ESAIM: COCV 17 (2011) 761-770 ESAIM: Control, Optimisation and Calculus of Variations
DOI: 10.1051/cocv /2010021 WWW.esaim-cocv.org

STRONG UNIQUE CONTINUATION FOR THE LAME SYSTEM
WITH LIPSCHITZ COEFFICIENTS IN THREE DIMENSIONS *

Hang YU!

Abstract. This paper studies the strong unique continuation property for the Lamé system of elas-
ticity with variable Lamé coefficients A, p in three dimensions, div(u(Vu+ Vu')) + V(Adivu) + Vu =0
where A and p are Lipschitz continuous and V' € L. The method is based on the Carleman estimate
with polynomial weights for the Lamé operator.
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1. INTRODUCTION

The main purpose of this paper is to study the strong unique continuation for the Lamé system with C°!
coefficients in three dimensions. Firstly, let us introduce the Lamé system of elasticity. Assume that € is a
bounded domain in R3, the Lamé moduli p = p(x), A = A(x) are C%1(2) and satisfy the strong ellipticity
conditions

w>a9>0, 2u+XA> [y >0,
and the upper bound
lellcorie) + [[Allcoro) < C,
where «q, Oy and C' are given positive constants. Without loss of generality, we may assume that €2 contains
the origin and Br CC 2 for some R > 0 where Bp is the open ball centered at the origin with radius R. The
Lamé system with a perturbation V' € L*°() is given by

div(p(Vu+ (Vu) ")) + V(Adiv u) + Vu =0, (1.1)

where u = (u1, ua, u3) ' is the displacement vector and

6;81U1 &CQul &Cgul
Vu = Oz U OpyUz  OpgU2
6;81 us 0x2u3 ax3U3

is the gradient matrix of u.
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2
loc

We recall that a function u € Lj. .(R™) is said to vanish of infinite order at a point x¢ if for any k > 0,

/ lul?dz = O(r*), asr — 0.
|x—zo|<r

We say that (1.1) has the strong unique continuation property (SUCP) if any solution w is identically zero
whenever it vanishes of infinite order at a point of €.

The previous results in the literature are the following. The result of the (weak) unique continuation for
the Lamé system was first given by Dehman and Robbiano for A, u € C*°(R™) [3]. They proved the Carleman
estimate by pseudodifferential calculus. Then Ang et al. gave a result for A € C?(R"), u € C3(R") [2]; Weck
proved a result for \, p € C?(R™) [12,13]. On the other hand, the result on the strong unique continuation
(SUCP) for the Lamé system was first obtained by Alessandrini and Morassi for n > 2, A, u € CHH(R™) [1]. Then
Lin and Wang studied the SUCP in the case of n = 2, A, u € W1°°(R") [8]. Their proof relies on reducing the
Lamé system to a first order elliptic system and on some suitable Carleman estimates with polynomial weights.
Later, the result of [8] was improved to p € C%!(Q) and A\ being measurable by Escauriaza [5]. Also, while
submitting this article, we became aware of the work of Lin et al. [7] which also consider SUCP for the Lamé
operator with Lipschitz coefficients.

The purpose of this paper is to consider the more general case in (1.1). Our result is as follows:

Theorem 1.1. Assume that 2 is a bounded domain in R3, the Lamé coefficients u, A\ € C%1(Q) satisfy the
strong elliptic conditions. Let u € H?(2) be a solution to (1.1). If there is a point xo € Q such that, for every
k €N,

/ lul?dz = O(r*), asr — 0, (1.2)
|z—zo|<r
then u =0, in €.

As we shall see in Section 3, Theorem 1.1 is a combination of two results: first, we will show that if u
solves (1.1), then u cannot have zeros of “exponential” order, i.e., there is no point z¢ € € such that

/ lu|*dz = O (effl) , asr — 0, (1.3)
|lz—xo|<r

unless u is identically 0. This result can be seen in our previous work [14]. Next, we will prove if z is a zero of
infinite order for u, then z( is a zero of “exponential” order, i.e. (1.2) implies (1.3). For this step we need the
Carleman estimates with polynomial weights.

