where we used that [ f**(z’,v)dz’ is the weakly lower semicontinuous hull of v — [ f(z',v)da’ in LP. O

Example 3.2. Let p =6, let N =2, let f : R? — R be the three-well potential given by

Flp) = ln— G =Gl ln— Gl
with <1 = (07*1)7 <2 = (1a0)7 <3 = (Oa 1)7
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and consider the function ug € Uy given by

i) = { {f

0) ifxy € (0,1],
0) ifzse(3,1).

Proposition 3.3 (possible nonlocal character of FO). In the situation of Example 3.2, we have that

~ wx (0, w l,l ~
Fo(uo) > 0 = 220D 7 0,0)) + 2G4, 0)).

In particular, Fy(u) cannot be written in the form fQ V(u) dz with some function V : R? — R, and Fy(ug) >
F** (UO)

Remark 3.4. As recently discovered in [8], the lower semicontinuous hull with respect to strong convergence
in L? of certain integral functionals of the form wu fQ f(u, Vu)da can also be nonlocal, if there is a lack of
coercivity with respect to the gradient variable.

Proof of Proposition 3.3. Since f** = 0 on the closed triangle formed by (1, (2 and (s, Fo((O 0)) = Fo((1,0)) =0
by Proposition 3.1. To prove that Fo(uo) > 0, we proceed indirectly. Suppose that Fy (up) = 0. By a standard
diagonalization argument, we may choose a sequence u,, € Uy with u,, — ug weakly in L6(Q,R2) such that
Fy(ug) = lim F(u,,). By passing to a subsequence (not relabeled), we may assume that wu, generates a Young
measure v,, which for a.e. z € 2 is a probability measure on R?, and by the fundamental theorem for Young
measures (see [3,13,25], e.g.), also exploiting that f > 0, we get that

0 = Fp(up) = lim / f(up)de > / f(&)dv, (&)d.
Q Q Jr2
Since f vanishes only on {(1, (2, (3}, this implies that v, is supported in {1, (2, (3} for a.e. , i.e.,

ve = Y0, o5(@)d,. (3.2)

where 6, denotes the Dirac mass concentrated at the point z in R2. Moreover, since fR2 Edv,(€) = up(x) and
vy is a probability measure for a.e. z, the coefficients o;(z) € [0,1] are determined by the linear system

3 3
Z] 105(®)¢ = uo(x) and Zj:l oj(z) = 1.
One easily checks that the unique solution of this system is given by

alx:%,ax 0, a:vz% if 2o <
()0 ()1 3(2) (53)

o3(x) =0 if g >

SIS

where © = (21, x2). In addition, the marginal of v, on the second coordinate axis,
V2(A) := v, (R x A) for A C R Borel-measurable,

1s the Young measure generated by u2. Since u, € Uy, u2 () is independent of z for each n and consequently,
v2 only depends on x1. This contradlcts (3.2), because the latter implies that v2 = o1 (x)0_1 +02(z)d +o3(x)d1,
and the coefficients given by (3.3) are not constant in xo (only piecewise constant). O
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The dimension reduction problem is different because the constraint div. u. = 0 is actually genuinely less
restrictive than dyulY = 0:

Proposition 3.5. In the situation of Example 3.2, for every given pair of sequences €, — 07 and o, — 07T,
there ezists a bounded sequence (u,) C L (;RYN) such that u, — 0 in LP,

[ woydo = [ 57 (ug) do =0, (3.4)
Q Q
and
. 1, N
v by | (1 20 [y < )
for every m. In particular, u, can be projected onto U, with an error that goes to zero strongly in LP by

Lemma 2.9, and since dive, ug = div’ u}y = 0, this entails that T — liminf F., (ug) < 0 < Fy(uo).

Proof. For each n fix a function ¢, € C°((0,1);[0,1]) such that ¢, =1 on [g,,1 —&,], and for k € N let

(3=10(0,1) if0<t<q4,

G=(0,-1) if 5p <t <4,
extended periodically to a function wy, : R — R? with period % Note that
wp — ¢+ 3¢ = (0,0) weakly in LP(T;R?) (3.6)
for any bounded open set T C R. We define vy, € LP(Q;R?) by

gon(Zacg)wk(e—lnxl) if0 < <1,
Vk,n (21, T2) 1=
0 lf% <x9 < 1.

