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MAGNETIC VORTICES FOR A GINZBURG-LANDAU TYPE ENERGY
WITH DISCONTINUOUS CONSTRAINT

AvYMAN KACHMAR?2

Abstract. This paper is devoted to an analysis of vortex-nucleation for a Ginzburg-Landau functional
with discontinuous constraint. This functional has been proposed as a model for vortex-pinning, and
usually accounts for the energy resulting from the interface of two superconductors. The critical applied
magnetic field for vortex nucleation is estimated in the London singular limit, and as a by-product,
results concerning vortex-pinning and boundary conditions on the interface are obtained.
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1. INTRODUCTION AND MAIN RESULTS

It is widely accepted among the physics community that spatial inhomogeneities, impurities or point defects
in a superconducting sample provide pinning sites for vortices, preventing thus their motion and the resul-
tant induced resistivity, see [9,10] and the references therein. A similar behavior has also been observed in
superconducting samples subject to non-constant temperatures, see [26].

In the framework of the Ginzburg-Landau theory, it is proposed to model the energy of an inhomogeneous
superconducting sample by means of the following functional (see [10,27])

1

Goin(6,2) = [ (17 i) + 550(a) = 0P + eurl A~ HP ) d (1.1)

Here, Q C R? is the 2-D cross section of the superconducting sample, assumed to occupy a cylinder of infinite
height. The complex-valued function ¢ € H'(£2; C) is called the ‘order parameter’, whose modulus |¢)|> measures
the density of the superconducting electron Cooper pairs (hence ¢ = 0 corresponds to a normal state), and the
real vector field A = (Aj, As) is called the ‘magnetic potential’, such that the induced magnetic field in the
sample corresponds to curl A.

The functional (1.1) depends on several parameters: % = K is a characteristic of the superconducting sample
(a temperature independent quantity), H > 0 is the intensity of the applied magnetic field (assumed constant
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and parallel to the axis of the superconducting sample), p(z) is a positive function modeling the impurities
in the sample, whose values are temperature dependent. The positive sign of the function p means that the
temperature remains below the critical temperature of the superconducting sample.

It is standard, starting from a minimizing sequence, to prove existence of minimizers of the functional (1.1)
in the space H'(Q;C) x H*(;R?), see e.g. [15]. A minimizer (1, A) of (1.1) is a weak solution of the G-L
equations:

(V=42 = @) W)Y,

VEeurl A = (i, (V —iA)y) in Q,
n(z) - (V—-iA)Yp =0, cuwlA=H ondf,

(1.2)

where n(z) is the unite outward normal vector of 9.

It has been conjectured that for a minimizing configuration (¢, A) of (1.1), the vortices (zeros of ¥) should
be pinned near the minimal points of the function p (or near the critical points if p is smooth), see [9,27]. Many
authors have addressed this question in the regime of extreme type II superconducting materials, € — 0. For
instance, Aftalion et al. [1] analyze the situation when p is periodic and smooth, André et al. [5] analyze the
situation when p is smooth and having a finite number of isolated zeros, and Alama and Bronsard [3] allow p
to have negative values in some normal regions of the sample. A similar functional arises also in the setting of
Bose-Einstein condensates, see [2]. We would also like to mention the interesting work of Sigal and Ting [32],
who prove existence and uniqueness of solutions with pinned vortices for the Ginzburg-Landau equation (1.2)
in R? when H = 0 and the potential p is in a suitable class.

In this paper, the function p is a step function. We take 2 = D(0, 1) the unit disc in R?, and

_[1 if2[ <R,
p(x){a it R< |z <1, (1.3)

where a € Ry \ {1} and 0 < R < 1 are given constants.
Putting

Sy = D(0,R), S, =D(0,1)\D(0,R), (1.4)

then the above choice of p has two physical interpretations:

e S; and Ss correspond to two superconducting samples with different critical temperatures.
e The superconducting sample 2 is subject to two different temperatures in the regions S; and S, which
may happen by cold or heat working Ss.

Lassoued-Mironescu analyze the functional (1.1) without magnetic field (i.e. A =0 and H = 0) and with p
as given in (1.3), by assuming that minimizers satisfy a Dirichlet boundary condition, ¥ = g on 9f, with ¢
valued in S' and has degree d > 0, much in the same spirit of Béthuel et al. [8]. When a > 1 and € — 0, they
obtain that minimizers have d vortices, strictly localized in S;, and whose positions are determined by a finite
dimensional problem (a renormalized energy).

In this paper, minimization of the functional (1.1) will take place in the space

H = H"'(Q;C) x H(Q;R?).

Thus we do not assume a priori boundary conditions for admissible configurations, but minimizers satisfy
natural boundary conditions. We study nucleation of vortices as the applied magnetic field varies, and we obtain
that their behavior is strongly dependent on the parameter a, leading in some situations (small values of a) to
a pinning phenomenon.
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We summarize in the next theorem some of the main results we have obtained concerning the case of small
values of a.

Theorem 1.1. There exists a constant ag € |0,1[, and for each a € )0, aq[, there exist positive constants A,
Ay, €0 and a function 0,e0] > € — ke € Ry, 0 < hmi(r)lf k. <limsupk. < oo, such that, if (Ve u,Ae, ) is a
e—

e—0

minimizer of (1.1), then:

(1) If H < k| Ine| — A In|Ine|, then [ve u| > g in Q.

(2) If H = ke|lne| + AMn|lne| and X > —\,, then there exists a finite family of balls (B(ai(g),7i(€)))ier
with the following properties:
(a) Y ri(e) < e,

icl

a .
0) el = 20 in 0\ | Blase).(6))
iel
(c) Letting d; be the degree of Ve 1 /|Ve | on 0B(ai(e),ri(e)) if Blai,r;) C Q and 0 otherwise, then
we have

sup |R — |a;(e)|]| =0 ase— 0.
icl
|[di|>0

(d) If A > Mg there exist positive constants ¢ and C' independent of e such that

cln|lne| < Z |d;] < Cln|lne| Ve €]0,¢e0].

Theorem 1.1 exhibits a completely different regime for the nucleation of vortices when compared with the
usual G-L functional defined in a simply connected domain [29], and the result is qualitatively much more in
the direction of a circular annulus superconductor/condensate (cf. [2,3]). In particular, Theorem 1.1 states
that vortices are localized near the less-superconducting regions of the sample (i.e. S2): This is the pinning
phenomenon predicted in the physics literature, see e.g. [9].

In light of Theorem 1.1, let us define, as in [29], the vorticity measure (see Prop. 4.1 for a more canonical
definition),

(W Acp) =) dida,. (1.5)
Theorem 1.1 shows that in the regime (d), we have (up to the extraction of a subsequence)

/J’(wE,H7AE,H) R =0
In|lne| foBSE ’
where g, is a measure supported in the circle 9D(0, R). We conjecture that g, is indeed a constant times the
Lebesgue measure.
When a > 1, we obtain a completely different behavior, which is that of [29]. As in Theorem 1.1, we get
ke > 0, and a sequence of ‘critical fields’

Hen(e) = ke (|Ine|+ (n—1)In|lnel), (n>1),
such that, if H, < H < H, 41, then for a minimizer (¢, A) of (1.1), 1. has exactly n vortices {x;(¢)}?_,, each

of degree 1, and there positions are determined by minimizing a finite dimensional problem, i.e. a renormalized
energy (see Sect. 6.3).



548 A. KACHMAR

Boundary conditions

In addition to the pinning phenomenon, we obtain as a by-product some interpretation concerning the
boundary condition on the S7-S5 interface. The precise result is the following.

Theorem 1.2. There exists a function Ry \ {1} 3 a — v(a) € R\ {0} such that, if (Ve 1, Ae, i) is a minimizer
of (1.1) satisfying |t | > 0 in Q, then the following limit holds:

En(m) . (vq; Z;a,H)wE,H + ’Y(G/)

=0, (1.6)
L2(8D(0,R))

lim
e—0

X

where n(x) for all x € R?\ {0}, is the outward unit normal vector.

~ Jal
Furthermore, the function ~ satisfies: (1) v(a) >0 if a < 1; (2) y(a) <0 if a > 1.

Thus, below the first critical field H¢,, minimizers approximately satisfy a Robin-type boundary condition
on the Si-boundary:

n(x) - (V —iAe g)e m + @%,H(l +0(1))=0 on 9. (1.7)

This is a boundary condition of the type predicted by de Gennes (y(a) being called the de Gennes parameter),
see [11]. When a > 1, v(a) < 0, hence we justify the modeling of Fink and Joiner [13], who use a negative
‘de Gennes parameter’ to model a superconductor surrounded by another superconductor with a higher critical
temperature. They claim also that this is the setting when cold working the surface of superconducting samples
(see [16,26] for more recent reviews of this topic).

The result of Theorem 1.2 also justifies the analysis we carried out in [17,19,20] for problems involving
boundary conditions of the type (1.7), and complements results in this direction obtained in [18,22].

Preliminary versions of Theorems 1.1 and 1.2 were announced without proofs in [21]. In [6], the case of
general domains and the regime of applied magnetic fields comparable with |In | are also treated.

Main points of the proofs

Let us briefly describe the main points of the proofs of Theorems 1.1 and 1.2, and thus explain what stands
behind their statements.

The starting point is the analysis of minimizers of (1.1) when H = 0. In this case, (1.1) has, up to a gauge
transformation, a unique minimizer (u.,0) where u. is a positive real-valued function. The asymptotic profile
of u. as e — 0 is obtained in Theorem 2.4, which proves Theorem 1.2 when H = 0 with a stronger convergence
in L* norm.

When H > 0, let (3, A) be a minimizer of (1.1). Inspired by Lassoued and Mironescu [23], we introduce a
normalized density’

v
o =—-
Ue

Then || < 1 and we are led to the analysis of the following functional (see Lem. 2.7)

1

Feaor) = [ (W15 = ol 4 Fgull1 = o) + w4 - H?) (1)
Q

using tools from Sandier and Serfaty [29].

