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CONVERGENCE AND REGULARIZATION RESULTS
FOR OPTIMAL CONTROL PROBLEMS WITH SPARSITY FUNCTIONAL

GERD WACHSMUTH! AND DANIEL WACHSMUTH 2

Abstract. Optimization problems with convex but non-smooth cost functional subject to an elliptic
partial differential equation are considered. The non-smoothness arises from a L'-norm in the objective
functional. The problem is regularized to permit the use of the semi-smooth Newton method. Error
estimates with respect to the regularization parameter are provided. Moreover, finite element approx-
imations are studied. A-priori as well as a-posteriori error estimates are developed and confirmed by
numerical experiments.
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1. INTRODUCTION

We investigate optimal control problems with a non-smooth objective functional of the following type:
Minimize J(y,u), which is given by

1 «
J(y,u) = 5”9 - de%Q(Q) + Bllull i) + §||U||2L2(Q) (1.1)

subject to the elliptic equation

Ay =u (1.2)
ylp =0 (1.3)

and to the control constraints
Ug(z) <ulx) <up(x) a.e on Q. (1.4)

Here,  C R™, n = 2,3, is a bounded domain with boundary I". The operator A is assumed to be a lin-
ear, elliptic second-order differential operator. The parameters a, 3 are non-negative parameters. Let us de-
note the optimal control problem (1.1)—(1.4) by (P). Such optimal control problems with L!-functionals arise
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if one tries to find the best location of the control actuator, see e.g. Stadler [27]. This is due to the following
special property of the solutions: on sets, where the adjoint state is small, the optimal control must be zero.
Consequently, the optimal control has small support, which gives an indication to choose the actuator location.
Analogous observations can be made for optimization problems in sequence spaces involving '-norms, see the
comments below.

The optimal control problem under consideration admits a unique optimal control that will be denoted by u,,.
For a = 0, the resulting optimization problem is convex but non-smooth, whereas for a > 0 the optimization
problem admits a semi-smooth necessary optimality system, in this case, the parameter « acts as regularization
and smoothing parameter. We are especially interested in the behavior of solutions for fixed f > 0 and o — 0.
For related estimates in the case § = 0 and with additional state constraints y < y., we refer to the recent work
by Lorenz and Résch [22].

In this work, we investigate two types of approximations for Problem (P). First, we will study convergence
of solutions if the regularization parameter o tends to zero. We prove that the L2-norm of the regularization
error of the control obeys

luo — wallz2 = O(a'/?),

see below Theorem 3.7. This is a novel result in the context of optimal control problems with inequality
constraints. Secondly, we study finite-element approximations for the regularized problem, which yields approx-
imations uq,, of u, in a finite-dimensional space. We prove the a-priori estimate

[tan — tallz2 = O(h),

which coincide with available results for smooth functionals, i.e. for 8 = 0, see below Propositions 4.5 and 4.6.
Both a-priori results are combined in Section 5 to choose the regularization parameter « in dependence of the
mesh size h to obtain optimal convergence of ug — uq,,. Moreover, localized a-posteriori error estimators of the

type

[tan = uall7e <c Z s
TeT,
are considered, where the error indicators nr can be used in an adaptive process to compute approximations of
solutions u,, efficiently.

Let us comment on known results on a-priori and a-posteriori analysis of control constrained optimal control
problems with o > 0, 8 = 0. Basic a-priori estimates were derived by Falk [9], which yield that the L?-error of
the control is controlled by the mesh size h like O(h). Convergence results for the approximation of controls by
linear elements can be found in e.g. in the work of Casas and Mateos [4]. The recently introduced variational
discretization concept by Hinze [14] gives the error estimate ||u — up|| 2 = O(h?). The same convergence order
can be achieved by means of a post-processing step, see Meyer and Rosch [23].

A-posteriori error estimators of residual type were studied for instance by Liu et al. [18-20], and Hintermiiller
et al. [13]. In addition, many papers are devoted to the so-called goal-oriented error estimators, for an outline
of the underlying ideas see the survey of Becker and Rannacher [2].

Finally, let us report about existing literature in the context of inverse problems involving minimization
problems in I*. There, e.g., a possibly noisy signal should be reconstructed with as less non-zero coeflicients
of the solution as possible. That is, the support of the solution should be as small as possible, leading to
a minimization with [-functionals. In certain situations, the minimizer of I'-functionals coincide with the
minimizer of the [°-problem, see Donoho [7], which justifies the use of ['-functionals to compute the sparsest
solution. Solution methods for the arising non-smooth problems are studied for instance by Daubechies et al. [6],
Griesse and Lorenz [11], Jin et al. [16], Ramlau and Teschke [25]. Regularization error estimates under suitable
source conditions for (e, ) — (0,0) can be found for instance in Grasmair et al. [10] and Lorenz [21].

Optimization problems in L' and [' share some major properties: the resulting problems are convex and
non-smooth. Furthermore, the optimality conditions imply that their solutions have potentially small support.
The fundamental differences arise from the different underlying functional analytic structure: The space I! is
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the dual of the Banach space cg, which yields that the unit ball I! is weak-star compact and that the {'-norm
is weak-star lower semicontinuous. This can be used to prove existence of solutions for optimization problems
involving /'-norms. The same argument does not apply for L!(2): This space is not the dual space of any
normed linear space, hence the notation ‘weak-star’ makes no sense. Moreover, bounded sets in L!(Q) are
in general not relatively weak compact due to the Dunford-Pettis theorem. In particular, the optimization
problem (1.1)-(1.3) for e = 0 without additional constraints has no solution in L!({2) in general. Here one has
to resort to measures, see e.g. Clason and Kunisch [5]. Hence, the control constraints (1.4) are indispensable
to prove existence of solutions of (P).

For inverse problems, the question of convergence of solutions for («,3) — (0,0) is studied intensively.
There, one is interested to obtain in the limit the solution of an operator equation. Compared to optimal
control problems this corresponds to the case that the optimal state yg for a = 0 fulfills yg = yg4, i.e. that the
desired state can be reached. Due to the presence of the inequality constraints and due to 8 -4 0 this cannot be
expected in general. One main ingredient in the existing convergence proofs, are the so-called source conditions,
where one assumes that ug lies in the range of a certain adjoint operator $*. In our case, this would mean that
ug is in the range of the solution operator of an elliptic partial differential equation, which implies the regularity
up € H(Q). This is not practical for problems with control constraints, since for o = 0 the optimal control ug
is discontinuous in general with jumps along curves, which means that ug ¢ H'(£2). This makes the fulfillment
of a range condition unlikely. In the proof of our convergence result, we rather used a structural assumption on
the active sets, see below Theorem 3.7. For a more detailed comparison, we refer to the discussion in Section 3.2
below.

Notations and assumptions

Let © € R%, d = 2,3, be a bounded domain with Lipschitz boundary I'. The operator A is a uniformly
elliptic differential operator defined by

N

(e = = 3 5 (aul@)g9(@) ) + colay(o)

i,j=1
with functions a;; € C%Y(Q), co € L>(Q), satisfying the condition a;;(z) = aj;(x) and for some &g, 1 > 0
SollyllFr ) < (AY,y)u-1.m Vy € Hy (%),
(Ayr, y2) - < 0ullyall o) llyell o o) Vy1,y2 € HY ().
Let us denote by a(-,-) the bilinear form induced by A
a(u,v) = (Au,v)g-1 g
The elliptic equation is solved in the weak sense, i.e. the weak solution y satisfies
a(y,v) = (u,v) Yo € H(Q). (1.5)

The corresponding solution mapping is denoted by S, which is a continuous linear injective operator from
H=Y(Q) to H}(2). Thanks to the assumptions on the differential operator A above, the operator S as well as
its adjoint operator S* is continuous from L?(2) to L>(Q), see e.g. [28].