Observe that although vy, ,, is not continuous, its jumps do not contribute to dive, vi ., (as a distribution), and
thus the latter is actually a function with

dive, vgn(1,22) = E%gbn(2x2)w,% (Eixl)

In particular, as k — oo for fixed n, dive, vy, — 0 weakly in LP(Q) as a consequence of (3.6), and thus
dive, vk, — 0 strongly in W~1P(Q), by compact embedding. Analogously, we get that (’ui’n, %vin) — 0
in W=LP(Q;RY) as k — co. Hence, we may choose k = k(n) with k(n) — co as n — oo fast enough such
that (3.5) holds for u, := vy(,),n. Again using (3.6), it is not difficult to check that u, — 0 weakly in L?, and

since f(¢1) = f(¢2) =0, uy, is bounded in L* and [{u, # (1} N {un # (2} — 0, (3.4) holds as well. O

Remark 3.6. The choice of the dimension N = 2 is not crucial for Example 3.2, it is just the simplest possible
case. In fact, a completely analogous argument can be used for suitable potentials f with N + 1 wells in RY
for any N > 2.
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4. THE UPPER BOUND

In this section, we provide the remaining part of the proof of Theorem 1.1, namely the upper bound
' —limsup F.(u) < F**(u) for u € Uy,

by constructing a suitable recovery sequence. In particular, we need some results from convex analysis:

Lemma 4.1 (Carathéodory’s theorem, see [30], e.g.). Let g : RN — [0,00) be continuous. Then for every
¢ € RY and every § > 0, there exists an m € {0,...,N} and & € RN, 0; € (0,1], j = 0,...,m, such that
>0 =1,&=3,0;¢,

97 (&) < XiLetig(&) < g™ (€ +0,
and the vectors & — &o, 7 = 1,...,m, are linearly independent. Here, g** denotes the convex envelope of g.

Lemma 4.2. Suppose that the assumptions of Lemma 4.1 hold. If, in addition, there exist constants p > 1 and
C > 0 such that

&P = C <g(p) <Clpl’ +C for every p € RY, (4.1)
then the assertion of Lemma 4.1 stays true even for 6 =0, and in this case,
Gl < K([§l+1) forj=0,...,m, (4.2)

where K is a constant that only depends on p and C.

Proof. With some background in convex analysis, this is not hard to prove, and we just sketch some details: It
is well known that the convex envelope of g can be represented as

g**(f):sup{A(§)| A:RNHRafﬁneandAgg}, £e RV,

If g is (lower semi-)continuous and has superlinear growth, the supremum is attained at a suitable affine
function A (see [13], e.g.), and A always touches g from below at suitable points §; as in Lemma 4.1 with 6 = 0.
In addition, as a consequence of (4.1), we have that

Sl = C < Ae(p) <Clul’ +C for every p € co{;}

(the convex hull of the points &;, j = 0,...,m). Clearly, the existence of an affine function satisfying the
latter implies that co{{;} is bounded for fixed &, and it is not difficult to obtain more precise estimates that
yield (4.2). O

The following result is the crucial step towards the upper bound for I' — lim sup F. in the general case.

Proposition 4.3. Let N > 2, let 1 < p < oo, let I C (0,1) be an open interval and let €, — 0F. Then for
every sequence T, — 07 and every pair of points (1,(2 € RY and numbers v1,72 € (0,1) such that (¥ # ¢,
Y161 +72¢2 = 0 and y1 +v2 = 1, there exists a sequence (v,) C L= (RY;RYN) such that

[onll e < max{[G, [C2[}, (4.3)

: /1 ,,N
v, sy + | (0 220 [y gy < o

for every n € N,

v, =0 in L} |

(RY;RN) as n — oo, supp(v,) C RVN~! x Usez(enz + enIlEn)), (4.5)
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where 1) := {t € I'| dist (t;0I) > ¢}, and
Hop = ¢yNU| — ~; [U||I] for every measurable set U C RY (4.6)

and 7 =1,2.

Remark 4.4. The assumption (¥ # (¥ is actually obsolete. The case of equality is only excluded above
because it is much simpler and will be treated separately in Proposition 4.6 below.

