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NONLINEAR FEEDBACK STABILIZATION
OF A TWO-DIMENSIONAL BURGERS EQUATION *

LAETITIA THEVENET!, JEAN-MARIE BUCHOT! AND JEAN-PIERRE RAYMOND'!

Abstract. In this paper, we study the stabilization of a two-dimensional Burgers equation around
a stationary solution by a nonlinear feedback boundary control. We are interested in Dirichlet and
Neumann boundary controls. In the literature, it has already been shown that a linear control law, de-
termined by stabilizing the linearized equation, locally stabilizes the two-dimensional Burgers equation.
In this paper, we define a nonlinear control law which also provides a local exponential stabilization of
the two-dimensional Burgers equation. We end this paper with a few numerical simulations, comparing
the performance of the nonlinear law with the linear one.
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1. INTRODUCTION

In this paper we are interested in the local feedback stabilization of a scalar Burgers type equation, in a two
dimensional domain €2, of the form

Opz —VAzZ + 201z 4+ 202z = [ in  x (0,00),

y% =g+mu onT x (0,00), (1.1)
on

2(0)=w+yo inQ.

In this setting the symbols 9; and 0y denote the partial derivatives with respect to z1 and x5 respectively, v > 0
is the viscosity coefficient, u is the control, the function m is introduced to localize the control in a part of the
boundary I' = 012, and w is a given stationary solution to equation

0
—vAw + woiw + woow = f  in Q, 1/8—1:: =g onl. (1.2)
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We would like to find u in feedback form so that z — w is exponentially stable with a prescribed decay rate
—a < 0, for initial values yo small enough in a space which is specified later on.

We also consider the same type of equation with a Dirichlet boundary control. In both cases, equations
satisfied by y = 2z — w may be written in the abstract form

y' = Ay + F(y) + Bnu, y(0) = yo, (1.3)

where A, with domain D(A), is the infinitesimal generator of an analytic semigroup on a Hilbert space Y, F(y)
is the nonlinear term in the equation, B,, is the operator from a control space U into Y (in the considered
problems, B, is an unbounded operator). We assume that the pair (A, B,,) is stabilizable.

Local stabilizability results may be proved for equation (1.3) (see e.g. [16] where stabilizability results are
established for the 2D-Navier-Stokes equations instead of a 2D-Burgers equation).

Therefore, if yo is small enough in an appropriate norm, there exist controls u in L?(0,00; U) for which the
solution y,, to equation (1.3) obeys

1 [ 1 [
T < o0 where T =5 [ O de+g [l dr

Such a control can be obtained by solving the nonlinear closed loop system with a linear feedback law of the
form v = —B;; Iy, where II is the solution to the algebraic Riccati equation of a LQR problem. This is the
way followed in [16]. In that case, we do not take into account the nonlinearity of the model in the feedback
law. One way to obtain another control, possibly more efficient or more robust, able to stabilize equation (1.3),
could be to look for a solution to the control problem

(P) inf {J(y,u) | (y,u) is solution of (1.3)}-

When B,, is a bounded operator, it can be shown that this problem admits a solution (provided that yq is small
enough). If the Hamilton-Jacobi-Bellman equation

1 1
(4y+F().90)) = 5IBLGW)IE +5ll} = 0. for all y € D(A), (14)

admits a solution G, then it can be used to determine a solution to (P) and the corresponding control in feedback
form (the gradient of the value function of (P) may provide a solution to equation (1.4)). But in the case when
B,, is an unbounded operator, equation (1.4) is not well posed since the nonlinear term B} ,G(y) is not well
defined.

The main objective of this paper is to investigate an intermediate way (intermediate between the linear
feedback law and the nonlinear law determined by solving equation (1.4)). We are going to see that even if
equation (1.4) is not necessarily well posed, it is possible to find a nonlinear feedback law, obtained by using
a power series expansion method, which is a formal approximate solution to the Hamilton-Jacobi-Bellman
equation (1.4). This kind of method is well known in the case of systems governed by ordinary differential
equations (see [3]). Let us explain how we can obtain such a nonlinear feedback law in the case of equation (1.1).
The algebraic Riccati equation associated with J and with the linearized equation corresponding to (1.3) is

nI=11">0, MNA+A*II1-1IB,B;II+I1=0

(see (2.5) for a more precise statement). This equation is equivalent to

1 1
Il =1I" >0, <Ay,ny> =3I BrIlyli + 5lyls =0, forall y € D(A),
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which corresponds to (1.4) when F(y) = 0 and G(y) = Iy. Now, let us write a formal Taylor expansion of G
about 0

O(y) = G(0) + &' (0)y + %QII(O)(y, Dt (15)

By substituting (1.5) into (1.4) and by identifying the terms having the same order with respect to y we obtain

(a) |B:,G(0)]? = 0 for the order 0;

(b) <Ay, Q(O)> =0 for the order 1;
© (4y.9'0w)+(Fu).60) - %|B:;g’(0)y|%] + %|y|§, — 0 for the order 2;
(d) %<Ay, g"(O)(y,y)> - %<BmB;g’(0)y, g//(o)(yay)> + <F(y), g/(O)y> = 0 for the order 3.

We notice that

g(0)=0, G'(0)=1I and G"(0)(y,y) = —24; TIF(y)
where A" is the inverse of Aj; (the adjoint of Ay = A — B, B} 11), is a triplet satisfying (a), (), (¢) and (d).
This is why we choose

u=—DB; Iy + B;, A" 1LF (y)

as nonlinear feedback control law to stabilize equation (1.3). We prove that this feedback guarantees a local
stabilizability of the closed loop system. Though our approach is quite general and may be applied to various
systems, we only study it in the case of a two dimensional Burgers type equation with a control applied either
in a Dirichlet or a Neumann boundary condition. The case of the Navier-Stokes equations will be investigated
in a forthcoming paper.

The plan of this paper is as follows. We first study the case of a Neumann boundary control in Sections 2—6.
The adaptation to the case of a Dirichlet boundary control is performed in Section 7. We describe the precise
setting of our problem in Section 2. The properties of operators A, A*, B,,, B}, Il and A are briefly recalled
in Section 3. In order to study the nonlinear closed loop system, we first establish a regularity result for a
nonhomogeneous closed loop linear equation in Section 4. The main result of the paper is stated in Theorem 5.1
and its proof is given in Section 5. We explain how to adapt the results of Section 6 to obtain a prescribed decay
rate. In Section 8, we present some numerical tests where we compare the linear and the nonlinear feedback
laws applied to the nonlinear system. Though there is no conclusion valid for all numerical tests, we present
examples for which the nonlinear feedback law is able to stabilize the nonlinear system while the linear feedback
law, with the same initial condition, is not able. We can observe that the behaviors of the solution of the closed
loop system with the linear and the nonlinear feedback laws are quite different.

Let us finally mention that many papers deal with the stabilization of the one dimensional viscous Burgers
equation. We refer to [11] for recent results in that direction (see also the references therein).

2. SETTING OF THE PROBLEM

Throughout the following, € is either a rectangle in R? or a bounded domain in R? with a boundary I' of
class C3. If one of these geometrical assumptions is satisfied, it can be shown that the solution to the second
order elliptic equations we consider, with homogeneous Neumann or Dirichlet boundary conditions, belongs
to H**2(Q) if the right hand side belongs to H*(2) with 0 < s < 1/2. We set ¥, = I' x (0,00), and

0o = 2 x (0, 00).