3Notice that ¢ and v have the same vortices.
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When we take ¢ = 1 in (1.8) and we minimize the resulting functional over A € H'(2;R?), we get that the
minimizer is f—QVLhE, where he : Q© — 10, 1] is the solution of the equation:

€

1
— div <—2th) +he=0 inf2, h.=1 on . (1.9)
U

€

The constant k. appearing in Theorem 1.1 is defined by

P (rfé%( %(:C():”))l (1.10)

Thanks to our choice of the domain §2 and the step function p(x) in (1.3), we show that the function h.(z) is
radially symmetric and strictly increasing with respect to |z| (see Lem. 3.1). This permits to show that

0< limiélf k. < limsup k. < +oc.
£—

e—0

Roughly speaking, the analysis of Sandier and Serfaty (c¢f. [29]) says that near the first critical magnetic field,

#5(30) _1 k-t b, We
uZ(z) 2

localize the set A. by means of a fine semi-classical analysis. We obtain when a is sufficiently small that the

set A consists of a circle 9B(0, R.), where R. € |R, 1] has the following asymptotic behavior (see Thm. 3.4):

the vortices of a minimizer of! (1.8) are localized as € — 0 near the set A, = { x € Q:

e R —R<Ke™ ase—0, (o €]0,1] is given).

Let us mention that when a > 1, we prove that the set A, consists of a single point, A, = {0}, and for this
reason, minimizers of (1.1) exhibit the same behavior as the one present in [29], i.e. near the first critical
magnetic field, a minimizer has a finite number of vortices localized near the center of the disc and whose exact
positions are determined by a finite dimensional problem (a renormalized energy).

The rest of the proof is devoted to the construction of matching lower and upper bounds. Using the detailed
asymptotic behavior of h. as ¢ — 0, we may adapt essentially the same construction of vortex-balls provided
by Sandier and Serfaty [29]. For the upper bound, the situation is a bit more delicate, since the function u. has
a boundary layer behavior and we construct a test configuration with vortices localized near the circle C(0, R).
The challenge is to prove that such a configuration carries the right amount of energy. Technically, one does
that via a Green’s potential G. which we were not able to give a good control of it, see Lemma 5.2. To overcome
this difficulty, we seek vortices situated on the circle v = C(0, R+ lrlll‘rir;‘al ), where a nice L' bound can be shown
to hold for G.(x,x) on . Then, using a specific result stated and proved in Lemma 5.5, the aforementioned
L' bound provides us with a family of well separated points (a;) serving as the centers of vortices for the test
configuration and for which G.(a;,a;) satisfies a nice bound for all i, see Lemma 5.4. The proof then goes
essentially as [2,29)].

Outline of the paper

Section 2 is devoted to a preliminary analysis of the variational problem (1.1). In particular, a detailed
analysis is given for the case without magnetic field H = 0.

Section 3 is devoted to an analysis of equation (1.9).

Section 4 is devoted to derive a lower bound of the minimizing energy, involving the construction of vortex-
balls.

Section 5 is devoted to establish an upper bound of the minimizing energy, that is involved with a careful
analysis of a Green’s potential.

4These are also the vortices of a minimizer of (1.1).
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Finally, Section 6 is devoted to the proofs of Theorems 1.1 and 1.2, through the matching of the lower and
upper bounds obtained in Sections 4 and 5 respectively.

A remark on the notation

The letters C, 5,M, etc., will denote positive constants independent of e. For n € N and X C R", |X|
denotes the Lebesgue measure of X. B(z,r) denotes the open ball in R™ of radius r and center z. (-,-) denotes
the scalar product in C when identified with R?. For two positive functions a(e) and b(), we write a(e) < b(e)

as € — 0 to mean that lim @ =
2 B(e)

2. PRELIMINARY ANALYSIS OF MINIMIZERS

2.1. The case without applied magnetic field

This section is devoted to an analysis for minimizers of (1.1) when the applied magnetic field H = 0. We
follow closely similar results obtained in [18].

We keep the notation introduced in Section 1. Upon taking A = 0 and H = 0 in (1.1), one is led to introduce
the functional

G.0)i= [ (19 + 5500) - 027 a (2.1)

defined for functions in H*({;R).
We introduce

Co(e) = uel}lll(fQ;R) Ge(u). (2.2)

The next theorem is an analogue of Theorem 1.1 in [18].
Theorem 2.1. Given a € Ry \ {1}, there exists €9 such that for all € € ]0,¢¢[, the functional (2.1) admits in
HY(Q;R) a minimizer u. € C*(S1) U C?(S2) such that
min(1,va) < ue < max(1,/a) in Q.
Furthermore, with our choice of the domains Q0,51 and So in (1.4), the function u. is radial.
If H =0, minimizers of (1.1) are gauge equivalent to the state (ue,0).

The asymptotic behaviour of the function uw. when € — 0 is based on the understanding of the following
canonical equation:

“Au=(1-v ) uinRxR_, —Au=(a—u?)uin R xR,, (2.3)
aﬂﬂzu('vof) = amzu('aOJr)v u(~,0,) :u('voJr) on R. -
When a # 1, it is easy to verify that (2.3) has the following solution
R2 = (1’1,1’2) = U(I’Q), (24)
where the function U(x2) is defined by
?Eai expggm; ; 1, if 2y € R
1(a) exp(—v2xs
Ulzs) = (2.5)

Ba(a) exp(\/Q/_a:EQ) -1
Ba(a) exp(\/Q/_a:EQ) +1

Vva

s if xTo G]R+
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The constants 1 (a) and (2(a) are given explicitly:

i) = UL 5y(0) = (@),

Furthermore, we have the following properties:

1—+/a

_1+va—V2(1+a) (2.6)
NG :

Va €10,1[, fi(a) > 1 and Ba(a) < —1,
Va €]1,00[, pfi(a) < —1 and Ba(a) > 1,

and
aO[B a 042 ac a
U0) =@ U(0), 5(a) =ag e et (2.5)

As in [18], Theorem 1.5, we get that the solution given by (2.4) is unique in a certain class of functions.

Theorem 2.2. Let a € Ry \ {1}. Equation (2.3) admits, in the class of functions C = {u € HZ_.(R?) N
L*®(R?): u > 0 in R?}, a unique non-trivial solution given by (2.4).

Proof. Since the proof is very close to that of [18], Theorem 1.5, we sketch only the main steps.

By adjusting the proof of [18], Lemma 4.2, we obtain that if u % 0 solves (2.3), then 0 < u < 1 in R2. This
permits us, when following step by step the proof of [18], Lemma 4.3 and [24], Lemma 5.3, to get a positive
constant C' € ]0, 1[ such that for any solution w of (2.3) in C, we have

inf u(z) > C. (2.9)
zER?

Also, we prove in [18], Lemma 4.4 that, for u € C a solution of (2.3),

lim (sup (1- u(xl,xg))) =0, lim (sup (Va— u(xl,xg))) = 0. (2.10)

T2—=—00 \ 4, cR xro——+00 z1ER
Now, let uy, us € C be solutions of (2.3). We introduce
A = sup{A € [0, 1]z ua(z) > Aui(x)} (2.11)

Then, by (2.9), A« > 0. We claim that A, = 1. Once this is shown to hold, Theorem 2.2 is proved.
We argue by contradiction: If A, < 1, then

inf = 2.12
inf w(z) =0, (2.12)
where w(z) = uz(z) — Auy(x). Now, let (z,) = ((z},22)) be a minimizing sequence:

ngrfm w(zy,) = 0.

Since the maximum principle yields that w(xz) > 0 for all z, the sequence (z,,) should be unbounded, hence
we assume that lim, 4o |T,| = +o0o. Also, by (2.10), (22) should be bounded, hence we assume that
lim, 400 :L'% =b.

Now, the functions uf(21,72) = w;(z1 + 27,22), j = 1,2, solve (2.3) in C, and up to extraction of a
subsequence, they converge locally to functions u; € C2_(RxRy;R), j = 1,2. Now, U, 2 solve (2.3)
in C, uy > Ay and u2(0,b) = Au1(0,b). On the other hand, the strong maximum principle insures that
ta(w) > Ay (z) for all z € R?, hence we have a contradiction. O
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Remark 2.3. It is known (see the remark p. 163 in [24]) that when ¢ = 1, the trivial solution U =1 is the
unique positive and bounded solution of equation (2.3).

By a blow-up argument, Theorem 2.2 permits us to obtain the asymptotic behaviour of the minimizer wu.
of (2.1).

Theorem 2.4. Let a € Ry \ {1} and u. be the positive minimizer of (2.1) introduced in Theorem 2.1. Then,
the following asymptotics hold as € — 0:

- R
lim ||ue(z) —U <L) =0, (2.13)
=0 ¢ L(®)
-R
VC >0, lime||u(z)—-U (L) H =0, (2.14)
=0 € W ({z€R?:| R—|x||<Ce})
where U is the function introduced in (2.5).
In particular, Theorem 2.4 provides a stronger version of Theorem 1.2 when H = 0.
Proof of Theorem 2.4. Let (r,0) be polar coordinates, 0 < r < 1, —7 < 0 < 7, and set
t=r—R, s=RE6.
Given sg € [—Rm, Rr[, we define the rescaled function,
~ ; R-1 1-R R R
Ue(8,t) = ue ((R + Et)e’e(sfs")/R) , 5 <t< pa —7T€ <s—80 < 7T;-

The equation of u. becomes:

—Acte = (1-uw)u., L <t<0, |s—so <l

—Actie = (a—u)u., 0<t<EL |s—s| <l

o, _ Oue _ e
ot ('707) - E('ﬂ0+)ﬂ u€(~,0,) - u('aOJr)a
where
A=(1-:L 7202—#82—;8
T R s T (R—et)

Now, by elliptic estimates, the function u. converges to a function v in Wli’coo (R?). Furthermore, u solves (2.3)
in C, and by [18], Lemma 5.2, there exist constants ko, co > 0 such that w(0, k) > ¢o. Thus, we conclude by
Theorem 2.2 that u(s,t) = U(t), where U is given in (2.4), and therefore, by coming back to the initial scale,

(s, t) = U (é)

To prove (2.13), let z. = (R + t(z.))e' *(*<)/% € 0 such that
ue(xe) — U <|‘T€|fR>‘ - ‘ ue(x) —U (mTR>

If |R — |zc| |/¢ is bounded, then (2.13) becomes a consequence of (2.15) upon taking sg = s(z.). Otherwise, if

VC >0, Vke{0,1,2}, hr%gk =0. (2.15)

’kaoo({s—sogca [t|<Ce})

Lo ()

lim —— Ze|
e—0 £
if the limit is —oo. This establishes (2.13) in this case.

