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CONTROLLABILITY OF 3D INCOMPRESSIBLE EULER EQUATIONS
BY A FINITE-DIMENSIONAL EXTERNAL FORCE

HAYK NERSISYAN!

Abstract. In this paper, we study the control system associated with the incompressible 3D Euler
system. We show that the velocity field and pressure of the fluid are exactly controllable in projections
by the same finite-dimensional control. Moreover, the velocity is approximately controllable. We also
prove that 3D Euler system is not exactly controllable by a finite-dimensional external force.
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1. INTRODUCTION

Let us consider the controlled incompressible 3D Euler system:

U+ (u, Viu+Vp=h+n, divu =0, (1.1)
u(0,2) = up(x) (1.2)

where u = (u1, uz,u3) and p are unknown velocity field and pressure of the fluid, h is a given function, ug is an
initial condition, 7 is the control taking values in a finite-dimensional space E, and

3
0
(u, Vv = Z w;(t, x)a—xlv

i=1

We assume that space variable z = (x1, 72, 23) belongs to the 3D torus T? = R?/27Z3.

The question of global well-posedness of 3D Euler system continues to be one of the most challenging problems
of fluid mechanics. However, the local existence of solutions is well known (e.g., see [15,16]). Moreover, Beale
et al. [3] proved that under the condition

T
/ | vt u(t) | oo dt < o0
0

the smooth solution exists up to time 7.
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In this paper, we show that for an appropriate choice of E, the problem is exactly controllable in projections,
i.e., for any finite-dimensional subspaces F,G C H* and for any 4 € F,p € G there is an E-valued control 7
such that problem (1.1), (1.2) has a solution (u,p) on [0, T] whose projection onto F' x G coincides with (@, p)
at time T. We also prove that the velocity u is approximately controllable, i.e., u(T') is arbitrarily close to .
From equation (1.1) it follows that the pressure can be expressed in terms of the velocity, so we can not expect
to control approximately the pressure and the velocity simultaneously. The proofs of these results are based on
a development of some ideas from [1,2,12,13].

Let us mention some earlier results on the controllability of the Euler and Navier—Stokes systems. The exact
controllability of Euler and Navier—Stokes systems with control supported by a given domain was studied by
Coron [5], Fursikov and Imanuvilov [8], Glass [9], and Ferndndez-Cara et al. [7]. Agrachev and Sarychev [1,2]
were first to study controllability properties of some PDE’s of fluid dynamics by finite-dimensional external force.
They proved the controllability of 2D Navier—Stokes and 2D Euler equations. Rodrigues [11] used Agrachev—
Sarychev method to prove controllability of 2D Navier—Stokes equation on the rectangle with Lions boundary
condition. Later Shirikyan [13] generalized this method to the case of not well-posed equations. In particular,
the controllability of 3D Navier—Stokes equation is proved.

Notice that the above papers concern the problem of controllability of the velocity. In this paper, we first
develop the ideas of these works to get the controllability of the velocity of 3D Euler system. One of the
main difficulties comes from the fact that the resolving operator of the system is not Lipschitz continues in the
phase space. We next deduce the controllability of the pressure from that of the velocity with the help of an
appropriate correction of the control function.

We also treat the question of exact controllability of 3D Euler equation. In [14], Shirikyan shows that the
set of attainability Ar(ug) of 2D Euler equation from initial data ug € C* at time T' > 0 cannot contain a ball
of C®. We show that the ideas of [14] can be generalized to prove that the set A(ug) = UrAr(up) also does not
contain a ball in 3D case. In particular, 3D Euler equation is not exactly controllable.

The paper is organized as follows. In Section 2, we give a perturbative result for 3D Euler system. In
Sections 3 and 4, we formulate the main results of this paper, which are proved in Sections 5 and 6. Section 7
is devoted to the problem of exact controllability.

H{UEL2ZdiVUO, / u(m)d:ﬂO}
T3

Let us denote by II the orthogonal projection onto H in L?. Let H* be the space of vector functions u =
(u1,us2,us) with components in the Sobolev space of order k, and let || - || be the corresponding norm. Define
HF := H*N H. The Stokes operator is denoted by L := —IIA, D(L) = H2. For any vector n = (ny,ng,n3) € R3
we denote |n| := |n1| + |ne| + |ns].

Let Jr :=[0,7] and X be a Banach space endowed with the norm || - ||x. For 1 < p < oo let LP(J, X) be
the space of measurable functions u : Jp — X such that

T »
ullr(rr,x) = (/o l|lull% ds) < 0.

The space of continuous functions u : Jp — X is denoted by C(Jr, X).

Notation. We set

2. PERTURBATIVE RESULT ON SOLVABILITY OF THE 3D EULER SYSTEM

Let us consider the Cauchy problem for Euler system on the 3D torus:

4+ (u, Vyu+Vp= f(t), divu=0, (2.1)
u(0, z) = uo(x).



