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STABILIZATION OF SECOND ORDER EVOLUTION EQUATIONS
WITH UNBOUNDED FEEDBACK WITH DELAY

SERGE NICAISE! AND JULIE VALEIN!

Abstract. We consider abstract second order evolution equations with unbounded feedback with de-
lay. Existence results are obtained under some realistic assumptions. Sufficient and explicit conditions
are derived that guarantee the exponential or polynomial stability. Some new examples that enter into
our abstract framework are presented.
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1. INTRODUCTION

Time-delay often appears in many biological, electrical engineering systems and mechanical
applications [1,11,21], and in many cases, in particular for distributed parameter systems, even arbitrarily
small delays in the feedback may destabilize the system, see e.g. [8-10,12,15-17,20,23]. The stability issue of
systems with delay is, therefore, of theoretical and practical importance.

We further remark that some techniques developed recently [16,17] in order to obtain some existence results
and decay rates have some similarities. We therefore propose to consider an abstract setting as large as possible
in order to contain a quite large class of problems with time delay feedbacks. In a second step we prove existence
and stability results in this setting under realistic assumptions. Finally in order to show the usefulness of our
approach, we give some examples where our abstract framework can be applied. For a similar approach, we
refer to the paper in preparation [4]. Without delay such an approach was developed in [3].

Before going on, let us present our abstract framework. Let H be a real Hilbert space with norm and inner
product denoted respectively by |.||;; and (.,.)n. Let A : D(A) — H be a self-adjoint positive operator with
a compact inverse in H. Let V := D(A2) be the domain of Az. Denote by D(Az)’ the dual space of D(Az)
obtained by means of the inner product in H.

Further, for i = 1, 2, let U; be a real Hilbert space (which will be identified to its dual space) with norm and
inner product denoted respectively by .||, and (.,.)v, and let B; € L(U;, D(Az2)).

Keywords and phrases. Second order evolution equations, wave equations, delay, stabilization functional.

1 Université de Valenciennes et du Hainaut Cambrésis, LAMAV, FR CNRS 2956, Institut des Sciences et Techniques of
Valenciennes, 59313 Valenciennes Cedex 9, France. Serge.Nicaise@univ-valenciennes.fr;
Julie.Valein@univ-valenciennes.fr

Article published by EDP Sciences © EDP Sciences, SMAI 2009


http://dx.doi.org/10.1051/cocv/2009007
http://www.esaim-cocv.org
http://www.edpsciences.org

STABILIZATION OF SECOND ORDER EVOLUTION EQUATIONS 421

We consider the system described by

w(t) + Aw(t) + Blul(t) + BQUQ(t — T) =0,t>0
w(0) = wp, w(0) = wy, (1.1)
ug(t —7) = fOt —7), 0 <t <,

where t € [0, o0) represents the time, 7 is a positive constant which represents the delay, w : [0, co) — H is the
state of the system and u; € L?([0, 00), U1), ug € L%([—7, 00), Us) are the input functions. Most of the linear
equations modelling the vibrations of elastic structures with distributed control with delay can be written in
the form (1.1), where w stands for the displacement field.

In many problems, coming in particular from elasticity, the input u; are given in the feedback form wu;(t) =

B?w(t), which corresponds to colocated actuators and sensors. We obtain in this way the closed loop system

&(t) + Aw(t) + BiBro(t) + BoBia(t — 1) = 0, ¢ > 0
w(0) = wp, w(0) = wy, (1.2)
Bio(t—1)=f%t—7),0<t <

The first natural question is the well-posedness of this system. In Section 2 we will give a sufficient condition
that guarantees that this system (1.2) is well-posed, where we closely follow the approach developed in [16] for
the wave equation. Secondly, we may ask if this system is dissipative. We show in Section 3 that the condition

0 <a<1,VueV, |Byul}, <alBiull}, (1.3)

guarantees the energy is decreasing; under this condition, using a result from [5] (see also [22]) we pertain a
necessary and sufficient condition for the decay to zero of the energy. Note that this last condition is independent
of the delay and therefore under the condition (1.3), our system is strongly stable if and only if the same
system without delay is strongly stable. Note further that if (1.3) is not satisfied, there exist cases where some
instabilities may appear (see [16,17,23] for the wave equation). Hence this assumption seems realistic.

In a third step, again under the condition (1.3) and a certain boundedness assumption from [3] between the
resolvent operator of A and of the operators By and Bs, see condition (4.1), we prove that the exponential decay
of the system (1.2) follows from a certain observability estimate. Again this observability estimate is independent
of the delay term BeBjw(t — 7) and therefore, under the conditions (1.3) and (4.1), the exponential decay of
the system (1.2) follows from the exponential decay of the same system without delay. Nevertheless we give the
dependence of the decay rate with respect to the delay, in particular we show that if the delay increases the
decay rate decreases. This is the content of Section 4. A similar analysis for the polynomial decay is performed
in Section 5 by weakening the observability estimate. Again we show that if the delay increases the decay rate
decreases. In view of some applications, Section 6 is devoted to the proof of these two observability estimates
by using a frequency domain method and a reduction to some conditions between the eigenvectors of A and the
feedback operator Bj.

Finally we finish this paper by considering in Section 7 different examples where our abstract framework can
be applied. To our knowledge, all the examples, with the exception of the first one, are new.

2. WELL-POSEDNESS OF THE SYSTEM

We aim to show that system (1.2) is well-posed. For that purpose, we use semi-group theory and an idea
from [16] (see also [17]). Let us introduce the auxiliary variable z(p, t) = Biw(t — 7p) for p € (0, 1) and t > 0.
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Note that z verifies the transport equation for 0 < p <1 and t >0
T% + g—; =0
z(0, t) = B3w(t)
z(p, 0) = Byw(-1p) = f*(=7p).

Therefore, the system (1.2) is equivalent to

O(t) + Aw(t) + BiBiw(t) + Baz(1,t) =0, ¢t >0
T84 82-0,t>0,0<p<1
w(0) = wo, w(0) = wy, 2(p, 0) = fO(=7p), 0 < p< 1
z(0, t) = Byw(t), t > 0.
If we introduce
U:=(w,w 2)",

then U satisfies

T
U = (@, o, )7 = (w —Aw(t) — BiB(t) — Baz(1, 1), _12—;) :
-

Consequently the system (1.2) may be rewritten as the first order evolution equation

U =AU
U(O) = (WO, Wi, fo(_T'))a
where the operator A is defined by
U
_A u = 7AW*BlB>fU7B22(1) s
_ 10z
T 0p

with domain
D(A) := {(w, u, 2) €V x V x H((0, 1), U); 2(0) = Bju, Aw + B1Bju + B22(1) € H}-
Now, we introduce the Hilbert space
H =V x Hx L*(0, 1), Us)

equipped with the usual inner product

w
Uu Y
z
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0 <a<1,VueV,|Biuly, <alBiull},.

Under this condition, we will show that the operator A generates a Cy-semigroup in H.