= =+ 00, we get again by a blow-up argument that u.(z.) — 1 if the limit is +oo, and u.(z.) — /a
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The asymptotic limit (2.14) is also a simple consequence of (2.15). We take y. = (R + t(y.))e' *=)/% such

that
7 (=0 (D = 7 (0= (2))

Then we apply (2.15) with so = s(ye). O

We state also some estimates, taken from [18], Proposition 5.1, that describe the decay of u. away from the
boundary of S;.

Lemma 2.5. Let k € N. There exist positive constants g, 6 and C' such that, for all e € ]0,&g],

O|R — ||
3

IR N C ) I
H*(S1) HF(S2)

€ €
Another property that we need is the monotonicity of the function u. (recall that, in the setting of Thm. 2.4,
u. is radial).

Lemma 2.6. With the choice of Q, S1 and Sz as in (1.4), the function u. is increasing if a > 1 and decreasing
ifa < 1.

Proof. We only prove the result of the lemma when a < 1.

Step 1. ul(R) #0.
Notice that u. is positive and satisfies the equations:

1 1 :

—u! — ;Ula = §(1 —u)u. in 0, R[ (2.17)
1 1

—ul =l = (e —udue in R (2.18)

W (0) =0, wl(1) =0 (219)

Therefore, if u.(R) = 0, then
u=1 in Sy, w.=+a in Ss.

This is impossible since the function u. is in H*(2).

Step 2. The function u. is decreasing in [0, R].

Recall that, by Theorem 2.1, \/a < u. < 1 in Q. It is then easy to verify from equations (2.17) and (2.19)
that «”(0) > 0. Let us denote by u. the even extension of u. in | — R,0[. Then it is easy to verify that
(i) . € C*([-R, R)); (ii) if 1o € ] — R, R[ is a critical point of ., then @”(ry) < 0. This shows that every
critical point of w. is a local maximum. Consequently, @. should have a unique critical point in | — R, R[ and
ul should change its sign only at this critical point. Since @.(0) = 0 and @”(0) < 0, we deduce that u. < 0
in ]0, R[. Therefore, u. is decreasing in [0, R].

Step 3. The function u. is decreasing in [R,1].

Notice that from equation (2.18), any critical point 79 € |R,1[ of u. is a local minimum. Thanks to
Steps 1 and 2, we have also that u.(R) < 0 and u/(R) > 0.

Let us define the following function

ue (R)

(r—R)?*+u.(R) (r— R) +u.(R), if 0 <r <R,
fe(r) = ue(r), if R<r <1,
fe(2—1), if 1<r<2.
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It is clear that f. € C?(]0,2]) and that it satisfies the following properties: (i) ro = 1 is a local minimum of f.;
(ii) if ro €]0,2][ is a critical point of fe, then ry is a local minimum. This proves that ro = 1 is the only critical
point of f. in [0, 2], and f/ has a constant sign in [0, 1]. Since u.(R) < 0, we deduce that u. < 0 in | R, 1[, hence
the function u. is decreasing. O

Finally, we mention without proof that the energy Cy(g) (c¢f. (2.2)) has the order of 71, and we refer to the

methods in [18], Section 6, which permit to obtain the leading order asymptotic expansion
c1(a)
Co(e) = — +ca(a, R) +0o(1), (e¢—0),
where ¢;(a) and ca(a, R) are positive explicit constants.

2.2. The case with magnetic field

This section is devoted to a preliminary analysis of the minimizers of (1.1) when H # 0. The main point
that we shall show is how to extract the singular term Cy(e) (cf. (2.2)) from the energy of a minimizer.

Notice that the existence of minimizers is standard starting from a minimizing sequence (cf. e.g. [14]). A
standard choice of gauge permits one to assume that the magnetic potential satisfies

divA=0 inQ, n-A=0 onoQ, (2.20)

where n is the outward unit normal vector of 0S2.
With this choice of gauge, one is able to prove (since the boundaries of 2 and S; are smooth) that a minimizer
(1, A) is in C1(©2;C) x C1(Q;R?). One has also the following regularity (cf. [18], Appendix A),

¢€CQ(§1;C)UCQ(§2;(C), AGCQ(gl;RQ)UCQ(gQ;RQ).
The next lemma is inspired from the work of Lassoued and Mironescu (cf. [23]).

Lemma 2.7. Let (¢, A) be a minimizer of (1.1). Then 0 < || < u. in Q, where ue is the positive minimizer
of (2.1).
Moreover, putting ¢ = ui, then the energy functional (1.1) splits in the form:

Ge,n (¥, A) = Co(e) + Fe,u (g, A), (2.21)

where Cy(e) has been introduced in (2.2) and the new functional Fe g is defined by:

1
Feulp, A) = / (u§|(v — iA)(p|2 + 2—521/61(1 — |<,0|2)2 + |curl A — H|2) dz. (2.22)
Q

Proof. The equality (2.21) results from a direct but some how long calculation, which permits to deduce in
particular that ¢ is a solution of the equation

uz
=)

—(V —iA)ud(V —id)p = —5(1 - |¢]*)¢.

e

Proof of || < u.. It is sufficient to prove that |p| < 1. We shall invoke an energy argument which we take
from [12].
Let us introduce the set
Q) = {z €T |pla)] > 1},
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together with the functions (defined in Q4 ):

=2 G=[le| - 1]+f.

Then, it results from a direct calculation together with the weak-formulation of the equation satisfied by ¢ that
) 1
0= /Q <|V|s0| 1?4+ (Jel = Dlgl (V —iA) f|* + 5 (141D = le)?lel) u2) u? dz.
+

Therefore, this yields that {24 has measure 0. O

The estimate of the next lemma is very useful for exhibiting a vortex-less regime for minimizers of (1.1). It
is due to Béthuel and Riviere [7], but a proof may be found also in [29], Corollary 3.1 (see also [22], Lem. 3.6).

Lemma 2.8. Let (¢, A) be a minimizer of (1.1). There exist constants C' > 0 and g9 € ]0,1] such that, if the
applied magnetic field satisfies H < %, then we have

C
(V —iA)y| < = Ve €10, ¢e0).
Now, Lemma 2.8 permits to conclude the following result.

Lemma 2.9. Assume that (¢, A) is a minimizer of (1.1) and let ¢ = ui There ezists a constant jig > 0 such
that if

1

— | (1=1p[*)?dz < po,

€ Ja

1.0
then || > 5 in €.

Proof. Lemma 2.8 and the diamagnetic inequality together yield that

. c
Vvl <1V —id)y| < 2, Q.

Now, since

C

[Vue| < —

€

we deduce that o
Vgl < — inQ.

Thus, the result of the lemma becomes a consequence of [8], Theorem I11.3. ]

3. ANALYSIS OF THE MEISSNER STATE

Let us recall the definition of u. and Cy(g) in Theorem 2.1 and (2.2) respectively. This section is devoted to
the analysis of the following variational problem (3.1):

My(e,H) = Ae}jr{rllzg;w) Ge. i (ue, A). (3.1)

Since the function wu. is real-valued, one gets, for any vector field A, the following decomposition:

ge,H(ue,A):co(eH/ (JAu.f? + jewrl A — H[?) da.
Q
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Putting further

A=HA,
Jo(e) =  inf 2 1A-11%) d 3.2
o(®) AcH (0:R2) [/Q(MUE' +fourl A= 1F) d] (3:2)
we get that
_ : _ 2
My(e,H) = Aezfﬁg;Rz)gf’H(“E’A) = Co(e) + H*Jy(e),

and we are reduced to the analysis of the variational problem (3.2).
Starting from a minimizing sequence (c¢f. [29]), it is standard to prove that a minimizer A, of (3.2) exists
and satisfies the Coulomb gauge condition:

divA. =0 inQ, n-A.=0 on0dQ,

where n is the unit outward normal vector of the boundary of .
Notice also that A, satisfies the Euler-Lagrange equations:

VieurlA. =u?A. inQ, curlA. =1 on 9Q. (3.3)
Here V1t = (=0,,,0,,) is the Hodge gradient.
Putting h. = curl A., we get from the first equation in (3.3) that A, = U%VLhE. We get also that h. satisfies
the equation:

1
—div (—QVhE) +he=0 inf, h.=1 ondN. (3.4)
uE

Lemma 3.1. The function h. satisfies 0 < he < 1 in Q, and it is the only function solving (3.4).
Moreover, given R' € 10, R[, there exists a constant ¢y € 10,1[, and for each a € Ry \ {1}, there exists a
positive constant g < 1 such that,

co < lhe(z) — 1| <1, Vz e D(,R'), Yae R\ {1}, Ve €]0,¢0]. (3.5)

Proof. The property that 0 < he < 1 and the uniqueness of h. are direct applications of the Strong Maximum
Principle.

Let us now prove (3.5). Let us take a set K C Sy (independent of ). Due to the asymptotic behaviour of w.

(it remains exponentially close to 1 in K, see Lem. 2.5), it results from (3.4) that h. is bounded in the C?-norm

of K. Thus, one can extract a subsequence of h., still denoted by h., that converges to a function h € C?(K).
The function h satisfies the limiting equation,

—Ah+h=0 in K.
By the Strong Maximum Principle, 0 < h < 1 in K. Let hg be the solution of the equation
—Ahg+hg=0 inK, hg=1 onJdK.

