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STOCHASTIC DIFFERENTIAL GAMES INVOLVING IMPULSE CONTROLS*

FENG ZHANG!

Abstract. A zero-sum stochastic differential game problem on infinite horizon with continuous and
impulse controls is studied. We obtain the existence of the value of the game and characterize it as
the unique viscosity solution of the associated system of quasi-variational inequalities. We also obtain
a verification theorem which provides an optimal strategy of the game.
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1. INTRODUCTION

The study of differential games with Elliot-Kalton strategies in the viscosity solution framework was initiated
by Evans and Souganidis [5]. Fleming and Souganidis [7] studied in a rigorous manner two-player zero-sum
stochastic differential games and their work translated former results on differential games from the purely
deterministic into the stochastic framework. Those interested in differential games are also referred to [2,6] and
the references therein.

Stochastic optimal control problems involving impulses were studied in many papers, especially for their
wide applications in finance. See, for instance, Cadenillas and Zapatero [3], Korn [8], @Qksendal and Sulem [9].
Yong [12] studied optimal control problems for systems governed by ordinary differential equations with contin-
uous, switching and impulse controls. In Yong [13], deterministic differential game problems involving impulse
controls were considered; one player takes continuous controls whereas the other uses impulse controls. Shaiju
and Dharmatti [11] studied a zero-sum deterministic differential game problem, where the minimizer uses con-
tinuous, switching and impulse controls, while the maximizer takes continuous and switching controls. However,
stochastic differential game problems involving impulse controls seem missing, to the author’s knowledge.

In this paper, we study a zero-sum stochastic differential game problem, in which the maximizer uses con-
tinuous controls and the minimizer takes impulse controls. In Section 2, we formulate the stochastic differential
game problem and establish the associated quasi-variational inequalities (QVI for short). In Section 3, by the
dynamic programming principle we prove that the lower and upper value functions of the game satisfy the QVI
in the viscosity solution sense. Then we establish the existence of the value by proving a uniqueness theorem
for the QVI. Finally, we present a verification theorem which gives an optimal strategy of the game involving
impulses in Section 4.
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2. FORMULATION OF THE PROBLEM

Let B = (B:)i>0 be a d-dimensional standard Brownian motion, defined on a probability space (£2,.%,P),
equipped with the natural filtration (.%;):>¢ satisfying the usual conditions. We are given U a compact subset
of RY and K a compact subset of R”. Let U denote the set of U-valued processes u = (ur)r>0 such that
u is (F,)-progressively measurable. We denote by K the set of processes 7(-) = > ml(r, oo)() such that

i>1
(1:) € [0,00], (13) T 00 a.s., 7; is an .F-stopping time, and each 7; : Q@ — K is .#,,-measurable. u € U is called
the continuous control and n € K is the impulse control.

Let us consider two functions b: R" x U — R" and ¢ : U —

(H1) There exist A > 0 and ¢ > 0 such that for any v € U, 1, x5 € R",

R"™*4 which satisfy:

b1, u) = b(az, u)| < Max — 2], [b(0,u)| +|o(u)] < c.

Then, under (H1), the following stochastic differential equation (SDE):

X:c(t):x—i—/o b(X*(s),u(s)) ds—i—/o o(u(s)) dBs + £(t) (2.1)

admits a unique solution X7(-) for any x € R™ and (u,§) € U x K. The cost functional J* : U x K — R is
given by

T (u,€) = E{ / e F (X7 (1), ult)) dt + Ze”iua)n{nm}}, (2.2)
0 i>1
where A > 0 is a discount parameter, f : R” x U — R is the running cost function and [ : K — R is the impulse
cost function. We assume that A, f and [ satisfy:

(H2) A > ); f is continuous and bounded, and is uniformly Lipschitz in z; [ is continuous and bounded.
Moreover,

glglf(l(f) =c>0; (& +&)<U&)+ &), V&, LK.

Then it’s easy to check that J*(u,£) is well defined for any (u,&) € U x K.

We now introduce the notion of nonanticipative strategies. The nonanticipative strategy set .7 for player-£
is the collection of all nonanticipative maps « from U to . The nonanticipative strategy set A for player-u
is the collection of all nonanticipative maps § from K to U. For the detailed definitions, one is referred to
Definition 3.2 in [2]. Then for any x € R", u € U and o € &, we have (u,a(u)) € U x K. Thus, SDE (2.1)
admits a unique solution X7 corresponding to (u,a(u)), and the cost functional J*(u,«(u)) is well defined.
Then we define the lower value function V_ and the upper value function V; by

_(z) = inf *
V_(x) algg{ilelg] (u, (w)),

Vi(z) = sggégfc J7(B(8),€).

