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DYNAMIC PROGRAMMING PRINCIPLE FOR TUG-OF-WAR GAMES
WITH NOISE

JUAN J. MANFREDI!, MIKKO PARVIAINEN? AND JuLiO D. Rossi?

Abstract. We consider a two-player zero-sum-game in a bounded open domain 2 described as follows:
at a point x € €, Players I and II play an e-step tug-of-war game with probability «, and with
probability 8 (o + 8 = 1), a random point in the ball of radius € centered at = is chosen. Once
the game position reaches the boundary, Player II pays Player I the amount given by a fixed payoff
function F. We give a detailed proof of the fact that the value functions of this game satisfy the
Dynamic Programming Principle

u(z) = —{ sup u(y)+ inf U(y)} o ( )U(y)d%

y€Be (z) yEB: ()

for z € Q with u(y) = F(y) when y ¢ Q. This principle implies the existence of quasioptimal Markovian
strategies.
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1. INTRODUCTION

We study a two-player zero-sum-game described as follows: starting from a point zg € €2, Players I and II
play the tug-of-war game with probability «, and with probability /3, a random point in B.(z) is chosen. The
players continue starting from the new point until the game position reaches a strip near the boundary, and
then Player IT pays Player I the amount given by a payoff function. This game was studied in a slightly different
form by Peres and Sheffield in [8], and the tug-of-war game by Peres et al. in [9].

We aim to provide a self-contained proof of the Dynamic Programming Principle (DPP) written in a language
more familiar to analysts. For a proof in the context of the general theory of stochastic games see the book of
Maitra and Sudderth [4] in discrete state spaces, and the paper [3] for general state spaces.
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To be more precise, we show that the value functions for the tug-of-war game with noise satisfy the following
equation

a )
u(@) =5 q sup uly)+ f uly)e+5 u(y)dy (1.1)
yEB.(z) y€B: () Be(z)

for x € Q. This property provides a useful tool in many applications.

Intuitively, the expected payoff at the point can be calculated by summing up all the three cases: Player I
moves, Player II moves, or a random point is chosen, with their corresponding probabilities. Player I, who tries
to maximize the payoff, will choose a point maximizing the expected payoff, and Player II a point minimizing
the expected payoff.

Functions satisfying the Dynamic Programming Principle with a = 1 and g = 0, that is,

u<x>=§{ sup ufy) + inf u<y>},

yefs(;c) yefs(:c)

are called harmonious functions, see Le Gruyer [1] and Le Gruyer and Archer [2]. Furthermore, Oberman
used a similar approach to obtain numerical approximations in [7]. As e goes to zero, harmonious functions
approximate solutions to the infinity Laplacian. To be more precise, Le Gruyer proved in [1], see also [9], that
a uniform limit of a sequence of harmonious functions when € — 0 is a solution to Ay u = 0, where

Asou = |Vu| 2 Zumiumﬂju% = |Vu|? (D*u Vu, Vu)

ij

is the 1-homogeneous infinity Laplacian.
In the general case in [6], see also [5], the authors studied functions that satisfy (1.1) and proved that they
approximate solutions to the p-Laplacian

div(|VuP~2Vu) = 0
when

-2 2
a=2"2 and 8= tn
ptn ptn

A key tool for the analysis was the Dynamic Programming Principle (1.1) applied to our game.

2. TUG-OF-WAR GAMES WITH NOISE

Let © C R™ be a bounded open set and € > 0. We denote the compact boundary strip of width € by
. ={zeR"\Q : dist(z,00) < e}.

Further, we denote by B.(z) the open Euclidean ball and with B, (z) its closure B.(z) = {y € R" : |y—z| < }.

Players I and II play as follows. At an initial time, they place a token at a point zy € {2 and toss a biased
coin with probabilities a and 3, « + 3 = 1. If they get heads (probability «), they toss a fair coin and the
winner of the toss moves the game position to any z; € B.(x¢) of his choice. On the other hand, if they get
tails (probability /), the game state moves according to the uniform probability density to a random point
x1 € Be(xp). Then they continue playing from .
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This procedure yields a sequence of game states xg,x1,... Once the game position reaches the boundary
strip I'c, the game ends and Player II pays Player I the amount given by a payoff function F : ' — R, which
is assumed to be Borel measurable. Player I earns F'(z;) while Player II earns — F'(xy).