2. CARLEMAN ESTIMATES WITH POLYNOMIAL WEIGHTS

In [11], the authors give a result of the Carleman estimates for Dirac operators. The proof uses the fact
that Dirac squared is the Laplacian. Inspired by [6,11], one can find a way to obtain the Carleman estimates
with polynomial weights for Lamé operator directly from a corresponding estimates for the Laplacian in three
dimensions, since the Lamé operator is a composition of two first order operators, one of which is a Dirac
operator. For doing this, we need to use the semiclassical Sobolev spaces

lulles,, = [[(RD)ul| L2

scl

where (€) = (14 |€[2)2. Tt is easy to prove that if s is a positive integer, then

lallzrz,, = D (1D ullzz).
0<k<s
Here and below || - || = || - || z2(g») and C denoting a constant independent of h and u, may vary from line to

line.
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Firstly, we give a generalized Carleman estimate with polynomial weights for the Laplacian. Below, we will
use the conventions of semiclassical calculus. In particular we consider the usual semiclassical symbol classes S™,
and relate to symbols a € S™ operators A = Opy,(a) via Weyl quantization. See [9] for more details.

Lemma 2.1. Let 0 < s < 1. Then for any u € C>(B,\{0}) where B, C R™ is a ball of radius r around the
n+1

2

1
origin 0 and for any 7= k+ , k € N, we have the estimate

2l ull yes1 < Chr?|||a] =% Aul| o, (2.1)

where C' depends only on n.

Proof. Consider the Carleman inequality for the Laplace operator proved by Regbaoui [10],
/ ||~ 7Y u2de + h? / 2|~ 72| Dul?da + h* / ||~ 7| D%uf?dz < Ch? / |z~ |Aul?dz (2.2)

for all u € C°(B,\{0}), where + =k + 2, ke N.
Setting ¢t = hr, we define
[ullzre,, = [1(ED) ul| 2
where (€) = (14 |¢[?)2. Let

1
h

P=|z| % o(—t?A) 0|z

and

u=|z|"v e CX(B,\{0}).

Putting u into (2.2), one has

_ _1_ 1 _1 1
Iy = ||l272oll + Al |2~ # 7 D(|2| )| + h2|l|2] =% D2 (|2 ] =)

< Chl|lz|"* A(|z|Fv)|| = Ct~ || Po|| = L. (2.3)

Let 0 << e < 1.

B2 el =20l + ehllel = 1Do] + 3 el (Dllel + 02| D + o] (D2, o] o]
> el 2]+ ehlla] Dol + Flel *(Dlel)oll + a2 D% + 3lel D(a)Do+ 5 (5 -1) bl 2ol
> el + & (Allal = 1Dolll - Clllet2ol) +n(R21 D% ~ KOzl Doll ~ Cllal2]))
> (1= Cc = Co)lfal 2ol + he — Co)la] ™ Do + 12| D%
> C(Ilel~20ll + Blllal " Do| + A% D))
> C(r vl + b Y Dol + B2 D% ). (2.4)

Composing (2.3) and (2.4), we rewrite (2.2) as follows

|v|| + rh||Dv|| + 72h?|| D?v|| < Crt=!||Po|. (2.5)
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Then we have
[vllgz, < Crt™||Pvl|, for all v € C°(B,\{0}). (2.6)
Suppose v € C2°(B,\{0}), then (tD)Jv € ., Vj € R. In order to use the Carleman estimate we have to cut
(tD) v off.
Let x € C°(B2,\{0}) such that

(I—=x)v=0.
Note that supp(1 — x) Nsuppv = @, and this yields the estimate
(L= X) (DY vl g, < Cart™ [0l , for any I, k, j, M. (2.7)
This and (2.6) imply
[l s = 16D)* ol e,

< IXED) Mol 2, + 11— XD ol
< C(rt PO o) + ol o
< Ot (vx (D)~ Poll + rlIX(P, (4D) ol + F[P D) ol + el e ). (28)