We make the following assumptions on the function m. When  is a domain with a boundary I of class C?,
we assume that m € C(I'), m > 0, and m(z) = 1 for all x € ['., where I'.. is a nonempty open subset in T'.

When Q =]0,a[ x ]0,b[ is a rectangle, we assume that m € C?(T'y), I'y, = {a} x [0,b], m > 0, and m(x) = 1
for all x € T'¢, T'; is a nonempty segment in I',. In the case of a Neumann boundary control, I'. can be either
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a segment in ', satisfying T.cT,orI, =T, and in that case m(z) = 1 for all © € T,. In the case of a
Dirichlet boundary control, we assume that m belongs to C*(I',) N HZ(T,).

As indicated in the introduction, we first consider the case of a Neumann boundary control. We assume that
the solution w to equation (1.2) belongs to H3(f2). If z is the solution to equation (1.1), then y = z — w obeys

Oy — vAY + y(O1w + dow) + w(O1y + doy) + y(O1y + doy) =0 in Qoo

1/@ =mu on X, (2.1)
on
y(0) =yo in Q.

We denote by (A, D(A)) and (A*, D(A*)) the unbounded operators in L?(Q2) defined by

D(A) = {y € H*(Q) | 1/% =0on F} , Ay = vAy — y(Orw + daw) — w(Ory + day),

0
D(A*) = {y € H*(Q) | Va—z +yw =0 on I‘} , Ay =vAy+ w(Ory + day).
Since w € H?(2), we can easily verify that there exists Ag > 0 in the resolvent set of A satisfying

v
(NI — A)y, y)L2(Q) > §|y|§{1(9) for all y € D(A),
and (2.2)
4 *
(Aol — A*)y,y)L2(m > §|y|§{1(m for all y € D(A").

Here | - |g1(q) denotes the usual norm in H'(Q). We shall use the same type of notation for other spaces.
Following [6], Chapter 2, Part II, we are going to rewrite equation (2.1) as an evolution equation. To this aim,
we introduce N € L(L?*(T), H3/?(f2)), the Neumann operator associated with \gI — A, defined by Nu = v,
where y is the unique solution in H3/2(2) to equation

Aoy — VAY + w(01y + 02y) + y(Orw + O2w) =0 in Q, I/% =u onl.

The nonlinear term —y(d1y + 0a2y), which is equal to —d; (y?/2) — 92(y?/2), is rewritten as an element F(y) in
(D(A*))" as follows

1 1
(F(y):®)(p(asyy.pias) = 5/9;(;2(61(1)4—82(1)) — §/Fy2 (n1+mng)® forall ® € D(A*),

where n = (n1,n2)7 denotes the unit normal to I' outward Q. Let us observe that F(y) is well defined in
(D(A*)) for all y € HY(Q). Setting B = (Aol — A)N, equation (2.1) may be rewritten in the form

y = Ay + BMu+ F(y) in (0,00),  y(0) = yo, (2.3)

where M is the multiplication operator defined by Mwu = mu. The operator B, in the introduction is nothing
else than B,, = BM. As mentioned in the introduction, a way to look for a feedback control able to locally
stabilize the nonlinear equation (2.3) is to look for a feedback control stabilizing the linearized equation (see [16])

y' = Ay + BMu in (0, 0), y(0) = yo. (2.4)

The stabilizability of the pair (A, BM) may be proved thanks to the null controllability result proved in [8] for
a similar equation with a distributed control. A feedback control stabilizing equation (2.4) can be determined
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by solving a Linear-Quadratic-Regulation problem with the identity as observation operator. In that case the
feedback is obtained by solving the algebraic Riccati equation

I =1I* € £L(L?3()), II>0,
Myl pas) < |ylr2@e) for all y € L*(Q), (2.5)
A + A*II — IIBM?B*11 + I = 0.
The existence of a unique weak solution to the above algebraic Riccati equation may be deduced from [12],
while the estimate in the second line of (2.5) can be proved as in [16], Theorem 4.5. In Lemma 3.3, we show

that IT may be extended as an operator belonging to L£((D(A*))’, L*(12)).
We would like to study the following nonlinear feedback law

u=—MB"Ily + MB*A;"IIF (y),

where II is the solution to equation (2.5) and A = A — BM2B*II. That means that we have to study the
following equation

y' = Any + BM?B*Ay"IIF(y) + F(y)  in (0,00), y(0) = yo. (2.6)
To study such an equation, we shall consider the nonhomogeneous equation

y/ = AHy + f + BMg in (0700)7 y(O) = Yo,

where f and g will play the role of F(y) and of M B*A;*IIF(y). Next, we shall use a fixed point method to
prove the existence of a solution to equation (2.6). Throughout the following, we use C, Cy,...,Cy to denote
various constants depending on 2 and w. They also may depend on some small parameter ¢.

3. PROPERTIES OF OPERATORS N, B, II, Ay AND THEIR ADJOINTS

Let us first recall well known results which will be useful in what follows.

Theorem 3.1. The unbounded operator (A — XoI) (respectively (A* — XoI)) with domain D(A — \gI) = D(A)
(respectively D(A* — X\oI) = D(A*)) is the infinitesimal generator of a bounded analytic semigroup on L*(S2).
Moreover, for all 0 < a <1, we have

D((AoI — A)*) = D((Nol — A")%) = H**(Q) if a € [0,3/4],

D((M\oI — A)*) = {z € H**(Q) | V% =0 on I‘} if o €]3/4,1],

and
D((Nl — A")™) = {z € H**(Q) | V% +zw =0 on I‘} if o €]3/4,1].
n
Proof. Under condition (2.2) the analyticity of the semigroup generated by (A— Ao[) is well known ([5], Chap. 1,

Thm. 2.12). The characterization of the domains of fractional powers of (\gI—A) and (Aol — A*) may be deduced
from [14]. O

Observe that the semigroups (e?A=201)),5 and (e!(A"~201)),5( are exponentially stable on L?(2) and that
||et(A_/\OI)H£(L2(Q)) < e—ﬁt and Het(A*_)\OI)HE(LQ(Q)) < e—ﬁt,

for all 8 < v/2 (see [5], Chap. 1, Thm. 2.12).

laded jybijybiH



Highlight Paper

934 L. THEVENET ET AL.
In the following, it is useful to introduce the notation
H©Q) =D (ol =A%) and HUQ) = (H(Q))  for 0<0<2
Lemma 3.1. (i) The operator N € L(L?(T'), L*(Q)) satisfies
|Nulgs/2q) < Clulpz ().
(ii) The operator N* € L(L?(Q), L*(T")), the adjoint operator of N € L(L*(T), L*(R)), is defined by
N*g = z|r, (3.1)

where z is the solution of

Mz —VvAz —w(O1z+ daz) =g in Q, V% +wz=0 onl. (3.2)

Proof. The proof of (i) is classical, it relies on regularity results for elliptic equations. The proof of (i%) relies
on Green formula. O

The operator B = (Aol — A)N can be considered either as an unbounded operator from L?(I') into L?(Q)
or as a bounded operator from L?(T) into (D(A*))’. Thus B* can be considered as a bounded operator from
D(A*) into L(T).