CONTROLLABILITY OF 3D EULER EQUATIONS 679
System (2.1), (2.2) is equivalent to the problem (see [15], Chap. 17)

b+ B(o) = TIf (1),
v(0, z) = Tug(x),

where v = Iu, B(a,b) = II{{a, V)b} and B(a) = B(a,a). We shall need the following standard estimates for
the bilinear form B:

1B(a, )l < Cllallslbllisr  for k=2, (2:3)
|(B(a,b), L*b)| < Cllallellblz  for k>3, (2.4)

for any a € HY and b € HEF? (see [4]).
Let us consider the problem

4+ B(u+¢) = f(t), (2.5)
u(0,2) = up(x). 2.6

Theorem 2.1. Let T > 0 and k > 4. Suppose that for some functions vg € HY, ¢ € L?>(Jp, H**) and
g € LY(Jp, HE) problem (2.5), (2.6) with up = vy, ( = & and f = g has a solution v € C(Jr, H¥). Then there
are positive constants 6 and C' depending only on the quantity

vlle(r,mry + 1€l L2 a0
such that the following statements hold.
(i) Ifup € HE, ¢ € L*(Jp, HEY) and f € LY(Jr, HY) satisfy the inequalities

llvo = wollk—1 <6, €= &llour,mry <& N = gllLrsr, -1y <6, (2.7)

then problem (2.5), (2.6) has a unique solution u € C(Jp, HE).
(ii) Let
R HF x L?(Jp, HEY) < LY (Jp, HY) — C(Jr, HY)
be the operator that takes each triple (uo, C, f) satisfying (2.7) to the solution u of (2.5), (2.6). Then

||R(U0,C,f) - R(’U07§79)HC(JT7H’C’1) < C(HUO - uOHk—l + ||C - §||L2(JT,H’C) + ||f - gHLl(JT,Hk*l))'

(iii) Let ¢ € C(Jr,H*) and f € C(Jr, H*™1), and let Ry be the restriction of R to the time t. Then R. is
Lipschitz-continuous in time, i.e.,

HRt(UO,Qf) - Rs(“Oa(af)”kfl < M|t - 5|7

where M depends on [|R(vo,C, f)llc(ir,mx)s ICller,mry and (| flle(p, mr-1y-
Proof. We seek a solution of (2.5), (2.6) in the form u = v+ w. Substituting this into (2.5), (2.6) and performing

some transformations, we obtain the following problem for w:

w4+ Bw4+nv+E&)+Blv+&w+n)+ Bw+n) =q(t,x), (2.8)
w(0,x) = wo(x),
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where wg = ug — vg, n = ( — & and ¢ = f — g. By bilinearity of B, (2.8) is equivalent to the equation

W+ B(w) + B(w, 1) + B(w,v) + B(w,&) = q(t.) — (B(n) + B(v,n) + B(&,n)), (2.10)
where B(u,v) = B(u,v) + B(v,u). It follows from (2.7) that we can choose § > 0 such that the right-hand side
of (2.10) and initial data wq are small in L'(Jp, H*~1) and H*~!, respectively. Hence, by the standard theorem
of existence (see [15,16]), system (2.10), (2.9) has a unique solution w € C(Jr, H¥~1). From the embedding
H?2 — L™ we deduce that

sup || rotu(t, )| L~ < oo. (2.11)
t€[0.7]

In view of ug € HF, ¢ € L*(Jp, HEY), f € L'(Jr, HF) and (2.11), the Beale-Kato-Majda theorem (see [3])
implies u € C(Jr, HY).

To prove (ii), let us get an a priori estimate for w. Multiplying (2.10) by L¥~ 1w and using (2.3), (2.4), we
obtain

1d ,
sl < C(IIwIIi_l +llwllEy (nlls + ol + 11€]1%)
+ [lwlle-1 (llglle—r + I lenlle- + ol + IIEIIk)))- (2.12)

Integrating (2.12), we obtain for any ¢t € Jr

t
||w<t>||zlgcnwncut,ml)[ / (nwnz1+||w||k1(||n||k+||v||k+||s||k))ds+A], (2.13)

where A = |lwol|k—1 + fOT lallk=1 + Inlle(Inllk—1 + lvllx + |€]lk)]ds. This implies that for any 7 € J; we can
estimate |Jw(7)||2_, by the right hand side of (2.13). Thus, we get

t
ol g e, < Cllwllen sy [ / (nwnzl T el (e + ol + ||§||k))ds i A]. (2.14)
Dividing (2.14) by [|wl[¢ (g, mx-1), we get

lw) k-1 < wlle,,mr-1)

t
< 0[ / (nwni_l el (llle + ol + ||s||k)>ds+A}
The Gronwall inequality implies
t
lw(®)llies < 4y + Oy / (s, )[2_yds,
0

where A1 = C1A and () is a constant depending on |[v||¢(s,,m+) + |€llL2(sp, mx).  Another application of
Gronwall inequality gives that

< 2A; for any t < (2.15)

Ay
1< — .
Hw(t)Hk L= 1-— ClAlt 201141
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We can choose § > 0 such that ﬁ > T. From the definition of A4; and (2.15) we deduce that

lwllc(rp,mr-1) < CUlwollgr—1 + 10l L2(sp,m%) + @l 1 (g, m2E-1))- (2.16)