A strategy Sp for Player I is a collection of measurable mappings S; = {SF}?2, such that the next game
position is

SF(x0, 21, ..., xk) = Thi1 € Be(xy)
if Player I wins the toss given a partial history (zg,z1,...,z). Similarly Player II plays according to a
strategy Sp1. The next game position zg1 € Be(zk), given a partial history (xo,z1,...,zk), is distributed
according to the probability
_ BIAN B ()] o

o
TS1,51 (an L1y Tk A) = W + E(sslk(mo,xl ,,,,, xk)(A) + 55.9{‘1(950,9:1,,,.,:5;6)(‘4)'

From now on, we shall omit k& and simply denote the strategies by St and Str.
Let us fix strategies St, Si1. Let Q. = QUI'. C R” be equipped with the natural topology, and the o-algebra B
of the Borel sets. The space of all game sequences

H*® ={zo} x Qe x Qe x ...,

is a product space endowed with the product topology.
Let {F}72, denote the filtration of o-algebras, Fo C Fi C ... defined as follows: Fy, is the product o-algebra
generated by cylinder sets of the form {xg} x A; X ... x A x Q- x Q... with A; € B. For

w = (zg,w1,...) € H*,
we define the coordinate processes
Xk(w):wk, XkSHOOHRn,k':O,].,...

so that Xy is an Fj-measurable random variable. Moreover, F, = o(|JFy) is the smallest o-algebra so that
all Xy, are F,-measurable. To denote the time when the game state reaches the boundary, we define a random
variable

T(w) =inf{k : Xy(w) el k=0,1,...},

which is a stopping time relative to the filtration {Fx}2,.

A starting point zy and the strategies S; and Sy determine a unique probability measure ]P’g‘; 5y on H™
relative to the o-algebra F°°. This measure is built by Kolmogorov’s extension theorem, see (3.2) below and
Theorem 3.5 in Varadhan [10], to the family of transition probabilities

B|lANB:(wg)|  « o
7T31,311(3307AXI(W)v cee 7Xk(w)7 A) = W + §5SI($0,W1,---,wk)(A) + 55511(307“}1,...@0(‘4)' (21)
The expected payoff is then
Eg?,sn [F(X,)] = i (XT(w))IP’g‘;SH (dw).

Note that, due to the fact that g > 0, the game ends almost surely

PS¢, ({we H*: 7(w) < oo}) =1
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for any choice of strategies because the game sequences contain arbitrary long sequences of random steps with
probability 1.
The value of the game for Player I is given by

ur(zo) = sup inf ES s [F'(X7)]

while the value of the game for Player II is given by

urr(zo) = infsup EY® ¢ [F(X,)].
SII SI 1,011

The values u(zo) and up(zp) are in a sense the best expected outcomes each player can almost guarantee when
the game starts at zo. For the measurability of the value functions we refer to [3].

3. A PROOF OF THE DPP

In this section, we prove that the values u; and wyy satisfy the Dynamic Programming Principle. To this end,
we define measures inductively on finite products as

0,
ﬂsfgn (l‘o) = ]-a
u’gﬁgu({xo} X Ay X ... X Ap_q X Ag)
k}*l,fbo

:/ FSI,SII(xo’wla'"’wk—laAk)MSLSH (xo,dwl,...,dwk_l). (31)
A1 X XAp_1

This is the family of measures used to construct the measure IP’?;‘; s, by applying Kolmogorov’s theorem. In
particular,
k k
g gy ({mo} x Ar x ... x Ag) = “S;r,éﬁo({x()} X Ay X oox A x Q).

Denote A = {xg} x A1 X ... x Ay x Q. x Q. x ... and Ay = {zo} X A1 x ... x A;. By Kolmogorov’s extension
theorem

k, -
F‘S;i%n (Ar) =Pg) 5, (A) fork >N,
and thus
x . k,z
P (A) = Jim 75, (Aw) (32)

Conditioning with respect to the possible first steps plays a key role in the proof. Following the notation
in [3], we denote by Si[x1] a conditional strategy obtained by conditioning with respect to the first step. As
the name suggests, this conditional strategy is defined on the partial histories of the form (zg, z1,...). Next we
write the expectation as an integral of the conditional expectations.