Then, by the Strong Maximum Principle, 0 < h < hg < 1 in K. This achieves the proof of the lemma. (]
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Lemma 3.2. With the assumption (1.4), the function h. is radial, i.e. he(z) = he(|x|), with he being an
increasing function.

Proof. That h. is radial follows by the uniqueness of the solution of (3.4) and by the fact that u. is also radial.
The solution h. being radial, i.e.

he(z) = he(|z]), VzeQ,

let us show that the function EE is increasing. For simplicity of notation, we shall remove the tilde and write
h. for h.. Notice that h. satisfies the differential equation:

I L, ul(r) 2
—hZ(r) — ;ha(r) +2—=—Lh.(r)+ui(r)he(r) =0, 0<r<I,

ue(r) (3.6)
hL(0) =0, h(l)=1.
" : ! " : h/E (r) : : :
Let us calculate h”(0). Since hL(0) = 0, we have h”(0) = hn%) . Substituting in (3.6), we get that
1
RZ(0) = 5ug(o) h-(0) > 0. (3.7)
Let us introduce the even extension of h., namely the function
[ he(r) (r>0),
Je(r) = {ha(—r) (r < 0).
Then f. satisfies the equation,
" 1 / a/e (T) ! ~2
—fo(r) - mfa(r) 20 fe(r) +uc(r) fe(r) = 0, re]—ry,ra[\{0}, (3.8)

and it attains a local minimum at 0. We emphasize also here that @. denotes the even extension of u..
If ro €] — 1, 1] (with r¢ # 0) is a critical point of f., then it follows from (3.8) that:

fl(ro) = u2(ro) f-(ro) > 0.

If ro = 0, the conclusion f(0) > 0 still holds, thanks to (3.7).

Now these observations lead to the conclusion that f. attains its minimum at a unique point, and that this
point is the only critical point for f.. As we know that f/(0) = 0, we get that f. attains its minimum at 0 and
that it is increasing in [0, 1[. This achieves the proof of the lemma. O

As we shall see, the next lemma will play a distinguished role in the control of the minimizing energy of
‘vortex balls’.

Lemma 3.3. The following estimate holds

1
— Vhe

2
Ug

<1, Veel0,1] VaeRy\{1}- (3.9)
L=(9)

Proof. Notice that by Lemma 3.2, h. is radial. Then the equation for h. can be written in the form:

- (h_2> (r) = % Z—g(r) +he(r) =0, Vreloif.
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Integrating this equation between 0 and r € ]0, 1] and using the fact that h. is increasing, h. > 0, we obtain:

h " _
(_) (r) < / he(7) d < rllhel| Lo o) < 1,
0

u?
which is the result of the lemma. O

Let us introduce the set

Aa:{xeﬂz%a(x):maxl_ha}- (3.10)

Theorem 3.4. The following two assertions hold.

(1) If a > 1, the function 5
u

(2) There exists ag € ]0,1] such that, for all a € )0, ao[, the set A is a circle 0D(0, R.) localized strictly
in Sy as € — 0 in the sense that given a € 10, 1], we have,

= is strictly decreasing, and A. = {0}.

e<R.—Rxe”, (¢6—0). (3.11)
Moreover, there exists a positive constant C > 0 such that
[Vue(z)] < C, Ve Sy\ D0, Re). (3.12)

Proof. The proof of the first assertion is straightforward: When a > 1, the functions u. and h. are strictly
increasing, hence

< 0.

1—h.\" uchl+2(1—h)ul
ut ) ug
The proof of the second assertion of the corollary is more delicate. We present it in five steps.

Step. 1. Proof of ¢ < R. — R.
Choose z. € A and let 7. = |z.|. Then r. € [0, 1[. Thanks to Lemmas 3.1-3.3, we have:

1—he(re)
liminf ———= > ¢y, limsupr. < 1. 3.13)
e—0 Ug (7’5) e—0 : (
Since 7. is a critical point of the function 1;95, we have
ue(re)hi(re)

ul(re) = 20— () (3.14)

Then, by Lemma 3.3, |ul(re)| < C for an explicit constant C' > 0. By Theorem 2.4, we should have
|[R—re|>e ase—0.

Assume by contradiction that r. < R. Then Theorem 2.4 yields that lir% ue(re) = 1.
E—
Let « € ]0, 1] and choose ' € ]0, R[ such that

N 1
[he(R + &%) = he(r)] < 5|1 = he(r')].

This choice of 1’ is always possible, thanks to Lemmas 3.1 and 3.3.
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Now, notice that, as ¢ — 0,

L= ho(R+2%) 1 [1—h(r)

R+ 2 (R en)
> m (co €]0,1] given in Lem. 3.1)
- %(1 +0(1)) (by Thm. 2.4). (3.15)

On the other hand, by the definition of r.,

1—he(R+¢e%) - 1 — he(re)
u2(R+e*) — wu2(re)

and since lin%) ue(re) =1, we get
e—

1— he(R+ %)

2R+ ) <14o0(1) ase—0.

Therefore, by choosing a € ]0, ¢, (3.15) leads to a contradiction. By putting

R, = ;reuAnE |z],

we get the desired statement: e < R. — R as € — 0.

Step 2. Proof of R, — R« 1.

Assume that there exists Ry € |R, 1] such that, up to extraction of a subsequence, R. — Ry as ¢ — 0. Let
§ = 2 min(|R — Ry[,1). We may assume, by extracting a subsequence, that h.(Ry — d) — ¢, for some constant
¢« €]0,1[. Then, by standard elliptic estimates, there exists a function h,. € C? (D(O7 1)\ D(0,Ry — 5)) such

that, upon the extraction of a subsequence, we have,

he — h, inC? (D(o, D\ D0, Ry — 5)) :
and h, is a radial function and the unique solution of the equation

—Ah,+ah,=0 in D(0,1)\ D(0, Ry — 9),
he =c¢. ondD(0,Ry —0), h.=1 ondD(0,1).

A simple application of the maximum principle yields that ¢, < h, < 1 in D(0,1)\ D(0, Ry — 9). Therefore,
there exists a constant M > 0 such that

h*(Rl — 5) < h*(Rl) — M.
Consequently, when ¢ is sufficiently small, we get the lower bound:

L he(B—8) 1= he(Ry) | M
u2(Ry = 9) u2(Ry) 2’

and the same estimate holds when we replace R; by R. and % by %. This contradicts the definition of Ry,
proving thus the desired property: R. — R < 1 as e — 0.
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Step 3. Finer localization: Proof of R. — R < &“.
Assume that there exists a € ]0, 1] such that, up to the extraction of a subsequence, R. > R + .
Let o/ €]a,1] and set 6. = R. — R — . Notice that

e =

% when ¢ is small enough.

Thanks to (3.14) and Lemma 2.5, h.(R.) is exponentially small as ¢ — 0. Thus, from the equations satisfied
by h., we may assume that up to the extraction of a subsequence,
hY(R.) — Mo ase — 0, Ao > 0.
Now, applying Taylor’s formula to the function k., we get
he(Re — 62) = he(Re) + Xod2 +0(62) ase — 0.
Consequently, thanks again to Lemma 2.5, we deduce that

L= he(Be—0) _ 1=he(R) ) oo oo

uZ(R. —9c) u2(R;)
1—he(R.) A0 o9
2T Ree) Ao
S T@2®) 2%

Since the function [0,1] 3 7 +— 1;? (ET()T ) achieves its maximum on R., we get a contradiction. Therefore, we have

proved the desired localization for R.: Given a € ]0,1[, R. — R < ¢* as € — 0.

Step 4. Upper Bound for |Vu,.|.

Let us prove now (3.12). We know that |uL(R.)| < C, for some explicit constant C' > 0. On the other hand,
by Lemma 2.6, the function u. is decreasing when a < 1, hence u. < 0in |R,1]. So it is sufficient to prove that
ul is increasing in [R, 1]. Actually, coming back to the equation of u., we have, thanks to Theorem 2.1,

1
u! = ——ul — —(a—u)ue >0 in|R, 1],

€ € )

hence we have the desired property regarding the monotonicity of u.. This achieves the proof of (3.12).
1 —he(r)
uZ(r)

Let us prove now that A, = dD(0, R.), i.e. the radial function 1;55 attains its maximum uniquely at R..

Step 5. The function [0,1] 3 r — achieves its maximum on a unique point.

By Lemma 3.1, there exists a constant R, € |R,1[ such that ansy maximum point x € A, should satisfy

1—-h
S . Then,
u?

1_ha ”__3fa
w ) ud’

1
fe=ulhl — ;h; +ulhe +2(1 — ho)u.

R < |z| < R.. Let 7z € |R., R.[ be a critical point of

where

It is sufficient to prove that f-(r.) > 0. We distinguish between two cases:

(i) limsupul(r.) =00, or (ii) limsupu’(r.) < oo.
e—0 e—0
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In case (i), since u. is bounded in [R,,1[, we deduce easily that as ¢ — 0,

fe(re) > 0.

In case (ii), it is easy to verify that u” is decreasing in |R.,1[. Hence there exists a constant C' > 0 such that,
up to the extraction of a subsequence, v/ (r) < C'in [re, 1].
By the mean value theorem, we deduce that

[ul(re) — ul(re +%)| < Ce™.

Thus, we get by Lemma 2.5 that |ul(re)] < 1 as € — 0, and consequently, we get by (3.14) that hl(r.) < 1 as
e —0.
Now, this yields in this case that fc(r:) > 0. Therefore, we have proved all the statements of the theorem. [

Let us introduce the function

~ he(x) -1
Doz ()= @) (3.16)
together with
Ae = max [&.(2)]. (3.17)
zeQ

Corollary 3.5. Let ag € |0, 1] be the constant of Theorem 3.4. For all a € ]0,apl, there exist positive constants
0s and g such that:
VreQ st ||z| — R]?>|Ing|~2, Ve €]0,&),
{ge(x) > — X\ + 0, |Ine|~1/2.