Statement (ii) is a straightforward consequence of (2.16).
Let us prove (iii). Integrating (2.5) over (s,t) and using (2.3), we get

t
l[u(t) = uls)l[e—1 < / 1£(r) = B(u(r) + ¢(7))[|k—1d7 < M|t — s|.
This completes the proof of Theorem 2.1. O

3. CONTROLLABILITY OF THE VELOCITY

Let us consider the controlled Euler system:

u+ B(u) = h(t) + n(t), (3.1)
u(0,2) = ug(x),

where h € C°°([0,00), H¥*?) and ug € HY are given functions, and 7 is the control taking values in a finite-
dimensional subspace E C H**2. We denote by ©(h,uq) the set of functions n € L*(Jr, HY) for which (3.1),
(3.2) has a unique solution in C(Jr, H¥). By Theorem 2.1, ©(h, u) is an open subset of L (Jr, HY). To simplify
the notation, we write R(-,0,-) = R(-,-). Let us recall the definition of controllability. Suppose X C L!(Jr, HF)
is an arbitrary vector space.

Definition 3.1. Equation (3.1) with n € X is said to be controllable at time T if for any ¢ > 0, for any
finite-dimensional subspace F' C H f, for any projection Pg : H, ff — H ff onto F and for any functions ug € H, fj,
@ € H* there is a control 7 € ©(h,ug) N X such that

PFRT(UIOan) = PF@’)
Rz (uo,m) — aflx <e.
Let us recall some notation introduced in [1,2,12]. For any finite-dimensional subspace E C H**2 we denote

by F(E) the largest vector space F C H¥*2 such that for any n; € F there are vectors n,¢*, ..., (" € E and
positive constants as, . .., a, satisfying the relation

m=n-Y aB(c) (33

The space F(F) is well defined. Indeed, as E is a finite-dimensional subspace and B is a bilinear operator, then
F(F) is contained in a finite-dimensional space. It is easy to see that if subspaces G and G satisfy (3.3), then
so does G1 + G3. Thus, F(FE) is well defined. Obviously, E C F(E). We define Ej, by the rule

Eo=E, E,=FE, 1) for n>1, Ey= U E,.
n=1
The following theorem is the main result of this section.

Theorem 3.2. Let h € C*([0,00), HE*2). If E C H¥*? is a finite-dimensional subspace such that E~, is dense
in HE, then equation (3.1) with n € C°(Jr, E) is controllable at any time T.
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Example 3.3. Let us introduce the functions
em(z) = 1(m) cos(m, x), $m(x) = I(m)sin(m, z), (3.4)
where m € Z3 and
{I(m),1(—m)} is an orthonormal basis in m* := {z € R? (z,m) = 0} (3.5)

It is shown in [12] that if
E = span{cm, $m, |m| < 3},

then E is dense in HY. We emphasize for what follows that the space E does not depend on the choice of the
basis {{(m),l(—m)}.

The proof of Theorem 3.2 is based on the uniform approximate controllability of the Euler system.

Definition 3.4. Equation (3.1) with n € X is said to be uniformly approximately controllable at time T if for
any € > 0, any ug € H¥ and any compact set K C HY there is a continuous function ¥ : K — O(h,ug) N X
such that

sup ||Rr(uo, ¥(a)) — al|x < &, (3.6)
weK

where ©(h,up) N X is endowed with the norm of L(Jr, HF).

The following lemma shows that to prove uniform approximate controllability of equation (3.1) it suffices to
consider the case in which the target set K C HY consists of sufficiently smooth functions.

Lemma 3.5. Suppose that for compact subset K C H*T! there is a continuous function ¥ : K — ©(h,ug) N X
such that (3.6) holds. Then equation (3.1) with n € X is uniformly approzimately controllable at time T.

Proof. For any compact set K C H¥ there is a small constant § > 0 such that

—SL~ €
sup |le k4 — 4| < 3
ueK

As K, := e °LK is compact in HEH1 by assumption, there is a continuous mapping ¥ : K; — O(h,ug) N
C>*(Jr, X) such that
. . €
sup |[|Rr(uo, U(4)) —al|r < 3
aeK,

Therefore the continuous mapping ® : K — ©(h,up) N X, @ — ¥(e L) satisfies the inequality
sup ||Rr(uo, () — 4f|r < €. O
aeEK
The following lemma shows that the uniform approximate controllability is stronger than controllability.

Lemma 3.6. If equation (3.1) with n € X is uniformly approzimately controllable at time T, then it is also
controllable.

Proof. Suppose F' C H¥ is a finite-dimensional subspace and Pr is a projection onto F, ug € H* and @ € F.
Let Br(R) be the closed ball in F' of radius R centred at origin with R > Me, where M is the norm of Pp
and € > 0 is an arbitrary constant. Since Bp(R) is a compact subset of H¥, there is a continuous mapping
U : Bp(R) — O(h,up) N X such that

sup || Rr(ug, U (1)) —allx < e. (3.7)
@€Br(R)
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Therefore the continuous mapping ® : Bp(R) — F, & — PrRr(ug, ¥(4)) satisfies the inequality

sup ||®(a) — G|l < Me.
@€BF(R)

Fixing v € Bp(R— Me) and applying the Brouwer theorem to the mapping v — v+u—®(u) : Bp(R) — Br(R),
we get

Bp(R— Me) C ®(Br(R)). (3.8)
Let @ € F. By (3.8), for sufficiently large R there is a function u; € Bp(R) such that
PrRy(ug, ¥(uy)) = . (3.9)
Using (3.7) and (3.9), we obtain
|R7(uo, ¥(u1)) — dllx < [[Rr(uo, ¥(u1)) — wrlle + lur = PrRr(uo, ¥(u1))|k < e+ Me.