If V. = V,, then we say that the game admits a value and V' := V_ = V, is called the value function of the
game. Furthermore, if there exists (u*,&*) € U x K such that V(x) = J*(u*,£*), then we say that (u*,£*) is
an optimal strategy of the game.

For a continuous function ¢ : R” — R, the minimum cost operator N is defined by

Nlgl(x) = inf {8(a+8) +1)}.
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Let us define the Hamiltonian H : R™ x R x R™ x 8™ — R as follows:

H(x,p, P,Q) = 21618 {f(ac, u) — Ap + b(x,u)*P + %Tr[(oa*)(u)@]}.

Then our stochastic differential game problem corresponds to the following QVI:

min {H (z,V(z), DV (z), D*V (2)), N[V](z) = V(2)} =0, z€R", (2.3)
or equivalently,
H(z,V(z), DV (z), D*V(z)) > 0,
N[V](z) > V(z),
H(z,V(z),DV(z),D*V(z))(N[V](z) = V(z)) = 0.

3. EXISTENCE OF THE VALUE

In this section, we show that both V_ and V4 are viscosity solutions of QVI (2.3) and QVI (2.3) admits at
most one viscosity solution. Thus V_ and V. coincide. Hence, the value of our stochastic differential game
exists.

We denote by BUC(R™) the set of functions ¢ : R™ — R such that ¢ is bounded and uniformly continuous.
Let C?(R™) denote the set of R — R functions that are twice continuously differentiable with respect to their
arguments.

Let us first recall the definition of a viscosity solution of QVI (2.3). The reader more interested in viscosity
solutions is referred to Crandall et al. [4].

Definition 3.1. A function V € BUC(R") is called:
(i) a viscosity subsolution of QVI (2.3) if for any ¢ € C?(R"), whenever V — ¢ attains a local maximum at

x € R™, it holds that
min {H (z, p(x), Dp(x), D*¢(x)), N[V](z) — V(2)} > 0;

(ii) a viscosity supersolution of QVI (2.3) if for any ¢ € C?(R"), whenever V — ¢ attains a local minimum
at x € R", it holds that

min { H (z, ¢(x), Dp(x), D2<p(x)) ,N[V(z) = V(z)} <0;

(iii) a viscosity solution of QVI (2.3) if it’s both a viscosity sub- and a supersolution of (2.3).
The main result of this section is:

Theorem 3.2. Assume (H1) and (H2). Then V_ = V. is the unique viscosity solution of QVI (2.3) in
BUC(R™). Thus our stochastic differential game admits a value.

Before the proof of Theorem 3.2, some necessary preparations are needed.

Lemma 3.3. Assume (H1) and (H2). Then we have:
(i) V-, N[V_] € BUC(R"™);
(ii) V4, N[V4] € BUC(R™).

Proof. We only prove (i). Let ag € & be the strategy that for any u € U, ap(u) makes no impulses. Then by
the definition of V_, we have

V_(z) < sup J*(u, ap(u)) = sup E{ /000 er(Xx(t),u(t))dt} <e.

ueU ueU

On the other hand, since the impulse cost [ is positive valued, for any v € U and « € &7,
S (u, au)) = E{/ e”f(Xx(t),U(t))dt} > —c.
0

Thus, V_(z) > —c. Hence we obtain |V_(z)| < ¢, Va € R", and the boundedness of V_ is proved.
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Now let us prove the continuity of V_. For any x, y € R", u € Y and o € o7, we have

t

Xo(t) = XU(t) = (z —y) + / [D(X7(s), u(s)) = b(X"(s), u(s))]ds.

0

Then by standard arguments it follows that E|X*(t) — X¥(t)| < e M|z — y|. Hence,

(s o(u)) = JY (u, au)) = E{ /OOO e MF(XT(),ult) — f(Xy(tM(t))]dt}
< cE{ /OOO e ANty — yldt} = A—f;\lx -yl

c
V@) = Vo) < 7la— 3l Vo, ye R

which follows that

Hence, V_ is uniformly continuous. We obtain that V_ € BUC(R"™). And N[V_] € BUC(R") is an immediate
consequence. O

Subsequently, for 1(-) = > 0il(s, o)(-) € K, we use the notation (1)1 ; to denote 7; and (n)2; to denote 7;.
i>1
We now present the dynamic programming principle (DPP) for our game problem.