By the property (2.7) we have
1P D)~ 01| < Cogt™ Jul o, for any M. (2.9)

Noting that [£]? and (¢[¢])*~! are main symbols of differential operator P and pseudo differential operator
(tD)*~1 respectively, we have x[P, (tD)*~!] € tOp,(S*~1), since {|¢|?, (t|¢])*~!} vanishes identically, where
{a, b} denotes the Poisson bracket of a and b, defined by

0a 0b  Oa Ob
{a,b} = 8_5% - %8_5

Hence
IX[P, (tD)*~ Jv]| < Ct|[{tD)* v (2.10)
where C' depends only on the dimension. Then by (2.8), (2.9), (2.10) and choosing 0 < t < r < 1, we have

ol gesr < Crl[ PVl

Noting that v = |&|~ #u, we conclude (2.1). O

From [4] we know that in three dimensions the Lamé operator L can be written as a composition of two first
order operators. Indeed, consider the elliptic operator A : H'(€;R*) — L2(Q; R*) defined by

A(9)(u,v) = (V xu+ Vo, =V -u),
and its perturbation A, : H'(Q;R*) — L2(; R*) defined by

An(z, 0)(u,v) = (VX u+ aVo, -V - u),
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where u is a vector-valued function with three components, v and « are scalar-valued functions. A(9) is a Dirac
operator since A2 = —AI;. We refer [11] for Carleman estimates for general Dirac operators.
Now we turn to the Lamé system (1.1). Assume u : Q C R* — R? denoting the displacement vector. Let L
be the Lamé operator
Lu = pAu + (A + p)Vdivu.
It is easy to check that

Lu:= pAu+ A+ p)Vdivu = 2+ AN)VV - u — uV x V X u.
Then we have
(Lu,0) = (pAu+ (A + p)Vdivu, 0) = —pdq(z, 0)A(9)(u,0), (2.11)

2 A
where we choose o« = ('u;)

L
Firstly we give the Carleman estimates for A and A, by using our generalized Carleman estimate for Laplace
operator.

Lemma 2.2. For any v € C°(B,\{0};R*) where B, C R® is a ball of radius r around the origin 0 and for
any % =k+ ”TH, k € N, we have the estimates

)], (2.12)
), (2.13)

1
[ollg, < Crrfll2|~ ™ Al

_1
[l < Corllle]™" Aa(|z

where Cy and Co are two positive constants depending only on «.
Proof. Let

1
h .

A=|z| %o (tA) oz

Then we have R ) )
A% = |x| 7% o (—t?Aly) o |z|7.
We recall the composition formula for semiclassical symbols p and ¢: the operator PQ has symbol

la+B] (1)l
o(PQ) ~ 3 U ooy, ) (05 024, ©)). (2.14)
a,B

(20)l*la! 3!
Denoting b(x,¢) the symbol of (hD)~' A, we have by (2.14)

la )
&) ~ 3 e 2L+ ) )02 (@.9) = 1+ O(h). in 5.

Now Lemma 2.1 implies, for any v € C°(B,\{0}; R?)

_1 1
thollar, < Crflla|™" o (—t*A) o |z[#v]| ;-
_ 12
= Crl|A%| g
= Cr||(tD) " AAv||
< Cr||Av|| (2.15)

since (hrD)~'A is of order 0.
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Substituting |z~ #v for v in (2.15), we have
2| =% vll g, < Crflla] = Av]|. (2.16)

By regularizing, we know (2.16) is valid if we suppose v € H'(R3) with compact support in B,\{0} that is
a three dimensional ball of radius r centered at 0 but removing the center 0.

Next, with
1 0 0 O
01 0 O
I = 0 0 1 0
0 0 0 «
we have

An(z,0) = A(9)I,.
Noting that C%1(Q) is equivalent to W1>°(Q), we have

o= @ e Whe(Q).