Since € > 0 was arbitrary, this completes the proof. ]

Lemma 3.6 implies that Theorem 3.2 is an immediate consequence of the following result, which will be
proved in Sections 5 and 6.

Theorem 3.7. Let h € C™([0,00), HE*2). If E C H¥*2 is a finite-dimensional subspace such that E, is dense
in HE then equation (3.1) with n € C>®(Jr, E) is uniformly approzimately controllable at any time T.

4. CONTROLLABILITY OF FINITE-DIMENSIONAL PROJECTIONS OF THE VELOCITY
AND PRESSURE

In this section, we are interested in controllability properties of pressure in Euler system. We consider the
problem (1.1), (1.2). If u € C(Jr, H*) is a solution of (3.1), (3.2), then (u,p) will be the solution of (1.1), (1.2),
where

3
p = A_l divh — Z 0jui0iuj . (41)

ij=1

Here the function p is defined up to the an additive constant and A~! is the inverse of A : H* —: H¥=2 In
what follows we normalize p by the condition that its mean value on T? is zero. Denote by (R(ug,n), P(uo, 7))
the solution of (1.1), (1.2) and by (R:(uo,n), Pt(uo,n)) its restriction to the time ¢t. Equation (4.1) implies
that (1.1), (1.2) is not approximately controllable, so we will be interested in exact controllability in projections.

Definition 4.1. Equation (1.1) with n € X is said to be exactly controllable in projections at time T if for
any finite-dimensional subspaces F C HY, G C H* and for any functions ug € H¥, i € F and p € G there is a
control € O(h,up) N X such that

PFRT(UOa 77) = /&’7
PaPr(uo,n) = p.

Theorem 4.2. If E C H*2 is a finite-dimensional subspace such that E is dense in HY, then equation (1.1)
with n € C*®(Jr, E) is exactly controllable in projections at any time T > 0.
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Proof. To simplify the proof, we shall assume that h = 0. The proof remains literally the same in the case
h # 0. An argument similar to that used in the proof of Lemma 3.6 shows that it suffices to establish the
following property: for any compact set K C HY x H* and for any constant ¢ > 0 there is a continuous function
U : K — O(h,up) N X such that

sup ||[Rr(uo, ¥(@,p)) — allr <,
(a,p)eK

sup || PePr(uo, ¥(4,p)) — pllr < e
(a,p)eK
We introduce the spaces
F,, - = span{cp, sn, |n| <m, n € Z3},

G : = span{sin(n, x), cos(n, z), |n| < m, n € Z3},

where the functions ¢,, s, are defined in (3.4), (3.5). By an approximation argument, it suffices to construct ¥
for any compact set K C F,,, X G,,. For an integer m > 1, we introduce the symmetric quadratic form

A(u,v) = —Pg, A™! 23: 0ju;0;v;
ij=1
and set A(u) = A(u,u). Clearly, we have the following inequality
[A(w) = A@)[lk < Cllu = vl (4.2)
where u,v € H¥ and C is constant depending on |||y + ||v||x. Equation (4.1) implies

P, Pi(uo,n) = A(Re(uo,m))- (4.3)

We admit for the moment the following lemma.

Lemma 4.3. For any @ € F,, and p € Gy, there is v € F N HY such that
p=A(t+ v), (4.4)

where F3- is the orthogonal complement of Fy, in the space H. Moreover, the mapping (i, p) — v is continuous
from Fy, x Gy, to F- where Fy,,G,, and Fn% are endowed with the norm of H*.

m?’

By Theorem 3.7, there is a continuous mapping ¥ such that

sup [[Rr(uo, ¥(@,p)) — (4 +v)[|x <e,
(u,p)eK

where v satisfies (4.4). From (4.2), (4.3) and (4.4), we have

sup | Pa,, Pr(uo, ¥(,p)) — pllk < sup [|A(Rr(uo, ¥(4,P))) — Al +v)||
(u,p)eK (a,p)e K

<C sup [Re(uo, ¥(ap)) — (& + v) k-
(@,5) €K

This completes the proof of Theorem 4.2. O
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Proof of Lemma 4.3. Tt is easy to see that (4.4) is equivalent to

A(v) + 2A(4,v) = p — A(a) =: Z (Cy sin{n, x) + D, cos(n, x)). (4.5)
in<m
For all n € Z3, |n| < m let us take {k1}, {k2}, {k2} and {k:} in Z2 such that |k%| > 2m and
(a) K2 — K} = k4 — K2 =

(b) min{|kj, + K|, |k, = KL, (k5 — kgl Ky — kgl > m;
(c) kL and k3 are not parallel to k2 and ki, respectively,

for all 4,5 = 1,2,3,4, d = 1,2, |r| < m and n # r. This choice is possible. Indeed, let ¢ : Z3 — N, be an
injection and let

ky, = 86(n)m(n), ky, = (86(n) + 4)m(n),

k2 = 8p(n)m(n) + n, kb = (8¢(n) + 4)m(n) + n, (4.6)

where m(n) € Z2 is not parallel to n and |m(n)| = m. It is easy to see that {k}} satisfy (a)—(c). We seek v in
the form

v=_ (Ciysiy, + Digerz + Cigsg + Crysny)-

[n|<m

Substituting this expression of v into (4.5) and using the construction of k., we obtain

Z <A(Ck;5k; + Dz gz ) + A(Chs sps + Ca Sk;ﬁ)) = Z (Cy sin{n, ) + Dy, cos(n, x)).