Furthermore, functions yq € L2(2), uq,up € L=®(Q) N HY(Q), ua(r) <0 < up(z) a.e. on Q, are given. Please
note, that the assumption u, < 0 < uy is not a restriction. If one has, e.g., u, > 0 on a subset ; C €2, we can
decompose the L'-norm as ||ul| 10y = [Jull L1@\0,) + le u. Hence, on Q; the L'-norm in Uyg is in fact a linear
functional, and thus the problem can be handled in an analogous way.
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2. EXISTENCE OF SOLUTIONS AND OPTIMALITY CONDITIONS

In this section we prove existence and uniqueness of solutions. Moreover, we derive optimality conditions.
In [27] this is done already for the case o > 0, but we will also handle the case oo = 0.

Lemma 2.1. The problem (P) has a unique solution even in the cases oo =0 or 3 = 0.

Proof. Since the solution mapping S is injective, it is easy to see that the reduced objective j(u) = J(Su,u) is
strictly convex and continuous. Furthermore, the set Uy,q is convex and weakly compact in L?(€2). Therefore,
the existence and uniqueness of the optimal control follows from standard arguments [29)]. O

Let us remark that it is also possible to prove the existence and uniqueness of the solution for @ = 0 in
a pure L! setting. That is, if we assume only uq,u, € L'(Q) we have to state the problem in L'(2) since
Uwa ¢ L?(2). Therefore, we need higher regularity assumptions of the domain €2 to solve the elliptic equation
with a right-hand side in L'(£2). Caused by the fact that L!(Q) is not reflexive, we can not prove the weak
compactness of Uyq by its boundedness. However, weak compactness can be proven directly, which gives the
existence and uniqueness of a solution in L'(£2), see [30], p. 8.

Since the objective function is not smooth but convex with respect to u, we can use the calculus of subdif-
ferentials, see e.g. [15], Chapter 0.3.2. The subdifferential of the L!(Q)-norm is given by

[
—

=

&
Y

v € J|ullp:  v(z) for almost all x € Q, v € L>(Q). (2.1)

I m
L
==
=
= =
B &
AN
o O O

Now we can characterize the solution of (P) by a variational inequality, which is necessary and sufficient for
the optimality of u,,.

Lemma 2.2. The functions us € Uaq and yo, = Su, are the optimal solution of (P) if and only if u,, the
adjoint state po, = S*(Ya — Yo) and a subgradient A, € BO||ua|lLr satisfy the variational inequality

(=pa + Qg + Ao, u —uy) >0 for all u € Uyg. (2.2)

Proof. Following [15] we can compute the necessary and sufficient optimality condition for the convex problem
mingep,, J(u) as follows: u, is a solution if there exists A, € 0J(uq) such that for every u € Uyq

(A, u—1uq) >0 (2.3)

holds. We derive the subdifferential as

0J(ua) = —pa + atig + B0|ua L1,

and so the variational inequality directly follows. (]

As in [29], p. 57, and [27], p. 4, one can discuss the variational inequality pointwise and get a pointwise
relation of u, and p, as displayed in Figure 1. We see that |p,| < § implies u, = 0, which promotes the
sparsity property of u,. See [27] for a more detailed discussion.

3. ESTIMATES OF THE REGULARIZATION ERROR

As already mentioned, one can compute solutions of (P) with a semi-smooth Newton method in the case
a > 0, where the method converge locally super-linearly, see [27], Theorem 4.3. This however does not hold for
a = 0. Hence, it is natural to approximate the solution ugy for a = 0 with the solutions u, for a > 0.
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FicURE 1. Relationship between u,, and pg.

3.1. Estimation by regularity of the active sets

At first, we derive an inequality that will be the starting point to obtain error estimates for the states and
adjoints.

Lemma 3.1. The inequality
[Yar = yallZz + alluar — uallze < (& — @) (uar, ta — uar)

holds for all o >0, o/ > 0.

Proof. The solutions u,, u, fulfill the variational inequalities

(7pa’ + O/Ua’ + Ao, 01 — Uo/) >0
(=p, +au, +A,,v2—1u,)>0

each for all admissible v1,vs € U,q. Testing with v1 = u, and vo = uys, and adding the inequalities leads to
(Par — Pa — A Uar + Qe — Ao + Aoy U — Ug) > 0.
Since A,/ and A, are subgradients of || - |1, we obtain
(—Aar + Aoy Uor — Uq) <0
by using the monotonicity of the subdifferential. This gives
(Por — Po — AUy + Qg Uy — Ug) > 0
which directly leads to

0< (S*(ya - ya’); Uq! — ua) —Q (ua’ — U, U — ua) + (a - O/) (ua’;ua’ - ua)

= —|lyar — yaH%? —allue — “aHi? + (0/ —a) (Uar, Yo — Uar)-
This entails our claim. O

Using o = 0 in the previous lemma we obtain the estimate

1o = yallZz + o lluo — wallZ> < a (uo, uo — ua)- (3.1)



OPTIMAL CONTROL PROBLEMS WITH SPARSITY FUNCTIONAL 863

TABLE 1. Partition of 2, used in Proof of Lemma 3.3.

po < —f3 Ipo| < 8 po > 3
Pa < —f+ aug UY = Uy = Uqg I I
Pa € (= + aug, —f] I I, I
[pa| < I Ug = Uy = 0 I
Pa € [6,6+aub) I I I3
Pa > B+ auy I I Uy = Ugq = Up

Since the admissible set is bounded due to the control constraints, we can conclude a first convergence result
for the states and adjoints.

Corollary 3.2. The estimate

2

o — Yallze < C a2, |Ipo — pall= < Cat/?

holds for all o > 0.
Proof. The operator S* maps right-hand sides in L?() to adjoints in L°°(£2), which yields with (3.1)

70 — pall3 < @ 8" 3o (0, w0 — ). (32)
Since the scalar product (ug,up — us) is bounded due to the control constraints, we find directly the stated
convergence rates. O

We will now show convergence rates for the error in the adjoint states imply convergence rates for the error
in the controls. To this end, we have to make an assumption on the boundary of the set {|po| = 8}. Analogous
assumptions on the boundary of active sets can be found in connection with finite element error estimates for
elliptic optimal control problems, see [4,23].

Lemma 3.3. Let us assume that there exists a constant C, > 0 such that for every € > 0 the estimate for the
Lebesgue measure i of {‘|p0| - ﬁ| < e} is bounded as:

w({|lpol = B <e}) < Cpe. (3.3)
Then we have for all d € (0, 1]

o = pallLe <Ca? = [up = ualr2 < C" a¥?

and ||po — pallr= < "o,
Proof. Let us divide €2 in disjoint sets depending on the values of pg and p,, see also Table 1,

I :={z€Q: [ or — [ lies between py and p, }
I := {:L' €Q:po,pa < —F and po > —f+ aua}
I3 := {:L' €Q:po,pa > +06 and po < B+ aub}'

Note that we can ignore the set {|pg| = 8}, since it has measure zero by assumption (3.3). Let us define the
union U = 1 UL UI3. On Q\ U we have ug = u,, while we can bound the measures of the sets I, I and .
On I the assumption ensures |[po| — 8| < |[po — pal < Ca®. On Iy we have ||po| — 8| = [po + 8| < auq + C a?
and on I3 we have analogously ||po| — 8] < aup +C a?. So on the union U we have ||po| — 8] < Cyp a+ C a? with
the constant C, = max(||ug||L, ||us|/~) depending on the bounds ug, up. Using d < 1 and a < 1 we have
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llpo| — Bl < (C + Cp) . Now we can bound the measure M = u(U) of this set and get M < C, (C + Cp) a4,
Due to the L* control constraints and ug = u, on Q \ U, we have by (3.1)

o — uall7s < M |lug|l e ||uo — uallLe < 2C, (C + Cy) Cf o

By (3.2) we obtain
[P0~ pallz < Cs (G2 (2C, (C +Cy) G)/ ™,
with the constants C; = maxyeu,, |ullr2 = ||max(up, —uq)||r2 and Cs = [|S*]|a—oo- Let us define ¢’ :=

Cy (2C, (C + Cp))'/2. Then we obtain the desired implication

po — Pallz~ < Ca? = uo — tallre < C"al/?

and  [[po — pallz~ < Cs (C) C")/2 a5

for all d € (0,1]. O

With this lemma, we can prove a first convergence result.