Lemma 3.4. For any x € R" and t > 0, we have:

(1)

V_(xz) = inf sup E{/O e M F(X%(s),u(s))ds + Z eM(“)lvil(a(u)gyi)Jre)‘tV(Xz(t))}, (3.1)

acd
ueU alu)ri<t

where X*(t) = X*(t;u, a(u));
(i)

Vi (z) = sup infE{ /O e MF(X"(5), BE)(s)ds + > eA(E)l”'l((f)z,i)Jre”V+(Xm(t))}, (3.2)

K
pes e (6)1.:<t

where X*(t) = X*(t; 5(£),€).

Proof. We only prove (i); the proof of (ii) is similar. Some proof ideas come from [2,6,7].
Let 2 be fixed, and let W (x) be the right-hand side of (3.1). We fix ¢, € > 0. Then, there exists o' € &/ such
that for any u(-) € U,

W(z) > E{/O e M F(X%(s),u(s))ds + Z e—/\al(“)wg(al(u)g,i) + e_’\tV_(X“'(t))} — e, (3.3)
al(u)1,i <t

where X*(t) = X*(t;u,a'(u)). By the definition of V_(z) and the properties of V_ and J, it’s not difficult to
deduce that there exists a? € & such that

E[V_(x*(t)] = E[J* W (u,a?(w))] — 3ee™™, Yuel. (3.4)
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For the proof of issue (3.4), we follow the proof of Proposition 1.10 in [7]. Let {A;, i =1,2,...} be a partition
of R™, and choose y; € A;. If the diameter of the A;’s is sufficiently small, then for y € A;, the uniform
continuity of J and V_ yields
T, aw) = J¥(u, au) —ee™™, Yuel, a € o,

and
Vo(y) > V_(y;) —ee ™.
By the definition of V_, there exists a¥% € & such that

Vo (ys) > JY (u, 0¥ (u)) —ee ™, Yu cU.

Thus, for y € A;, we have

It follows that

Now we define a mapping a? by

Then o? is nonanticipative and the relation (3.4) follows immediately. Consequently, by (3.3) and (3.4), we get
t
W(z)> E / = F(X7(s), u(s))ds
0
+ Y e @il (w)y) + e TN Oy, a2(u))} — de. (3.5)

al(u)1,; <t

Now we define a strategy ¢ by

§(u(-))(s) = { zl(U(:))(S) s<t,

2(u(- + t);(s —t), s>t

It’s obvious that d is a nonanticipative map since o' and a2 are both so. Then, by change of variables, it follows
from (3.5) that

W(z) > E{ / e MF(XE(t), u(t))dt + Ze_)‘é(”)lvil(é(u)u)} — 4e,
0 i>1
where X*(t) = X*(t;u,d(u)). That is, W(z) > J*(u,d(u)) — 4e. By the arbitrariness of u, we obtain W(x) >
V_(x) — 4e, which follows immediately that W(z) > V_(x).
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We now prove the inequality W (z) < V_(x). For fixed a € & and ¢ > 0, there exists u' € U such that
t
W(z) < E{/ e M F(X(s),u'(s))ds + Z e ey )lvil(a(ul)g,i) +e MY (Xz(t))} + e, (3.6)
0
a(ul)lyigt

where X*(t) = X*(t;u',a(u')). By the definition of V_(z), with the similar arguments that lead to (3.4), we
get that there exists u? € U such that

E[V_(X*(t))] < E[JY D (? a(u?))] +ee . (3.7)

_o ] u(s), s <t,
u(s) = { u?(s —t), s>t

Then by (3.6), (3.7) and change of variables, we obtain

Now we define u € U as follows:

W(x) < E{ / e (), 0 + Ze_m(ﬁ)“l(a(ﬂ)zﬁﬂ{a(ﬂ)l,xm}} +2,

0 i>1

where X*(t) = X*(t;u, a(w)). That is, W(x) < J*(4,a(a)) + 2¢. Finally, the arbitrariness of o and e follows
that W(z) < V_(z). O
As a consequence of the DPP, we have:

Lemma 3.5. The lower and upper value functions V= satisfy the following:

(i) V(z) < N[Vx](z), Vo € R™.