[n|<m In|<m

On the other hand,
A(Ck},b Sp1 + Dk% Ck2 =A" Z Ii( k/)Q)(ki)’LCk;yll Dk% sin(n, )
Y B R (W), k2 ) (U(K2), k) sin(n, @),

where 1;(k%) and (
choose (kL) and I(

')j are jth coordinates of [(k%) and k!, respectively. As k! is not parallel to k2, we can
2) not perpendicular to k2 and k., respectlvely, i.e.,

k
k2
(1K), kp)(U(KD), k) # 0.
Hence, there are constants Cj1, Dy2 continuously depending on Cy,, and therefore on (@, p), such that
A(Cha sp1 + Dz ez ) = Cpsin(n, x)-
In the same way, we can choose Cys, Cya such that

A(Cys sps + Cra spa ) = Dy, cos(n, x)-

Thus we have (4.4). O
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5. PROOF OF THEOREM 3.7

Let us fix a constant ¢ > 0, an initial point uy € HY, a compact set K C HY and a vector subspace
X C LY(Jr, HY). Equation (3.1) with n € X is said to be uniformly (g, ug, K)-controllable at time 7' > 0 if
there is a continuous mapping

U: K — O(huy)NX
such that

sup ||Rr(uo, ¥(a)) — al|x < &,
weK

where ©(h,ug) N X is endowed with the norm of L(Jr, HY).
Theorem 3.7 is deduced from the following result, which is established in next section.

Theorem 5.1. Let E C H**2 be a finite-dimensional subspace. If equation (3.1) with n € C®(Jr, F(E)) is
uniformly (e, ug, K)-controllable, then it is also (e, uq, K)-controllable with n € C*(Jr, E).

Proof of Theorem 3.7. We first prove that there is an integer N > 1 depending only on ¢, ug and K such that
equation (3.1) with n € C(Jp, En) is uniformly (e, ug, K)-controllable at time 7. Let us define a continuous
operator defined on Jr x K by

() = T (teFa + (T — t)eFuyg).
It is easy to see that u, s satisfies equation (3.1) with
Nus = Ups + Bluys) — h(t).

As K is a compact set in Hff, we have

sup [|u,.5(T, @) — il — 0 as 11 — 0,

W€K
sup ||uy,s(0, %) — upllx — 0 as 6 — 0.
W€K
The fact that E is dense in HY implies

||PEN77M,6 - 77u,5||L1(JT,Hk) — 0as N — 0.

By Theorem 2.1, we can chose N, i and § such that

sup [|[R(uo, Prynu,s(@)) — dllx <e.
weK

We note that the mapping Pgy7us(-,-) : @ — Ppynus(-, @) is continuous from K to C(Jr, HY). Hence

equation (3.1) is uniformly (e, ug, K)-controllable with n € C(Jr, Ex). Applying N times Theorem 5.1, we
complete the proof of Theorem 3.7. O

6. PROOF OF THEOREM 5.1

The proof of Theorem 5.1 is inspired by ideas from [1,2,12,13]. Let us consider the following control system:

t+ Bu+¢)=h+n, (6.1)
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where 7, ¢ are E-valued controls. Let ©(ug, h) be the set of pairs (1,¢) € L (Jp, H¥) x L(Jp, H¥+1) for which
problem (6.1), (3.2) has a unique solution in C(Jr, H¥). Equation (6.1) with (n,¢) € X C LY(Jp, HY) x
L2(Jr, HEF1) is said to be uniformly (e, ug, K)-controllable if there is a continuous mapping

U: K — O(hup) N X
such that

sup || Rz (uo, \i/(ﬂ)) — ||k <&, (6.2)
weK

where ©(h,up) N X is endowed with the norm of L*(Jy, H¥) x L2(Jp, HE+1).
We claim that, when proving Theorem 5.1, it suffices to assume ug € H, §+2- Suppose that for any vy € H, C’f+2
and for any continuous mapping ® : K — ©(h,vg) N C*°(Jr, E1) there is a continuous mapping

& : K — O(h,v9) NC>(Jp, E)
such that

sup [[ R (vo, ®(@)) — Rer(vo, (i) 1 < -
ueK

Let us show that for any ug € H¥ and for any continuous mapping ¥ : K — ©(h,vo) N C*(Jr, Ey) there is a
continuous mapping ¢ : K — ©(h,vg) N C(Jr, E) such that

sup [Re (o, (@) = R (o, U(@))ls <e.