Corollary 3.4. Under the assumptions of Lemma 3.3, there is for each d < 1/3 a constant Cy > 0 such that
lluo — ta |2 < Cyal

holds.

Proof. By Lemma 3.3, ||po — pallr~ < Cad implies |[ug — ua|z2 < C'a?/? and ||po — pallz= < C" ald+2)/4,
By Corollary 3.2, we know already |[po — pallz~ < Ca'/?. Now, let us consider the sequence dy = 1/2,
di+1 = (di + 2)/4, which corresponds to the convergence rates of the adjoint states. It is monotonically
increasing and has the limit 2/3. So we get for all d < 2/3 a constant Cy with |[pg — pallze < Cqad and
uo — tallL2 < Cqad/?. This proves the claim. O

This corollary provides us with convergence rates for the controls up to order 1/3 — . However, we observed
higher convergence rates in our numerical experiments. We will now prove higher rates using sensitivity infor-
mation with respect to the parameter «. Similar techniques are used for path-following algorithms, see e.g. [26]
for an application to an optimal control problem with state constraints.

At first let us state the following differentiability result, which is proven in the appendix.

Lemma 3.5. The mappings & — Uq, & — Yo and o +— p, are Gateaus-differentiable into L?(2), L*(Q) and
L>(Q), respectively, at almost all o > 0. With help of the sets

It ={pa € (8,8 +aup)},
I, = {pa S (_ﬁ + g, _ﬁ)}

the derivatives are given as solutions of the system

. 1 1.
la = —5 (B —pa)x, — (B4 pa)X] + ~DaXnuL (3.4a)

o = St (3.4b)
Po = —S*Ta. (3.4c)
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Please note, that the claim of the lemma is only valid for almost all « > 0. To obtain differentiability for
all & > 0, one has to resort to directional (Bouligand) derivatives. Then the resulting system for (G, Yo, Do) is
not longer linear. However, the quantities (4, Yo, Pa) can be interpreted as the solution of a suitably chosen
inequality-constrained optimization problem. See [12] for further discussions and references.

Using the sensitivity information, we can estimate the distance from y, to by an integral over the solutions
of the sensitivity system.

Lemma 3.6. For all o > 0 we have the following estimate

(o3
HyO*ya”L2 < / Hyd”L2 da.
0

Proof. Let us consider the function f : & — ||yo — Y| 2. This function is Lipschitz continuous on each interval
[e, M], e > 0 by Lemma 3.1, and thus also absolutely continuous and almost everywhere differentiable. Moreover,
it holds

o)~ fla) = [ Y ar

for «; € [e, M]. Now, let us estimate the difference quotient

1

0 = Yoa+sllz2 — lIY0 — :
||y Yot HL ||y yaHL < Hg(yaJrzi *ya)

]

’
L2

and taking the limit 6 — 0 yields
|f(@)] < [[9all 2
for almost all a > 0. Therefore we have

(03

F@) = 1)< [ Nialzda < [ lale da

for all € > 0, and passing to the limit € — 0 yields

(e}
190 — val s/ liall 2 da
0

since f is continuous in 0 with f(0) = 0. O

Now we can proof the main result of this section. The idea is to estimate the norm of the derivatives 7., and
then apply the previous lemma to obtain an estimate of the error.

Theorem 3.7. Let the reqularity assumption

#({llpal =Bl < €}) < Cpe (3-5)

be satisfied for o = 0. Then for each d < 1 there is a constant Cy, such that

lluo — uallzz < Caa’?, (3.60)
190 = YallL> < Caat, (3.6b)
Ipo — Pallze < Caat, (3.6¢)

holds as o — 0.
If, in addition, the regularity condition (3.5) holds uniformly for almost all « > 0, then there is a constant Cy
such that (3.6) is true for d = 1.
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The first part of the theorem uses the same regularity condition as Lemma 3.3. Using the sensitivity infor-
mation, we can however show a stronger result. If the regularity condition holds uniformly for a > 0, then we
can prove the full convergence rate. In this case the regularity condition implies that the set {||pa| —-p | =0}
has zero measure for o > 0.

Proof. In this proof C' denotes a generic constant that is independent of «. Testing (3.4b) with ¢, and (3.4c)
with 1, yields

a2 = - /Q oo 2.

Combining this result with equation (3.4a) we obtain with the notations I; and I3 from Lemma 3.5

. 1, . 1 . .
linll + 3ot e = 25 | [ 0= Dada s [ (ot Bl e, (3.7
1 2

Then by definition of these sets, we have p, — 8 € (0,aup) on I; and p, + 3 € (@ ug,0) on I. Let us define
I := Il U IQ.
Together with ug, up € L°(2) we can estimate the right hand side of (3.7) and obtain

. 1. c,.
liall3e + ~lbaxale < lpaxsllze e,

which implies
. C
19allz2 < EHXIHL% (3.8)

Now, it remains to bound || xz||zz = /p(I).
Case 1. Inequality (3.5) holds for o =0 and for almost all o > 0:
The regularity assumption (3.5) yields

u(l) < Ca,
and with (3.8) we get

[9allze < C.
Now integration (Lem. 3.6) yields

[0 = YallL2 < Ca

and we conclude with the smoothing property of S* and Lemma 3.3

Hpo 7pa||L°° < COé,

lug — uallLe < Call?.

Case 2. Inequality (3.5) holds for a = 0:
In this case we use a bootstrapping argument similar to Corollary 3.4. Let us define Cj, := max(||tq /oo, [|tblco)-
Then we have

IC {||pa|*6| §Cb04}.

Now, suppose that ||pg — pallec < Ca? with d < 1 holds. Using ||p0| — ﬂ} < ||pa| — ﬂ} + |pa — po| we have for
a<l

Ic{|lpal = 8] < Cya}  {|lpol — B8] < Ca’}.
Utilizing assumption (3.5), we conclude u(I) < Ca?. Following the same steps as in Case 1, we obtain
9allze < Cal?=D72 lyg — yull 2 < Cal¥t /2 and |[po — pallee < Cal¥t1/2. Thus, we proved the implication

1po — Palle < Ca® = [|po — pallec < C ald+D/2,
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Starting with d = 1/2 (Cor. 3.2) and observing that the sequence ay = 1/2, apt1 = (a, + 1)/2 converges
towards 1 ends the proof. O

3.2. Discussion of the regularity assumption and source conditions

We proved the convergence results under the regularity assumption (3.3), which reads

e ({{lpol = B8] <e}) < Cpe.

This assumption implies, that the set {||p0| -3 | = 0} has zero measure. Consequently, the optimal control wug
satisfies ug(z) € {uq(z),0,up(x)} almost everywhere. This is typically observed for solutions of optimal control
problems for o« = 0. There the optimal control has discontinuities on the set {||p0| - p ‘ = 0}7 which means that
in general ug ¢ H*(£2) holds.

Let us comment on available source conditions for our optimal control problem. The considerations will be
based on the inequality (3.1), i.e.

lyo = yallZz + o lluo — wallZ> < a (uo, uo — ua)- (3.9)

Following Lorenz and Rdsch [22], let us assume that the following source condition is fulfilled: There exists
w € L%(Q) such that

uo = Py, ,(S"w).
Due to the properties of the projection, we have

(ugp — 8™ w, ug —ug) >0

Then (3.9) becomes
HyO - ya||2L2 + OZHUO - UaH%ﬁ § @ (u(JauO - ua) S OZ(S*U},UO - Ua) - Oé(wvs(uo - uoz)) = a(wa Yo — ya)a

which gives

Yo — yallze < allwllrz,  [Juo — uallze < Vallwlze.
However, the assumption on ug implies the regularity ug € H*() for bounds ug,u, € H(S2), and is thus
not compatible with the observation that ug is typically not in H(Q). Other source conditions as developed
in [10,21] are not directly applicable, since they are tailored to the case («, 5) — (0,0), while we are considering
the convergence for «« — 0 and fixed 3.