Proposition 3.1. For all ® € D(A*), B*® is defined by
B*® = N* (Aol — A*)® = Q|
and we have
|MB*®|HS*1/2(F) §C|(I)|Hs(g) if 1/2< s < 2.
Proof. The proof directly follows from the expression obtained for N*. O

Lemma 3.2. The solution I1 € L(L*(Q)) to the algebraic Riccati equation (2.5) may be extended as a linear
and continuous operator from (D(A*))" into L*(Q).

Proof. Let z belong to (D(A*))" and (z,), C L*(2) be such that z, — z in (D(A*))". For all y in L*(€2), since
II belongs to L£(L*(2), D(A*)), we have

|y, 2n) 20y = [y, 2n) D(a),(D(a)) | < Clznl(pas)yylr2)-

Using II = IT*, we obtain
|(y, Izn) 2 ()| < Clzal(pa)y Y]z (-
Thus
Mz |20y < Clzn|(p(ax)) -
Passing to the limit in the above estimate, we obtain that I1 € L((D(A*))’, L*(2)). O

Following [1,16], we can define (Am, D(Am)) by

)
D(An) = {y € L2(Q) | Ay — BM2B*Ily € LQ(Q)} - {y € H2(Q) | ya—z + M2B*Ily = 0 on r},

and
Any = Ay — BM?B*Ily for all y € D(Ap).



NONLINEAR FEEDBACK STABILIZATION OF A TWO-DIMENSIONAL BURGERS EQUATION 935

Lemma 3.3. (i) The operator (A, D(Amn)) is the infinitesimal generator of an analytic semigroup exponentially
stable on L*(Q). The adjoint of the unbounded operator (Am, D(An)) in L?(2) is defined by

D(Af) = D(A*),  Ap®=A*®— (B'I)*M*B*®  for all ® € D(Af).

(i) A} is bijective from D(A*) into L?(Q2).
Proof. For (i), see e.g. [16]. To prove (ii) it is enough to observe that Ay = f € L*(Q) if and only if

Y= —/ e fdr € D(Af). O
0

4. NONHOMOGENEOUS EQUATIONS

In the following, we shall use the notations
H*"(Qoo) = L*(0,00; H*(2)) N H"(0,00; L*(2)) and H*" (So0) = L*(0,00; H*(I')) N H" (0, 00; L*(I)).
Let us first recall a regularity result for the equation
y' = (A—=Xl)y+ BMh, y(0)=0, (4.1)

where Ag is chosen so that (2.2) is satisfied.
Lemma 4.1. If h € H>*/2(Y) with 0 < s < 3/2, s # 1, and h(-,0) = 0 on T when s > 1, then the solution
of equation (4.1) obeys
HyHH5+3/215/2+3/4(Qw) < Cllh”HsaS/?(EW)-
Proof. See [15], Chapter 4, Part 13. O
We now study the equation

y'=Any+f+BMg,  y(0) = yo. (4.2)

We recall the following isomorphism lemma that we will use later on.

Lemma 4.2. LetY be a Hilbert space and suppose that A is the infinitesimal generator of an analytic semigroup
of negative type on Y. Then, the mapping

L2(0,00;Y) N HY(0,00; (D(A*))") + L2(0,00; D(A*)") x [D(A*),Y]’l/2
y = (v — Ay, y(0))
s an isomorphism.
Proof. The proof is a direct consequence of [5], Chapters 1-3. O

Theorem 4.1. If f € L%(0,00; H175(Q)), g € L*(Z), yo € HZ(Q) with 0 < ¢ < 1/2, then equation (4.2)
admits a unique solution in L?(0,00; L?(2)) N H'(0, 00; (D(A*))") which obeys

[yl grrseasererzoy < Crlvolae ) + 1f 220,001+ () + 9]l L22.0))- (4.3)

Proof. We clearly have f+ BMg € L*(0,00; (D(A3))") = L?(0, 00; (D(A*))") since D(Aj;) = D(A*). Moreover,
yo € HE(Q2) C [D(A"), LQ(Q)]’I/2. We can apply Lemma 4.2. Thus the solution to equation (4.2) obeys

lyllL20,0052()) < C(1yola=) + 1 f 200,001+ )y + 19l L2(50))-
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Let us show that this solution belongs to H'T51/2+¢/2(() ) and obeys the estimate (4.3). Due to the definition
of Ary, y is solution of

y' =Ay+f+BM(g—-MBy),  y(0)=yo.
We set y = y1 + y2 where y; is solution to

yi= (A= XDy + £, 11(0) = yo, (44)
with f = f + Ay € L2(0, 00; H~115(Q)), and ys, is solution to
Yo = (A —=Xol)y2 + BMh, y(0) =0, (4.5)
with h = g — M B*Ily. Let us first estimate y;. We can check that
HE(9) = [[D(A7), L)), o, (L), DA 2] 1. o

Moreover,
f € L*(0,00; H™1*4(Q)) = L*(0, 00; [D(A*), L2()]{(11¢) 2)-
By interpolation, with Lemma 4.2 and [5], Chapter 3, it follows that

y1 € L?(0,00; [L*(2), D(A)](14¢)72) N H' (0, 00; [D(A*), L*(Q)]{142)/2)-

As [L2(Q), D(A)](14e)2 C H'(Q), we clearly obtain y; € L?*(0, 00; H*#(€)). Finally, by interpolation y; €
HY/2Te/2(0, 005 L2()) and

IN

Y1l mrienserer2o.) Clyola= () + 1fl20,00:7- 142 )y + W]l 2(0,00:22(2)))

IN

Clyolr=(@) + 1f 120000142 () + 9l 22(50))-
Since h belongs to L?(3¥s.), due to Lemma 4.1, y5 belongs to H'+1/2+/2(Q.) and we have

y2ll iearzrer2o)y < CUllgllesa) + 10l 22(Qu))-

The proof is complete. O

5. STABILIZATION OF THE TWO DIMENSIONAL BURGERS EQUATION

In this section, we prove a stabilization result for which the exponential decay is not prescribed. We shall
explain in Section 6 how to adapt this result to obtain the exponential decay rate.
Let us consider the Burgers equation with the nonlinear feedback law

y' = Any + BM?B*Ay"IIF(y) + F(y),  y(0) = yo. (5.1)

Theorem 5.1. Let € belong to the interval |1/4,1/2]. There exist po > 0 and a nondecreasing function n
from R into itself, such that if p € (0, o) and |yo|m=(ay < n(p), then equation (5.1) admits a unique solution
in the set

D, = {y € H=M2H2(Qu) | [yl gisensaterzion) < M}'

To prove this result, we use a fixed point theorem and we consider the equation

y' = Any + F(z) + BM?B*A5"IF(z),  y(0) = yo, (5.2)
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for all z in D,,. Equation (5.2) is nothing else than equation (4.2) with
f=F(2), g=MB"A;'IIF(z).
In the first subsection, we estimate F'(z) and G(z) = M B*A;"ILF(z) when z belongs to D,,.

5.1. Analysis of F(z) and G(z)

Lemma 5.1. Let ¢ belong to the interval |1/4,1/2[. If z belongs to H'T=1/2+2/2(Q ) then F(z) € L*(0,00;
H1E(Q)) and we have

Hf (Z)HLz(O,oo;H*l*E(Q)) < C’2|\,z||2 14e,1/2+¢/2 .
H (Qoo)
(The constant Co depends on ¢.)