Lemma 3.1. There exists a family of measures

L0O,W1
{PSI[wl],Su[Wl] }wl EEE (970)

such that

B, [P = [ FOG@) P, ()

_ /Q /Q FXA@)PLY o (e, )7, 5,0, deor). (3.3)
cJQox...
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The inner integral in the lemma above is a representative of a conditional expectation given the first
points zg, X1 = X1(w) = ws.

Proof of Lemma 3.1. First, observe that
lu’,ls’fgn({xo} X Al) = TrSI,SH (x07 Al)

Further,

Mélxgu({xO} x Ay x Ag) = / TS1,Sm (xvalv AQ) TS, S (IO, dwy)

/ / SI[ZZM;H wl] (dwg) 7TSI,SH (xo, dwl), (34)
Ay J Ay
where the equality
~1,(zo,w1
Nsl([f;ol],sl)l[wl] (A2) = msy, 5, (w0, w1, A2) (3.5)
defines a new family of measures.
Now we assume, arguing by induction, that there exists ”];I [il(]lgr[i;) ] for k = 2,3, ... satisfying
k, ~k—1,(zo,w
MSIagII({xo} X ... X Ag) = /A /A ,USI wl(] gll[i))l] (dws ..., dwy) Tsy, 501 (w0, dwr). (3.6)
1 2 X.

~k (Ig,wl)

Next we show that this implies that there exists fg, wr]. 5[] satisfying a similar equality. Due to (3.4) this
holds with k = 1. To establish the inductive step, we utilize (3.1) together with (3.6), and calculate

“lgﬂ%?o ({xo} x ... x Ap) = / TS1,8u (%0, W1, - -« Wiy A1) ,ulgfgu(xo,dwl, o dwyg)
A X A
~k—1,(0,
- /WSI,SH(QCO,Wl, sy Wk AkJrl)NSI[wl(]xg:[i,)l] (dea cee 7dwk) TSy,Su (9307 dwl)
— ~k,(zo,w1) d d d
= MSI[WI] SH[wl]( wa ..., dwg1) ﬂSIgSII(x()? w1),
Al A2>< XAk+1
where the family of measures ﬂgl([zj’]wél)l (wy) Is defined by
o) (A XX Apg) = (w0, w Apyr)iali Do) gy, dwg).  (3.7)
Bsyfwn], Serfwi] A2 X - k+1) = B B 81,50 (L0, W1 - -+ s Why Akt1) g, 14,1], 511 [w0y] (W25 - - -5 AWE)- .
2 X
Thus, we have inductively defined measures ”];1([37]“&1)1@1]’ which depend on the strategies Silwi], Siiwi], on
the sets As x ... X Ary1. By Kolmogorov’s extension theorem, there exists a family of probability measures
L0,W1
PSI[UJl],SII[UJl] such that
P2 o ({mo} x A1 x .. / / P st (@) T, (00, ).
A JAxX..
The claim follows from this equation. U

Every strategy Si can be decomposed into the first step S(zo) and the rest S7', where S°* contains exactly
all the conditional strategies Si[x1], #1 € Be(x0). The next lemma plays a key role in the proof of the DPP.
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Lemma 3.2. It holds that

sup sup inf inf F(X,;)] = su inf sup inf E F(X;)]. 3.8
SI(II?)) Sreg Sti(wo) Srest 517511[ ( )] Sl(mpo) St1(wo) Sreg Srest SI,SII[ ( )] ( )

Briefly, this is due to the fact that Player I can optimize her conditional strategy Si[x] without affecting the
conditional strategy Si[y] if y¥ # x. Thus we see that Player IT gets no advantage by choosing his first step on
the left hand side of (3.8).

Proof of Lemma 3.2. The direction “<” is clear and we can concentrate on showing the reverse inequality. For
any 1 > 0, wy € B.(x9), and St, Player II can choose a strategy Sfi[w1] such that

| PP ) < int [ PGP )+

Since the conditional strategy Sii[x] can be manipulated without affecting Sii[y] as long as x # y, this argument
can be repeated for each wy, and thus the procedure defines a strategy Sy, cf. [3], so that the above inequality
holds for each wy € B-(xo) with this strategy. By using a trivial estimate and integrating the above inequality,
we deduce

éf%ft/ /Q N )Pg(;[:jll] SH[M](de, o) sy, sn (To, dwr)

< /Q /Q F(X;(w)) ]P’g‘l’[sll] s: [wll(dwg, o) sy sy (o, dwr)
e e X...