By Theorem 2.1, there is vg € H 2 such that

9

sup IR (uo, ¥(@)) = R(vo, ¥(@)l|c(sr,mr) < 3 (6.3)
By our assumption, as vg € H, (’j+2, there is a continuous mapping
U, : K — O(h,up) N C>(Jr, E)
such that
sup [ R (w0, ¥(8)) — R (vo, B=(@) i < 5 (6.4)
By Theorem 2.1, we have X )
R (vo, e (@) — R (uo, Ve(@))[[x < Cllvo — uol, (6.5)

where C is a constant not depending on . Choosing vy sufficiently close to ug and using inequalities (6.3), (6.4)
and (6.5), we get

R (uo, (@) — R (o, Ve (@))l[x <e.
From now on, we assume that ug € H5*2. In this case, Theorem 5.1 is deduced from the following two

propositions.

Proposition 6.1. Equation (3.1) with n € C*(Jr, E) is uniformly (g, uo, K)-controllable if and only if so is
equation (6.1) with (n,() € C*(Jr, E x E).



688 H. NERSISYAN

Proposition 6.2. Equation (6.1) with (n,¢) € C*(Jr, E x E) is uniformly (e, ug, K)-controllable if and only
if so is equation (3.1) with n € C*>(Jr, Ey).

Proof of Proposition 6.1. We show that if (6.1) with (1, () € C*°(Jr, E x E) is uniformly (&, ug, K)-controllable,
then so is (3.1) with n € C*°(Jr, E). Let

U: K — O(h,uo) NC*®(Jr, Ex E),  W(a) = (n(t,a),((t,a))
be such that

& = sup | Re(up, ¥(a)) — allx < . (6.6)
weK

Let us choose (, (-, 1) € C°°(Jr, E) such that (,(0) = (,(T) = 0, the mapping ¢, (-, ) : & — (u(-, @) from K to
C*(Jp, HE1) is continuous and

1Cn = CllL2( gy, mrm41) — 0 as n — oo0.

By Theorem 2.1, for sufficiently large n we have

sup, IR (uo, G (@), 1) = R (uo, ¥ (@))[|x < & — &. (6.7)

Define W, (t, %) = n(t, @) — C, (¢, @). It is easy to see that W, (-,-) : & — W, (-,4) is a continuous mapping from
K to L'(Jr, HF). Clearly,

Ro(uo; Ca(@),n) = Rluo, Wn(@)) = Ca ().
Using the fact that (,(T) =0, (6.7) and (6.6), we derive

sup ||Rr(uo, ¥rn (@) — all < e— &+ sup ||Rr(uo, ‘i/(ﬂ)) —dllx < e,
weK ueK

which completes the proof of Proposition 6.1. ]

Proof of Proposition 6.2. By Proposition 6.1 and the fact E C Ejy, if equation (6.1) is uniformly (e, ug, K)-
controllable, then so is equation (3.1) with n € C*(Jr, E1). We need to prove the converse assertion. We
assume that there is a continuous mapping

Uy : K — O(h,up) N L (Jr, Ey)
such that

€ := sup [|Rr(uo, Y1(a)) — ul[r <e.
acK

We approximate Ry (ug, P1(@)) by a solution u(t,@) of problem (6.1), (3.2) with some n(t, a), ((t,4) €
C*(Jr, E) such that (n(t,a),{(t,4)) depends continuously on 4 € K.

Step 1. We first approximate ¥y (i) by a family of piecewise constant controls. Let us introduce a finite set
A={n} € By,l=1,...,m}. For any integer s, we denote by P;(Jr, A) the set of functions

m(t)=> ety for tel0,T],
=1
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where ; are non-negative functions such that 2111 wi(t) =1

)

t) = 2017,«[,.75(1?) for ¢ € 10,7,

and I, 5 is the indicator function of the interval [t,,¢,4+1) with ¢, = 7T/s.
We define a metric in Ps(Jr, A) by

m
dp(m, 1) = Z ot — YillLoe(apys M, G € Ps(Jr, A),
=1

where {¢;} and {¢;} are the functions corresponding to n; and (i, respectively. We shall need the following
lemmas, which are proved at the end of this section.

Lemma 6.3. If equation (3.1) with n € C°°(Jr, E1) is uniformly (e, uo, K)-controllable, then there is a finite
set A={nl,l=1,...,m} C Ey, an integer s > 1 and a mapping Vs : K — Py(J, A) continuous with respect
to the metric of Ps(Jp, A) such that ¥s(K) C O(ug, h) and

sup ||Rr(up, V() — aljx < e.
aEK

Lemma 6.4. Let E C HF'? be a finite-dimensional space and Ey = F(E). Then for any n1 € Ey there are
vectors (1, ..., (P,n € E and positive constants \i,. .., \, whose sum is equal to 1 such that

p .