Proof. Step 1. Let us first show that
|6iq)|H—s(Q) < C|(I)|H175(Q), 1= 1, 2 forall ® € Hl(Q)

We know that 9; is linear continuous from H'(2) to L?(2). The operator d; may be extended as a bounded
linear operator from L?(Q) to H () by the formula

(81®,y>H71(Q),H5(Q) = — /Q <I>8zy for all [TES Hol(Q)
By interpolation 9; is linear and continuous from H!~(Q) to H=¢() if ¢ € [0,1/2].
Step 2. By definition, for all ® € L?(0, 00; H*(£2)), we have

> 1 1
/ (F(2), ®)py-1ve ) mi-e () At = 5/ 22(01® + 0o®) — 5/ 2% (ng +na)®.
0 b))

oo oo

Since z belongs to H+&:1/2+/2(Q), from [9], Theorem B.3, it follows that z? belongs to H?**(Q,) and that
||22|‘H25v5(Qoo) < CHZ”sz,l/He/z(Qw)- (5.3)

Moreover, 22 € L?(0,00; H*(Q2)) C L?(0,00; H*(Q)), and for i = 1,2, we have

Thanks to estimate (5.3) we obtain

Qoo

Let us consider the second term. From the trace theorem in [15], Theorem 2.1, p. 10, since € > 1/4 we have
2ls. € H*7 /2571438 ). Moreover, ®|s_ belongs to L?(0, 0o; H'/275(T)), and therefore ®|s_ € L?(Xo)

IN

Cll22]| L2 (0,00: 11 (2) 1 0i®| L2 (0 0057~ (02))

IN

Cllz®[lr2e.e (o) 121l L2(0,00571 -2 () -

< C||ZH?-11+6,1/2+5/2(Q00)”q)”L?(O,oo;'Hl*E(Q))'
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since € < 1/2. We finally obtain

/ 2 (nitn2) @ < Ol gee-rrze—1/am ) @l L20,00m1 -2 (52))
PSS
< Ol 2o (Quo) 11| 20,0012 (2))
< C||Z||§{1+s,1/2+e/2(Qw)Hq)HL?(O,oo;Hl*E(Q))a
and the proof is complete. O

Lemma 5.2. Let € belong to the interval |1/4,1/2[. The mapping F is locally Lipschitz continuous from
HHe1/24¢/2(Q ) into L*(0,00; H™1%5(Q)). More precisely, we have

HF(Zl) — F(ZQ)HL2(O,OO;H—1+E(Q)) § CQ(HZl||H1+s,1/2+a/2(Qoo) + HZQ||H1+E,1/2+6/2(QOC))||21 — ZQHH1+5,1/2+5/2(QOO),

where the constant Cy is the same constant as in Lemma 5.1.

Proof. We first write

> 1 1
/ (F(21) = F(22), @)gg1ve () -2 () = 5/ (21 = 23)(01® + 82 ®) — 5/ (21 — 23)®(n1 + na).
0 o Yoo

As in the proof of Lemma 5.1, for ¢ = 1,2 we obtain

\ / (z%—z%)a@\ < CNER — 22 2ot 1@ 2 0rmesris (o)
< Cll(z1 = z2) (21 + 22) | 260 (@) [P £2(0, 005112 () -

Then, from [9], Theorem B.3, it follows that

‘/ (Z% — z%)é)l@‘ § C||Zl — 22||H1+5,1/2+5/2(Qx) ||21 + ZQ||H1+E,1/2+E/2(QOC) ||®||L2(O,OO;H1—5(Q)).

Let us consider the second term. As in the proof of Lemma 5.1, we have

/ (Z% — z%)(b(nl + TLQ) S C”Z% — Z%”H%*lﬂ@*l/“(Ew) ||(I)||L2(O,00;H1*E(Q))
Yoo

< COli(z1 = 22) (21 + 22) || 222 (Quo) |l L2(0,00:11 -2 (20))

S CHZI — 22|‘H1+a,1/2+a/2(Qm)H21 + 22||H1+5,1/2+5/2(QOO) ||q)||L2(O,oo;H1*E(Q))
and the proof is complete. O

Lemma 5.3. Let € belong to [0,1/2[. If h € H5(Q), then
|Aﬁ*h|H2+E(Q) < C3|h|H6(Q). (5.4)

Proof. We want to show that, for all h € H(2), the solution y to A5y = h belongs to H?*(Q2). Since h
belongs to L?(12), due to Lemma 3.3 y belongs to D(A};) = D(A*). Moreover, y is solution to

(A* — XoD)y = h +TIBM?B*y — \oy.
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As y belongs to D(A*), due to Proposition 3.1, M2B*y belongs to H*/?(T"). For 1/2 < # < 2, since B €
L(LAT),H~%(Q)) and € < 1, we have

|BM2.B*y|H71+s/2(Q) S C|M2B*y|L2(F)
Since IT € L(L?(Q), D(A*)) and 11 € L(D(A*)", L?(Q2)) (see Lem. 3.2), by interpolation we have
IT € L(H22(Q), H(Q)).

We finally obtain
[IBM?B*y| =) < CIM*B*y|12(r.
We have to solve
(A" = Aol)y = M

with hy = h +IIBM?B*y — Aoy € H*(Q). The proof follows from regularity results for elliptic equations. [
Lemma 5.4. Assume that 1/4 < e < 1/2. For all z € H't=/2+/2(Q.), we have
IG()L2(20) < CullzlFprsenszreszigy:
(Qs)

(The constant Cy depends on ¢.)

Proof. Let us recall that G(z) = M B*A;*IIF(z). Due to Lemma 5.1, F(z) belongs to L?(0, 00; H~'7¢(Q)) and

IE ()| 220,001+ () < Collzll3pisensarern(g.):
Moreover, using Lemma 3.2, by interpolation, IT € £(H~1T¢(Q2), H}*(Q)). Thus,

ITLE(2)[] £2(0,00:H1+< () < C||ZH12;{1+5,1/2+5/2(Q00).
Then, thanks to Lemma 5.3, since H!T¢(Q) C H¢(2), we have

[An " TLE(2)| £2(0,00; 12+ () < CHZ”sz,l/He/z(Qw)-
Finally, with Proposition 3.1 we obtain
| M B* Ay "ILE (2)|| 20,005 117242 (1)) < CHZ||§{1+6,1/2+£/2(QW)
and the proof is complete. O
Lemma 5.5. Assume that 1/4 < e < 1/2. For all z, and zy in H't=1/2+¢/2(Q.), we have
1G(21) = G(22) || L2(5) < Calllzillmvensererz gy + 22l givensererzu))llzn — 22l giveseerz (gl

where the constant Cy is the same constant as in Lemma 5.4.
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Proof. In Lemma 5.2, we have proved that F is locally Lipschitz continuous from H'*=1/2+¢/2(Q_)) into
L?(0,00; H=1*2(Q)). Then, following the proof of Lemma 5.4, the result follows easily. O

5.2. Proof of Theorem 5.1

Proof. We set

_ 1 3
T 10, (Co 1+ Cy) acy "

where the constants C7, Co and Cy are defined respectively in Theorem 4.1, Lemmas 5.1 and 5.4. For all
z € H'=1/2+2/2(Q ), we denote by . the solution to the equation

1o and  n(p) =

y' = Any + F(z) + BM?B* A" 1IF(2), y(0) = yo. (5.5)
We are going to prove that the mapping M : z+ ¥, is a contraction in D,,.