(2.3)
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For that purpose, we choose a positive real number ¢ such that
2
1<{<—-1
@

This constant exists because 0 < a < 1.
We now introduce the following inner product on H

w
Uu )
z

This new inner product is clearly equivalent to the usual inner product (2.4) on H.

SISO ot

> = (b, 255) 4 o b [ 00, S0 o

423

(2.6)

Theorem 2.1. Under the assumption (2.5), for an initial datum Uy € H, there exists a unique solution

U € C(]0, +00), H) to system (2.3). Moreover, if Uy € D(A), then

U € C([0, +00), D(A)) N C([0, +00), H).

Proof. By Lumer-Phillips’ theorem, it suffices to show that .4 is m-dissipative (see Def. 3.3.1 and Thms. 1.4.3

and 1.4.6 of [18]).
We first prove that A is dissipative. Take U = (w, u, z) " € D(A). Then

u w
(AU, UY,, = < —Aw— B Bju—Baz(1) || >
10z
1 1 _;a_p " 1 o
_ (Am, Am)H — (Aw + BiBiu+ Boz(1), )y — € (6—;(/)), z(p)) .
Since Aw + B1Bfu + Byz(1) € H, we obtain
(AU, U)y = (Aéu Aéw) — (Aw, u)y, v — (B1Biu, u)y y — (B2z(1), u)y v

75/ (82 p))Ude

= (Aw, )y, — (Aw, u)y, — |Biully,, — (2(1), Byuw)u,

of (), o

by duality. By integrating by parts, we obtain

| (Zo. ) do=- | (=0 520)), an+ (I, ~ 1))

and thus

/o (g_f)(p), z<p>) dp = §<||z<1>||32 — I1Bsully,)-

Uz
Therefore, by Cauchy-Schwarz’s inequality, we find

(AU, U)y = —1Biul, — (), Bjulg, — 5 121, + S 1830l

1 1
5 5) =I5, + (5+ 5 ) 13312,

IN
|
=
£
qw
PR
b

dp.
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By (2.5), we obtain

« é-a * 2 1 é‘ 2
v, U< (5 + 5 1) 131, + (3 - 5) 11,
with § + %O‘ —1<0and - % < 0 because ¢ satisfies condition (2.6). This shows that (AU, U),, < 0 and then
the dissipativeness of A.

Let us now prove that A\I — A is surjective for some A > 0.

Let (f, g, h)T € H. We look for U = (w, u, z)T € D(A) solution of

w f
M-A) | u |=|y
z h
or equivalently
M —u=f
M+ Aw + B1Biu+ Baz(1) =g (2.7)
A2+ 1% =h

Suppose that we have found w with the appropriate regularity. Then, we have
u=—f4+IweV.

We can then determine z, indeed z satisfies the differential equation

10z

A
Z+T@p

=h
and the boundary condition z(0) = Bsu = —Bj f + ABjw. Therefore z is explicitly given by

P
2(p) = ABjwe ™" — B3 fe P 4 Te*”p/ eMoh(o)do.
0

This means that once w is found with the appropriate properties, we can find z and u. In particular, we have
1
2(1) = ABjwe™ ™ — Bj fe ™ 4 1e 7 / A h(o)do = ABjwe M + 20, (2.8)
0

where 2° = —Bj fe " + 1e A7 01 e 7h(o)do is a fixed element of Us depending only on f and h.
It remains to find w. By (2.7), w must satisfy

Mw 4 Aw + AB1Bjw + Baz(1) = g + BB f + \f,
and thus by (2.8),
Nw 4 Aw + AB1Biw + Ae M ByBiw =g+ B1B f + A\f — B2 =: ¢,
where ¢ € V'. We take then the duality brackets (.,.)y. , with ¢ € V:

(Nw + Aw + AB1Bjw + Xe V" BaBiw, 6)y, 1 = (¢, O)yr v -
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Moreover:

(Nw+ Aw + AB1Biw + Ae " By Bjw, ¢>V, v
=2 (w, ¢>v',v + (Aw, ¢>v',v + A(B1Bjw, ¢>v',v +e T (B2B3w, ¢>v',v)
= X (@, @)y + (42w, A26) +A(Biw, Bid)y, +e 7 (Bjw, B3o)y,)

because w € V' C H. Consequently, we arrive at the problem
1 1 * * — AT * *
X (@, @) + (AFw, A30)  +X(Biw, Big)y, +¢ 7 (Biw, B3o)y,) = (@ )y, v (2.9)
The left hand side of (2.9) is continuous and coercive on V. Indeed, we have

N (@,0) + (Abw, Ab6) + M(Biw, Bio)y, + ¢ (Bjw, Bso)y,)|
< X fwlly 9l + [A0] |[4%0| + 2By, 1Bi6ly, +e I1Bswly, 1B56lle,)

< O ully 9], + ||4*
< Cllly ¢l

and forp =weV

2
* (12 —AT * (12
lwlly I8l + AU B ||£(V, Ur) [wlly 18]l +e * ||B2||£(V, Us) wlly ll#lly)

2
2 1 1 « 12 o, 112 1 2
N folly + (A%w, A%w) + AIBiwlF, +e | Biwlf,) > [ate] = Ol .

Therefore, this problem (2.9) has a unique solution w € V' by Lax-Milgram’s lemma. Moreover Aw + By Bju +
B2z(1) = g+ Af — A%w € H. In summary, we have found (w, u, 2)7 € D(A) satisfying (2.7). O

Remark 2.2. We deduce from Theorem 2.1 that D(A) is dense in H (see [18]).

Remark 2.3. For initial data (wo, w1, fO(—7.))7 in D(A), we easily show that the solution (w(t), u(t), z(t))T =
T(t)(wo, w1, fO(—7.))T, where T(t) is the semigroup generated by A, is indeed solution of (1.2) in the sense that

u(t) = w(t),

and
Z(pa t) = B;(t - Tp)a
and w satisfies (1.2).

3. THE ENERGY

We now restrict hypothesis (2.5) to obtain the decay of the energy. Namely, we suppose that (1.3) holds,
namely
30 <a<1,VueV,|Bulf, <ol Biully,.
For an initial datum (wg, w1, fO(—7.))T € H, Theorem 2.1 guarantees the existence of a weak solution
(w(t), u(t), z(t)T = T(t)(wo, w1, fO(—7.))T. Hence the associated energy (which corresponds to the inner
product on H) is defined by

50 = 5 ([t + i +7¢ [ =60, 013, 00).
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where £ is a positive constant satisfying
2
1<f<——-1, (3.1)
!

that exists because 0 < o < 1.
Note that by Remark 2.3 for initial data in D(A), this energy takes the form

E(t) = (HAwH + ol +7¢ / |Bw—rp>||?]2dp). (3.2)

3.1. Decay of the energy

Proposition 3.1. If (1.3) holds, then for all (wo, w1, f(—7.))T € D(A), the energy of the corresponding reqular
solution of (1.2) (i.e. (w, &, Baw(t—1p))T € C([0, +00), D(A)) NC*([0, +0), H)) is non-increasing and there
exist two positive constants Cy and Cy depending only on o and € such that