(ii) Let x € R™ be such that a strict inequality holds in (i) (for V_ or Vi ). Then, (correspondingly) there
exists tog > 0 such that for any v € U and t < tg,

Ve(z) + 82 > E{ /0 e M F(X(s),u(s))ds + e_”\tV;(X”(t))},

where X*(-) satisfies
X*(t) = x—i—/o b(Xm(s),u(s))ds—i—/O o(u(s))dBs.

Proof. We only prove the assertions for V_. We obtain (i) by letting ¢ | 0 in (3.1). By Lemma 3.4-(i), for any
t > 0, there exists o' € & such that for any u € U,

V<x>+t2>E{ [ s+ Y eM‘ww(at(u)z,ineMvocf(t))},
at(u),; <t

where X7 (t) = X*(t;u,a(u)). To get (ii) for V_, it’s enough to show that, for some ¢ty > 0, 6* := af(u)11 >t
for any 0 <t < to. If this is not true, then (without loss of generality) there would be a sequence ¢, | 0 such
that ' < t,. This implies that

gtn
V_(z) + (8')% > E{/O e F(X7 (), uls))ds + e 18 (o) + eV (X“’(Gt"))}.

Then by letting n — oo we obtain that V_(z) > N[V_](x), which contradicts the hypothesis that a strict
inequality holds in (i). The proof is concluded. O
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We are now ready to prove:
Proposition 3.6. Under (H1) and (H2), V_ and Vi are viscosity solutions of QVI (2.3).

Proof. We only prove that V_ is a viscosity solution of QVI (2.3). Let us show in a first step that V_ is a
viscosity subsolution. For this, we suppose that ¢ € C?(R") and x € R"™ are such that V_ — ¢ attains a
local maximum at x. Without loss of generality, we assume that V_(z) = ¢(x). From Lemma 3.5, we have
N[V_](x) — V_(x) > 0, so it suffices to prove that H(z,p(z), Do(z), D*p(x)) > 0. To this end, let ag € o7 be
the strategy that for any u € U, ag(u) makes no impulses. Then by Lemma 3.4, for any ¢ > 0, there exists
u(+) € U such that

o(x) < sup J¥(u, ap(u))
ueld

< E{ /t e F(X7(s), us(s))ds + e_“V(X“'(t))} tet
0
< E{ /0 e M F(X(s),ut(s))ds + e”w(X“’(t))} + et,

where X*(-) satisfies
X*(t)=z+ /Ot b(X*(s),u(s))ds + /O1t o(u®(s))dBs,
for t > 0 small enough. By It&’s formula applied to e (X *(t)), we obtain
0<5t—)\E/ O(X%(s )ds+E/ A F(XT(s),uc(s))ds
# 8 [0 O0 ) (DDA (5) + YT (00" 0 () DX ) s
Dividing ¢ and letting ¢ | 0, we get that for some u® € U,
0 < fa,u”) = Ap(x) + 0" (2, u”) Dp(x) + %TY[(UU*)(UE)DQSO(I)] +e,

which follows H (z,p(z), Dp(z), D*¢(x)) + € > 0. From the arbitrariness of &, we obtain H(z,p(x), Dp(z),
D2(x)) > 0.

We now proceed to prove that V_ is a viscosity supersolution. Let ¢ € C?(R") and 2 € R™ be such
that V_ — ¢ attains a local minimum at z. Without loss of generality, we assume again that V_(x) = ¢(z).
If N[V_](x) — V_(z) = 0, then there’s nothing to prove. If N[V_](z) — V_(z) > 0, we need to prove that
H(z, p(z), Do(x), D*p(x)) < 0. By Lemma 3.5, there exists to > 0 such that for any u € U and t < ¢,

V_(z) +t* > E{ /Ot e M F(X(s),u)ds + e_”\tV_(Xﬁ”(t))}7

where X*(-) satisfies

X“’(t)::ch/O b(X””(s),u)der/O o(u)dBs.
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By Ito’s formula, we obtain that

t? > —\E /1t e Mp(X*(s))ds + E/t e M F(X*(s),u)ds
0

0

+ E/ e M {b* (X7 (s), u) Dp(X*(s)) + %Tr[(oa*)( )D?(X*(s))] }ds.
By dividing ¢ and letting ¢ | 0, we get
0> fx,u) — do(x) + b" (z,u)Dp(x) + %Tr[(aa*)(u)Dng(ac)], VueU,

which follows that H(z, ¢(z), De(z), D*p(x)) < 0. The proof is complete. O

We will show that QVI (2.3) admits at most one viscosity solution. A necessary lemma is given in the
following. For the proof, one is referred to Lemma 4.4 in [12].