4. A PRIORI FINITE ELEMENT ERROR ANALYSIS, a > 0

As indicated, the optimal control problem with « > 0 is better suited for numerical computations. After
studying the regularization error, we will now turn to the finite element analysis of the regularized problems.

Let us fix the assumptions on the discretization of Problem (P) by finite elements. First let us specify the
notation of regular meshes. Each mesh 7 consists of closed cells T (for example triangles, tetrahedra, etc.) such
that Q = Urer T holds, which implies in particular that cells with edges/faces lying on the boundary are curved
for smooth, non-polygonal 2. We assume that the mesh is regular in the following sense: For different cells
T;,T; € T,1 # j, the intersection T; N7} is either empty or a node, an edge, or a face of both cells, i.e. hanging
nodes are not allowed. Let us denote the size of each cell by hy = diam T and define h(7) = maxper hy. For
each T' € T, we define Ry to be the diameter of the largest ball contained in 7.

We will work with a family of regular meshes F = {7}, },~0, where the meshes are indexed by their mesh
size, i.e. h(Tp) = h. We assume in addition that there exist two positive constants p and R such that

h_T<R7 h

L <
Ry — hT_p
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hold for all cells T' € 7;, and all A > 0. With each mesh 7, € F we associate a finite-dimensional subspace
Vi, C V. For a given right-hand side u, we define y, € V} as the solution of the discrete weak formulation

a(yn,vn) = (u,vn) Yo, € Vi, (4.1)
and we denote the corresponding solution operator by Sy, i.e. y, = Spu. In the following, we rely on an

assumption on the spaces V}, which is met by standard finite element choices.

Assumption 4.1. Let u € L?(Q) be given. Lety and yp be the solutions of (1.5) and (4.1), respectively. There
exists a constant c4 > 0 independent of h,u such that

ly = ynllce + hlly = yulla < cah®|lull 2.

This assumption implies in particular ||Sp — S||p2— g1 < ca h.

Now, let us introduce the control discretization. We will discretize the control utilizing positive basis func-
tions. Here, we follow an approach introduced by Meyer et al. in [24]. Alternatively, one can follow the so-called
variational approach of [14], in which one sets U, := U, see the corresponding arguments in Section 4.3.

Assumption 4.2. To each mesh we associate a finite-dimensional space Uy, C U. There is a basis ®, =

{60, .., }le,} of Up, e.g. Uy, = span ®y,, where the basis functions ¢} € L>(Q2) have the following properties:
Nh
¢h =0, [dhllo=1 Vi=1...Ny, > ¢h(x)=1 for a.a. zec. (4.2)
i=1

Furthermore, there are numbers M, N such that following conditions are fulfilled for all h and alli=1...Np:
each support wy: := Supp ¢p: 18 connected, and it is contained in the union of at most M adjacent cells T € Ty,
sharing at least one vertex. Each cell T € Ty, is subset of at most N supports wj,.

This assumption covers several commonly-used control discretizations, such as piecewise constant or linear
functions, see [24]. Following the approach of [3,24], let us introduce a quasi-interpolation operator ITj, : L'(Q) —
U},. The operator 11, is given by

Np, B fQ U/(b;l

Iy, (u) == Zﬂ}l(u)qﬁl with 7}, (u) := o
i=1 o Ph

Please note, that IIj, is not a projection with respect to the L?-scalar product. Nevertheless, the following
orthogonality relation holds for u € L?(Q)

[ = miwei = o (4.3)
Q

Based on the assumptions on the mesh and on the control discretization, we have the following interpolation
estimates. For the proofs, we refer to [3,24].

Lemma 4.3. There is a constant cy independent of h such that
hllu =l 20) + lu = Taull g1 @) < erh?||Vul 2o

is fulfilled for all w € HY(Q).

It remains to describe the discrete admissible set Uyq,n,. We use the quasi-interpolation operator II;, to define
new bounds by

Ug,h = pug = Zuz,h% = Zﬂﬁ(uaﬂﬁw up,p, = Ipup = Zui,h%-
: : -

? ?
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Let us set
Usan ={v €Up: ugp <u<upp ae onQ}.

Here it may happen, that u, p or up ; are no longer admissible, i.e. uq j & Ugq OF up p, & Uqq, which gives in the
end a not admissible discretization Ugq,r, ¢ Uqq. For the special case of constant upper and lower bounds u,
and up, it holds Ugq,;, C Uqq. Nevertheless, the admissible set U,q,;, can be written equivalently in the following
way.

Lemma 4.4. Let uq pn, Up,h, Uga,n be defined as above. Then it holds

Uad,h = {u = Zui(b% ufl,h S ui S uz’h} . (44)

3

Proof. The first part ‘C’ of (4.4) follows directly from Assumption 4.2, which gives u/, , < uj, < uj ;. Summation
of ul, ¢ (x) < u'ej, (x) < uj ¢, () yields also the second inclusion ‘3. O

Thanks to this lemma, the constraint u, € Ugqp can be transformed in simple box constraints of the
coefficients of up, which enables to use efficient solution techniques for the resulting optimization problem.
Let us now define the discrete optimal control problem as: Minimize J(yp, up) subject to up, € Ugg,p and

a(yn,vn) = (u,vp) Yo € V.

This represents an optimization problem, which is uniquely solvable. Let us denote its solution by (ya,n, ta,n)
with associated adjoint state p p and subgradient A, € O|up||rr. Analogously to the continuous problem,
one obtains the variational inequality

(QUa,h = Pa,h + Aah, Uh — Ua,h) > 0 Yup € Ugan (4.5)

as necessary and sufficient optimality condition, see Lemma 2.2.

We will now derive error estimates in terms of the mesh size h. At first, we will derive upper bounds of
llua — Ua,nllz2 and ||ya — Ya,nl| 2. For different choices of Uy, we have to proceed differently, which amounts in
a number of analogous error estimates. Now, let us start to derive the basic error bound with the help of the
variational inequalities (2.2) and (4.5).

Here, it would be nice if we could use u, as a test function in the variational inequality (4.5), which char-
acterizes uq,. However, in general the function wu, does not belong to U,q, and cannot be utilized as test
function. To overcome this difficulty, let us introduce an approximation ) ~ u, with 4, € Ugq,p, which is
suitable as test function in (4.5).

The same arguments apply to uq ;. Here one cannot expect uo,n € Ugq if for instance the control bounds are
not constants. Thus, let us take a function @ ~ uq,;, that is feasible for the continuous problem, i.e. @ € Ugq,
and can be used as test function in the variational inequality (2.2).