Proof. We make the following claim:
Jeo >0, E(x)>—-A+co when |z| <R—|lng|/~V4 (3.18)

Once we prove (3.18), we deduce the conclusion of the corollary when |z| < R — |Ing|~ /4.
The proof of (3.18) is rather easy. First, notice that, putting r. = R — &® with « € ]0,1[, we have by
Lemma 3.3
he(re) > he(Re) + O(e”).
he(r) =1

u2(r)

On the other hand, Theorem 3.1 yields that the function r — is decreasing in [0, R]. Thus, for all

r € [0, R — |Ine|~%], we have
he(r) — 1 - he(re) — 1

u(r) T ug(re)

he(Rs) —1

u(r:)

Therefore,

&(r) > + O(e%).

Invoking Lemma 2.5, we deduce that
(1) = —Ac + co,
where ¢o €10, (£ — 1) hmi(r)lf(l — he(Re))[-
Now, let us prove the conclusion of the corollary when R+ | lns|’1/4 < |z| < 1. By Lemma 2.5, it is sufficient
to find 6 > 0 and rg > 0 such that

he(r) > he(R.) + 6 max(|r — R|?,|Ine|~Y/?), R+ |Ine|~Y* <r < R+ 1. (3.19)

To prove (3.19), we deal separately with the case whether lim iélf h.(R.) =0 or liminf h.(R.) > 0.

e— e—0
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Proof of (3.19) when liminf h.(R.) = 0. In this case, there exists ¢y > 0 such that, up to the extraction of a
e—0

subsequence,
h.(R.) — 0, hZ(R.)—co ase— 0.
Set 7. = R+ & where « € ]0,1] is given. By Theorem 3.4, we have

hl(re) =0, hZ(r.) —co ase— 0.
Moreover, by Lemma 2.5 and the equation of h., hY'(r) is bounded in [r,1]. Therefore, applying Taylor’s
formula up to the order 2, we get a positive constant ro € |0, 1[ such that
1
he(r) = he(re) + ho(re)(r —re) + §hlal(7“6)(7“ - 7“5)2 +O(|r — r€|3)

> he(re) + %O(r —r.)? (3.20)

provided that 0 < r —r. < rg.
Thanks to Theorem 3.4, ¢ < R. — R < €“. Hence by Lemma 3.3,

he(re) = he(Re) + O(e%).

Therefore, when |Ing|~*/2 < r — R. < 1o, (3.20) is nothing but (3.19).
Proof of (3.19) when 1i£rii£1f hL(R:) > 0. We may assume in this case that h.(R.) — ¢o > 0 as ¢ — 0. By

Theorem 3.4 and the equation of h., h(r) is bounded in [R., 1] independently of e.
We apply again Taylor’s formula

he(r) = he(Re) + hla(RE)(T —R.)+O(r — R€|2)
> he(R.) + %O|7" ~ R.|.

This is nothing but again (3.19). This achieves the proof of the corollary. d

4. LOWER BOUND OF THE ENERGY

4.1. Vortex-balls

In this section we construct suitable ‘vortex-balls’ providing a lower bound of the energy of minimizers
of (1.1). Recall the decomposition of the energy in Lemma 2.7, which permits us to work with the ‘reduced
energy functional” F; g.

Notice that, by using (ug, #VLhE) as a test configuration for the function (1.1), we deduce the upper bound:

Feom(p, A) < HJo(e), (4.1)

where ¢ = ¥ /uc, (¥, A) a minimizer of (1.1), and Jy(¢) is introduced in (3.2),

1
Jo(s)/9<§|w€|2+|h€1|2) da. (4.2)

We shall always work under the hypothesis that there exists a positive constant C' > 0 such that the applied
magnetic field H satisfies
H < C|lneg|. (4.3)

The upper bound (4.1) provides us, as in [29], with the construction of suitable ‘vortex-balls’.
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Proposition 4.1. Let (¢, A) be a minimizer of (1.1) and ¢ = uﬁ Then, under the hypotheses (4.3), for each

£
p €11,2[, there exist a constant C > 0 and a finite family of disjoint balls {B((as, ;) }icr satisfying the following
properties:

(1) w={z €@ [p(x)| <1-[me|*} < | Blai,rs).

icl
(2) Z” < C|lng|~10.
iel
(3) Letting d; be the degree of the function /|| restricted to 0B(a;,r;) if Blai,r;) C Q and d; = 0
otherwise, then we have:

/ uZ|(V —iA)pl? dl’+/ lcurl A — H|* dz > 27|d;| ( min u?) (|lne] = Cln|lnel). (4.4)
B(ai,ri)\w B(ai,ri) B( )

@iy T4

(4) QWZdi5ai — curl(A + (i, Vap)) < Cllneg|~%

icl

’W()l”’(ﬂ)

We follow the usual terminology and call the balls constructed in Proposition 4.1 ‘vortex-balls’. The proof
of Proposition 4.1 is very similar to that of [22], Proposition 5.2, and is actually a simple consequence of the
analysis of [29].

Proposition 4.1 permits us to prove the following theorem.

Theorem 4.2. Let (¢, A) be a minimizer of (1.1) and p = E Then, under the hypothesis (4.3), there exist a
u

constant C' > 0 and a finite family of disjoint balls {B((ai,n—)e}ie] such that:
(1) > ri < Cllng| 0.
iel
(2) |¢| > % on Q\ U;B(a;,ri).
(3) Letting d; be the degree of the function ¢/|p| restricted to OB(a;,r;) if Bla,ri) C Q and d; = 0
otherwise, then we have:

1
Feu(p, A) 2H2J0(5)+/ F|V(h—Hh€)|2dgc+/ |h — H h.|? dx
) e Q

Q\U; B(a;,r;
+ 2#2 [( min ug) (|Ine| — Cln|ln5|)] |d;]
ic1 L\Blaro)
+4rH > " di(he — 1)(a;) — CH|Ine| ™, (4.5)
el

where h = curl A and h. is introduced in (3.4).

The proof is essentially that of [22], Theorem 5.3.
Let us recall the definition of A¢ in (3.17). We put

b= =1 (mazme(xn)l. (46)

e
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Corollary 4.3. With the notations of Theorem 4.2, the following lower bound holds:

Fer(p, A) = HJo(e) + /
Q\UiB(ai,n)

+2mxe(a) > (Ilne| = 2k7'H — C'n|Ine|) d;
d; >0
+ min(1,a) Z (|Ine| — CIn|Inel)|d;| — CH|Ing| ™, (4.7)
;<0

1
—|V(h - Hh5)|2d:c+/ \h — H h.|? do
Uz Q

where x-(a) = min(1,a) if |Ine| — 2k-*H > 0, and x:(a) = max(1,a) otherwise.

Proof. Let us assign to each ball B(a;,7;) a point a} € B(a;, ;) N such that

ue(a)) = min wu..
B(ai,ri)

Then, thanks to Lemma 3.3 and to the first point of Theorem 4.2, there exists a constant ¢ > 0 such that
Vi, |he(a;) —he(al)| < cla; — af] < c|lng|710,

This permits us to write

> [( min )ug) |Ine| 4+ 2H (he(a;) — 1)] di > > ul(a)) [| Ine| — (%(a(f;l)) H —2c¢|lne|~*H| d;.

B(ai 3T

d;>0 d; >0
. 1—he(az) _ - 2
By definition of k., we have 227(,) < kZ*. By Theorem 2.1, min(1, a) < uZ(a;) < max(1l,a). Therefore, we
u?(a)
get
> [(B](mm )ug) |Ine| + 2H (h(a;) — 1)} di > xe(a) (|Ine| — 2k2'H) d;. (4.8)
d;>0 T

For the terms with negative degrees, we write

> K min u2> |1n€|2H(h5(ai)1)} |di| > min(1,a) > |Ine| |di|. (4.9)

d;<0 B(ai,ri) d:<0
Substituting (4.8)—(4.9) in (4.5), we get the desired lower bound of the corollary. O

4.2. Upper bound on the total degree

Let us assume from now on that (¢, A) is a minimizer of (1.1) and that (B(a;,7;)); is its associated family of
vortex-balls constructed in Theorem 4.2. Our aim is to give an upper bound on the total degree >, |d;|. The
answer will be strongly dependent on the parameter a.

Lemma 4.4. Assume that for a given constant K > 0, the magnetic field satisfies H < kc|Ine| + K In|Ineg|.
With the notation of Theorem 4.2, the following two assertions hold.

(1) If a > 1, then there exists constants C > 0 and g¢ € |0, 1] such that,

;| < Cllne|~1/4 di| < C, Vee]o, el 4.10
max la;| < Oflnel 7%, p |<C, Veeloe (4.10)
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(2) There exists ag € ]0,1[ such that, if a € ]0,ag], there exists positive constants g9 and C' such that,

R —la;|| < C|lneg|~'/4, d;| < Cln|lne|, Ve €]0,e0]. 4.11
‘gil‘aggl |a;|| < Cllne zijlzl_ n|lne| 10, &0 (4.11)

Since the proof of assertion (1) is very close to that of [28], Theorem 2 (with only very few technical
modifications), we omit it. We give rather the proof of the second assertion of the lemma (which is also
close to that of [28], Thm. 2).

Let us introduce:

Dy= > |dil, D=} |dl, D=Dy+D_ =} |di, (4.12)

i,d;>0 i,d; <0

and

Do = > \d;. (4.13)

|R—lai| |[<[Ine|=1/4

We make the following two claims:

In|Ine|
3 D_<CD 4.14
C>0a _C + |1n€| ) ( )
and
In |l
3050, D-Dy<cptnE (4.15)

\/|1n€|.

Now we show that when the claims (4.14) and (4.15) hold, then we can prove assertion (2) of Lemma 4.4.

We put Q=0 \ U;B(aj,r;), where B(a;,r;) are the vortex-balls constructed in Theorem 4.2. For a given
t > 0, we denote by C; the circle of center 0 and radius ¢, and by B; the open ball of center 0 and radius t. Let
us introduce the set of positive real numbers:

E={te]R+|lne|""*1[: C, c Q}- (4.16)
Thanks to Theorem 4.2, the set E is non empty and has a positive measure

limi(r)lf |E| > 0.