Lemma 3.7. Suppose V' is a uniformly continuous function. Let yo € R™ and & € K be such that
V(yo) = N[V](yo) = V(yo + o) + (o)

Then there exists § > 0 which depends on V', such that
V(y) < N[VI(y), Vly—(yo+&) <9

Now let us give the following:

Proposition 3.8. Assume (H1) and (H2). Let v and w be viscosity solutions of QVI (2.3) in BUC(R™). Then
v=w.

Proof. We only prove v < w. The inequality of the opposite direction can be proved similarly. To this end, we
assume that sup (v(z) —w(x)) > 0. Then we can find z € R™ and § > 0 such that

zERn
sup. (v(x) —w(x)) >0, (3.8)
z€0(z)
and
N[w](z) > w(z), Ve O(z) (3.9)

where O(Z) = {z € R" : |z — Z| < §}. In fact, there exists yg € R™ such that v(yo) — w(yo) > 0. If N[w](yo) >
w(yo), then considering the uniform continuity of v, w and N|w], we obtain ( 8) and (3.9) by taking T = yo.
Suppose it’s not the case. Then let us assume that for some & € K, w(yo) = N[w](yo) = w(yo +&o) + 1(&n). We
choose T = yp +&p. Then by Lemma 3.7, there exists § > 0 such that Nw](z) > w(x), Va € O(Z). On the other
hand, it’s easy to check that v(Z) — w(Z) = v(Z) + (&) — w(yo) > v(yo) — w(yo) > 0. Hence, we obtain (3.8)
and (3.9). In the sequel, we assume, without loss of generality, that

v(x) <w(z), Vie-—z| =24

Now let us define the Hamiltonian H : R™ x R x R" x 8™ — R as follows:

He,p, P,Q) = 525{ — J(,w)+ 2w = bz, )" P - %Truoo*)(u)cz]}.
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Then it’s obvious that H = —H. By Definition 3.1 and Proposition 3.6, together with (3.9), it’s easy to check
that, for any ¢ € C%(R"), if v — ¢ attains a local maximum at z € O(Z), then H(x, (), Dp(x), D*p(z)) < 0,
and if w — ¢ attains a local minimum at x € O(Z), then H(z, p(x), Dp(x), D?*¢(z)) > 0. Hence, in O(z), v and
w are, respectively, viscosity subsolution and supersolution of the following equation:

H(z,V(z), DV (z),D*V(z)) = 0.
It’s easy to check that the function H is proper in the sense that

H(maplapan) §H(Z,p2,P,Q2), lf P1 §p2 and Ql ZQQ

And for any p; > p2 and (z, P,Q) € R" x R" x 8™,

H(x,pl,P, Q) - H(f,pQ,P,Q) = )‘(pl _p2) (310)

Now let us assume that @1, @2 € 8™, a > 0 satisfy the following inequality:

Q2 0 1 —I
< . .
( o _o )sel (3.11)
Then it’s easy to check that Q2 — @1 < 0, and thus Tr[(co™*)(u)(Q2 — @1)] < 0. From the Lipschitz properties
of b and f, it follows that

H(?]a]% OK(I - y)a Ql) - H(Iapa OK(I - y)7 QQ) < C(OélI - y|2 + |I - yl) (312)
Then by (3.10) and (3.12), we conclude from Theorem 3.3 in [4] that

sup (v(z) —w(z)) <0,

z€O0(z)

which contradicts (3.8). Hence, sup (v(z) — w(x)) < 0 and the proof is concluded. O
TER™

Proof of Theorem 3.2. Theorem 3.2 is easily obtained by Lemma 3.3, Proposition 3.6 and Proposition 3.8. [J

4. A VERIFICATION THEOREM

In [1,3,8], verification theorems were considered for stochastic optimal control problems involving impulses,
which provide the optimal controls. In this section, we present a verification theorem which gives an optimal
strategy of our zero-sum stochastic differential game.