= G (IBio)}, + 1Bsott - 77,) < B'(0) < -G (IBio@I, +1Bsat—7)I7,) . (33)

Proof. Deriving (3.2), we obtain

E'(t)

1
(Ao, A30) 4 (@0 &)y 4 76 | (Brott = o). Bis(t — o))y, do
0
= (Aw, Gy y — (@, Aw+ By Bji+ BBt — 1))

1
er / (Biio(t — 7p), Biis(t — 7))y, dp
= (Aw, &)y y — (@, Aw + B1B{w + B2 Byi(t — 7))y, v

1
ver [ (B3t = o), Bt = o))y, oo
because Aw + B1Bjw + BoBiw(t — 1) € H. Then

E'(t) = (Aw, &)yy — (@, Aw)y yr — (@, BiB{&)y, v — (@, BeB3o(t — 1))y, v

1
e / (Biio(t — 7p), Biis(t — p))y, dp
= Bl — (Bso, Bio(t - ),
1

e / (Biio(t — 7p), Biis(t — 7))y, dp.

Moreover, recalling that z(p, t) = Biw(t — 7p), we see that

1 1
| @it Bt -, = [ (0.0 G0 t)) o
0 0 Us

/01< z(p, t), (p, ))Ude,

3=
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because g—f}(p, t) = —7%(p, t). Then, we have
! 1 [to >
| Baite =), Bt —roN, e = —5- [ =017, 0
1 2 2
=~ (=L Dy, = 11200, Dz,
2T
1 . - 2 e 12
= —5-(IBo(t =7y, — 1Bz ®lg,)-
Consequently,
! . B*-2 B* B* EB* 2 5 B* 2
B'(t) = = |Biwlly, = (Byw, Byw(t = 7))y, — 5 [1B2w(t = 1), + 3 B2 ()l -

Cauchy-Schwarz’s inequality yields

y IS ‘- 1€ y
B0 < 150l + (5 + ) 13300015, + (5 - ) 1B3at - 7,

and

N[

+

.2 1. ¢ N 1
B0 > 150l + (-3 + § ) 18301, - (5

Therefore, by (1.3), these estimates leads to

* . 2
) B3t - I,

E'(t) < =C1 (IBio@)F, + B3 -1l )

with

w2 - 2
E'(t) 2 =Gy (IBiol}, + 1Bt - 7)I7,)

with

Cs :max{l7 5%1}

which is also positive. O

Remark 3.2. Integrating the expression (3.3) between 0 and T, we obtain

! L r0).

T
* . 2 * 2
| (15w, + 18500 - IE,) &t < -(B0) - BO) < 5
This estimate implies that Bjw(.) € L?((0, T), Uy) and Bi& (. — ) € L*((0, T'), Us).

Remark 3.3. If (1.3) is not satisfied, there exist cases where instabilities may appear, see [16,17,23] for the
wave equation. Hence this condition appears to be quite realistic.
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3.2. Decay of the energy to 0
We give a necessary and sufficient condition that guarantees the decay to 0 of the energy.

Proposition 3.4. Assume that (1.3) holds. Then, for all initial data in H, we have

lim E(t) =0 (3.4)

t—oo

if and only if for any (non zero) eigenvector ¢ € D(A) of A, we have

B #0. (3.5)

Remark 3.5. Notice that this necessary and sufficient condition is the same than in the case without delay
(see [22]) and therefore, the system (1.2) with delay is strongly stable (i.e. the energy tends to zero) if and only
if the system without delay (i.e. for By = 0) is strongly stable.

Proof. Let us show that (3.5) implies (3.4). For that purpose we closely follow [22].
First, we show that 4 has no eigenvalue on the imaginary axis. If it is not the case, let iw be an eigenvalue
of A where w € R. Let ¢ be an eigenvector associated with iw. Then ¢ is of the form

z
p= wz 5
iwe TP B2

with
—w?2 4+ Az +iwBy Bi 2 + iwe T By Bj 2 = 0. (3.6)
It is an immediate consequence of the identity (iwl — A)p = 0.
First we notice that w # 0 since for w = 0, the above identity reduces to Az = 0 with z € D(A). Since by
hypothesis A is invertible, we get z = 0 and therefore 0 is not an eigenvalue of A.
We now take the duality bracket (.,.)y. y, between (3.6) and z € V:

0 (—w?z + Az +iwB1 Bjz +iwe "By B3z, z),,

(2T + A)z, 2),, |, +iw || Bizll7, +iwe™ || Bs2|7,.
We look at the imaginary part of this expression to obtain
2 2
w (112117, + cos(wn) 1B32]17, ) = 0,
which implies, because w # 0,

* 2 * 2
| B 2|y, + cos(wr) || B3z, = 0.
We deduce that

2 2 2 2 2
0=[[Bizlly, +cos(wr)||Bzzlly, = [1Bizly, — [I1B3zlly, = (1 =) [ Brzly, =0,

by (1.3) with a < 1. Consequently
1Bizlly, =0
which implies
Biz=0. (3.7)
Moreover, by (3.6), (3.7) and (1.3), we have

Az = w2,
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Therefore, z is an eigenvector of A of associated eigenvalue w? such that
Biz =0,

which contradicts (3.5). Thus, A has no eigenvalue on the imaginary axis.

Now, we can apply the main theorem of Arendt and Batty [5]: As o(A)NiR is empty (because the surjectivity
of (iwl — A) is equivalent to the injectivity of —w? + A — iwB; B} — iwe'“™ Ba B3 ), we obtain (3.4).

Let us show that (3.4) implies (3.5). For that purpose we use a contradiction argument. Suppose that
there exists an eigenvector ¢ of A of associated eigenvalue A\? such that

By =0.
Let us set

w(., t) = pcos(At).

Then w is solution of (1.2) and satisfies

because
|Bia®) 5, = X*sin® () || Biel, =0
and
IBsw(t =)y, = A sin* (At 7)) [ Bsellp,
< aNsin®(A\(t - 1) | Bielg, =0,
by (1.3). This means that we have obtained a solution of system (1.2) with a constant energy, which
contradicts (3.4). O

4. THE EXPONENTIAL STABILITY

4.1. A priori estimate

In order to obtain the characterization of decay properties of the damped system wvia observability inequalities
for the conservative system we will use the following assumption from [3]:
If 8> 0is fixed and Cg = {\ € C|R\ = 3}, the function

A€ Cs— H(\) = AB*(N*T + A)"'B € L(U) is bounded, (4.1)

where B € L(U, V') with U a Hilbert space.
We consider the evolution system

i(t) + Ay(t) = Bu(t)
{ ’ y(0) =yz)(0 =0, (4.2)
and the following conservative system
O(t) + Ag(t) = 0
{ $(0) = wo, $(0) = w;. (4.3)

Let us recall the two following results proved in [3]:

Lemma 4.1. Suppose that v € L*(0,T;U) and that the solutions ¢ of (4.3) are such that B*¢(.) € H*(0,T;U)
and there exists a constant C > 0 such that

1(B*0) Oll L2 0,r0) < C lwo, wi)lly g V(wo, w1) €V x H.
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Then the system (4.2) admits a unique solution having the reqularity
y e C0,T;V)NnCY0,T; H).