Proof of Proposition 4.3. For each n € N fix a function ¢, € C®(R;[0,1]) such that ¢, = 1 on I'?*"] and
¢n =0 on R\ Ie»] and define

Yn € C®(R;[0,1)), ¥ = onl-+2).
2EL
Furthermore, for k € N let
Goif0<t<my,
wy(t) = . L
G if =2y <t <0,

extended periodically to a function wy : R — RY with period % Note that

wr — 71(1 +72¢2 =0 weakly in LY (R;RN). (4.7)

loc

With a fixed unit vector (j5 € R perpendicular to ¢; — 2, we define vy, € L= (RY;RY) by
Vg () 1= Yy, (%mr) W ((6—1%30'7 EL-ﬁN) sz)

Observe that although = — wy((Za’, Zan) - (f5) is not continuous, it is dive, -free (as a distribution), and

thus div,, vy, is actually a function with
: 1.7 1 N 1,7 1 1
dive, vgn(z) = = Un (E—xN) wy, ((E—Qx , E—an> -C12>.

In particular, as k — oo for fixed n, div., vy, — 0 weakly in LP(2) due to (4.7), and thus div., vk, — 0
strongly in W~1P(Q), by compact embedding. Analogously, we get that (Vkms iv,ﬁvn) — 0 in WLP(Q;RY)
as k — oo. Hence, we may choose k = k(n) with k(n) — oo as n — oo fast enough such that (4.4) holds for
Up = Ug(n),n, and (4.3), (4.5) and (4.6) hold by construction. O

Carathéodory’s theorem requires convex combination of up to N 4+ 1 points, but Proposition 4.3 only admits
two points. The following elementary lemma allows us to handle general convex combinations by breaking them
into suitable pairs of two. Essentially, it states that if £ = j 0;&; is a convex combination with £ € H, where
H is an affine hyperplane, then £ can be rewritten as a convex combination of points g}-j € H, such that each
&;j is a convex combination of two of the original points, i.e., &; = 3i;&; + Bji&i:

Lemma 4.5. Let m < N, let £ € RN, 0; € (0,1] for j = 0,...,m such that Z;n:o 0; = 1 and the vectors
& — &, J=1,...,m, are linearly independent, and define

eer i (€ e EY - €Y) <,
Bij = 1 ifi:jand«f]N:«EN,
0 else.
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Here, note that Bi; € [0,1] and Bij + Bji = 1 if (&) — V) (&Y —&N) < 0. Then there exists numbers ay; € [0,1],
i,7 €1{0,...,m}, such that

m
Qi = g, g5 = 0 whenever B;; = 0, ZZO‘U =1, (4.8)
=0 i=0
m
b; = Z @ijBij, (4.9)
i=0
and
£=3 Z i (Bii& + Bji&i) = Zaij (Bii& + Bji&i) + Z ;i Bii&;- (4.10)
i.=0 i< 7

Proof. Let H :={y € RN | y¥ = ¢V}, Since £ € S :=co{¢; | 1 =0,...,m}NH (where co A denotes the convex
hull of a set A), which is a convex polyhedral set, £ can be written as a convex combination of the extreme
points of S. Such an extreme point is either given by ; for some j such that EJN = ¢N or it is the intersection
of H with a line segment of the form co{¢;,§;}, for indices 4, j such that & and &; lie on opposite sides of H
(i.e., (N — €N)(§§V — ¢N) < 0). Note that co{¢&;,&) N H = {Bi;& + B;:&} in this case. Hence, there exist
a;; € [0,1] such that a;; = aj;, oy = 01if B3 =0, Zigj a;; =1 and (4.10) holds. Moreover, since o;; = i,

we have that
E=1 Z ij (Bi&; + Bji&i) = Z < aijﬂz‘j) &
0

i,j=0 J=0 \i=

This is another way of expressing { as a convex combination of the points &;. Since {; — &, j = 1,..., N,
are linearly independent, the coefficients of the convex combination are uniquely determined, and comparison
yields (4.9). O

Combining multiple instances of Proposition 4.3 with Lemma 4.5, we obtain:

Proposition 4.6. Let N > 2, let 1 <p < oo, let J C (0,1) be an open interval and let €, — 0F. Moreover, let
m < N, let & € RN and §; € (0,1], j =0,...,m, be such that

and the vectors £ — &, j = 1,...,m, are linearly independent. Then for every sequence o, — 0T, there exist
sequences (yn), (zn) C L°(RN;RYN) such that

[Ynllpoe < max; |§] and [|zn]| - < max;[€;], (4.11)
onyYN =div'y, =0 on RV, (4.12)
. N
Jaive, by + | (o 250 |y gy < 1)
for every n € N,
Yn =0, 2z, =0 in LP(w x J;RY) asn — oo, (4.14)
supp(yn) Usupp(z,) € RN x K, for a compact set K,, C .J '
and
Hyn + 20 = &INU| — 0, |U|, for every measurable U ¢ RN ™1 x J (4.15)

and every j € {0,...,m}.
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Proof. Let a;; and (;; be as in Lemma 4.5 with £ = 0, and divide the unit interval (0,1) into pairwise disjoint
open subintervals I;;, 0 <i < j < m (some possibly empty), such that |I;;| = c;;. For € > 0 let

Tij(e) =RV x | J(ek+eLy),  &; ;:{ Bji&i + Bii& i # 7,

keZ & ifi=j.
For ¢ < j, we define bounded sequence (yij’n)m (zwn)n C LOO(RN;RN) as follows:
yij,n = XTij (En)gij)

where xr,,(c,) denotes the characteristic function of the set T;;(e,). For every j, we set zj; , := 0. For i < j, let
zijn be the sequence obtained in Proposition 4.3, applied with I := I;;, 7, := mgnan, G =& — Eij,
G =& — sEija 1 := Bj; and vz := B;; =1 — (. In particular, Proposition 4.3 gives that

{zijm =& — &} NU| — By ] [U] = Bjici; U],

_ (4.16)
{zijm =& — €&} NU| — B 1| [U| = Bijou; |U]
for every measurable U ¢ RV, and
supp(zijn) C RV 7! x Upez (enk + EnIZ-[;-"]) with a compact Ii[;f"] C I (4.17)
for every i < j (for ¢ = j, (4.16) and (4.17) are trivial). In addition,
[dive, zijmlly-10(0) + H (z;j,n, Lz{jn) S < DT Endn (4.18)

for every n and every i < j. Now let

J m J
szn x) and gn(x): ZZywn(x) for x € RV,

i=0 §=0 i=0

tnqs
I

<.
I
o

Note that at any given z, at most one term contributes in each of the double sums above; more precisely,
Zn = Zij;n and §pn = Y45, on Tj;(e,). Moreover,

m J
njoo Z Z |Iz'j| g’b] Z Qg 6zj§j + 6]151 + Z a;jBii& =

j=0 i=0 1<j

<.

weakly in LP(€; RY), and
OngN =div' g, =0 on RV
since (-, ') is constant for every xx € R and 7Y = _f}[ =0 a.e. in Tj;(ep). By (4.18), we obtain that

m o J
dive, Zallyy 1o + H(Z;L LN)HW - <IN s e+ Do = S5, <o (4.19)
7=0 =0

for n € N. By (4.16), we get that

{gn + 20 =300 — ( 25| + Zﬁijaij) U =0;|U| (4.20)
oy
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for every j and every measurable U C RY | where the latter equality is due to (4.9) combined with the fact that
7]
33

= aj; = fj;a;;. Finally, define
Zp = XRN-1xK,%n and Yn 1= XgN-1xK,Yn

where
Kni= |J (enk+ea[0,1]) and Z,(J) = {k € Z| e,k +£,[0,1] C J}.
k€Zn(J)
Clearly, (4.11), (4.14) and (4.15) are satisfied, the latter as a consequence of (4.20). In addition,

zn =0 and y,fy =¢N =0 in a neighborhood of RV ™1 x 9K,

the former by (4.17). Consequently, dnyY = OngY = 0 and div'y/, = div'§, = 0 on RY, and (4.19) im-
plies (4.13). O
The next result essentially yields the upper bound in the piecewise constant case.