We suppose that a classical solution of QVT (2.3) exists, denoted by v. Then v separates the space R™ into
two disjoint regions: a continuation region

C:={z € R":v(z) < N[v](z) and H(z,v(z), Dv(z), D*v(z)) = 0}
and an intervention region

Y= {z e R":v(z) = Nv|(z) and H(z,v(z), Dv(z), D*v(z)) > 0}.
In the sequel, we assume that for any (u(-),&(+)) € U x K,

lim Ele” (X4 )] =0,

t—o0
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and
o0
E/ le™ ' (X4)o(us)|?ds < oo,
0
where X (+) is the solution of SDE (2.1) corresponding to (u(-),&(:)). We define, for any u € U, the operator £
by
1
LY(w) = =Ap(@) +b* (2, u) Dp(w) + 5 Trl(00") (W) D2p(x)], x €R", o € C*R™).
Firstly we give the following:

Definition 4.1. The following mixed continuous-impulse stochastic control

(@ (€)= () D& Lrr o) ()

i>1
is called the QVI-control associated with v (if it exists):

P{V(t,X;) ER" x C:u*(t) € arg%lea&({ﬁuv(Xt) + f(Xp,u)}} = 1;
=0, & =0;

m =inf {t > 0:v(Xy) = N[v](Xy)},

& = arginf {o(X(r]) + &) +1(¢), £ € K}

and, for every n > 2,

i =inf {t > 77 0(Xy) = N|(Xe)},
& = arginf {o(X (7)) + &) +1(¢), £ € K}.

Here, X is the trajectory corresponding to (u*(-),&*(+)).

We are now ready to present the verification theorem for our stochastic differential game problem involving
impulses.

Theorem 4.2. Assume (H1) and (H2). Let v € BUC(R"™) be a classical solution of QVI (2.3). If the QVI-
control (u*(+),&*(+)) associated with v is admissible, then v is the value function of our stochastic differential
game. Thus, (u*(-),£*(+)) is an optimal strategy of the game.

Proof. By Theorem 3.2 we know that V' := V_ = V. is the unique viscosity solution of QVT (2.3) in BUC(R™).
Hence, we obtain

v(z) = inf sup J* (u, o(u)) = ;gggg,fc J7(B(£),€).

We now only need to show that v(z) = J*(u*(-),£*(-)). By an appropriate version of Itd’s formula (see, e.g.,
Sect. TV.45 of [10]), we obtain for any ¢ > 0 and n > 1,

n tAT) . tAT)
e_)‘(t/\T")v(X(t,\T;)Jr) —o(z) = Z { / e ML (X,)ds + / e_)‘sv'(Xs)a(u;)st}
t

i=1 ATy AT 4

) ey {u(Xers) = 0(Xo) )
1=1
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From Definition 4.1, we have

ei)\(t/\‘r:;)v(X(t/\T;)-i-) —v(z) = Z { _
i=1

n
= Ve UE).
1=1

AT tATS
/ e M (X, ul)ds + / e v (X,)o(ul)dB,
t

AT tATS

Taking expectations, we obtain

n tAT)
o(z) — BN 0(X gy )] = E{ > lan}e—m e+ [ e f s
i=1 t

*
AT

}. (4.1)

lim B[e M m0(X 4] = Ble0(X1p)].

n—oo

tAT,,
lim F / e
n—oo O

Thus, by letting n — oo in (4.1) we get

tAT]
7/ e M (X,)o(ul)dB,
t

Since the QVI-control is assumed to be admissible, we have 7,5 T co. Hence,

We also have

s tAT;
o) = Ble (X)) = E{ > [n{m}em 1) + / e F (X, u’;)ds] } (4.2)
; t
It’s easy to check that

and

00 AT
L%OE{ > [H{T:«}e‘”i e+ [ e—k“’f(Xs,u:)ds] }

i=1 AT
E{Z |:]]_{7_:<OO}6AT,L*Z(§Z*)+/O eAsf(XS,U:)dS:| }
1=1

Hence, by letting ¢ — oo in (4.2) we have

{Z Ly <ooye T U(E)] +/O e*sf(Xs,uZ)dS}-

That is, v(z) = J*(u*,£*). Thus, (u*,£*) constitutes an optimal strategy of the game. O
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