Proposition 4.2. Suppose that v € L?(0,T;U) and that the system (4.2) admits a unique solution having the
reqularity

y € C0,T;V)NCH0,T; H).

Then hypothesis (4.1) holds if and only if B*y(.) € HY(0,T;U) and there exists a constant C' > 0 independent
of T such that

1B*y) Oll 20,70y < CT 0l 20,10

Let w € C(0,T;V) N CY(0,T; H) be the solution of (1.2) with (wg, w1, f°(—7.))T € D(A). Then it can be
split up in the form

W:¢+¢a

where ¢ is solution of the system without damping (4.3), and v satisfies

{ P(t) + AY(t) = —Bi1Biw(t) — B2 B3w(t — 1) (4.4)
¥(0) =0, ¥(0) = 0.
We now set B = (By Ba) € L(U, V') where U = Uy x Us. It is easy to verify that B* = < gi: > e LV, U).
Therefore 1) is solution of ’
5(0) + Av(t) = Bo(@) ,
N o

where v(t) = < _gngl(L;(_t)T) > In other words, 1 is solution of system (4.2) with

B = (B By)
and by Remark 3.2

v = ( _E;Bj(‘f}(_')r) ) € L2((0, T), U).

Then ¢ = w — ¢ € C(0,T;V) N CH0,T; H). Suppose that hypothesis (4.1) is satisfied for B = (B; Bs) and
U = U; x Uy. By applying Proposition 4.2, we obtain

T T
% 2
/0 [(B*9)' I, dt < Ce*T / lo()|17; dt,

which is equivalent to

T T
/O UB5Y g, + 1(B3w [, )dt < CeQﬁT/O (IBi&(®)llg, + 1Bs&(t =)z, )dt.

In particular, we have

T T
X 2 - -
/O 1(Biv)' ||y, dt < CeQﬁT/O (IBfa®)lIg, + B3t — )l )dt.
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Therefore, since w = ¢ + 1, we have

IN

/0 I(Bio) ()], dt 2(/ 1(Biw) ()13, dt + / ||<Brw>'<t>||Uldt>

Ce?T /OT (IBr&) )17, + (B3 = DI, ) dt.

IN

Thus, we have proved the following result:

Lemma 4.3. Suppose that assumption (4.1) is satisfied for B = (By Ba), U = Uy x Uy. Then the solutions w
of (1.2) and ¢ of (4.3) satisfy

T T
X 2 - .-
/O 1(B1¢) ()|, dt < CeQﬁT/O (IBfO 7, + B3t — )7, )dt,
with C' > 0 independent of T'.

4.2. The stability result

Theorem 4.4. Assume that hypotheses (1.3) and (4.1) are verified for B = (By Bg), U = Uy x Uy. If there
exist a ttime T > 0 and a constant C > 0 such that the observability estimate

1 2 T « 2
|4two| +lenly < C / |(B1) (1)1, dt (4.6)

holds, where ¢ is solution of (4.3), then system (1.2) is exponentially stable in the energy space: there exist
C > 0 independent of T and v > 0 such that, for all initial data in H,

E(t) < CE(0)e ™" Vvt > 0. (4.7)

Proof. Let w be a solution of (1.2) with initial data (wo, w1, f°(—7)) € D(A).
Without loss of generality, we can always assume that (4.6) holds with 7' > 7 and C' independent of .
Integrating inequality (3.3) of Proposition 3.1 between 0 and T, we obtain

T
B0) = B(T) >C [ (15001, + B -, )
C " (1 e - c (o,
>5[ (1B, + 1B -0l de+ 5 [ 1Bt - 17, d
0 0

T T
> Ce~2°T (/O (B o) ()17, dt+/0 1Byt — )12, dt) by Lemma 4.3.

By assumption (4.6), we obtain

9 T
E(0) — E(T) > Ce 2" (HAéwOHH + |l + / B3t —)II7, dt>,
0
with C independent of 7. As T" > 7, by change of variables, we have

T T—1
* . 2 * o 2
| iBsee—nli,a = [ e, a

—T

0 1
/ IB3o(t)|3, dt =7 / 1By (—rp) |2, dp.

-7

Y
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The two previous inequalities and (3.1) directly imply that

2 1
mmmﬂzc@mﬂQp%wH+Mﬂz+&/Www<mma@)
0
with ¢/ = C/(2/a — 1). This means that for 7' > 7, we have
E(0) — E(T) > C'e= T E(0).

This estimate is equivalent to
E(0) — E(T) > C'e” T E(T),

because the energy is decreasing, which leads to
E(T) <~vE(0),

W < 1. Applying this argument on [(m — 1)T, mT], for m =1, 2,... (which is valid because

the system is invariant by translation in time), we will get

where v =

E(mT) < vE((m — DT) < ... <™ E(0).

Therefore, we have

E(mT) <e "™ TE0), m=1,2,..
with v = 1 In % = 1 In(1+C’e~?T) > 0 which depends on T and thus on 7 (because T > 7). For an arbitrary
positive ¢, there exists m € N* such that (m —1)T < t < mT and by the non-increasing property of the energy,
we conclude

E(t) < E((m —1)T) < e m=VTE(0) < —e " E(0).

2~

Hence the energy decays exponentially with the decay rate v = 1 In % =2 In(1+Ce?T) < LIn(1+C'e™207),
because T' > 7. Notice that the constant C' of (4.7) can be chosen such that C > 1+ C” (which is independent
of 7) because % =1+Ce 2T <14 C".

By density of D(A) into H, we deduce that (4.7) holds for any initial data in H. O

Remark 4.5. In the previous theorem, we have seen that the decay rate is v = %m% = %111(1 + C'e™20T) <

%hl(l + C’e™2P7) because T > 7 and where C’ is independent of 7. Therefore, when 7 becomes larger, the
decay rate is slower.

Remark 4.6. Notice that the sufficient condition (4.6) for the exponential decay of the energy is the same than
the case without delay (see [3]). Therefore, if the hypothesis (4.1) holds and if the dissipative system without
delay (i.e. with By = 0) is exponentially stable, then the system (1.2) is exponentially stable.

5. THE POLYNOMIAL STABILITY

In some cases, the decay of the energy is not exponential, but can be polynomial. Our aim here is to give a
sufficient condition that yields the explicit decay rate.
The proof of this stability result requires the next technical lemma proved in [2], Lemma 5.2.

Lemma 5.1. Let (ex)r be a sequence of positive real numbers satisfying

ers1 < e — Celth Wk >0, (5.1)
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where C' > 0 and p > —1 are constants. Then there exists a positive constant M (depending on u and C') such
that

ey < ———— VK20,
(I1+k)T+r
: 4 \TH
Moreover we recall the following interpolation result.
Lemma 5.2. For (wg, w1) € D(A) x V, we have
m+1 m
w742y < ClwollBoa ool g

+1
lorl 5t < ClonllZ g, ol pa-a,

where C > 0.