Thus © € H'(R?) has compact support in B,.\{0}. Hence by putting v into (2.16), we have

2]~ Igv]| g, < Crll|z]™F A(Zov)]|
< Cr|z|~* Aqvll + Crll|z|~* (AL )|
< Crla] = Agv]| + Carll|z]~F o],

where C,, is a constant depending on «. Noting that the second term of the right hand side can be absorbed
by the left hand side, we have (2.13). O

The Carleman estimate for the Lamé operator follows immediately by (2.11), (2.12) and (2.13). Indeed,
noticing that |z|~#oA o |z|# is a differential operator, we have

o[~ * A(|z|70) € 2 (RP\{0}; RY),
for any u € C2°(R3\{0}; R?), let
v=(u,0) € CSO(R3\{O};R4),
we have

1

2~ % Az F0)|| < x|~ * Al )|l
< Or||z| "+ Ag A2 0) |
= Crl||z|* L(|z|*u)|. (2.17)

With (2.12) and (2.17), we have a key theorem as follows.

Theorem 2.1. There exists C' depending only on n and Lamé coefficients such that for any v € C°(B,\{0})

. 1 1
where B, C R? is a ball of radius v around the origin 0 and for any 7= k+ %, k € N, we have the estimate

lull + h||Dul| < Cr?[|a] =% L(|z| 7 u)]. (2.18)
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2 (R?) with compact support and satisfying
for all |a] < 2 and all N > 0, [ [D%u|*dz = O(rV) as r — 0. We can easily see this by cutting u off for
small r» and regularizing.

Remark 2.1. The estimate (2.18) remains valid if we suppose u € H?

3. PROOF OF THE MAIN RESULT
We need the following auxiliary lemma.

Lemma 3.1. Suppose u € H2_(R3) and u vanishes of infinite order at zo. Then |x|~%u also vanishes of

loc
infinite order at .

Proof. w vanishes of infinite order at xg, then

/ lul?dz = O(r*), Vk>0 r—0.

T

‘We have
[ el Fluas =3 [ 2/~ # uPde
Br n>0 Bz_T"\BQnTJrl
< (5m) " ()
a n>0 2n+1 2n
= r7%+k Z N 1
2nk7(n+1)%
n>0
<otk (3.1)
That is
/ |:c|_%|u|2dx = O(Tk_%), Yk >0asr — 0.
This is the conclusion of the lemma. 0

By Lemma 3.1, we have another version of Theorem 2.1.

Corollary 3.1. Assume u € C°(B,\{0}) and u vanishes of infinite order at xo. There exists C depending on

1 1
the Lamé coefficients, such that for all 7= k+ %, k € N, it holds
2|~ %l + |~ * Dul| < Cv?|[[«|~ Lu]. (3.2)
Proof. We need only to prove
el F el + rhlD(al = Fu)| = C (el ull + rhll|e] =% Dul)). (3:3)

Indeed, there exists ¢ > 1, such that
1
2]~ % ul|? + 2R3 || D(|a| = *w)||? > ||~ Ful? + <1 - —) 22|z~ % Dul|? + (1 — e)r?|[[a| =%~ Lu?
C

1
=l bl + (= el £l (1= 2) eeRllel Rl ()



768 H. YU

Noting that u vanishes of infinite order at x(, we set w = |x|_%u. Then by the proof of Lemma 3.1, we know
/ lw|*dz = O(rk_%), Vk>0asr—0.
By

Similarly to (3.1),

7"2/ 2|2 |w|?dz = r20(r*" 2 72) = O(* %), Vk>0asr — 0. (3.5)

r

Since 1 — ¢ < 0, then we have

/ lw|?dz + (1 — c)r2/ |lz| 72 |w|?dz > / lw|?dz + (1 — c)/ |w|?dz
B, B B B,

T T

=(2—c)/ lw[2dz. (3.6)

r

Choosing 1 < ¢ < 2, we have (3.3) by (3.4) and (3.6). O

Now we show that if x¢ is a zero of infinite order for u which is a solution of system (1.1), then z( is a zero
of “exponential” order. Without loss of generality, we suppose xy = 0.
By Remark 2.1 and Lemma 3.1, we have:

Theorem 3.1. Suppose that u € HZ (R?), and satisfies (1.2). Then

loc

/ lu|?dz = O (e*fl) , as r — 0,
B,

Proof. Suppose u € HZ2_(R?) is a solution (1.1), and satisfies (1.2). We can obtain that for all |a| < 2

/ |DYu|?dx = O(rF), Vk>0 as r — 0. (3.7)
B

h
Assume that h satisfies the conditions of Lemma 2.1. Choose k sufficiently larger than 5 and a cut-off

function Y € C2°(R?) such that

X(z) = 1 as |z| <,
X(xz) = 0 as |x| > 2r.
It is easy to check that Y satisfies
|DX(x)| < Cr7lel, (3.8)

Xu € H? has a compact support, then by Remark 2.1, (2.18) also holds for Yu. Thus by Corollary 3.1, we

have
o~ 2z
Xl

2 2
u|2dx+h2r2/‘|x|’%D§u‘ dr < cr4/|x|*% L) da. (3.9)
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Noting that

0 =div(u(Vu+ (Vu) ")) + V(Adiv u) + Vu
=Lu+ (Vu+ (Vo) ")V + (div ) VA + V.

It means
2
L(xu) ‘ dz

2
/)?|x|*%|u|2dm+h2r2/‘|x|7%Diu‘ dz < C’r4/|z|f%

2
<crt [ Rjal # (L, da

<crt / |:c|*% Du|2dz+/ |£L'|7%
|z|<r |z|<r

o R B
r<|z|<2r r<|z|<2r

Lu|2 + |:c|*%

Vul|?dx

Du|2dm) .

2
/;z|x|—%|u|2dz+h2r2/‘|x|—%pgu‘ dz < Cor4</ |x|_%|Du|2dz+/ 2|7 |u|?da
|z|<r

|z|<r
Du|2dm) .

Recall that V' € L>*(£2), we have

wf el updes [ e
r<|z|<2r r<|z|<2r

After some calculations, we have

(1 Cor) / 2]~
|z|<r

2
ul®dz + (h*r? — Cor?) / ‘|x|’TILD)?u‘ dz

<Cort( [ el RuPdes [ el Hipupas ).
r<|z|<2r r<|z|<2r

Noting r is sufficiently small, as long as 0 < r < h < 1, we have
1 —~ 2 1 —~ 2
(%1% — Cor?) / ‘|:c|*ﬁDxu‘ dz > r4/ |z|7ﬁDxu‘ dz

27’4/ |x|7%|Du|2dme4/ |£L'|7’2
|z|<r r<|z|<2r

Summing up, we have

/ |x|—%|u|2dxgcr4/ |x|—%|u|2dx+cr4/ o[~ # | Dul2da.
|z|<r |z|>r

<[>

That is

_z
(C) h/ lu|?dz < Cr_%+4/
2 |z|<r

|z|>r

lul?da + Crm it / | Dul?dz.

|z >r

ul?dz.

769

(3.10)

(3.11)

(3.12)

(3.13)

(3.14)
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It implies
ul| 3. (3.15)

/ lu|?dz < Cr227i
Choosing h = (1 + Cp)r, we note that h has to satisfy h™! € A = {m + 2, m € N}. Then [(1 + Cp)r]~! must
be in A. But but one can check without difficulty that (3.15) is available for all » > 0. Thus

/B, lu|?dz = O (e*fl) , r—0.

ks

Then we complete the proof the theorem. O

In our previous work [14], we gave a quantitative estimate of unique continuation for a three-dimensional Lamé
system with C' coefficients in the form of three spheres inequalities. The property of the non faster than expo-
nential vanishing of nonzero local solutions is also given as an application of the three spheres inequality (1.1).

Theorem 3.2. Assume that ) is a bounded domain in R®, the Lamé moduli pu, X € C%Y(Q) satisfy the strong
elliptic conditions. Let u € H*(Q) be a solution to (1.1). If there is a point zo € Q and k > 0 such that,

/ lul*dz = O (effk> , asrT — 0.
|z—z0|<r

Then u =0, in €.
Then the SUCP follows immediately by Theorems 3.1 and 3.2.
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