(i) Let us take z in D,. From Lemma 5.1, F(z) belongs to L?(0,00; H~1()). Moreover, from Lemma 5.4
and Theorem 4.1, G(z) belongs to L?(X4) and

Izl grisearererz gy < Ci(lyolme ) + 1G(2)ll L2y + 1F(2) | L20,00i1-14202)) ) -

Then, using Lemmas 5.1 and 5.4, we have
Hy2||H1+511/2+6/2(QW) < Cl(|yO|HE(Q) + C4HZ||§{1+5,1/2+5/2(Q00) + CQHZ||§{1+5,1/2+£/2(QOQ))
3
< O (EN +(Ca2 + 04)HZ||§11+5,1/2+5/2(Q00))
3 .
< Z,LL+01(CQ +C4)/L2 <p if p < po.

Thus M is a mapping from D,, into itself.

(ii) Let us consider z; and 22 in D,,. From Theorem 4.1, it follows that

Y21 = Yol rivensererzgy < CrLIlG(21) = G(22)ll L2y + 1F(21) — F(22)[l 20,0050 142 (02)) ) -

If 4 < po, using Lemmas 5.2 and 5.5, we have

||yz1 - yz2||H1+6,1/2+f/2(Q00) S 01(02 + C4)(H21HHH{,1/2+5/2(QOQ)+||22||H1+5,1/2+5/2(Qw))||21 — 22|‘H1+£,1/2+5/2(Qm)

1
§ 201(02 —+ C4)MHZ1 — 22||H1+5,1/2+5/2(Qx) S 5”21 — ZQHH1+5,1/2+5/2(QOO).

The mapping M is a contraction in D,, and system (5.1) admits a unique solution in the set D,,. ]

6. STABILIZATION WITH A GIVEN DECAY RATE

In this section, we explain how to adapt the results of Section 5 to obtain a prescribed exponential decay
rate —a < 0. We briefly recall the method used in [16]. For that, we set

§ = ey, i = e*u.

If
y' = Ay + F(y) + BMu, y(0) = vo, (6.1)
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then ¢ is solution to the system
9 = (A+al)j+e *"F(§) + BM, 9(0) = yo.
Let us set A, = A + o, and let I, € £(L*(2)) be the solution to the algebraic Riccati equation
I, =15, € £(L?(2)), M, >0,

Moy pay < [ylz)  for all y € L2(9), (6.2)
A, + A%, — I, BM2B*IL, + I = 0.

Now, we consider the nonlinear law
u=—MB*Tl,g + MB*A;’haHae_‘*tF(Q)7
where

D(Aam,) = {y € H*(Q) | V% + M?B*Tl,y = 0 on F}, Aam,y = Aoy — BM?B*Tl,y
n

for all y € D(Aan,) = D(An, ). Then, we have to study the following system
§' = Aam,§+ BM?B* A Tae™ ' F(§) + e *F(g), 7(0) = yo. (6.3)

We can remark that Aq m, v = A,y + ay.

Theorem 6.1. For all 1/4 < e < 1/2, there ewist ug > 0 and a nondecreasing function n from RT into itself,
such that if p € (0, o) and |yo| =) < n(w), then equation (6.1) admits a unique solution in the set

Do = {y € H'2H2(Qu) | €Oyl griveasaresz(gu) < “}'

Proof. We consider equation (6.3) and we want to show that this equation admits a unique solution § € D, .
We substitute F(y) by e F(g), A by A+ al and II by II,, and the proof follows the lines of Theorem 5.1. [J

7. DIRICHLET BOUNDARY CONTROL

In this section, we are going to study the case of a Dirichlet boundary control. Let w be a solution to the
stationary Burgers equation in €2 with Dirichlet boundary conditions

—vAw +w(Ohw+ dew) = f in Q, w=g onl. (7.1)

The purpose of this part is to determine a boundary control u, in feedback form, localized in a part of the
boundary I'; so that the corresponding control system

{ Oz —VvAz 4+ z(01z+ Oaz) = [ in Q x (0, 00), (7.2)

z=g+Mu on X, z(0)=w+yo inQQ,
is exponentially stable with a prescribed decay rate, for initial values yo small enough in L?(£2) (or more generally

in H5(Q) with 0 < e < 1/2). The operator M is defined as in Section 2. Setting y = z —w, the function y obeys

{ Oy — vAY + y(01w + aw) + w(Or1y + day) + y(d1y + d2y) =0 in 2 x (0, 00), (7.3)

y=Mu on X, y(0) =yo in Q.
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We denote by (A, D(A)) and (A*, D(A*)) the unbounded operators in L?(Q2) defined by

D(A) = H*(Q) N Hy(Q), Ay =vAy —y(d1w + dhw) — w(d1y + 0ay),

(7.4)
D(A*) = H*(Q) N Hy(Q), A*y=vAy+w(diy + day).

There exists A\g > 0 an element in the resolvent set of A for which the coercivity conditions stated in (2.2) in the
case of Neumann boundary conditions are still true for the above operators. We denote by D € L(L*(T), L*(2))
the operator defined by Du = y, where y is the unique solution in H'/ 2(Q2) to the equation

Aoy — VAY + w(01y + O2y) + y(O1w + dow) =0 in Q, y=u onl.

The nonlinear term —y(01y + d2y) is rewritten as an element F(y) in (D(A*))" as follows
1 .
<F(y)7¢>(D(A*))’,D(A*) - 5\/Qy2(al¢+82®) fOr all @ S D(A )

Let us observe that F(y) is well defined in (D(A*))’ for all y € H(Q). Setting B = (Aol — A)D, equation (7.3)
may be rewritten in the form

y = Ay+ BMu+ F(y) in (0,00), y(0) = yo. (7.5)
As for a Neumann boundary control, we want to study the following nonlinear feedback law
u=—MB"Tly+ MB*A;"TIF (y),

where II is the solution to the algebraic equation (2.5) and Ay is defined in Section 2, except that now A is
defined by (7.4) and B = (Al — A)D. We indicate in the following the results corresponding to a Dirichlet
boundary control, and we give the proofs only when they differ from the case of a Neumann boundary control.

The stabilizability of the pair (A, BM) follows from null controllability results for advection-diffusion equa-
tions with homogeneous Dirichlet boundary conditions and with a distributed control (see e.g. [7] and the
references therein).

7.1. Properties of some operators

The analogues of Theorem 3.1, Lemma 3.1, and Proposition 3.1 are stated below. The statement of Lemma 3.3
can be rewritten word for word in the case of Dirichlet boundary conditions. More precisely, we have

D(An) = {y e HAQ) | y+ M*B'Tly=0on T} and D(4f;) = D(A).

Theorem 7.1. The unbounded operator (A — XoI) (respectively (A* — XoI)) with domain D(A — \gI) = D(A)
(respectively D(A* — X\oI) = D(A*)) is the infinitesimal generator of a bounded analytic semigroup exponentially
stable on L?*(S)). Moreover, we have

H>™(Q) ifael0,1/4],

D((AoI — A)¥) = D((Al — A")%) = { {zeH*>*(Q)|2=00nT} ifac]l/4,1].