Proposition 4.7. Let fu be a function satisfying (£:0)—(£:2) and let uy € Uy. Moreover, let J, C (0,1) be a
finite number of pairwise disjoint open intervals covering (0,1) up to a set of measure zero, let w, C w be a
finite number of open, pairwise disjoint sets covering w up to a set of measure zero, and suppose that for each
(h,k) and each p € RV,

ug and fu(-, p) are constant on Qp i, where Qp = wp X J.

Then for every pair of sequences €, — 0% and 1, — 0%, there exist two sequences (v,,), (wy,) C L¥(;RY) such
that v, — 0 and w,, — 0 in LP(Q;RY),

[vn(2)] < K (|ug(z)] +1) and |wy(z)| < K(|ug(z)|+1) for a.e. x € Q, (4.21)

where K is a constant that only depends on the constants in (f:1) and (£:2),

dive, v, =0 on RV, (4.22)
. /1, N
ldive, wn|‘W71’p(Q) + H (wn’ e n ) HW*LP(Q;RN) =T (4.23)
for every n € N, and
lim / fu(r,u+ v, +wy)de = / Ji' (z,u) dx, (4.24)
where for every x, f3,*(x,-) denotes the conver envelope of fu(x,-).
Proof.
Step 1: We first show the assertion with (4.22) replaced by the condition
1
Onvh =0 on RN and ||div’ ’U;LHLOQ(Q) < (en)”2. (4.25)

Clearly, it is enough to define v,, and w,, on each @}, ; and prove the asserted properties with @, 1 instead of €2,
as long as the restriction of v, and w,, to any one Q) ; has compact support in this set. Hence, we consider h
and k to be fixed below.

Let (0,,) C (0,00) be a sequence with o, — 0T (fast enough, as specified later), and define

g = ug(x) and gnr(p) = fu(z, p+upk) for o € Qur and p € RY.
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By Lemmas 4.1 and 4.2, 0 € RY can be written as a convex combination 0 = Z?ZO 0;&; such that &; — &,
7 =1,...,m, are linearly independent and

Sl fa(x, & +ug(x) = 370 0050n.k(&5) = 977(0) = f3* (2, ug (2)), (4.26)
for every x € Qp, . Moreover, as a consequence of (4.2),
max; ;] < K (funx| +1), (4.27)

with a constant K only depending on the constants in (f:1) and (f:2). Proposition 4.6 applied with J = J;
yields two sequences (y,), (z,) C L=(RY;RY) such that y, — 0 and 2z, — 0 in L}

loc?

lyn ()| < K (|upp| +1) and |zn(2)] < K(|upg| +1) for z € RY, (4.28)
OnyYN =div'y, =0 on RY, (4.29)
. N
ldive, Znllw 10 (@) + H (Z;“ 2o )HW*LP(Q;RN) = (4:30)
yn and z, vanish in a neighborhood of RN~1 x 9.J; (depending on n), (4.31)
and

m
Jim. Ihk(Yn + 2n) dz = |Qui] Y 090 k(&) (4.32)

- Qhn, =0

the latter due to (4.15) and Lebesgue’s theorem. Together with (4.26), (4.32) yields that

lim Ik (Yn + 2p) dz = / 915(0) dz. (4.33)

S Qn ik Qhn,k

To obtain functions with compact support in @ x, we have to cut off y,, and z, near (Owy) x Ji. For this
purpose choose a sequence of functions 7, € C2°(wp; [0, 1]) in such a way that

1

1
n /1 pointwise and ||V« < (6p) 2 —F/————-
/1D IVl < (60) 3 gty

Below, we identify 7, with a function in C°°(R¥) that is constant in xy. In particular, we have that
(I =1n)yn — 0 and (1 —1my,)z, — 0 pointwise a.e. on Qp k- (4.34)

We define
Up = NpYn and wy, = Ny 2.