Now let us use the test function @ in (2.2) and the test function @y, in (4.5). Adding the resulting inequalities
we obtain

allta — UanlF2 < (QUah = Pah, Uh — Ua) + (QUa — Doy @ — Ua,n) — (Payh — Pas Ua — Ua,h)
+B(allzr — luanller + |@nller = [[uallzr)- (4.6)
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Using standard argumentations, see e.g. [9], one finds
ol[ug — “a,hH%? + |y — ya,hH?‘ﬂ < (Ao — Pas U — Ug,h + Up — Ua) + a(ua,h — Ug, Up — Ue)
- (yoz,h ~ Ya, (Sh - S)'ah + S(Qh - Ua))
= (Ya — Yd, (Sn — S)(tn — ua,n))
+ Bl — Nluapllcr + anllpr — lluallz)- (4.7)

Here, we can apply Assumption 4.1 to estimate S, — S, which gives

«Q 1 N - -
Sllta = uanliz + 5l1va = vanlliz <llava = palm (18— vanlm- + lin = valla-1) + allin — ual2
+ A anlze + 1SIZ2 -1 22y lan — vallf—
+ cal®lya = val (1 = vall o2 + e — uanllz2)
+ Bl = lluanllr + [lanllr = lluallzy)- (4.8)
Let us define %y, = I1puq, which implies %y, € Ugyq,n. Then we have by Lemma 4.3
hllan — allze + l[an — uallm-+ < er h? |uall -
Denoting by u} and u_, the positive and negative parts of u,, we find
Janlss = Mg + Mg 0 < Tt s+ g oo = 0 + i s = ualzs,

Thus, this choice of u; yields

o 1 -
5llta = uanlzz + 5llve = vanlliz < lava = palla (@ = vanla- + e b ualm)
+ it h*ol|uallipn + A |anllEe + ISI1Z -1 12t b lualfn

+ cah?(lye = yall 2 (er b lluallm + llua = vanllze) + Blllallr = luanllzy). (4.9)
Let us recall that for @ > 0 the optimal control u, has the regularity u, € H*(Q). However, its H'-norm
depends on a:

1
lualle < =lpallar + llualle + llulla-

Due to the control constraints, the H'-norm of p, is bounded independently of o > 0. The quantity ||awu, —
Do llm1 1 also bounded independently of a:: on sets, where it holds au, — pa # 0, the control constraint is active
or u, = 0. There, the expression ||pa|lm: + a(||ual| g1 + ||us|lzr) realizes an upper bound of ||qua — pallmt-
Altogether, we can choose M > 0 large enough and independent of a, h and g > 0, such that it holds for all
ag>a>0,h>0

[Pall + alluallas + [luslat) + 1ya = vallzz + sup fJunllze < M,

up €Uad,n

which implies immediately ||uq||z1 < Ma~!. The inequality (4.9) becomes
e = el + 510 — vonllEe <M (- Mot
ot — el + 3~ e < M~ s M B2

+AEM?*h?a ™t +eaM?ht + ||S||2L(H,1’L2)C%M2 ht a2
AR M(erM B o + lua — tallz2) + Bl — Jtallz). (4.10)
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We will now distinguish different cases of discretizations and control bounds. The methods of proof will differ
in the choices of @ =~ uq, .

4.1. General control discretization, constant upper and lower bounds
For constant u,, up, we have UZ h
Uqd,i, C Uqq, which allows for the choice % = uq ;. Then inequality (4.10) implies:

= Ug, u}; 5 = Up, Which results in u,n = u, and up, = up. Hence it holds

Proposition 4.5. Let u,,up be constant. Then for every ag > 0,hg > 0 there is a constant C > 0 such that
for all o < o, h < hq it holds
[ua = ta,nllLz < C(h a”! 4+ h? 0473/2)

where C' is independent of a, h.

Proof. With the choice 4 = uq,p, inequality (4.10) gives
o — 32 < (erM? + EMAR? 0™ + AM? Y 4 1] 1 gy M7 02
- e’
+eactM?h3a™t 4 ZHua — U2+ 2AM? Wt a7t
which yields with suitable chosen C' > 0 for a < aqg, h < hg
e — tanlz: < Cha™ +h2a=3/?). O

4.2. Piecewise constant control discretization, variable control bounds

Here, we choose piecewise constant control functions, that is, we require ¢ (z) € {0, 1} everywhere on Q for
all 7, h. Hence the supports of two different trial functions are disjoint. Let us remark that the arguments in
the proof rely on the assumption u, < 0 < up.

We choose 1), = II,u, as in the previous subsection. We set 4 as

Np
=Y (ohta + ohup)e},
i=1

with coeflicients chosen as

i _ {“?x,h/“z,h if ug, , <0, i {0 if up, , <0

727 \o iful, >0, 0 \ui g/ up, i, >0
Uy p, = U, ug, p/up g, if ug, g, > 0.

This implies 02,0} € [0,1], oto} = 0 and @ € U,q. Moreover, it holds

Np,

= o = ) (04 (ta — g ) + 0 (up — 0 )8,
i=1

Following [24], Lemmas 4.4 and 4.5, one finds
hlld = uanllzz + 18— vanlg-1 < ch® (|[Vuallzz + [ Vuy| 22).-

It remains to investigate the L'-norm of @. Here, we obtain

Nh

Ny,
il =S (a; [ twalsi+ i [ |ub|¢z) =S (ol pl + ofl ) = N llon,
=1

i=1
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where we used essentially that the supports of the Z’S are pairwise disjoint. Using now this results on @ and
the results for @, above, we obtain from the inequality (4.10):

Proposition 4.6. Let ug,up € HY(Q) satisfy ua < 0 < up. The control space is discretized by piecewise
constant trial functions as above. Then for every ay > 0, hg > 0 there is a constant C' > 0 such that for all
a < ag, h < hg it holds

e — tanll2 < C(ha™t + A2 a~3/2)

where C' is independent of c, h.

4.3. Variational control discretization

The error estimate for the variational control discretization is a simple consequence of (4.6). Following [14],
we set Uy, = U, which gives Uyq,5, = Ugq-

Corollary 4.7. Let Uy, = U. Then for every ag > 0, hg > 0 there is a constant C' > 0 such that for all
a < ag, h < hg the L?-error of the controls satisfies

lta — vanllre < Ch?a!

with C' independent of h, c.

Proof. Due to Uyq = Ugg,n, we can choose U, = uq and @ = uq p, in (4.7), and we obtain

aHua - Uoz,h”%ﬁ + ||ya - ya,hH%ﬁ < _(ya,h — Ya, (Sh - S)Uoz) - (ya — Yd; (Sh - 8)(“0{ - ua,h))7 (4-11)
which immediately yields in terms of the constants introduced above

allta = tanlZa + lga — gl < (caMh2)? + (caM ) o™, O

4.4. Discretization of the L'-norm

Up to now, we assumed that A, ; belongs to the subgradient of the L'-norm at Uq,pn- This property can be
maintained for piecewise constant control trial functions. In general, depending on the choice of Up,, Ay, will not
belong to a finite-dimensional subspace. For example, if Uj, consists of piecewise linear functions over triangles,
then A\; may have jumps along lines u;, = 0 that are not grid lines. To overcome this difficulty, we introduce
an approximation of the L'-norm in the objective functional with the additional feature that its subdifferential
can be represented by a finite-dimensional subspace. As it will turn out, this additional approximation step will
not disturb the convergence estimate, in fact, both the error orders h and « as well as the leading constant in
the estimate remain unchanged.