Theorem 4.2 gives |¢| > 1 —|Ine|~* on C; whenever ¢t € E. Therefore, the degree

d; = deg (ia Ct)
|l
is well defined whenever ¢t € E.
Writing h = curl A and ¢ = |¢|e!? for an H2-function ¢, the following equation holds

1 o~
- u—ngh: lo* (Vo — A) in Q. (4.17)
Let us recall also the equation for he,

1
—div (—QVhE) +he=0 inQ,
u

€
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from which it follows, by Stoke’s formula:

1
/—2n~Vh€d9:/ he da, (4.18)
Cy ug By

where n is the unit outward normal vector of By, n(z) = z/|z| for all z € R?\ {0}.
On the other hand, it results from (4.17) and Stoke’s formula,

1
. — 1 Vhdd = ; lol? 7 (Vo — A)da

:/ T~V¢)dl‘*/ hdx + T(t),
By Ct

where (n,7) is a direct frame, and
T(t) = / (Jo|* = 1) 7 (Vo — A) da. (4.19)
Bt

Coming back to the definition of the degree, we deduce that

1

—n-Vhdl =2rd; — hdz + T(t). (4.20)

Cy Ug By
Combining (4.18) and (4.20), we get
1
/ — (Vh — HVh,) - nd9+/ (h— H he)dx = 2nd; + T(t).
Cy Uz By

Applying Cauchy-Schwarz inequality on each integral and squaring, we obtain (recall that the function w. is
radial)
1 2 t 2 T 2 2 -2
— |V(h—Hh.)|” d0+ = h—Hh,|"dz > —dZ — C |T=(t )] .
iV Hhf s g [ B dn > D 0720 4 0]
Thanks to (4.14) and (4.15), we infer from the above lower bound

) | e

/ ! V(h—Hh)|” d + ! h— Hh|? de > =D — C [T*(t) + uZ*(t)] , (4.21)
C, ’LLE 2 B, 4t

where D is the total degree introduced in (4.12).
Now, we integrate both sides of (4.21) with respect to ¢ and we recall that inf E > R. This yields

1 1 t
/—2|V(thhE)|2 dx+/|h—HhE|2 dxz/ (/ = |V(h—Hh)*d0+ 5 [ |h—Hh| dx)dt
Q Ug Q E Cy Ug 2 By

2/E<41tD2—C’[T2(t)+u;2(t)D dt

%DQ - C/E (T%(t) +uZ?(t)) dt

Y

Y

C [DQ — /E (T2(t) +uz?(t)) dt} ,

where C' > 0 is an explicit constant.



G-L FUNCTIONAL WITH DISCONTINUOUS CONSTRAINT 567

Since u? > a when a < 1 (see Thm. 2.1), it is clear that [, u;?dt < a '|E| < C. Let us estimate the integral
of T?%(t). Notice that

/ T2(1) dt < /(1 eIV — iA)p2dz < |ln5|_4/ (V= id)p de < 1
E Q 9]

where we have used Theorem 4.2 and the constraint on the applied magnetic field H = O(|In¢l).
Therefore, we conclude finally that, for a possibly larger explicit constant C' > 0,

2 |

/~ ! V(h—Hh.)| dx+/ |h— H h.|* dz > C(D? - 1). (4.22)
Q Q

We substitute (4.14), (4.15) and (4.22) in (4.5) to obtain:
Ferlp,A) > H?Jy(e) + C(D* —1) — Cln|Ine|D. (4.23)
Matching this lower bound with the upper bound (4.1), we deduce that
D? < C'In|lng|D,

which permits us to deduce the statement concerning the total degree in the second assertion of Lemma 4.4.
Substituting the bound of D in (4.14) and (4.15), we deduce that

D_=0, Dy=D,

thus proving that all the vortices have positive degrees together with the first statement in the assertion (2) of
Lemma 4.4.

We have only to prove claims (4.14) and (4.15). Claim (4.14) is a direct consequence of Theorem 4.2.
Claim (4.15) is a consequence of Lemma 3.5.

5. UPPER BOUND OF THE ENERGY

5.1. Main result

In this section, we assume that the magnetic field satisfies
H =kelne|+ Aln|lne|, (X €R), (5.1)

where k. is introduced in (4.6).
The aim of this section is to establish the following upper bound for the energy F. p(p, A), where the
functional F; g is introduced in (2.7). Let us recall the constant ag € ]0, 1[ introduced in Theorem 3.4.

Proposition 5.1. Let (1, A) be a minimizer of (1.1) and ¢ = E Assume that a € ]0,a0[. There exist
u

constants C, > 0, g9 > 0 such that, when the applied magnetic field I—af satisfies (5.1), the following upper bound
of the energy holds,

Felo, A) < H*Jo(e) + (C — N)(In|Ineg])?, Ve €]0,e0).

The proof of Proposition 5.1 is by constructing a suitable test configuration having vortices and by computing
its energy. The estimate of the energy of the test configuration relies on a careful analysis of a Green’s potential.
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5.2. Analysis of a Green’s potential

This section is devoted to an analysis of a Green’s kernel, i.e. a fundamental solution of the differential

1
uZ(z)

in the next lemma.

operator —div ( V) + 1. The existence and the properties of this function, taken from [1,33], are given

Lemma 5.2. For every y € Q and € € |0, 1], there exists a symmetric function Q x Q > (x,7y) — Ge(x,y) € Ry
such that:

i 1 =d,(z) in D’
*le <u2—(l‘)va5(1’,y)) +Gs(m;y) - 5y( ) D (Q)7

€

(5.2)
Gs(xvy”xeag =0.
Moreover, G, satisfies the following properties:
(1) There exists a constant C' > 0 such that

Ge(z,y) <C (| Infz —yl|+1), V(z,y) e AxQ\A, Vee]0,1],

where A denotes the diagonal in R2.

2
(2) The function v. : Q2 x Q3 (z,y) — Ge(z,y) + UZ—(Z) In |z — y| is in the class C*(Q x Q;R).
T
(3) Given q € [1,2], there exists a constant C' > 0 such that

e y)lwra@ <C, VyeQ, Veelo,1].
(4) For any compact set K C Q, there exist constants C' > 0 and g9 > 0 such that, Ve € )0, &),

Ge(r,y) + ue(@)

o Injz —y[| < C|Vue(@)| oo (i), V2 €K, vy € Q.

Corollary 5.3. Assume that a € |0,a0] and R' € |R,1[. There exist constants C > 0, a € ]0,1[ and g9 > 0
such that, for all e €10,&¢0[ and 2(R. — R) < n(e) < 1, we have

C _
HUE('ay)||co,a(D(07R/)\D(0,R+n(€))) < 5, Vy €
n(e)
Here
uZ(z)
Uf(xay) = Ge(xay) + % In |I — y|

Proof. Let x € C5°(R;R) be a cut-off function such that
. . . 1
0<x<1 imR, x=1 in[l,e0f, x=0 1n]—oo,§[-
Set

Xn(x) =X (%) , Ue(z) = xp(x)ve(x), Ve D(0,1).

The function v, satisfies the equation

(1 -
aiv (592 ) 4 7o) = o o) + 0l

€
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where
U2 U2
(o) = 290 (0) Voo — ol - S o — ),
and
weloy) = T G (o) Do) + 2 A o)

Let us notice also that it results from Theorems 2.1 and 3.4

Vel Lo (p0,0\D(©0,R+m) < C,  ue >+a in D(0,1).
Thanks to the above properties of the function u., we deduce that for a given ¢ € [1,2[, there exists a constant
C > 0 such that B
Ixn feCov)lLapoay < C, Vy €, Ve €]0,1].

On the other hand, for a given ¢ € [1,2], it is known that the function v.(-,y) is bounded in W14(Q) (see
Lem. 5.2). Thus, we get the following estimate for the functions v. and w;:

- C
10 (-, llwrap,1)) £ O, Nwe(-y) |l Lapo,1)) < pel Vy € D(0,1), Ve €]0,1].

Let R’ € IR, 1]. Thanks to the equation of v, Theorem 2 of [25] implies that there exist p > 2 and p’ < 2 such
that

VO (-, ¥) |l o (p(0,Rr)) < C (||V55(',y)||Lp'(D(0,1)) + we () + ans('vy)”W*lvP(D(O,l))) : (5.3)
We may choose q € |1,2[ such that L9 is embedded in W17 and p’ < q. Thus, the above estimate reads as:

~ C
V(- 9)ll e (p(0,R7)) < ?, Yy € D(0,1).

Since . is bounded uniformly in W4(Q) (see Lem. 5.2), we get by Poincaré’s inequality:

- C
10 (-, ) lwrw (Do, r7)) < ?, Yy € D(0,1).

Since p > 2, the Sobolev embedding theorem yields the bound

- C
19 (-, ¥) [l co.a (D(0,R7)) < F, Yy € D(0,1),

for some « € )0, 1[. This estimate is nothing but the result of the corollary once we remember the definition of
the function .. O

The next lemma provides us with points enjoying useful properties. These points will serve to be the centers
of the vortices of the test configuration that we shall construct in the next section.
Lemma 5.4. There exist constants K > 0, ¢ € ]0,1[, and for each ¢ € ]0,1[ and n(e) € N N [1, 57!, there
exist points (ai)?:(i) C 0D(0,r) and §(e) €10, 1[ such that

de) <1l ase—0

c c
< asi —ail < -
TL(E) = |a1+1 al| = 5(5) + Tl(E),
Vie{1,2,...,n(e)}, Vee]0,1].

|ve(as, a;)] < Kln|lnel,

In|lne
Here the function v has been introduced in Lemma 5.2, and r- = R + | |

|Ing| -
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Proof. The proof is actually due to the following bound

/ |ve(z,z)|de < C'ln|Ine|, (5.4)
oD (0,r.)

that holds uniformly in ¢ € ]0, 1]. Let us show why this bound holds. We cover dD(0,r.) by A balls (B(y;,¢))i,

with (y;); C 9D(0,r.) and ¢ € ]0, 1] is to be chosen appropriately. We introduce a scaled partition of unity Xf

such that
N

Z IX$| =11in 8D(0,r.), suppx: C B(yi,¢), Vie{l,...,N}-
i=1
Then

/ |ve(z, z)|de = Z/ |X1 x) ve(z, )| de. (5.5)
8D(0 7'5) D(O 7'5)

By Corollary 5.3, we write for all i € {1,...,N'}

C
[ @l < / ) o)l e + 5 [ @l -l du o),
dD(0,r.) dD(0,r.) n" JoD(o,r.)
where a € ]0,1[, n = R — r¢, and pu, is the Lebesgue measure in 0D(0, r.).
Recalling that supp Xf C B(yi, (), we get upon choosing ¢ = n*/® and summing up over i,

Z / |X’L | |:L' - yz|adﬂ*(l‘) <C.