Lemma 7.1. The operator D satisfies

|Du

met1/2(0) < C(s)|ul s for all 0 < s < 2.
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The operator D*, the adjoint operator of D € L(L*(T), L*(2)), is defined by

0z

D'g=—-—v— 7.6
9=-—vy (7.6)
where z is the solution of
Mz —vAz —w(O1z+drz)=g inQ, z=0 onT. (7.7)
Proposition 7.1. For all ® € D(A*), B*® is defined by
oD
B*® = D*(\gl — A")® = —v—
(Ro ) Yon’

and
|MB*(I)|H573/2(F) < C|(I)|H>(Q) if 3/2 <s < 5/2

7.2. Nonhomogeneous equations

In this subsection and the following one, the constants C, ..., C4 are not necessarily the same as in Section 5.
We first state optimal regularity results for the solution to the equation

y' = (A= Xol)y+ BMh, y(0)=0. (7.8)

Lemma 7.2. Assume that h € H**/2(X) with 0 < s < 3/2, s # 1, and that h(-,0) =0 on T if s > 1. Then,
the solution of equation (7.8) obeys

HyHH‘9+1/2vS/2+1/4(QOC) < C”h”HsvS/?(Zx)'

Proof. The proof relies on [15], Chapter 4, Part 13. O

We now study the equation
y'=Any+f+BMg,  y(0) = yo. (7.9)

Theorem 7.2. If f € L?*(0,00; H™'*5(Q)), g € HY?+eV44e/2(S ) 4o € H5(Q) with 0 < & < 1/2, then
equation (7.9) admits a unique solution in L?(0,00; L?(2)) N H'(0, 00; (D(A*))’) which obeys

Iyl gravearererzory < Cillyolme ) + 1f1l 20,001 <)) + N9l mra/zeasaresaisy)-

Proof. We use the same strategy as in the proof of Theorem 4.1. In particular y; and yo are defined in a similar
way. First notice that the existence of y in L?(Qo) and the estimate of ; can be obtained as in the proof of
Theorem 4.1. The only difference is in the estimate of y,. Let us recall that ys is the solution to

ys = (A= XoD)ya + BMh, 12(0) =0,

with h = g — M B*ITy. Since y belongs to L?(Q), the function h = g — M B*IIy belongs to L(0, 00; H/2(T)).
With Lemma 7.2 we have

2l mrr2aragy < Clbllirzswe) < CUlgllmrzieasarerzis )y + [1YlL2(Qu))-

Thus, with the estimate on y1, it follows that y belongs to H'/?1/4(Q) and h € HY*Y4(2). Still using
Lemma 7.2, the solution y, belongs to H''/?(Q.,), and

|\92HH111/2(Q00) < C||h||H1/211/4(z:oo) < C(Hg||H1/2+5a1/4+5/2(2x) + HyHHl/MM(Qw))- (7.10)
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Therefore y belongs to H''/2(Q.). Since M B*IT € L(L?(), L*(T")), the term M B*IIy belongs to H'/?(0, oo;
L*(T")). Moreover, as in [16], Remark 4.4, M B*II € L(H®(Q2), H'/?7(T")). Then, M B*Tly belongs to L?(0, oc;
H'/2%(I")). From these results, it follows that

he H1/2+€’1/4+6/2(200).

We still use Lemma 7.2 to prove that y, belongs to H1t&1/2+2/2 (Qx), and we can conclude with the estimate
on yi. O

7.3. Stabilization of the two dimensional Burgers equation

Consider the Burgers equation with the nonlinear feedback law
y' = Any + BM?B*A7*11F (y) + F(y), y(0) = yo. (7.11)

It has the same form as equation (5.1), but the operators Ay, B, II are different.

Theorem 7.3. For all 0 < & < 1/2, there exist jip > 0 and a nondecreasing function n from RT into itself,
such that if € (0, o) and |yo|g=(qy < 1), then equation (7.11) admits a unique solution in the set

D, = {y S H1+e,1/2+e/2(Qoo) | HyHHHa,l/HE/z(QM) < M}-

As in Section 5, the proof of Theorem 7.3 follows from a fixed point theorem, and it relies on estimates for
F(z) and G(z) = MB*A"IIF ().

Lemma 7.3. If0 <& < 1/2 and z belongs to H'T=/2+/2(Q ), then F(z) € L?(0,00; H~'*¢(Q2)) and we have

2
HF(Z)HLQ(O,OO;H*“rE(Q)) < CQHZ||H1+E,1/2+5/2(QOO)~
Proof. The proof follows the lines of Lemma 5.1 and is easier because we only have to estimate the term

> 1
/ (F(2); ©)p—142(0) 11— () = 5/ (1@ + 02P). O
0

Similarly, we can prove the following lemma.
Lemma 7.4. F is locally Lipschitz continuous from H'*1/2+¢/2(Q ) into L?(0,00; H~1+5(Q)) for all 0 <
e < 1/2. More precisely, we have

HF(ZI) — F(22)||L2(0700;H—1+E(Q)) S Cg(”ZlHH1+5,1/2+5/2(Q00) + ||22||H1+5,1/2+5/2(QOO))||21 — 22|‘H1+a,1/2+5/2(Qm)

(and the constant Cy depends on €).

Lemma 7.5. If 0 <e < 1/2 and if h € H¢(QY), then
|Aﬁ*h|H2+s(Q) < C3|h|H6(Q). (7.12)

Proof. In the case of Dirichlet boundary conditions, B belongs to L£(L?(T), H=%(Q2)) for 3/2 < § < 2. Since
e < 1/2, we have
|BM?B*yly-2+:(q) < C|M*B*y|2r).

Then, the proof is similar to the one of Lemma 5.3. (]
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Lemma 7.6. Assume that 0 < e < 1/2. For all z € H'*=1/2%¢/2(Q.), we have
IGE vszeessssernisy < CallolPpiensserngy.
Proof. The proof of estimate in L?(0, co; H'/?+¢(T")) is similar to the one of Lemma 5.4. We want to prove that

HG(Z)||H1/4+5/2(0,oo;L2(F)) < C4||ZH§{1+5,1/2+5/2(Q00)-

Step 1. We first show
HZ2”H1/4+5/2(O,00;H*1/2+5(Q)) < C”ZH?-13/8+E/4(0,00;H1/4+5/2(Q))'

To prove this estimate we cannot apply the results in [9] because the exponent —1/2 + ¢ is negative. We are
going to use the same method as in [10].

Since z belongs to H'T=1/2+/2(Q ), by interpolation z belongs to H?(0,00; H*(2)) with 0 = 3/8 + /4
and s = 1/4 + /2. We look for & and 5 such that 22 € H%(0,00; H3(f2)). To obtain such a result, we use an
extension operator (extending functions defined in € x (0,00) to functions defined in R"*! with n = 2) and
the estimate for the extended function is obtained via a Fourier transform. There exists an extension operator
P e L(HY(Q), H'(R™)) such that Pz|q = z for all z € H'(R"), and moreover P is also continuous from L?()
into L2(R™). We extend functions defined in (0,00) to functions defined in R by symmetry. We denote by P
the extension operator consisting in first applying P and next the extension with respect to the time variable.
Since o € (0,1) and s € (0,1), we have

1Pl 1o gtz )y < Clzll a7 0.00105 (90)-

Let us show that if z belongs to H°(R; H*(R")), then 22 belongs to H°(R; H*(R™)) for some & and § that we
are going to characterize. The Fourier transform of 22 in R"*! obeys

(L4 72)772(1 + )2 2(r.0) = / G(E. i) ()2 € — )

Rn+1

with

(=(r¢) eRxR",  H=(\n) eRxR",
2(0) = (L+ D72+ [n*)*22(m), G 7)) = Gi(m, \)Ga(Cm),

and
{ Gi(r,\) =(1+ |)\|2)70/2(1 +|r— )\|2)70/2(1 + |7_|2)g,/27
Ga(Cm) = (L+ )= /2 (L + ¢ = n) /2 (1 + [¢*)*/2.