By construction, these functions have compact support in Qp i, v, — 0 in LP and w, — 0 in LP, and (4.28)
entails (4.21). In addition, we have (4.25), its second part since by (4.29), div' v/, = (V'n,) - v, = (V) - Yn
and thus

1
i 0| oo < N1Vl 1yl e < (2n) 72
By Lebesgue’s theorem, (4.33) and (4.34) yield (4.24) for Qp 5 instead of . Finally,

dive, (Mnzn) = (V’ﬂn) : Z':z + 1 dive, 2n,
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whence

d.E n~n —1,p H( 'n/'n/l7L nnN)H
I1dive,, (1n2n)lly -1, @Qni) T (11 zn) €n (1n2n) W=12(Qp k;RN)

< e lbyceany (1965 sty | (o 252 [y ey ) < Iy o

by (4.30). With oy, := 75, (||| 2. ) ', this gives (4.23) for Qp i instead of Q.

Step 2: We still have to modify v, to obtain (4.22) instead of (4.25), while maintaining the other asserted
properties. For € R let

On () = v, (z) — <O,En /OxN div’ v, (2/,t) dt)

for x = (a/,xn) € Q, with v, as in the first step. Since Oyv, = 0, we have div. ¥,, = 0 on by construction,
and due to the second part of (4.25),

1
llvn — f)n”Loc <(en)2 — 0.

As a consequence of the latter, (4.21), (4.23) and (4.24) also hold for o, instead of v,, (in case of (4.21) with a
slightly larger constant). d

The proof of the upper bound in the general framework relies on approximation and the following well-known
property of Carathéodory functions.

Proposition 4.8 (Scorza-Dragoni, e.g. see [11]). Let Q C RN be open and bounded and let f : Q x RN — R be
a Carathéodory function. Then for every § > 0, there exists a compact set Q C Q such that |2\ Q| < ¢ and f
is continuous on £ x RV,

Proposition 4.9 (upper bound). Assume (f:0)—(f:2), let u € Uy and let e, — 0. Then for every 6 > 0, there
exists a sequence (up) C Ue, such that u, — u in LP(Q;RY), and

lim [ f(z,up)dz < / 7 (x,u) de + 4. (4.35)
Q Q

n—oo

Remark 4.10. Since (f:2) yields a bound on ||u,||;, independent of J, a diagonalization argument similar to
the one in the third step of the proof below shows that the assertion of Proposition 4.9 stays true even for § = 0.

Proof of Proposition 4.9. Using a series of approximations, the assertion is reduced to Proposition 4.6. Any
expression of the form “A ~ B” below means that A = B + e, with an error e whose modulus is controlled by
a suitable fraction of 4.

Step 1: Assume that u € U is continuous in Q and f is continuous on Q x RV, for some compact Q ¢ Q. We

claim that in this case, there exists sequences (u,) C Us, and (r,) C LP(€;RY) such that u, — 0 and 7, — 0
in LP,

lim [ f(z,up —7rp)de = lim [ f(z,u,)dz = / 7 (x,u) de (4.36)
and
[un () — ()] < (2K +1)(Ju(z)] + 1) for a.e. z € Q, (4.37)

where K is the constant in (4.28) (which, unlike u,, and r,, is independent of Q).
For the proof, we divide 2 into sets of the form Qpr = wp x J and define associated piecewise constant
approximations of u and f as follows: For 2 € Qp k, let ug(x) = (ul, ..., ull)(x) be given by

uiﬁ(x) = inf{max{uj(y), 0} ‘ y € Qh,k} + sup{min{uj(y)7 0} | y € Qh,k} ,
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for j =1,..., N, whence ux is a piecewise constant function in Uy, such that |u;#| < |u’|. Moreover, for x € Qp
let
Qn Qhﬁk if |Q N Qh,k| > 0,

3o Y with a fi
f#(I, ) f(xh,kv ) with a fixed Lh,k G{ Qh,k otherwise.

Note that zj, 1, can always be chosen in such a way that fu satisfies (f:1) and (£:2) with the original constants.
In the following, let

S:=Bgr(0) CRY, with R:= 2K + 1)(|al| oe cymn) + 1),
where K is the constant in (4.28). If the mesh size (the maximal side length of the boxes @, 1) is small enough,

we get that

max [u(r) — up(@)| ~ 0 and  max |f(z. 1) — Fy(w. )] ~ 0 (4.38)
€N z€Q, pes

by the uniform continuity of u and f on compact sets. With the sequences v, and wy, of Proposition 4.6,
using (4.38), (4.21) and the uniform continuity of f on Q x S, we thus have that

[f(m,u+vn+wn)dxz/~f(x,u#+vn+wn)dmz[f#(:c,u#Jr’unern)d:c
Q Q Q

uniformly in n. Similarly, (4.38) and the uniform continuity of f** on Q x S yield that

/ﬁf**(:v,u)dx%/ﬁf**(:v,u#)dx%/ﬁf;*(x,u#)dx.