Proof. If we denote by {Ax,}, the eigenvalues of Az counted without multiplicity, ,, the multiplicity of the
eigenvalue A, and {ow, 1;}, <j<i1,—1 the orthonormal eigenvectors associated with the eigenvalue A, , this

n?

. : : 2 ln—1 2 \4s
lemma is a direct consequence of the equivalence |ulp 4oy ~ 2,51 22700 [k, 4] Ape for all s € R, when

U=y .5 Zé’g}l Uk, +j Pk, +; and of Holder’s inequality with p =1+ L and ¢ = m + 1. O

As for (wo, w1, fO(—7.))"T € D(A), wp is not necessarily in D(A), we can not apply Lemma 5.2 to wy, and
therefore we need to make the following hypothesis: there exists C' > 0 such that for all (wg, w1, z)" € D(A),
we have

m—+1

lollv™" < Cll(wo, wrs 2)lIpeay lwoll  ,25m - (5.2)

Theorem 5.3. Let w be a solution of (1.2) with (wo, w1, fO(—7-))" € D(A). Assume that the hypotheses (1.3),
(4.1) and (5.2) are verified for B = (By Bg), U = Uy x Uy. If there exist a positive real number m, a time T >0
and a constant C > 0 such that

D(A™=

T
N 2
| nBzey @1, dr > € (Ll m + el e, (53)

holds where ¢ is solution of (4.3), then the energy decays polynomially, i.e., there exists C > 0 depending on m
and T such that, for all initial data in D(A),

C

(o, w1, FO=mD|pay V>0 (5.4)

Proof. As the hypothesis (4.1) is satisfied for B = (By Bz), U = Uy x Us, by using Lemma 4.3, we obtain

T
% - 2 * - 2 — 2 2
| (1B, +1mset - nlE,) ez coT (ki + loalgan, )
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On the other hand, integrating the inequality (3.3) of Proposition 3.1 between 0 and T™* for T* large enough:
T* > max(T, ), we have

.
* k. 2 3 2
E(0) - E(T") > C / (IBfo@IZ, + B3 — )13, )dt
C ” % - 2 % - 2 C ” * - 2
A e T A e TR
> 0o (ol i, + Dol + 7 / B3l 00).

by change of variable (because T* > 7). Therefore

1
* — * 2 * - 2
B < BO) - Kae T (Junlly i + ol + 7€ [ 1Bl a0). 69

for some K7 > 0 independent of T and 7.
Therefore, by (5.2), the previous interpolation result of Lemma 5.2 and a convexity inequality, we have:

m—+1 m—+1 m—+1
o, wDllys < € (ol P + o)
< C (H(wov w1, fo(*T'))HD(_A) ”wO” *2”) + ||W1||7;(A%) ||W1||D(A%))
<

c ”(wm w1, fO(—T-))Hg(A) (HWOH 5 + le”D(A’é‘))'

Denoting by X_,, = D(A"2") x D(A~%), we have shown that

2m—+2
[ (wo, W)l s

(o, wi)llx_,, > C (5.6)
[(wo, wi, fO(—T ))”D(A)
Now introduce the modified energy
- 1 2 1 2 2
B(t) = 5 IV = 5UUG5 + AU @17)-
As in Proposition 3.1, this energy E is decaying.
Combining estimates (5.5) and (5.6), we obtain
2m-+2
. wp, W
B(r) < B0) - Koot (Lt o [ yiorp, ap),
E(0)™ ’
for some K5 > 0 independent of T* and 7, or equivalently
BT < 01— gae—2or [ 10 @IV o2 .
(T7) < E(0) — Kae W+§T||f (_T')||L2((0,1),U2) : (5.7)
Using the trivial estimate
2m—+2 2 2m
(3 Kan (AT ] | (0,1),Us) — €THfo(_T')HL2((O,1),U2) (&r)™ Hfo(_T')HL2((O,1),U2)

IN

2 n m
7€ Hfo(*T)HH((O, ARG
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the above inequality (5.7) becomes

2m-+2 2m—+2
E(T*) < E(O) o K e_2BT* H(w07 wl)”VXH + (é-T)erl Hfo(_T')H[@((O, 1), U2)
. 2 )"
< FE(0) - K'e—%T*M
- E©O)™

with K’ > 0 independent of T and 7. Since the energy of our system is decaying, we obtain

E(T*) < E(0) — K'e 207" ES@%);H . (5.8)

We now follow the method used in [2]. The estimate (5.8) being valid on the intervals [kT™*, (k + 1)T*], for

any k > 0, we have

E((k + 1)T*) < E(k’T*) B K,e_QBT* E((k —+ ]_)T*)m-l-l.

= (5.9)
E(kT=)m
Setting
E(kT™)
€k = = s
E(0)
and dividing (5.9) by E(0), we obtain
ery1 < e — Kle 20T gt (5.10)

because E(kT*) < E(0). By Lemma 5.1 with g = m — 1 > —1 (as m > 0), there exists a constant M’ > 0

4e%°7"

a1
(depending on m and K’e29T" | and verifying M’ > ( T ) ") such that

M/
ep < ——— Vk >0,
(14 k)m
or equivalently
M’ ~
E(kT") < ———=E(0).
(1+k)m

This estimate and again the decay of the energy lead to estimate (5.4), where C = M'(1 + T*)ﬁ. O

Remark 5.4. Since the proof of the above theorem reveals that C' = M’(14T*)m with M’ > (%) "™ and

T* > 7, the constant C' depends on 7 and when 7 becomes larger, the decay rate becomes slower.

6. CHECKING THE OBSERVABILITY INEQUALITIES

In this section, we show how to obtain the observability inequalities used in Theorems 4.4 and 5.3. Our
method is based on the generalized gap condition. Before giving spectral conditions to obtain exponential or
polynomial decay, we recall some results about Ingham’s inequality.
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6.1. Preliminaries about Ingham’s inequality

Let {Ar}r>1 be the set of eigenvalues of Az counted with their multiplicities (i.e. we repeat the eigenvalues
according to their multiplicities). We further rewrite the sequence of eigenvalues {\; }r>1 as follows:

Mgy < Ay < ooe < Apy <

where k1 = 1, ko is the lowest index of the second distinct eigenvalue, k3 is the lowest index of the third distinct
eigenvalue, etc. For all i € N*, let [; be the multiplicity of the eigenvalue A, i.e.