On the other hand, by Lemma 5.2, there exists a constant C' > 0 such that

/ Ix§ () ve (2, y3) | dp () < C/ | In |z — il [ dps(z)
0D(0,rc) B(y:,0)NoD(0,r.)

< C(|In¢].

2/

Recalling our choice of ¢ = #?/® and = O(|Ine|~'/?), and summing up over i, we get for a new constant

C>0
Z/ |X1 ) ve(z,z)|de < CN x ¢ In|lne| < Cln|lnegl,
OD(0,r:)

where we have used that N x 27¢ =~ 27r. — 27 R. Substituting in (5.5), we obtain the desired bound (5.4).
Now, defining the function
f@):[0,1[ >t |ve (ree%it,ree%it) [,
and applying Lemma 5.5 below, we get the desired sequence of points. ]

Lemma 5.5. Let (f:)-c 01 C C([0,1],Ry) be a family of continuous functions. Assume that there exists a
constant C' > 0 such that

||f€||L1([071]) < Cln|ln5|, Ve € ]O, 1].
There exist constants K > 0 and ¢y € ]0,1[ such that, given a family (N(e)) C N satisfying N(e) > 1, there
exists a family (6(g)) C ]0,1[ and a sequence (t5,)men C |0,1[ and

£ C £
|f-(t5)] < KIn|lnegl, W_‘t”l ti‘§5(€)+
Vie{1,2,...,N()}, Vee]o,1].

N(e)’
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Proof. Let us introduce, for a given K > 0, the set
Egx ={t€[0,1]: |f-(t)] < KIn|lne|}-

Using the uniform bound on || f-[| 11 (j0,1}), We can choose K sufficiently large such that
1
|E%| > 3 Ve €10, 1],

where | - | denotes the Lebesgue measure.
Let € € ]0,1]. Since the function f. is continuous, the set E5 is open. Thus, we essentially meet two cases:
Either there exists an interval
Jxe — 0c, 2. + 0:[C E%
with lim inf de > 0 (in which case the statement of the theorem becomes evidently true), or there exists a

constant co €10, [ and possibly infinitely many disjoint intervals

U]xg — 05,25 4 65 [C E5
icl.

such that 2§ <25 <--- and

lim sup (Z A ) 0, hmlnf (Z 5€> > 50 (5.6)

e—0 iel. iel.

where A; = ‘xf_H =05 —Tf — (55‘
Consequently, setting ¢t = z§ and &5 = U |z — 65, a5 + 65 [, we get
icl.

5@\}t§,t§+8j\?}€)[¢@.

€ : € € £ G
5\t ] )

we get, thanks in particular to (5.6),
t5 —17 <2 A
LAt NG NG

o\ Js g1

g : € g € c
= (8 [t g )

By induction, given n < N(g), we can construct points t5 < t§ < --- < t& such that

So, setting

and

Therefore, we set

Co

<t -t < i 1,.
8N(e) — i+l T H = 8N vie{l,...,nk,
yielding therefore the desired sequence (t5,) with (e Z A;. O

icl.
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5.3. The test configuration

We know from Theorem 3.4 that the function & (x) achieves its unique minimum on the circle 9D(0, R,)
with e € R. — R < ¢, for a € ]0, 1].

Since we expect vortices of a minimizer of (1.1) to be pinned on the circle 9D(0, R.), and to be uniformly
distributed along this circle, we construct a test configuration whose vortices are placed, for technical reasons,

In|l
on the circle 9D(0,r.), with r. = R+ n|lne|

Mne] . We mention that similar constructions have been also introduced
ne

in the papers [2-4].
Let n(e) € NNJ1,£e7![ for an appropriate constant ¢ € ]0,1[. Lemma 5.4 provides us with n(e) points

(ai)?z(el) on the circle 9D(0,r.), that satisfy in particular

B(a;,e) N Blaj,e) =0, Vi#j.

We define a measure p by:

0 if x ¢ U;B(a;,€)
/L(l‘) ) if x € UiB(ai, E), (5 7)
€
and a function &' in Q@ = D(0,1) by
—div th’ +h =pinQ
u2 pmEE (5.8)

h' =0 on 99.

We notice that
/ pdr =2m, Vi=1,2,...,n(e), / pdx = 2w n(e).
B(a;,e) R2

We define an induced magnetic field h = h' 4+ he (here he has been introduced in (3.4)). Then we define an
induced magnetic potential A = A" + %VLhE by taking simply

curl A’ = 1.

This choice is always possible as one can take A’ = V+g with g € H?(Q) such that Ag = h'.
We turn now to define an order parameter 1) which we take in the form

Y =uu. = pelu,, (5.9)
where p is defined by:
0 if z € UiB(ai,E),
p(a) = 1 if & U;B(ay,2¢), (5.10)

lrmadl 1if 34 s.t. © € B(ay, 2¢) \ B(as, €).

The phase ¢ is defined (modulo 27) by the relation:

1
Vo — A = —Fth' in Q\ U;B(ai, ¢), (5.11)

€

and we emphasize here that we do not need to define ¢ in regions where p vanishes.
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Lemma 5.6. There exist constants g9 € 10,1[ and C > 0 such that

1
/Q (uQ(m) |VH|? + |h’|2) dzdy < 2mu(ro)n(e)|Ine| + Cn(e) In|Ine| + C [n(e)]? + o ([n(&)]Q) )
Proof. Notice that the field i’/ can be expressed by means of the function G, introduced in Lemma 5.2,
/ Ge(z,y) p(y)dy, Va € Q. (5.12)

Therefore, we get the identity

/Q (ugzc)whl|2 + |h'|2) dz = /QXQGE(%y)u(x)u(y) dz dy, (5.13)

which shows that it is sufficient to estimate / Ge(z,y) p(r)p(y)dedy.  We decompose the integral
QxQ

/ Ge(z,y) p(z)pu(y) de dy into two terms:
QxQ

/QXQG (z,y) p(r)pu(y) dedy = ;/ - Ge(z,y) p(z)p(y) de dy
n(e)
+;/B(al Bl )Gg(ﬂ'l,y) N(x)u(y) dz dy. (514>

Let us estimate the first term. We write using Lemma 5.2,

Z/ Ge(z,y) p(x)( dxdy<02/ (Infz =yl [+ 1) p(@)uly) dedy.  (5.15)
i£j B(ai,e)xB(aj,e) i£j )X B(aj,e)
Now, recalling the definition of 1 in (5.7) and the choice of the points (a;) in Lemma 5.4 , we get
c
> [ nfe — o] | (e)p(y) dedy < (5.16)
Iy n(g) B(ai,e)xB(aj,e)

where C' > 0 is any constant such that
c> [ Iz ]| dpa(2)dpa (9)
dD(0,R)xdD(0,R)

and dy., is the arc-length measure on the circle 9D(0, R).
Therefore, (5.15) becomes for a new constant C' > 0,

Z/B Ge(@,y) pla)u(y) dedy < Cn(e)*. (5.17)

i#j (a;,e)xB(aj,e)

Again, using Corollary 5.3, we estimate

/ oo y) p(@)ply) dedy — / (“g(x) 4 fo(x y)|) dzdy.  (5.18)
z,y) p(z)ply) dedy = — — : G
Blave)xBlaie) €* JB(ai,e)x Blas,e) \ 2T |z — yl :
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On the one hand, we have

4 u?(x) u?(a; + Z

1 1
1 1n—dxdy:4/ E)ln[ - /} dz'dw’.
€% JB(as,e)xBlas,e) 2T |z — yl B(0,1)x B(0,1) 27 glz —w|

Recall that the function u. is radial and that |a;| = r.. By Theorem 3.4, we have

u§<ai+%’>u( <)

< 0(e), Vz' e B(0,1).

Therefore,

2 1 2 1

@)1y L @)y dedy < 4 us(ra) + 06) dz'dw’

2 lz =yl 2 2" —w|
B(aie)xB(aj,e) 4T r—=y B(0,1)xB(0,1) T gl —w

=27 u?(r)|Ine| + o(1). (5.19)

On the other hand, assuming that the following estimate holds

n(e)
i <(z,y)| dzdy < C, 2
hr;lj(l)lp 1n|1n€| Z 54/ B(a;,e)xB(a;,e) |v (:L' y)| S ¢ (5 0)
then (5.18) becomes
n(e)
Z/ o Gelr ) dzdy < G el + el n(e). (5.21)
(as,e)xB(a;,e

Combining (5.15) and (5.21), and using (5.13), we get the result of Lemma 5.6.
It remains to prove the claim in (5.20).

Proof of (5.20). By Corollary 5.3, we write,

1 O
4 |U€(xay)| dzdy < 47T|U€(a’iaai)| + 2
€ JB(ai,e)xB(ai,e) n

where o € ]0,1[ and 5 = . — R. Using our particular choice of n = O(|Ing|~/?), we deduce that

n(E) n(e)

4
ve(z,y)|dzdy < — |ve(ai, ai)| + o(1)
Z et /B(aq,e)xB(aq,a) n(s) ;

Recalling the choice of the points (a;) in Lemma 5.4, we see that the right hand side above is uniformly bounded
by a constant times In|Ine|, yielding the result in (5.20). O

In the next lemma, we state a decomposition of the energy due to [7].