B(u) —n = ZAjB(quC]) —n  for any ue H.
j=1
Let ¥, be the function constructed in Lemma 6.3:
Uo(a) = et wn}.
1=1

As 1t € By, by Lemma 6.4, there are vectors (41, ... (P, n! € E and positive constants A, 1,. .., A1,p whose
sum is equal to 1 such that

P
—nh =ZAl7jB(u+Cl’j)—77l for any u € H'. (6.8)
Let u; = R(uo, ¥s(@)). It follows from (6.8) that uy satisfies the equation

ul—i—ZZ)\J@ltu (uy + ¢H) = h(t +Zg0ltu (6.9)

j=11=1

We can rewrite equation (6.9) in the form

i+ Y il @) Blus + ) = h(t) +n(t, @), (6.10)
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where (' € E fori=1,...,q, n(t,a) = >, @ui(t, 4)n' such that

=1

s—1
Gilt, @) =Y dip(@)s(t), > dip=1
r=0

for some non-negative functions d; , € C(K).

Step 2. We approximate u; by a solution of problem (6.1), (3.2). First we assume s = 1. In this case (6.10)
becomes

i + Zdi(a)B(ul + ¢ = h(t) + (), (6.11)

where d; € C(K) and ) € C(K, E). Let (,(t,4) = (%, 4), where ((¢,4) is a 1-periodic function such that

C(s,) = ¢ for 0 < s — (dy (@) + ... +dj—1(2) < d;(a), j=1,...,q,
where do(1) = 0. Equation (6.11) is equivalent to the equation
1+ B(ur + Gu(t, @) = h(t) +n(t, @) + fult,a),

where
q

fn(ta ﬁ) = B(ul + Cn(ta ﬁ)) - Z dl(ﬁ)B(ul + Cl) (612)
Let us define ,
Ko(t) = [ g(s)as.

Then v, = u; — K f, is a solution of the problem

Un + Bvp + Cu(t,0) + Kfn(t, 1)) = h(t) +n(t, @),

Unp = UQ-

Suppose we have shown that
sup [|[Kfn(t, @)l oz, mr+1) — 0. (6.13)
weEK

Then v,, satisfies
lvn — uille(p,mrr1) — 0 as n — oo,

There is an integer ng > 1 such that if n > ng

sup [|R(uo, Gu (@), n(0)) — ur(, @)l ¢y mr) < € — €.
weK
Then the operator
\iln K — LI(JTaE) X LQ(JTaE)a U — (n(ﬁ)a<n(ﬂ))
satisfies (6.2).

To finish the proof of Proposition 6.2 in the case s = 1, it suffices to prove (6.13). Suppose we have shown
that

HICfn(t, ﬁ)||C(JT7Hk+1) — 0 for any u € K. (614)
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To prove (6.13), by the Arzela—Ascoli theorem, it suffices to show that the family {¢ — Kf,(-,4)} is uni-
formly equicontinuous from K to C(Jr, H¥*1). By (6.12), it suffices to show that so is @ — (, (@) from K to

LY(Jr, HE*2). The definition of ¢,, implies
nt nt
(i) -<(F2)

=L i) — €0 )t < © ) ()
~ ) , U1 y U2) || p42dl = (U1 (U2)|-

i=1

2

dt
k+2

T
1 (-4 1) = G (s 2) 12 g g2y S/o

The uniform continuity of d; over K gives us the required result.

Step 3. To complete the proof of Proposition 6.2 in the case s = 1, it remains to prove (6.14). If we show that
for any piecewise constant H**2-valued function u; on Jr, the sequence {Kf,} converges to zero in the space
C(Jr, H¥*1), then an approximation argument shows (6.14) for any u; € C(Jr, H¥2).

The family {Kf,} is relatively compact in the space C(Jr, H¥*1) for any piecewise constant function u;.
Indeed, the set f,(t), t € Jr, is contained in a finite subset of H**! not depending on n. Thus, there is a
compact set G C H¥*! such that

Kf.(t) € Gforallte Jpr, n>1.
As

sup || fullo( gz, 1) < 00,

n>1
the family {Kf,} is uniformly equicontinuous on Jr. Thus, by the Arzela—Ascoli theorem, {Kf,} is relatively
compact. Therefore convergence (6.14) will be established if we show that

Kfn(t) — 0in H* for any t € Jyp. (6.15)

To prove (6.15), we first assume that u(t) = b € HE™2 for all t € Jp. Let t = t; + 7, where t; = £ | € N and
7 €[0,Z). From the definition of (,(¢) we have

r L

[ s = |

n

(BG40 )as = Y-8+ ) =0,

SO

P T
Kfn(t)= =73 NB(b+¢) - / B(b+ Cu(s))ds.
j=1 0
Since 7 — 0 as n — oo, we arrive at (6.15). In the same way, we can show that (6.15) holds for any piecewise
constant function wu.
The case s > 2 is deduced from the case s = 1 exactly in the same way as in [13], Section 3.3. U

Proof of Lemma 6.3. Let {e1,...,eq} be an orthonormal basis in E; with respect to scalar product (-,-) and
&(t,4) == (Uq(t,0),¢e) for I =1,...,d. Let us define for M = max; 4 |& (¢, @) and m = 2d the vectors

nt =dMe; for 1l =1,...,d, nt = —dMe; for | =d+1,...,m.