Let us define now the approximation of the L'-norm by

lunllzin =D lunl | &, (4.12)
Q
i=1

which is a weighted ['-norm of the coefficients of uy, thus it is a norm on Uj,.
Let up, v, € Uy, be given with A} € OJu}|, ¢ =1...Nj;. Then we have by the construction of \j,

Nh Nh,
> itah = b [ o <3 (uil = 10D | 6= lunlzon = onlng.
i=1 @ i=1 @
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Here, we see that the subgradient of || - || 1 ;, can be represented by finitely many coefficients. Now, let us return
to the a-priori error analysis. Let ., be the solution of the discretized problem

1 o
min 5~ vl + Blunlon + sl (4.13)

subject to the discretized equation (4.1) and the control constraints uj € Ugq,. Then there exists a discrete
adjoint state p,,, and numbers )\fX’ p € 0luy|, i =1...Nj. Using the variational inequalities, we obtain instead
of (4.6) the slightly different estimate

aHua - ua,h”%ﬁ S (aua,h — Pa,h; ﬂh - Ua) + (Oé’ll,a — Pa; U — ua,h) - (pa,h — Pa; Ua — Ua,h)

+ Blallzr = lluanllrn + lanllen = lluallp),  (4.14)

where the approximative L!'-norm instead of the L'-norm is applied to Uq,, and Uy. We will now estimate the
approximative L'-norms against the L'-norm. At first, we obtain
Np

ltanllzs = / Sl
Q=1

Let us define u;, = II,u, as above. Then we find

Np Np

< / S bl = 3l / 6 = lluanll i n
Q = Q

i=1

[anllrn = TMhud + Whug [, < (Ml l[2n + [Taug (oo s
Np, Np,

=3 (o [meh) = 30 [ oaloh = ks

That is, inequality (4.14) implies
2 ~ ~
al|ua = a7 < (QUah = Pah, Uh — Ua) + (QUa — Doy U — Ua,n)

= (Pa,h = Pas ta = ta,n) + B([[all L = l[ua,nllzr), (4.15)

compare also the inequality (4.6). Hence, we can proceed as above to obtain:

Corollary 4.8. Let uq p be the solution of the discrete problem (4.13) with approzimated L'-norm (4.12). Let
the assumptions of Proposition 4.5 or Proposition 4.6 on Up,ug,u be satisfied. Then for every ag > 0, hg >0
there is a constant C' > 0 such that for all a < ag, h < hg the L?-error of the controls satisfies

lta — vanllre < C’(hoz_1 + h? a_3/2)

with C' > 0 independent of a, h, where the constant C is the same as in Propositions 4.5 or 4.6.

Finally, we will give an interpretation of the coefficients )\fL 5, as coefficients for certain trial functions. Let us
construct a dual basis {u}} to {¢}} satisfying

wh, € L*°(Q), /,M:(sm Vi,j=1...Ny.
Q

Let us denote by M; = (my;), my = [, ¢} ¢}, the mass matrix of the ¢}’s. This matrix is invertible with

inverse matrix M,:l = (m"). Setting p} = ;V:hl m <Z)fl yields a dual basis with the properties stated above.
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Defining A\, = vaz’l " (fQ <Z)}L) pi with the coefficients A} as above, we obtain

Np,

st —on) = S Ad (uy — o) ( /Q ¢z) < lunllznn — lonll o (4.16)
=1

Therefore we have Ay, € Ol|upl| 1 p-

4.5. Open problem: General control discretization, variable control bounds

Let us remark, that it is an open problem to prove analogous error estimates for the general control dis-
cretization as introduced above in Assumption 4.2 if the control constraints are not constant. That means in
particular, that for the discretization of controls by piecewise linear functions and non-trivial constraints no
a-priori estimates can be proven. Here, it is open to construct an approximating function @ ~ uq,, with @ € Ugyq
such that it holds

Bl — wanll 2 + 17 — a1 < ch?
and
il < lanllzs +ch

That is, a technique unifying the results of Sections 4.1 and 4.2 is missing.

5. SIMULTANEOUS ERROR ESTIMATES

In this section we want to use the proven convergence results to obtain an error estimate for ||ug — wa || L2-
If we use the triangle inequality, we have

luo — Uanllre < [[ta + vanlze + Juo — tallz2 < C(ha™ + h2a=3/% 4 a?)

with d < 1/2. Now we couple the mesh size h to the regularization parameter a. Since the error estimate is a
polynomial in h and « we suggest to use h = ¥ with v > 0. Now we have

luo — tal|r2 < Ca?™ +a?173/2 4 o),

hence the order of convergence is ¢ = min(y — 1,2y — 3/2,d). In order to maintain convergence for a — 0, we
require g > 0, which implies v > 1 immediately. Since v —1 < 2y —3/2 for all v > 1 we get ¢ = min(y — 1, d).
So the best possible order of convergence is d, and to reach this order we must have v —1 > d. If we now choose
~ = 3/2 this will hold for all d < 1/2, which results in

luo — tanlzz < C'al.

Therefore the discretization does not influence the order of convergence if we choose meshes that are fine enough
according to h ~ /2.

6. A POSTERIORI ERROR ESTIMATOR

Here, we will develop an a-posteriori error estimate from the difference of u, and the computed approxima-
tion wy, of the discrete solution wuq p: ||up — ual/ L2 for a > 0.

Let be given yp,pn € Vi, un € Uga,n NUqga, An € LQ(Q). We will derive the error estimate without assuming
that (yn, un, pr, An) are solutions of the discrete problem.

By optimality of (ya,ta) we know

0 § J(SUh,Uh) - J(ya;ua)a
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which is equivalent to

1 1 « «
0< SlSun— yall7. — 5lva = yallz2 + §||Uh||%2 - §Hua|\%2
+ Bllunlr — BlluallLr + (A(Sun) — un — Aya + ua, pn)
1 «
= —§||Suh —Yalli2 — §||uh — ual|Z2 + (Qun — ph, un — ta)

+ Bllunllpr — Blluallrr + (Apn + Sun — ya, Sun — ya),

since A(Sup) = upn, Aya = Ua, and p, € H}(Q) holds. Let us take X\ € 83||up||r1, which implies §]|up || —
Bllual|lrr < (A, up — ug). Furthermore, let us compute a function dj, such that

(aup —ph + Ap + 6, u—up) >0 Vu € Uyg.

In fact, if up, pp, Ap, are known such a function d;, can be computed, see e.g. [8,17]. We proceed with

1 «
0 < 3118 el — S hun — el + (o — i+ Aoy — )
+ (A= An, wp — ua) + (Apn + Sup — ya, Sun — ya)

which implies

1 «
0 < —5Sun = yall3 = Slhun — all2: = (Gnun — ua)

+_inf (A= My up — ua) + (Apn + Sun — Ya, Sun — Ya)-
XedBllunll 1

Denoting by ¢z j-1 the norm of the embedding L?(Q) — H~*({2), we obtain by the Cauchy-Schwarz inequality

1 « 4 . ¥
SISyl + Sl vl < S0 + b IR A
«@ A€0Blunllp1

+ 208122 sy (142 + 0 = vl + e - IS, 1Ay, — unlfs)

Thus, we found an upper bound of the errors in control and state:

Theorem 6.1. Let be given yn,pn € Vi, un € Usagn N Uga, A € L2(). Let (Yo, ua) be the solution of (P).
Then it holds

1 o 4 . <
SISun = yalZe + Fllun = wallle < ~{lull3 +  inf A= A2
2 4 « AEOBlunl L1

20813y (14Pn + g = yalB-s + e s IS Agn = wnlfs) Jo (61)

Lower bounds of the error can be derived following the recent work of Li et al. [19] provided that (yp,up) is
the solution of the discretized problem with associated adjoint state p, and subgradient Aj,.

To incorporate the estimate above in an adaptive refinement procedure it has to be specified how the error
estimator can be evaluated cell-wise. The function &, can be computed as follows

a(T)
r(z) < up(x) (6.2)
b(l‘)

—(aup —pp + M)~ ifup(x) =u
n(x) =< —(qup —pn+ M) ifug(z) <u
—(aup —pn + )T ifup(z) =u
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Although dj is not a grid function, it is a computationally easy task to evaluate ||dy||z2(ry for each cell of the
mesh. Similarly, a function Ay, € 98||up| L1 can be constructed that realizes the minimum of |A — Ay || 2:

1 if up(z) >0
A (z) = B4 max(—1, min(\,(z), 1)) if up(z) =0 (6.3)
-1 if up(x) <0

The H'-residuals can be estimated by the standard residual estimate

2

[Ayn —unllzr < e Y | b3l Ayn —unllizry + Y. he
TET, ECOT\0Q

ayh
877,,4

Here, the constant ¢; does depend on € and the shape regularity of {7, }. Altogether, we obtain the following
computable error estimate.