Lemma 5.7. Consider (u, A) € H*(Q;C) x HY(Q;R?) and define

A:A—%Vﬁﬂ

€
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where ue and h. are introduced in Theorem 2.1 and (3.4) respectively. Then we have the decomposition of the

enerqy,

1
Fem(u, A) = H?Jo(e) —|—/ (u;ﬂ(v — i A ul? + |curl A'|? + 8—21/61(1 - |u|2)2) dx
Q
+ 2H/ (he = 1) [curl(A’ + (iu, V aru)) |dz
Q

1
+ HQ/Q = (Jul* = 1) [Vhe|? dz.

€
Here, the functional F. g and the energy Jo(g) are introduced in (2.22) and (3.2) respectively.

Proof of Proposition 5.1. Let (¢, A) be the test configuration constructed in (5.8)—(5.11), and put ¢ =
Lemma 2.7, it is sufficient to establish the upper bound

Fen(p, A) < H?Jo(e) + (C — A)(In|Ine)?

By the construction of ¢ and Theorem 2.1, we get,

5 [ w1 le? s = 01,

By Lemma 3.3, we have

1
/ 02 (J¢> = 1) |Vhe[* da < Ce2
Q Ye

Let pu(p, A') = curl(A’ + (i, Varp)). Notice that

n [0 in Q\; B(ai,2¢),
IU/((‘D7A ) B {M+MT(¢7AI) in UiB(ai72€)7

where g is the measure defined in (5.7) and
. 1
i ') = = (P = Vi (V8 ) + (T41) - (V- A).
Using the definition of u and Lemma 3.3, we write,

2H/Q(h6 —1) [curl(A’ + (i, VA'SO))]dx = 2H (h(r.) — 1) /Q u(p, A" dx

om / (he() — he(re)] ueo, A') e
< 4qn(e)(he(r:) — 1)H

2 By

u

+2H(h5(r5)71)/9ur(ga,A’) d:c+C’€/9|u(<p,A’)|d:c. (5.22)
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Since |¢| =1 on 0B(a;,2¢), an integration by parts yields

/ 2 : 1 / 1 2 VLhI l
pr(p, A) dz = = (" = Ddiv | VA" ) + (V= ([e]" = 1)) - —5=h'| dz
B(a;,2¢) B(a;,2¢) Uz Uug

1 1
[—(|g0|2 — 1)div (FVhl) + (|¢* = 1)div (FVhl) h'} dx

€

B(a;,2¢)
0.

On the other hand, using the definitions of p and ¢, and Cauchy-Schwarz inequality, we write,

C
/ [u(p, AT dz < / (u+ 210 | + —|Vh’|) da
B(aj,2¢) B(a;,2¢) 5

1/2
<2r+C (/ (IVR'|> + |1 ?) dx) :
B(a;,2¢)

Therefore, (5.22) becomes, for a new constant C' > 0,
2H/(h6 -1) [curl(A' + (igp, VA/ga))} dz < 4mn(e)(he(re) — 1)H
Q

(/Q (VR[? + 12 d:v)l/2 —i—n(e)H] .

+ Ce

Thanks to Lemma 5.7, we get

Fenlp, A) < H2Jo(e) + (1 + Ce) /

<%|Vh’|2 +|h - 1|2> dz + 4mn(e)(he(re) — 1)H + O (en(e)H) .
Q \Uz

We recall that the magnetic field satisfies H = k.|Ine| + AIn|lne|, and we apply Lemma 5.6 to deduce the
upper bound,

Ferrlr A) < H2To(e) + 2mn()(1 — halre)) [(% - 2k€) el

n(e) +1In|lne|

O T

—Aln| lnsq + o(n(e)* + n(e)ve). (5.23)

In|Ine|
|Ine|

Recall the definition of r. = R + . Thanks to Lemma 3.3 and Theorem 3.4, we get:

u?(re) ok <61n|1n5|.

1—he(re)

[Ine|

Thus, when choosing C,, > 2C + C and n(¢) = [In|Ine|] ([-] denotes the largest integer less than -), the upper
bound (5.23) becomes,

Fe(p, A) < H?Jo(e) + (C = A)(In [ Inel)?,
thus achieving the proof of Proposition 5.1. (|
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6. PROOF OF MAIN THEOREMS

6.1. Proof of Theorem 1.1

Theorem 4.2 provides us with a family of vortex balls (B(a;,7;));. In particular, when the lower bound of
Corollary 4.3 is matched with the upper bound (4.1), permits us to deduce,

0>2ra Y (|lnel—Cln|lne|— k' H) |d;| + 27 > (a|lne| — Cln|Inel) |di.
d;>0 d;<0

Taking A, < —C and X < A, we deduce that ), |d;| = 0 whenever the magnetic field satisfies H < k.|Ine| +
An|Ine|. The energy decomposition of Lemma 5.7, together with point (4) of Proposition 4.1, yield now the
estimate

1 2
= Q(1—|<P| )dz <1

which when combined with Lemma 2.9 gives the desired result, |¢| > % in Q.

Now, when A > A, the properties (a)—(c) of Theorem 1.1 are consequences of Theorem 4.2 and Lemma 4.4,
which give in particular the upper bound on the total degree ). |d;| < C'ln|Ine|.

Assume now that H = k.|Ine| + Aln|Ine|, with A > 0. When the lower bound of Corollary 4.3

Ferlp,A) > H*Jo(e) + 2ma Z (lne| — Cln|Ine| — kZ'H) d; + 27 Z (a]lne| — Cln|lne|) |d;]
;>0 ;<0

is matched with the upper bound of Proposition 5.1, we deduce that

2ra Y (C' = \)In|lneld; < (C. = A)(In|Ine|)?,
d; >0

Taking A > max(C,, C'), we deduce the desired lower bound on the total degree

Z|d1| > Z d; > cln|lnegl.
i ;>0

This achieves the proof of Theorem 1.1.

6.2. Proof of Theorem 1.2
Let (¢, A) be a minimizer of (1.1) such that |1)| > 0 in Q. Then all the degrees (d;) in Theorem 4.2 are null:

di =0 Vi.

It results now from the upper bound F. g (¢, A) < H?Jy(e), the lower bound of Theorem 4.2 and the energy
decomposition of Lemma 5.7:

) 1
/Q (|(V —iAp|* + 2—52(1 — |@l*)? + Jeurl A — Hh€|2) dr <1 (e—0),
where A’ = A — £vip,.
From this estimate and the G-L equation satisfied by ¢, we are able to prove (¢f. [22], Lem. 6.4) the following
estimate
ell(V —iA)ellms,) <1 (e —0).
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Consequently, the trace theorem yields
elln(z) - (V —iAd)pll2(as,) <1 (e = 0).
Since the functions h. and u. are radial, we have
n(z) - (V—id)p =n(z) - (V—id)p.

Let us also notice that

n(z) - [(V _JA)w - Vu“] ‘ — 2 fnlo) (7 - 4.

On the other hand, since % [,(1 — |¢|*)*dz < 1, Lemma 2.9 yields that |¢| > 3 in Q. Therefore, we deduce

that
V —iA)y  Vu, )
)| S0 - T < % n(e) - (V — iA)ll o sy < 1.
G Ue L2(8S1)

Now, invoking Theorem 2.4, we conclude the result of Theorem 1.2, with y(a) given in (2.8).

€

6.3. The regime a > 1

Let us sum up what we know in this case. Let us introduce the following Ginzburg-Landau functional
analyzed in [8]

HY(Q;C) > urs F.(u) = /Q <|Vu|2 + 2%_2(1 - |u|2)2> dz. (6.1)

Let us also recall the definition of the function & : @ — R_ introduced in (3.16). We recall also the set
Ac ={z € QO | (z)| = max || } which governs the location of the vortices of a minimizer of (1.1).
Q

Now, the result of Lemma 4.4 permits to prove the existence of a constant M > 0 such that (see [28], Sect. 3)
F.(p) < M|Ing|, (6.2)

where ¢ = 3’—5 and (1, A) always denote a minimizer of (1.1).
On the other hand, the result of Theorem 3.4 states that

A= {0}, €(0)>0. (6.3)

The estimate (6.2) is the basis on which the analysis in [30] is build-up. It permits to prove an expression of
the first critical field:
He, = k’5| 1n€| + kl,e;

where k. is given by (4.6) and k1. = O(1). If He, +k < H < Hey + O(1), k > 0, then a minimizer (i, A)
of (1.1) has a finite number of vortices, each of degree 1, and localized near the center of the disc 2 = D(0, 1).
Furthermore, it is proved that if more than one vortex exists, distinct vortices will tend, after normalization, to
distinct points in R2.

The results in (6.3) are the basis to build-up the analysis of [31], which permits to obtain a sequence of
critical fields. We point out that in order to adapt the analysis of [31], we need to remember that in every
compact subset K of D(0, R), the function u. converges to 1 exponentially fast in C?(K).

We define the normalized energy:

n

Wepn : R™ D (21, 22,...,20) — 727r21n |z; — ;| + 27€/(0) Z |]?. (6.4)
i i=1
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The analysis of [31] yields that, if the magnetic field satisfies
H=k.(|lng|+dIn|lne]), n—-1<d<n, neN,

then a minimizer (¢, A) of (1.1) has n-vortices (z;(¢))",, each of degree 1, and such that, when putting
Z;(e) = x;(¢)V H , then the configuration (z;(¢))?_; is localized near a minimizer of the renormalized energy we .
Furthermore, the following expansion of the energy holds as € — 0:

H
.ﬂﬂ@Jn:fﬂ%@yannOmd—E)+wm?—mmH

g

+ Wen (T1(€), .-+, Tn(€)) + Qn + 0(1),

where @, is an explicit constant depending only on n.
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