Since 2z belongs to H? (R; H*(R™)), we clearly have z; € L?(R"*!). We follow the proofs of [10], Theorem 8.3.1,
p. 189, and [9], Theorem B.3. We recall that if T (f, h) is defined by

To(r. 0O = [ GEDIC—Dhiidi

for f and h € C§°(R™T1), then

ITe(f, M)llL2@n+ry < Bllfll 2@y l1P]l L2 @nsny, (7.13)
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when either (a), (b) or (¢) holds
(@ [ IGE 7 < B for all
Rn+1
O [ 6@ DPA < B forall
Rn+1
© [ 16@E- )Pl < B for all 7
Rn+1
We first remark that

(L4 172721+ [¢%)/222(7, ¢) = Ta (21, 21)(C)
and we look for & and § such that Tg(z1, 21) belongs to L?(R"*1). Moreover, we clearly have

[ eGaran= [ G ara [ (G

Therefore it is sufficient to prove (a), (b) or (¢) for G; and Gs. Following the proof of [10], Theorem 8.3.1,
p- 189, these conditions are satisfied for

g=1/44¢/2 and §=-1/2+c¢.

From (7.13), it follows that T (21, 21) € L?(R™1), that is to say 2% € HY/4+¢/2(R; H~1/2+5(R")), and

A

1220 1/averzo,00sm-1r24e )y < N2 mraverz@m-12ee @ny) < Cllzlfassiesaqmmisarer@ny)

IN

CHZ||?—[3/8+5/4(0700;H1/4+5/2(Q)) .

Step 2. Estimate of F(z).

The operator d; belongs to £(H~1/2+2(Q), H=3/2+5(Q)). Indeed, for all ® € H3/2=5(Q) = H/* *(Q) and all
y € H-1/?2%2(Q) we have

| <azya ¢>H73/2+E(Q)7H3/276(Q) | = | - (y, a’i®>H71/2+a(Q)7Hl/275(Q) |

IN

|y|H*1/2+E(Q) |ai(I)|H1/2*E(Q)

IN

Clyla-1/2+2 (0) | @lpsr2-= ()

It follows that

HF(’Z)HH1/4+5/2(0,00;H*3/2+5(Q)) < C||Z|\§{1+s,1/2+a/2(Qx)-
Step 3. Estimate of G(z).
Since IT € L(L?(Q), D(A*)) and 11 € L((D(A*))’, L*(Q)), by interpolation we have

I € L(H3/2+(Q), HY/2+(Q)).
Since H'/2¢(Q) € HY/?*¢(Q) we obtain
HHF(Z)||H1/4+E/2(0,oo;H1/2+6(Q)) < C||Z||3-]1+E,1/2+6/2(Q00)'
Then, thanks to Lemma 7.5, as H'/?*¢(Q) c H*(Q2), we have

HAH*HF(Z)||H1/4+5/2(0,00;H2+5(Q)) < C||ZH?-[1+6,1/2+5/2(Q0C)'
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Finally, with Proposition 7.1, we obtain
[MB* A "ILF (2) | g1 /a+</2(0,00; 117242 (1)) < C||ZH§11+6,1/2+5/2(Q&)7
and the proof is complete. ]
Lemma 7.7. Let € belong to [0,1/2). We have the following estimate
||G(21) - G(22)||H1/4+5/2 0.00:L2(O < C4(||ZIHH1+EJ/2+E/2 o + H22||H1+5,1/2+5/2 o )||Z1 - 22|‘H1+5,1/2+5/2 )’
(0,00;L2(92)) (Qoo) Q) (Qoo)

for all z; and zy in H'1/2+/2(Q ).

Proof. The estimate in L?(0,00; H'/2%4(T")) can be obtained as in the proof of Lemma 5.5. The estimate in
H'/4+2/2(0, 00; L*(T')) follows the lines of Lemma 7.6. Indeed, we only need to write

(L4 1721+ [CP) 2 (2 (7,¢) = 23 (1, Q) = Ta(z1 — 22,21 + 22)(0),
which implies that

HZ% — Z%HH1/4+5/2(07OO;H—1/2+5(Q)) < C”Zl + ZQHH3/8+5/4(07OO;H1/4+5/2(Q))HZl — 22”H3/8+5/4(O,oo;H1/4+5/2(Q))

§ C(||21||H1+s,1/2+a/2(Q00) + HZQHH1+5,1/2+5/2(QOO))HZl — 22||H1+5,1/2+5/2(QOC). O

Then, the proof of Theorem 7.3 is the same as in the case of Neumann boundary conditions. The stabilization
result with a prescribed decay rate can be obtained as in Section 6.

8. NUMERICAL SIMULATIONS

The computational domain is 2 = (0,1) x (0,1). The spatial discretization is carried out using a P; finite
element method on a structured triangular mesh. The grid is of size N = n, x n,. The time integration is
performed with the implicit scheme given by the MATLAB routine odel5s. The control function u, acting on the
boundary I'y C T, is discretized with the same finite element method. Therefore the discretized control is of
dimension n,;.

8.1. Neumann boundary control

In this section, we set I'y = {1} x (0,1) and ', =T'\ I';. We want to control the following system

Oy — vAY + y(O1w + daw) + w(O1y + 02y) + y(Ory + d2y) =0 in Q x (0, 00),

y(0) =yo in Q. (8.1)
y% P, =M and V% n 0 in (0,00),
where 1
V= 50° w(zy,x2) = —0.2x, m=1 onTy, (82)

and w is solution to equation (1.2) with f(x1,22) = 0.421 and g = —0.2vny. The ODE system corresponding
to the semi-discretized system is

NNt iy N AN N AN, N : Niyy _ N
BN =g = ATy () + BTuT () + F7(y7 (1) in (0,00), 7 (0) = w0, (8.3)
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where EN € RV*N is the symmetric mass matrix, AN € RNXN g the stiffness matrix and B € RN*"= is the
control matrix. The term FV (yN(¢)) is the discretization in space of the nonlinear term of equation (8.1). We
set

AN = (BN)T1AN, BN = (BM)TIBY, and FN(yN(1) = (BY)TTEN (N ().

The solution IV of the associated finite dimensional Riccati equation is
(AN IV + IV AN —TIV BN (BN)*IV + EN = 0. (8.4)

This equation is solved in a classical way, by determining the eigenvectors of the Hamiltonian matrix associated
to eigenvalues with negative real parts (see [13]). The linear feedback law is given by

ul = KNyN  where KN = —(BV)11V,
and the nonlinear control is
ul, = ul + KNFN(yN(t))  where N = B*(AYN — BN(BN)*1IV)~ V. (8.5)

Remark 8.1. From the expression of the linear operator (A, D(A)) associated to system (8.1) we notice that
the constant functions are the eigenvectors of A associated to the eigenvalue 0.2. Considering the data (8.2)
the matrix A" has only one positive eigenvalue equal to 0.2.