L*(E)

Theorem 6.2. Let the assumptions of the previous Theorem 6.1 be satisfied. Let d§, and An be computed
according to (6.2) and (6.3), respectively. Then it holds

C
1Sun = yallZz + allun — vallZe < = TZ[ Un (6.4)
€7h

with a constant ¢ depending on Q2 and the shape regularity of {Tn} but independent of o and the actual mesh Tp,.
The cell-wise quantities nr are defined by

nr = H(ShH%?(T) + || A — >\h||2L2(T) + h (||Ayh - “h||2L2(T) + | Apn + yn — yd||2L2(T))

oA (1) S |
8n,4 L2(E) anA

ECOT\dQ

’ ) (6.5)
L2(B)

7. NUMERICAL RESULTS

7.1. Constructed problems with known solutions

In this section we show constructed problems of the type (1.1). For convenience we choose A = —A. The first
problem is a one-dimensional one, which is suitable to test the regularization errors estimates of Section 3, since
in our experience the discretization error dominates the regularization error for higher dimensional domains.
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Example 7.1. First we choose Q = (0,1) for « = 0, 8 = 1/2. Further we set —u, = u; = 30. It can be
calculated easily, that

p(z) = sin(27 x)
uq where z € (1/12,5/12)

a(z) = up where z € (7/12,11/12)
0  elsewhere
—z/6 where z € [0,1/12)
x?/2 —x/4+1/288 where z € [1/12,5/12)

g(x) =—-30 ¢ /6 —1/12 where x € [5,7/12)
—22/2 + 3x/4 — 73/288 where x € [7,11/12)
—x/6+1/6 where z € [11,1]

Ya =19y — Ap
= + 4n? sin(27 )

satisfies the optimality condition (2.2) (compare Fig. 1).

Example 7.2. This is a problem with Q = (0,2)2, a = 0, 8 arbitrary, u, = —1, u = 5. For convenience we
set 7 = ((1 —x)%2 + (1 — y?))Y/2. The rotationally symmetric functions

4/3 — 43274 where r € [0,1/6)
5(r) = 3 5/3 — 2412 where r € [1/6,1/3)
PRI = Y 19/5 - 31202/5 4 86415 where r € [1/3,1/2)
—14474 + 9672 — 16 where r € [1/2,1//3)
—6912r? where r € [0,1/6)

[
where r € [1/6,1/3)
13 8247"2/5 —1248/5 where r € [1/3,1/2)
—230472 4 384 where r € [1/2,1/1/3)
where r € [0,1/6)
where r € [1/3,1/2)
5r2/4+5log (1/2)/72 4 1og(2/3)/8 where r € [0,1/6)
5(log(3r) +1/2)/72 4+ log(2/3)/8  where r € [1/6,1/3)
—r?/4 +log(2r)/8 +1/16 where r € [1/3,1/2)
Yya=9y—Ap

fulfill the optimality system. For convenience of the reader the plots of these functions can be found in Figures 2
and 3.
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optimal control u x 10 °optimal adjoint state p
6 4
4 2
2 0
0 — -2
) _4
0 0.5 1 0 0.5 1
r r
optimal state y desired state y
0.1 0.1 \
0.08 0.08
0.06 0.06
0.04 0.04 \
0.02 0.02
0 0
0 05 1 0 0.5 1

FIGURE 2. Cross section of Example 7.2, a =0, 8 =2 x 107°.

optimal control u optimal adjoint state p

optimal state y

N

e
[l
i

FIGURE 3. Example 7.2, a =0, 3 =2 x 107°.
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Example 7.3. This is a problem with Q = (0,1)?, 0 < a < 3 arbitrary, u, = —1, up = 54/7. For convenience
we set 7 = ((1/2 — x)% + (1/2 — y?))*/2. Then for

a = 23328 — 5832 a — 5832 auy, b= —9720F + 2268 o + 2592 vy,
c=1296 3 — 288 a — 378 vy, d=-550+12a+ 18 auy
e=—432(+ 648 f=1080—216«

the optimality system is fulfilled with

—162aupr? + 3 + 3auy /2 where r € [0,1/18)
+ 8+ au(r) where 7 € [1/18,1/9)
ar® +br? +cr+d where 7 € [1/9,1/6)
p(r) =< — B+ au(r) where r € [1/6,2/9)
324a(r —1/4)? — B — 5a /4 where 7 € [2/9,5/18)
— B+ au(r) where r € [5/18,1/3)
e(r—1/3)3+ f(r —1/3)2 + 18a(r — 1/3) — 3 where r € [1/3,1/2)
—648aup where r € [0,1/18)
aup — 18/r where r € [1/18,1/9)
9ar +4b+ c/r where r € [1/9,1/6)

Ap(r) = ¢ a—18/r where r € [1/6,2/9)
324a(4 —1/(2r)) where r € [2/9,5/18)
18a/r where r € [5/18,1/3)
e(9r —4+1/(3r))+ f(4—2/(3r)) + 18«a/r where r € [1/3,1/2)
wp where r € [0,1/18)

—18up(r —1/9) where r € [1/18,1/9)
~ 0 where r € [1/9,1/6)
U=\ 18w —1/6)  wherer € [1/6,2/9)
Uq where r € [2/9,5/18)
-6+ 18r where r € [5/18,1/3)
upr? /4 + y(1/18) — 1/168 where r € [0,1/18)
upr? /2 — 2upr —log(9r) /252 + (1/9) — 5/189 where r € [1/18,1/9)
_ log(67)/36 + 5(1/6) where r € [1/9,1/6)
V)= 502 14— 245 1 log(9r/2)/72 + §(2/9) — 11/720  where 7 € [1/6,2/9)
—12/4+ 911log(187/5)/1944 + 25/1296 + (5/18) where r € [2/9,5/18)
—3r2/2 4 2r3 +1og(3r)/9 + 5/54 where r € [5/18,1/3)
Yya =Yy —Ap

These functions are plotted in Figures 4 and 5.

7.2. Verification of regularization error

In order to verify the estimates of the regularization error obtained in Section 3, we solved Example 7.1,

because this one dimensional problem allows solving with very fine meshes. We choose the approximation

parameter a > 0 in order to use a semi-smooth Newton method. The mesh parameters h are set to h = % as/?
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optimal control u x 10”“optimal adjoint state p
10 15
10
5
5
0
0
-5 -5
0 01 02 03 04 0 01 02 03 04
r r
optimal state y desired state Yy
1 1
0.5 05
\\
o 0 /‘&—
0.5 -0.5
0 01 02 03 04 0 01 02 03 04
r r

FIGURE 4. Cross section of Example 7.3, « = 1074, 3 = 1.5 x 10~*.

optimal control u optimal adjoint state p

optimal state y desired state y

05) - -

0 G Dt »

FIGURE 5. Example 7.3, « = 1074, 3= 1.5 x 107%.
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, Error Iuo—um’hl2
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10' |
—+— Errorinu
— Order 1/2
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10~ 10~ 10~ 10~ 10°
o

FIGURE 6. Solution of Example 7.1, h = 0.1 a3/2.

like recommended in Section 5. The unknowns were discretized with linear FEM trial functions. For the solution
of the nonlinear system the semi-smooth Newton method by Stadler [27] was used. The error ||ug — ua,n L2
is displayed in Figure 6. And we observed that the experimental order of convergence coincides with the
theoretically obtained rate 1/2.

7.3. A-posteriori error estimates and adaptive mesh refinement

We used the error estimator of Section 6 in a mesh adaptation procedure. Given a solution (Yo, i, Ua, 1, Pa, I s
Ao, i) on a coarse grid Ty, a subset of triangles 7/, C 7y were marked for refinement. The subset was chosen

such that
Sz > g
TeT}, TeTu

holds. That is, triangles that carry most of the error were selected. The marked triangles were then refined
with the red-green-refinement algorithm, which results in a finer mesh 7;,. In the error indicator n given by
Theorem 6.2, e.g. (6.5), we used (Yn, Un, Phy Ah) = (Yo, H s Ua, s Do, H» A, 1 ), 0-€. the approximation of the discrete
solution were taken as test functions.