Ae—1 < Ay = A1 = oo = Aty —1 < Ayt = )\ki+1'

We have k1 = 1, ko = l1, ks = 1 + l2, etc. Let {¢r,+;}o<j<i,—1 be the orthonormal eigenvectors associated
with the eigenvalue A,. We assume that the following generalized gap condition holds:

IM e N*, Iy > 0, Vk > 1, Merar — Ap = M. (6.1)

Fix a positive real number v, < vy and denote by Ay, k = 1,..., M the set of natural numbers k,, satisfying
(see for instance [6])

Mo = Mot 2%
Mo, — Moy <Y form+1<n<m+k—1,

Ak’erk - )‘km+k 1= 70
Then one easily checks that the sets Ay +j, 7 =0,....k— 1, k = 1,..., M form a partition of N*. Notice that
some sets Ap may be empty because, for the generalized gap condition, the choice of M takes into account
multiple eigenvalues.
Now for k,,, € Ay, we recall that the finite differences e,,+;(t), 7 = 0, ..., k—1, corresponding to the exponential
_i’\’“mﬂ't,j =0,...,k — 1 are given by

m+j m+j
emti() = Y T Ok, = Ax,) et

p=m a=m
q#p

functions e

Write for shortness, e_,(t) the same finite differences functions corresponding to —Ag, .
Now we are ready to recall the next inequality of Ingham’s type, see for instance Theorem 1.5 of [6]:

Theorem 6.1. If the sequence (\,)n>1 satisfies (6.1), then for all sequence (an)nez (where Z* = Z\ {0}), the
function
t) = Z anen(t)

nez*
satisfies the estimates

/O Ot~ > anl, (6.2)

nez*
for T > 2—”
Going back to the original functions e**»*  the above equivalence (6.2) means that, for T' > , the function
(from now on A\_j, = —Ag,)

t) = E peMent

nez*
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satisfies the estimates

/O DPa~SS S Bk (6.3)

k=1 |kn|€Ar
where || - ||2 means the Euclidean norm of the vector, for k,, € Ay the vector C, is given by
T
Ckn = (an; LRI an+k—1) )

and the k x k matrix By, allows to pass from the coefficients ay, to ag,, namely

Ck,, = Bkn ! (a’nv SERE) anJrk*l)Ta

n

and is given by By, = (B, ij)1<i, j<k the matrix of size k x k such that

n+j—1
H ()\kn#»ifl - )‘kq)_l ifi < Js (iv ]) 7& (L 1)a
By, ij = ="
kn, 1 g#n+i—1
1 if (i, j) = (1, 1),
0 if i > j.
More explicitly, we have
1 1 1
1 Akyy = Akp i Moy =Mk 1) Py = Ay 5) o O VD R O |
1 DY 1
)‘kn+1_kkn (Akn+1_)‘kn)()‘kn+1 _)\kn+2) ()‘kn+1_kkn)"'()‘kn+1 _)\kn+k—1)
B. — 0 0 1 e 1
kn — (Ak’n+27)\)671')()\1671.#»27)\)671.4»1) ()\k71.+27Ak’n)“.()\kn+27)\kn+kfl)
0 0 0 L

(/\’Cn+k71 —Akp )"'()‘kn+k71 7Akn+k72)

We proceed similarly for n < —1, the indices being decreasing from n to n — k + 1.

Remark 6.2. If the standard gap condition

v >0,Yn>1, Mgy — Ak = %0 (6.4)

n+1

holds, then A; = Z* and B; = 1 and in that case f(t) = Y, .. ane*n? satisfies Ingham’s inequality (see [13]):

T
/O Pt~ > Joml?, (6.5)

nez*

27
for T > o
C1
Now, let U be a separable Hilbert space (in the sequel, U will be Uy). For a vector ¢ = : in U™, we

Cm

set |||y o the norm in U™ defined by

m
2
I = llelly-
=1

Then we obtain the inequality of Ingham’s type in U:
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Proposition 6.3. If we have the standard gap condition (6.4), then for all sequence (ay, )y in U, the function
t) = Z apeNent
nez*

satisfies the estimates

T
/Onu 2 dt~ 3 flanl?

nezx*
for T > 2.
Yo

Proof. As U is a separable Hilbert space, there exists a Hilbert basis (¢ )g>1 of U. Therefore, a,, € U can be
written as
—+oo
ap = Z aﬁwk-

K
We truncate a, as follows: for K € N*, let an Zakwk and set ug(t Z( Z a, kgl t )wk Since
k=1 k=1 nezZ*
(r)k>1 1s a Hilbert basis, we have by Fubini’s theorem

E a elAkn

nez*

luxc (D)5 = Z

k=1

Thus, by applying Ingham’s inequality (6.5), we have

T 2
/O lurc@®)|Zdt =

ij:/ Zae“’“n

nez*

Therefore "
2
2
| @l at ~ Y a0
0 nez* v
As ug — uw and aéK) — a, when K — 400, we obtain the result. O

In the same way, we obtain an Ingham’s type inequality in a Hilbert space U in the case of the generalized
gap condition (6.1).

Corollary 6.4. If the sequence (A)n>1 satisfies (6.1), then for all sequence (o )nez~ in U, the function
— Z anei)‘k"t,
nez*

satisfies the estimates

U,2» (66)

/ DRa~SS S 1B

k=1 |k,|€A)
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Ckn = (ana .. 'aanJrkfl)T € Uk

6.2. A first observability inequality

Proposition 6.5. Assume that the generalized gap condition (6.1) holds and that Uy is separable. Let ¢ be the
solution of (4.3) with (wo, w1) € V X H. Then there exists a time T > 0 and a constant C > 0 (depending on T')
such that (4.6) holds if and only if

3y >0,Vk=1,...,M, Vk, € Ay, V¢ € R*" || B '@y, &

o2 = V€. (6.7)

where the matrixz @y, with coefficients in Uy and size k X L,,, where Ly, = Zlnﬂ-,l — 1, is given as follow: for
i=1
alli=1,... k, we set

) BiWknyiati—Lnia W Lnic1<J < Lng,
(P, )i = { 0 else,

where
Ln,O = 07

Ly;= Zlnﬂ-/,l -1 Vi>1. (6.8)

Proof. We first show that (6.7)=(4.6). Writing

li—1

wo = E E ki +5Phi+j

i>15=0

and
l;—1

=3 bkt Pt

i>1 =0

where (A, ak,+5)i, 55 (Oki+j)i, ; € [2(N*), then the solution ¢ of system without damping (4.3) is given by

I;i—1

b,
ZZ (ak +j cos(Ag,t) + )\ * sin(Ap, t)> Dhytj-

i>13j=0

Consequently
li—1

(Bio)'( ZZ — k4 Ay SI( Ak, 1) + b, 45 cOS(Ak, 1)) BY k45

i>135=0
By grouping the terms corresponding to the same eigenvalue, we get

li—1 ljfl
(Bio) (1) = Y| D —ahissBierts | M sint) + Y D bk Bigniys | cos(A,t)
i>1 \ j=0 i1\ j=0

— E anelkkn t ,

nez*
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where
1 (= lpy—1
- = . * . 3 . * .
Qp = ) Zbkn-'r]Bl Pk +i +1 Zakn_;,_]Bl Py +j )\kn n > 17
j=0 j=0
1 ly—1 1 —1
Qn =5 ZbknJerikSDknJrj —1i ZaknﬂB’fgpk"ﬂ- Mk, Vn > 1.
=0 i

Integrating the square of the norm of this identity between 0 and 7" > 0 and using Ingham’s inequality (6.6)
in Uy, for T large enough, we get