< /Q |:SIiII[lf ]/Q F(X;(w)) P?I)[:;i] SH[WI](dWQ, )| msysn (o, dwr) + en,
w1 X

for any mg; s;,. We repeat the same argument for Player I with n” > 0, and construct Sf. Thus recalling the
previous inequality and (3.3), we deduce

;}IP Slrift ES s, [F(X7)] < /Q SSI[lp Slllrlfl] /Q N F(X;(w)) Pg‘ﬁ:hsn[wﬂ (dwa, . ..) msy, s (20, dwr) + en
est 1 wl (4)

< / inf /Q N )IP’”"’[‘:] SII[Wl](dw2’ o) Tsnsu(To, dwr) + e(n+1')

Srrwi]

Slgft ES g, [F(z T)] +c(n+1).

Next we take infg,(5,) on both sides, use a trivial estimate, and obtain

inf sup inf E F(X,;)] < inf inf EZ. F(X)]+cp+1
SII(IO)SrePt S]reb 51, SH[ ( )] SII(Q?O)Sret't 51 SH[ ( )] (77 77)

< sup int | iuf B, [FOG)] + el + )

Since 7, n’ > 0 are arbitrary, this proves (3.8). O

Next we show that taking sup and inf over conditional strategies with respect to a fixed second point w
gives the value uy at that point.

Lemma 3.3. Let w; € B.(z0). We have

up(wy) = Ss;t[lwfz] 51111[151]/(2 N F(XT(‘“J))PST[MI} Su[m](d ). (3.9)
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Proof. We denote by Si™*, Sij? strategies defined on {wq} x Q. x Q. x ... i.e. we have a starting point wy. Given
such strategies S;™*, Sif*, we define conditional strategies Stwi], Strjwi] with the first points xg,w; by setting

Stlwi](zo,wis - - wk) = SPH (w1, -+ -, W), (3.10)

and analogously for Sfi'. Definition (3.10) applied in the calculation

BIANB:(wi)|  « «
TSy [wi],Suafws] (T, W1, - ooy Wiy A) = B + 5 081fwn](@o.wn,mon) (A) + 5 0sufwn)(@o,wr,e..en) (A)
B|ANB:(wg)|]  « «
= T B + §5sfl(w1,...,wk)(f4) + 505 (w1, (A)
= 7TS;U175;011 (wl, e ,wk,A)

shows that the transition probabilities are the same. This fact, (3.5), and (3.7) imply

~2,(zo,w1 ~1,(zo,w1
MSI([f,"I],SI)IM(Az x Asz) :/A ﬂsl[wl],sn[wl](ﬂfovwhwzvAS)#SI([i,OIfSI)IM(dwz)
2

= /A TSt[w],Stfwr] (T0, W1, W2, A3) T8 [wi],S1[wn] (T, w1, dwa)
2

1w
:/ Tgen g1 (Wi, w2, As) prgor’ go (w1, dwa)
I ~II 191
As
2w
= Mswll gt ({WI} X A2 X A3)
I »~II
Assume then that
~k,(xo,w1)

gt o) (A2 X -+ X Akgr) = 8 o ({wn} X Ag X X Apa).

This implies

~k+1,(x0,
Nsl[wl(fglﬁi;)l](fl2 X oo X Apy2) :/A _ TSt[w],Stfwn] (20, W1, -+ Wht1, Agr2)
2X... k+1
~k,(xo,w1)
X MSI[wg],éll[wl](de’ e ,de+1)

k,w
:/ Tgen g1 (Wi, ooy W1, Akga) Hger' gor (W1, dwa, ..o, dwpet 1)
LI 1 P11
A2><...><Ak+1

= WG (e} X Ao X ).

Thus by induction

Pg?[ﬁll],su[m](AQ X...)= Pg;bl,sﬁl({wl} X Ag x ...

Similarly, if we are given two conditional strategies Stw1], Sti[w1], we can define strategies S;”*, Sfi*, and repeat
the above reasoning. By taking the infimum and the supremum, we obtain

sup inf F(X,(w)) Pt dws,...) = sup inf F( X, (wi,...)PY%, o (dws,...),
sl[wpl]su[wl]/gax,,, (D) Pion suton (w2, --) S;?sgl/ggxgsx.., (Xt DB s ()

which proves the claim. O

Now, we are ready to prove our main result.
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Theorem 3.4 (DPP). The value function for Player 1 satisfies

ur(z) = - sup wui(y)+ inf w(y)+ 5 ur(y)dy, =€ Q,
2 | yeB.() yEB:(x) B.(2)

ur(z) = F(x), zel..
Further, the value function for Player 11 satisfies the same equation.