The problem data is chosen according to Example 7.3, where we set o = 10~% and 8 = 1.5 x 10~%. The
problem was discretized using Pl-elements for states and adjoints and PO-elements for the control. Hence we
can expect ||uq,n — Ul L2 ~ b due to Propositions 4.5 and 4.6. As solution algorithm we used the semi-smooth
Newton method, see Stadler [27].

Starting with a mesh with 128 triangles, we computed a sequence of solutions and adaptively generated
meshes. For comparison we computed solutions of the discretized problem for uniform refined meshes.

In Figure 7, we plotted the L?-norms of the error Uq,h — Uq and the values of the error estimator, i.e.
ey = |[Ua,n — Ua|r2 and 1, 1= py/>_ 0. The scaling factor p was chosen such that the scaled error estimator
coincides with the true error on the coarsest mesh. As one can expect, the adaptive process yields better
approximation results: with the same number of unknowns the error is significantly smaller than for uniform
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—— uniform —e_ |]
— a —uniform -7
- o adaptive - el
_ g _ adaptive -yl

L2—error and error estimate
>
T

10* 10
Number of unknowns

FiGURE 7. Errors in the control e, and scaled error estimator 7,.

refined meshes. Moreover, the plot of the error estimator shows that estimator and error are of the same order.
This indicates that the error estimator is both reliable and efficient.

A. PROOF OF LEMMA 3.5
At first let us state the following convergence result, which is cited from [30], Lemma 2.24, without proof.

Lemma A.1. Let f(h) € L*(Q) for all h € Us(0) with § > 0 and let f(h) — f in L?(Q) for h \, 0, i.e.,

lim (1 (4) ~ Fllz2 = 0.

Then for g € L%(Q), with g(z) > 0 we have

max (—%, f(h)) — f as h "\, 0, (A1)
max (0, f(h)) — max(0, f) as h "\ 0, (A.2)
max (O, f(h)— %) -0 as h "\, 0. (A.3)

Now we are able to proof the differentiability of (ua, Ya, Pa)-

Proof of Lemma 3.5. The idea of the proof can be found in [27], proof of (3.11).
In a first step, we show that the difference quotient of u,, converges in the weak topology for almost all a > 0.
After this, we obtain that this limit exists also in the strong topology and thus is the Gateaux-derivative of u,,.
As can be seen from Lemma 3.1, the mapping a — u,, is locally Lipschitz continuous from (0, +00) to L?(12).
Moreover, for every ¢ > 0, the mapping a + wu, is globally Lipschitz continuous from [e,+00) to L?(Q). Let
e > 0 be arbitrary. Then it is well-known, see e.g. Aronszajn [1], p. 165, that o — u, is weakly differentiable
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almost everywhere on [g, +00). Therefore, we have for almost all a > ¢

1

a— o

(g — Uqr) — U in L*() as o/ — o

Since € > 0 was arbitrary, this convergence result holds for almost all o > 0.
Let us recall that operator S : L?(Q) — L?(Q) is compact, while S* : L2(Q)) — L*°() is continuous, which
implies strong convergence of the difference quotients for y, and p,

;7 — S ;) —
Yor ~Ya _ Sl —ua) Stto =: o in L*(Q) as @/ — a,
o — o o — o

;- —S* r —
Por ~Po o — ) _, —8"o =1 Pa In L®(N) as o’ — a.
o —« o —«

For the remainder of the proof, let us choose a > 0, such that a — u, is (weakly) differentiable at «. Let us
write uq as (¢f. Fig. 1 and [27])

Uo =o' (max(0,po — 8) + min(0, po + B)
—max(0, pa — 8 — aup) — min(0,ps + B — auy)). (A4)

Let us compute the directional derivatives [, of the right hand side of (A.4) with respect to « in the

directions +1 and —1. We will show that both associated difference quotients converge strongly in L?().
By the weak convergence of the difference quotient of wu,, we obtain 4, = 4! = —u, and thus the strong
convergence of the difference quotient.

Let us exemplarily calculate the convergence of the derivative in direction +1 of the first addend of (A.4).
The arguments for the other terms of (A.4) and the derivative in direction —1 are analogous.

Let us define g(a) := p"a_ﬁ and f(h) := +(g(c+ h) — g(@)). Then we have

Jim £(h) = g(0) = 22 4 Eope,

Now we show the convergence of the difference quotient of max(0,g(«)), i.e. the strong convergence of
#+(max(0, g(o 4+ h)) — max(0,g())). We analyze the behavior of the difference quotient on different subsets
of Q.

Case 1. On the set Gy := {z € Q: g(a)(x) > 0} it holds

- (max(0, gl + 1)) — max(0, g()) = 3 [max(0, g(a -+ 1)) — g(a)]
= max <¥,f(h)> — g(a) in L*(Gy) as h \, 0, (A.5)

where we refer to (A.1) in Lemma A.1.
Case 2. On the set G2 := {x € Q: g(a)(xz) =0}, we find using (A.2) in Lemma A.1

(max(0, glax-+ b)) — max(0, g(a))) = 7 [max(0, g(a+ h)
= max (0, f(h)) — max(0, §(a)) in L*(Ga) as h \, 0. (A.6)

SRS
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Case 3. On the set G3 := {r € Q: g(a)(x) <0}, we obtain

(max(0, gl + 1)) ~ max(0, g(a))) =  (max(0, g(a + h))]

S

= max <o, f(h)+ @) — 0 in L*(G3) as h \, 0,

where we applied (A.3) of Lemma A.1.
Thus, the directional derivative of max(0, g(«)) in direction 1 is given by

g(a)XIa

(A7)

where I = {x € Q: g(a)(z) > 0or g(a)(x) =0, §(a)(z) > 0}. Moreover, due to (A.5)—(A.7), the difference

quotients of g(a) converge strongly to g(a) in L%().

The calculations for the other addends are similar and yield strong convergence of the difference quotients.

Defining

L Z:{pae(ﬂaﬂ+aub) Orpa:ﬂa pazoorpa:6+aub’ ]jagaub}
Iy = {pa S (76*'“ auaafﬂ) O Po = 76; pa <0or Pa = 764»04“‘1’ pa 2 aua}
we obtain
_ 1 1, B
ul‘ = <?pa + apa> X1ul, + ?(Xh - sz)'

The calculation of the directional derivative in direction —1 gives with

I3 := {pa € (8,8 + aup) or po = B3, pa <001 po = B+ aup, pa > aup}
1y = {pa S (76*'“04“0,776) O Po = 76; pa >0 or Pa = 764»04“‘1’ pa < aua}

the expression

o 1 1, 5
— Uy = —gpa + Epa XIsul, + @()“3 - X14)-

(A.9)

Let us compare equations (A.8) and (A.9) for 4,. Multiplying these equations with the characteristic functions

of the sets {po, = 0}, {pa = B+ aup}, {pa = =B} and {p, = —0 + au,}, we obtain

Pa= 0 = pa =0
Pa = [+ aup = po = auy
Pa = —f = pa =0
Pa = =B+ qug = Do = Q.

Hence (A.9) implies that the derivative of u, on these sets is 0 and

. 1 1. B
o = | ——3Pa + ~Do | Xnur + J(Xh - XI,)

holds, where

I = {pa S (ﬁaﬁ+ aub)}
I = {pa € (= + aua, —f)}.



OPTIMAL CONTROL PROBLEMS WITH SPARSITY FUNCTIONAL 885

Therefore the sets I; and I are independent of p,. Together with the equations

ya = S’da,
pa = *S*ya
we obtain the linear system for the derivative (tq, Yo, Pa) as claimed. ]

Acknowledgements. The authors wish to thank Anton Schiela for intensive discussions that led to the result of Theo-
rem 3.7, and improved the convergence rates in the preprint version of this article.
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