T
/O|\<Bl<z> Wascy S | o

k=1 |kn|CAx
where Cj, = ((n, ..., Qnir—1)" is a vector of UF.
But for all k,, € Ay, setting
A~kn - ()\kn Akps - -y >\k7Lak7L+l7L717 >\kn+1akn+l’ B >‘kn+1akn+1+ln+171a R
)‘kn+k71akn+k71a v 7)‘kn+k71akn+k71+ln+k71—1)T )
Bkn = (bkn7""bkn+ln_17bkn+l7"'7bkn+1+ln+1_17"'7bkn+k—17"'7

T
bkn+k71+ln+k71*1) ,

we readily check that

/()T||<Br¢>'<t>||?hdtzc§ > (HB @i, A,

k=1 |k,|€A

2
2/’

o+ HB o, B,

Hence the assumption (6.7) yields

Y

B

o> 3 (Janl;

k=1|kn|€ Ak

o (|Jasen] + o)

because (¢, +i)n,i is an orthonormal basis associated with the operator Az,
It remains to show that (4.6)=-(6.7).

)

/0 I(Bio) ()3, dt

Let k£ = ,M and k, € Ap be fixed. Take wy = Z:H: ! Zéﬁol Akt P+ and wy =
Z?::fl Zé 701 bk +§%k;+j- Then the solution ¢ of system (4.3) is given by
ntk—11,—1

b
Z Z (ak 15 €O8(Ak, ) + ;ﬂ sin(Ag, t)) Phitj>

and then
n+k—110;—1

(Bio)'( Z Z — Qi+ Ak SIN(Ar; 1) + b, 15 €O8(A; 1)) BT r,+;-
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Applying again Ingham’s inequality, we get for T' large enough and Akn, Bkn defined above

2

T 2
% 2 _ e _ -
| 1B o, a~ |Blen A+ |Ble B
0 1,

U2
By (4.6), we obtain
—1 A 2 —1 H 2 1 2 2
HBk Py, A, + HBk @kakn‘ >C ’AWOH + e[l
" Uy,2 n Uy,2 H
ntk—11;—1
=C D D (af M, +bEy), (6.9)
i=n ;=0
for some C' > 0. Hence we conclude that
-1
HBkn q)k"EHUl,z > H§||2 .
This ends the proof. O

Remark 6.6. If the standard gap condition (6.4) holds, then 4; = N* and By = 1. In this case, the assump-
tion (6.7) becomes
37> 0, Vhn > 1, V6 €R™, ||, £y, = vIIE], -
Moreover, if the standard gap condition (6.4) holds and if the eigenvalues are simple, the assumption (6.7)
becomes
3> 0, % > 1, |Bigillg, > 7.
Remark 6.7. The above Proposition 6.5 yields a time T" > 0 and a constant C' > 0 depending on T such that

(4.6) holds but the time T and the constant C' do not depend on the delay 7. Hence if the minimal time 7' is
not strictly greater than 7, by choosing 7" > max{T, 7}, we still have

1 2 T/ * 2
|ateo| +lniy < / I(B18) (1)), dt,

with the same constant C' as before and that does not depend on 7. This means that under the generalized gap
condition (6.1), the condition (6.7) is equivalent to the sufficient condition of Theorem 4.4.

6.3. A second observability inequality

Proposition 6.8. Assume that the generalized gap condition (6.1) holds and that Uy is separable. Let ¢ be the
solution of (4.3) with (wo, w1) € V X H. Then for a fized real number m > 0, there exist a time T > 0 and a
constant C' > 0 such that (5.3) holds if and only if

Fy >0,k =1,..., M, Vk, € Ay, V€ € RE, || B oy g, , > Alm €l - (6.10)
’ kn
Proof. The proof is similar to the one of Proposition 6.5 because
ln—1 ln—1
1 _ 2(1-m) —2m
ZA%;_” Z (ainﬂ‘)‘in + binﬂ‘) - Z Z (aiﬁj)‘kn "+ binﬂ‘)‘kn )
n>1 " =0 n>1j=0
2 2
~ ||w0||D(A1;’") + ||w1||D(A*%‘)'

The details are therefore omitted. O
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Remark 6.9. If the standard gap condition (6.4) holds, the assumption (6.10) becomes

~
2~ Il -

Iy >0, Vkn > 1, VE € R ||y, |, > o
kn

Moreover, if the standard gap condition (6.4) holds and if the eigenvalues are simple, the assumption (6.10)
becomes -
kﬂ,

A remark similar to Remark 6.7 can be made for polynomial stability.

7. EXAMPLES

We end up this paper by considering different examples for which our abstract framework can be applied.
To our knowledge, all the examples, with the exception of the first one, are new.

7.1. A wave equation on 1-d networks with nodal feedbacks

In this section we show that the result obtained in [17] enter in the framework of this paper. Obviously we
will use the same notations for a network that in [17] that we briefly recall (for more details see [17]). We denote
by € ={e;; 1 <j < N} the set of edges ¢; of length I; > 0 of a given network R and V the set of vertices of R.
For a function u : R — R, we set u; = u., the restriction of u to e;. For a fixed vertex v, we set

Eo={je{l,..,N};vee}

If card(&,) > 2, v is an interior node. Let Vi be the set of interior nodes. If card(€,) = 1, v is an exterior
node. Let Voxt be the set of exterior nodes. For v € Vo, we set €, = {j, }.
We now fix a partition of Veyy:

Vext = DUN UV, where D # ().
We actually will impose Dirichlet boundary condition at the nodes of D, Neumann boundary condition at the
nodes of N and finally a feedback boundary condition at the nodes of V¢ . We further fix a subset V5, of Vint
where a feedback transmission condition will be imposed. By shortness, we denote by V. the set of controlled
nodes, namely

Ve = Vine U Ve
We here consider the following initial and boundary system:
62Uj 82Uj .
uj(v, t) = w(v, t) = u(v, t) t>0,Vj,1l€&,veE Vi
gTuj(v, t) = —agv)%—?(v, t) — ag”)%—?(v, t—71) t>0,Yve,
JEEY
gTu;(U, t)=0 t>0, Vo € Vine\VE, (7.1)
JjEEY .
uj, (v, t) =0 t>0,YveD
gZﬁZ(W):O t>0,VoeN
v, t—7)=ft—7) YweV.,0<t<T,

where agy) > 0 are fixed non-negative real numbers and the delay 7 is positive.
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To rewrite this system in the form (1.2), we introduce
H=L*R)={u:R—Ryu; € L*0,1;),¥j=1,..,N}

and the operator

D(A H
A { @ - - (7.2)
(pi)i = (—a=ei)i
where
N 0p; dp;
D(A) = Qe e VOTTH 0, 1) 3 5= 0) =0, Y0 € Vs 522 (0) =0, 0 e N UVi 0y (73)
j=1 JEE, J Jv
and
N
Vi=<pe HHl(O, 1)+ pj(v) = pr(v) ¥y, k€&, Yv € Vi ), (v) =0, Vv €D
j=1
The operator A is self-adjoint and positive with a compact inverse in H. Moreover
D(A?7) = V.
We now define U = Uy = Uy = RY* | where V, is the cardinal of V., with norm ||.||;; = |.||, and the operators B;
fori =1, 2 as
U — D(Az)
Biiy kvev. = Dy alko,. (7.4)

vEV,

It is easy to verify that B (p) = (\/agy)cp(v))fevc for o € D(A?) and thus B;B: (¢) = > vev, agy)cp(v)év for
¢ € D(Az). Hence the system (7.1) can be rewritten in the form (1.2).
We notice that (2.5) is here reduced to

W <as<1 VeV, Y (aew) <ad (0 e(),
vEV, vEV,

and therefore, the system (7.1) is well posed for aév) < aﬁ” for all v € V. by Theorem 2.1, and the energy is

decreasing for aév) < 04(1”) for all v € V., by Proposition 3.1.