We can see that the functions

&(t,0) = i<1+ &(t’a)), Ga(t, @) = i(l - &(Jl\tf)) fori=1,....d
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are non-negative, their sum is equal to 1, and they satisfy the relation
m ~
Uy (t,a) = &t a)n.
1=1
Let us define an operator ¥y : K — Py(Jr, A) with A= {n}, l=1,...,m} as

= (T T T
\Ps(taﬁ) = Zgl <%,1:L> ﬂl1 for ¢ € |:%7 u}
=1

S

Since §~l € C(Jr x K)and K C H§+2 is compact, we have
m

> (&t -& (5a)

=1

sup ||y (¢, 4) — Us(t, 4)||g+2 = sup
aeK ueK

k+2

Thus for sufficiently large s, we have ¥ (K) C ©(h,ug), and

sup [Ror (uo, W5 (@) = Rer (uo, ¥a(@)) [ < e-
ue

Hence (6.1) is uniformly (e, ug, K)-controllable with n € Ps(Jr, A). O

Proof of Lemma 6.4. By the definition of F(E), for any 1 € F(E) there are ¢!,... ", n € E and positive
constants asq, ..., a, such that

m=n—> aB().
=1

Let usset p=2n, a=a1 + ...+ a,,

)\i:)‘i-i-n:&a Ci:_gi-i-n:\/agi, Z:177n
2c
Then we have
p
B(u)—m:Z)\jB(quCj)—n for any u € H}. O
j=1

7. NON CONTROLLABILITY RESULT

Let us denote by Az (ug,h, E) the set of attainability at time T from ug € H¥ by E-valued controls, i.e.,
Ar(ug, h, E) = {i € H* : 4 = Ry(ug,n) for some n € O(ug, h)}-

In this section, we show that the ideas of [14] can be generalized to prove that the set A(ug,h, E) = Upgo,00)
Ar(ug, h, E) does not contain a ball of H¥*7, v < 2 in the three-dimensional case.

Let us recall the definition of Kolmogorov e-entropy (see [10]). For any £ > 0, we denote by N (K) the
minimal number of sets of diameters not exceeding 2¢ that are needed to cover K. The Kolmogorov e-entropy
of K is defined as H.(K) = In N.(K).

Let us consider the equation

v+ B(v+z) = h. (7.1)
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We fix an integer k > 4 and denote by ©(h,ug) the set of functions n € L*(J;, H¥) for which (7.1), (3.2) with
z(t) = fot n(s)ds has a unique solution v € C(J;, HY). We note that

Ri(uo,n) = v(t) + 2(t),

where z(t) = f(f 7(s)ds. The following theorem is the main result of this section.

Theorem 7.1. Let k > 4, ug € HX, h € C([0,00), HY) and E C HY be any finite-dimensional subspace. For
any v € [0,2) and any ball Q C H*, we have

AC(’U,O,h,E) N Q 7é ®7

where A°(ug, h, E) is the complement of A(ug,h, E) in the space HE.

Proof. We argue by contradiction. Suppose that A(ug,h, E) contains a closed ball Q C H 7. Let {t;} be a
dense sequence in [0, 00) and let

Dlm = {(Zay) € Wl’l(Jtszf;) N etz (an h) X E: HZHlel(Jtl,H’C) <mn, Hyllk < n}7
By, = {0 € H¥: 4 =Ri(up, 2, h) +y for some (2,y) € Dy, t € [0,1]}-

It is easy to see that Ulm By, D A(ug, h, E). By the Baire theorem, there are integers p and m such that B, ,,,

is dense in a ball Q with respect to the metric of H5. Let us denote by K : [0,00) x L'([0,00), E) x E — HE1
the continuous operator that takes the triple (t, z,y) € J;, X Dp m to Ri(uo, 2, h) +y. As K(J;, X Dpm) C Bpm

is closed in H**7 N B, then QcC By m. We have from [6]

H.(Q, 17) ~ <3> (7.2)

€

where @ is a ball in H*. To obtain (7.2) for any Q C HEF, we follow the ideas of [14], Proposition 2.2. Let us
denote by XF the closure in H* of the set of functions u = (G2v, —01v,0) € H*, where v € H**! is a scalar
function. Since X¥ is closed subspace of HE, it suffices to prove (7.2) any ball Q C X¥. Let us introduce the set
of scalar functions

2
H*(T3) := {u € HH(T3) . / u(xy, 2’ )dzy = 0 for any 2’ € ']TQ}-
0
As

HM(T%) = HM(T?) + HM(T?),

we get (7.2) for any ball Q ¢ H*(T?). Finally, if I, is the projection Iy (w1, ua, u3) — ug, then Iy Xk = H*(T3).
Thus (7.2) holds for any Q C HY. Hence

@i~ (1) (73)

where @ is a ball in H¥*7 and o = % > 1. On the other hand, from [14], (3.10), it follows that

1,1
H. (Jtp X Dy, R x L' (J, E) x E) <=Iln-- (7.4)
S S
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As h € C([0,00), HY), by Theorem 2.1, the operator K : J;, x Dy, ,, — H"! is Lipschitz-continuous. Then (7.4)
implies
1.1
H(Bpm, H" 1) < “ln— (7.5)
Combining this with relation (7.3), we see that

H.(Q, H*™Y) = e"H_(Bypn, H* 1),

where v > 0, which contradicts the inclusion Q C Bpm. O
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