In the following tests, the Riccati equation (8.4) and the system (8.1) are solved with a grid of size 60 x 60
corresponding to 3600 unknowns and 6962 triangles. We compare the efficiency of the linear and the nonlinear
feedback laws for various initial conditions. All the uncontrolled solutions are unstable and blow up quickly.

Test 1. We take a constant perturbation zg = §. In Figure 1 we have plotted the evolution with time of
[u(®)[L2(r,) and [y(t)|z2()-

We see that for § = —0.0625 the linear law is more efficient than the nonlinear law since for ¢ > 6 the L2-norm
of y is smaller. We notice that for 6 = 0.01 there is no significant difference between the solutions controlled
with the linear and the nonlinear control laws. For § = 0.05 the linear law is unable to stabilize the system (8.1)
contrary to the nonlinear law, and for § = 0.065 both linear and nonlinear controls are inefficient to stabilize
system (8.1).

Test 2. We choose zg = dsin(nnz) cos(frzg — ¢) with § > 0, n, £ € N* and ¢ = 0 or 7/2. As previously, in
Figure 2 we have plotted the evolution with time of the L?-norm of the feedback laws and of the solution of
equation (8.1). We notice that in each test we have found a value of § where the nonlinear law stabilizes the
Burgers equation contrary to the linear law.

8.2. Dirichlet boundary control

We want to control the following system

Oy — vAy —ay +y(O1y + day) =0 in Q x (0, 00),
y(0) =yo inQ, (8.6)

y|Fl =mu, and y|F2 =0 in (0, 00),

1
where v = & and a > 0. The function m is a smooth function defined by

m(x,g):H(§—1)—H((x§1)+1), £>0, z€eR,
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FIGURE 1. Evolution with time of |u(t)[z2(r,) and [y(t)[z2(q) controlled with linear and

nonlinear laws with zg = 6.
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zo(x1,x2) =0.125 sin(n x1)sin(n x2) zo(x1,x2) =0.125 sin(n x1)sin(n x2)
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FIGURE 2. Evolution with time of |u(t)|r2(r,) (left) and |y(t)|r2(q) (right) controlled
with linear and nonlinear laws with zo(x1,22) = 0.125sin(may)sin(rxs), zo(r1,22) =
0.275sin(3mxy ) cos(mxz) and zo(x1, z2) = 0.525sin(3wxy ) cos(2mxs).

where
0 if =< -1,

H(z) =< 0.5+ 2(0.9375 — 22(0.625 — 0.187522)) if —1 <z < 1,
1 if x> 1.
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1
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FIGURE 3. Graph of m(z,0.01) for = € [0,0.03].

In the numerical simulations we set £ = 0.01. The graph of the function m for z € [0,0.03] and £ = 0.01 is given
in Figure 3.
To implement the inhomogeneous Dirichlet boundary condition on I';y we use a Robin condition of the form

0 1
v %Y _ ——(y—mu) with e= 1074
on r, €

This condition is very well adapted to take into account numerically the inhomogeneous Dirichlet condition [4]
and in particular the nonlinear feedback law. The eigenvalues of the operator Ay = vAy + oy with y =0 on I’
are

Nij = —v(i® + %)% +a, i,j€N".
The corresponding eigenvectors are

pij(x1,12) = dsin(imzy) sin(jrrz), 6 € R™.

In the following tests, the parameter « is equal to 0.6. With this choice the operator A has one positive
eigenvalue which is A\1; &~ 0.2052.

We are going to see that we have different behaviors of controlled solutions depending on the choice of I';.
In Test 1, we choose I'y = {0} x (0,1) and in Test 2 and Test 3 we choose I'1 = {1} x (0,1). In all cases, we set
Iy =T\T;.

Test 1. The initial data is chosen as follows
yo(w1, z2) = 0.045 sin(ma ) sin(mwy)  with (21, 22) € 0,1] x [0,1].

In Figure 4, we have plotted the L?-norm of y (left) and the L?-norm of Vy (right) with respect to t. We
remark that after a transient stage, the L?-norm of y(t) and Vy(t) are smaller with the nonlinear feedback law.
Figure 5 shows that, during the first seconds, the nonlinear control is stronger than the linear one.

Test 2. The initial data is chosen as follows
yo(x1,m2) = 0.2sin(way ) sin(wxe)  with  (21,292) € [0,1] x [0, 1].

As previously we have plotted in Figure 6 the L?-norm of y (left) and the L?-norm of Vy (right) with respect
to t. The results are now different. By applying the control laws on the right boundary of the domain, the
linear law becomes more performant than the nonlinear one. In Figure 7 we remark that the linear control is
now stronger during the first seconds than the nonlinear one.
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FIGURE 4. Evolution with time of [y(t)[z2(q) (left) and [Vy(t)|r2(q) (right)

controlled with linear and nonlinear laws.

0.15 .

Control

WOk

—linear control
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FIGURE 5. Evolution with time of [us(t)|r2(r,) and [une(t)|r2(r,)-

Solution
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—linear control
0.14 -=-nonlinear control
- == 'without control

Solution

V(0,20

—linear control
---nonlinear control
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FIGURE 6. Evolution with time of [y(t)[z2(q) (left) and [Vy(t)|r2(q) (right) uncontrolled and
controlled with linear and nonlinear laws.
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—linear control
---nonlinear control

FIGURE 7. Evolution with time of |ug(t)|z2(r,) and [une(t)|z2(r,)-

linear control nonlinear control

“|(t'xz)

FIGURE 8. Graphs of ug(t, z2) (left) and w,e(t, z2) (right) for (¢,z2) € [0.01,3.5] x [0, 1].

Test 3. In the last test, we increase the L°°—norm of the initial condition by taking
yo(x1,x2) = 0.25sin(mxy) sin(razz)  with  (z1,22) € [0,1] x [0, 1].

The simulations are stopped for ¢ = 3.5. In Figures 8 and 9 we notice that the nonlinear law grows up quickly
after t = 2.5. To explain more precisely these graphs, we have plotted the L?-norm of the linear part and the
nonlinear part of the nonlinear law (8.5) in Figure 10. The nonlinear term has an opposite sign to the linear
one and becomes too large after t = 2.5. It destabilizes the Burgers equation.

Remark 8.2. We have tested various values of ¢ for initial conditions of the form
yo(21,x2) = dsin(mxy) sin(mzs).

In all simulations, the linear law acts stronger than the nonlinear one. For some values of §, the nonlinear
law is unable to stabilize the Burgers equation. The main advantage of the nonlinear law is that it limits the
overshoots during the first time steps. Therefore it seems more adapted in the real experimental configurations.
To improve the stabilization result, it should be interesting to build a feedback law defined with an appropriate
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Solution

Control

0.7 .
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0.6k - =-nonlinear control 0.2- = ==nonlinear control
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FIGURE 9. Evolution with time of |u(t)[z2(r,), [tne(t)|z2(r,) (left) and |y()[2(q) (right) un-
controlled and controlled with linear and nonlinear laws.

0.9 T r T T
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FIGURE 10. Evolution with time of L?-norm of the linear part and the nonlinear part of the

nonlinear law (8.5).

combination of the linear and the nonlinear laws. For that it is necessary to find Lyapunov functions for the
closed loop nonlinear systems. We think that the results in [1,2] can be very helpful for such an analysis.
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