Here, note that if f is uniformly continuous on Q x {Kpu+n | p € S, n € B1(0)}, then f** is uniformly
continuous on €2 x S as a consequence of Lemma 4.2. Together with (4.24), we infer that

lim ~f(ac,u-l—vn—|—wn)dyc%[f**(ac,u)dac. (4.39)
9) )

n—oo

Finally, by Lemmas 2.3 and 2.9 applied to u and w,, respectively, there exists a sequence (r,) C LP(£;RN)
such that 7, — 0 in L? and div, (v + w, +7y,) = 0 on . By Lebesgue’s theorem, (£:0) and (f:1), we have that

lim flz,u+ v, +wy)de = lim flz,u+ v, + wy +1y) de, (4.40)

n—oo Q n—oo Q

also using that u € LP is fixed and (v,,), (w,) are bounded in L>°. Combining (4.39) and (4.40), we infer (4.36)
for wp, :=u 4 v, + wy, + ry, and (4.37) is a consequence of (4.28) and the fact that |ug| < |u| a.e. in Q.

Step 2: Assume that v € Uy is continuous in €. ~
_ As a consequence of Proposition 4.8, there exists a compact subset (2 of { such that f is continuous on
Q xRN, and ‘Q \ Q‘ is small enough such that

/ (2, u)| de =0 (4.41)
o\0

and

sup/ | f(x,v(x))] de =0, (4.42)
veV JO\Q
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where V := {v € LP(Q;RY) | |v| < (2K + 1)(Ju| 4+ 1) a.e. }. Here, note that the set { f(-,v(-))| v € V} C L}(Q)
is equiintegrable by (f:1). With the sequences (u,,) C Uz, and (r,) C LP(Q;RY) of Step 1, we thus have that

lim flz,up —ry) = lim f X, Up,) /f** x,u)

n—oo 0 n—00

due to (4.36), (4.41), (4.37) and (4.42).

Step 3: The general case.

By Lemma 2.1, there exists a sequence (@) C Uy N C(Q;RY) with @, — u in LP(Q). Let (Ug,) C Ue,
and (7)) C LP(Q;RY) denote the sequences corresponding to 1y obtained in the previous step. By (4.37),
Uk,n, — Tk,n 1S bounded in LP, uniformly in k and n. Since g p — Trn — ui in L as n — oo, 4 — w in LP as
k — o0, T,n — 0in LP as n — oo, and

lim f:cukn /f**lﬂuk — [ (z,u),

n—oo HOO Q
there exist diagonal sequences
Up, i= Up(n)n € Us,, and 7, 1= Tin)n € LP(Q; RY)

with k(n) — oo slow enough such that w,, —r, — w in LP, r,, — 0 in LP, and

lim fmun /f**:cu

n—00

Here, note that since the dual of L? is separable, the weak topology on bounded subsets of L? is metrizable,
which allows us to extract a weakly convergent diagonal subsequence from a sequence of equibounded weakly
convergent sequences using the associated metric. O

Remark 4.11. It is natural to ask whether our result also holds for functionals on Div-free matrix fields (i.e.,
each column is divergence-free). The approach presented here extends in a straightforward way to fields with
values in RV *M for M < N —1, but it does not work for M > N. In fact, our construction for the upper bound,
based on Carathéodory’s theorem, can only be expected to work if Div-quasiconvexity implies convexity. Here,
note that Div-quasiconvexity (or S-quasiconvexity in the terminology of [27]) always implies convexity along
directions of rank < N — 1. For similar reasons, more general differential constraints of the form Au = 0 are out
of reach at the moment, certainly if A-quasiconvexity (as defined in [14]) does not imply convexity. We expect
that in such cases, the convex envelope in Theorem 1.1 has to be replaced by a suitable variant of a quasiconvex
envelope. We hope to address this in a future work, maybe for Div-free matrix fields with M > N as a first
step.
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