Proof. The idea in the proof is to decompose the strategies with respect to the first step and the rest. Following
the notation of Lemma 3.2, we have

ur(zo) =supinf EX o [F(X;)] = sup sup inf inf EY o [F(X,)].
1(zo) SIPSII SI,SH[ (X7)] sl(zpo)s;egsn(mo)sf?“ SI,SH[ (X7)]

According to Lemma 3.2

sup sup inf inf EY . [F(X,)] = su inf sup inf EY . [F(X,)].
slupo)s;eRSn(zo)Sf?“ St [F1)] sl<z1?)>sn<zo>s;£sff“ St £

This together with (3.3) implies
o

ur(xg) = sup inf sup inf E F (X,
( ) SI(IO)SII(JCO)SIre:;t Srest SI’SH[ ( )]

= sup inf / V(F(xr) | xo,w1) 7s;,s1 (To, dwr), (3.11)
Si(zo) Suu(zo) Joo

where we denoted

V(F(x,)|xo,wi) = sup inf / F(X () PR 6o (o, ).
Stfwy] Sulerl Jo, x... 1[wi], St [w1

The justification for interchanging sup inf with the first integral is similar to that in (3.8), that is, the conditional
strategy Si[x] can be manipulated without affecting Si[y| as long as  # y. By (3.11), Lemma 3.3, and (2.1),
we obtain

ur(zg) = sup inf / ur(wr) msp, s (To, dwn)
Si(zo) Sulo) Jo,

= sup inf [g{ul(Sl(xo)) + uI(SH(:co))} + 4 uldy]

St(wo) Sti(zo) | 2 B.(z0)

o .
= — ¢ sup ui(Si(zo)) + inf wi(Su(zo)) ¢ + 0 urdy.
2 | sy(z0) Sti(o) B (o)

In the last equality we used the fact that the infimum only affects the second term, the supremum only the first
term, and the third term is independent of the strategies. This completes the proof. O

Let the payoff function F' be bounded. Given the value functions

ur(zo) = supinf ES o [F(X,)]
s S 1,511
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and

uni(zo) = infsup Eg) 5 [F(X7)],
Su s 1,511

there are natural strategies for each player. These strategies turn out to be Markovian and quasioptimal. Fix
1 > 0 and define strategies

Sr={S{}r2y and Su= {5},

as follows:
Sf(zo,21,...,2k) = Tis1 € Be(ax), where u(zpr) > sup u(y) —2 "
QGEE(Ik)
Sk (w0, 1, ..., k) = Tpp1 € Be(zy), where u(zgyr) < inf  wu(y) +27"n.
yEB: (xr)

These strategies depend on 7 and they define a measure ]P’zg‘l”gII on F°°. With respect to this measure the value

corresponding to a game with fixed strategies S; and Sy is given by
vy(wo) = B2 [F(X,)]

Theorem 3.5. It holds that
[ur(zo) — vy(2o)| < .

Proof. The proof is based on the following observation

« . _ _
EZ" s [ur(zg) + 772_k |zo,. .., xp-1] < = inf  wuy+n2 4 osup urp+p urdy + n2 k
1,511 2 Be(xp_1) B.(zk_1) Be(zk-1)

< ug(zp—1) +n2-*,

where we have estimated the strategy of Player I by the supremum and used the definition of Sr;. Therefore we
conclude that

ur(zy) + 027"

is a supermartingale. Since ur = v,, = F' at the boundary strip I'c, we deduce

vn(wo) = EZ ¢ [Flor)] = EX ¢ [vg(a,)

. T . i —T x —T
= Eg[l)ygn [ur(z,)] = Eg[l)ygn [ur(z;) +1277] — Eg(:’gu m277]
< Eg, g, [ur(zr) +7277]
< likm inf Eg g [ur(2rak) + 727

—00

S UI(.fo) + m,

where 7 Ak = min(7, k), and we used Fatou’s lemma as well as the optional stopping theorem for ug(zy) +n2~*.
This shows that ui(zo) — vy (x0) > —n. The inequality ur(zo) — vy (zo) < 1 follows by a symmetric argument
using S’I. O
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