By Proposition 6.2 of [7], the generalized gap condition (6.1) holds with M = N + 1.
We know, by [17], that the hypothesis (4.1) is satisfied. Moreover, the hypothesis (5.2) is verified because
+1
ol < O ol ol

Cllwo, w1, 2)lpeay lwoll  y15m »

A

IN

N
where X =V N (HHQ(O, lj)), by using Corollary 6.4 of [17].
j=1
Now we define Uy, (v) the matrix of size k x L,, by: for alli =1, ..., k, we set

N Phnyi—1+i—Ln,i-1 (’U) if Ln,ifl <j< Ln,i,
(W, (v)ij = { 0 else,
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%

where L,, o =1 and L, ; = Z(lnﬂ-/,l —1) for i > 1. Then, for all ¢ € Rl we have

=1
1B @tlly, , = D ob B ek, )l
vEV,
= Y ak&" Uy ()T BB W, (v)€
vEV,
= (T (Z oy Wy, ()BT B, Uy, (u)> €.
vEV,.

Therefore by setting

MFbn = Z allllfkn (U)TB,;LTBI;}\IIM (v),
veEV,

we see that assumption (6.7) becomes
By > 0, Vk € {1, 00, M}, Vhn € Ag, Amin(MF7) > 5,

and the assumption (6.10) becomes

Im eR:, Iy >0, Vk e {1,.... M}, Yk, € Ag, Anin(MFn) > o

n

which corresponds respectively to the conditions (6.8) and (7.4) from the paper [17], because Ay ~ %%, where

7R
N

L=>Y 1
j=1

Note that if the standard gap condition (6.4) holds and if all eigenvalues are simple (i.e., I, = 1), then the
condition (6.7) becomes

Fy>0,vk>1, > i g(v)]® >, (7.5)
vEV,

while the conditions (6.10) becomes

ImeRY, Iy >0,Vk>1, > ot e (v)* >

> L. (7.6)
VEV, )\k

Consequently, we find again all the results from [17] (see for instance the examples treated in Sect. 7 of [17]),
here we can even precise the dependence of the decay rate with respect to the delay 7.

7.2. An Euler-Bernoulli beam with interior damping

We consider an Euler-Bernoulli beam of length 1 with interior damping and a delay term at £&. Two types of
boundary conditions will be considered. Without delay, these two problems were analyzed in [2,3], where some
decay rates similar to the ones proved below were obtained.
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7.2.1. Mized boundary conditions

We consider the following initial and boundary system:

2 4
G (x, t)+ L2 (x, ) + o1 Z2(E, )0 + 22 (§, t—7)5e =0 0<z<1,t>0

2 3
w(0,t)=9%2(1,t)=5%(0,t) = 24(1,t) =0 t>0 (77)
w(z, 0) = wo(x), %—f(x, 0) = wi(x) 0<z<l1
Qo t—1)=fot—7) 0<t<T,

where € € (0, 1), a1, ag > 0 and 7 > 0. To enter into the framework of Section 1, we rewrite this system in the
form (1.2). For that purpose, we introduce H = L?(0, 1) and the operator

d4

A:D(A)HH:(pr—»@cp (7.8)

where D(A) = {¢ € H*0, 1); ¢(0) = %(1) = %(0) = &(1) = 0}. The operator A is self-adjoint and

Ox3
positive with a compact inverse in H. We now define U = U; = Us; = R and the operators B; and B> as

B;:U — D(A?Y : ki Ja; kbe,i=1,2. (7.9)

It is easy to verify that B; (¢) = \/aup(§) for ¢ € D(A?) and thus B; B () = a;p(§)0¢ for ¢ € D(A?) and
i =1, 2. Then the system (7.7) can be rewritten in the form (1.2). We notice that (2.5) is equivalent to

VD<a<l, as <aaq,
and consequently, this system is well posed for as < @1 by Theorem 2.1, and the energy is decreasing for

as < a1 by Proposition 3.1.
Let us now state the next well-known results about the spectral properties of A.

Proposition 7.1. The eigenvalues of the operator A defined in (7.8) are simple and are given by A7 = (ZH )4
of associated eigenvector i (x) = ﬂsin(leﬂx), for all k € N. Consequently the standard gap condition (6.4)
holds, i.e., there exists a constant vy > 0 such that
Met1 — A =7 >0 VEk >0,
and moreover for all k >0, | Bi ¢k ly, = v20q |sin((km + 3)E)]| .
The hypothesis (4.1) was verified in [2]. Moreover, we have by Lemma 2.9 of [19]:

Lemma 7.2. & is a rational number with an irreductible fraction
P .
& = =, where pis odd
q
if and only if there exists a constant v > 0 such that

Vk > 1, ‘sin ((lm + g){)‘ > .
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Therefore, by applying Proposition 3.4 and Theorem 4.4, we obtain the following results:

Proposition 7.3. Assume that as < «1. Then
(1) The energy of system (7.7) decays to 0 if and only if

§#2k+1 m,k € N.

(i4) The energy of system (7.7) decays exponentially if € is a rational number with an irreductible fraction
p .
& ==, where p is odd.
q

Remark 7.4. As mentioned before, in the case as = 0 we recover the results from [2].

7.2.2. Other boundary conditions

We here consider the following initial and boundary system:

T (x, t) + L (x, 1) +a1“;—f(§ )0 + a2 (6, t—71)5c =0 0<z<1,t>0

w(0,8) =w(l, ) = 55(0,£) = $5(1, 1) =0 £>0 (7.10)
w(z, 0) =w ()7 8t( ),wl(m) <<l
%(e t—7)= 1Ot~ ) 0<t<r

where £ € (0, 1), a1,a3 > 0 and 7 > 0. This system (7.10) is not exponentially stable if ap = 0 as shown in [3].
Hence we only consider the polynomial decay of system (7.10). As before we rewrite this system in the form
(1.2) by introducing H = L?(0, 1) and the operator

d4

A:D(A)—>H:<p»—>@<p

(7.11)

with D(A) = {¢ € H*0, )NV ; E‘E(O) = 3—2‘{,3( 1) =0}, V = H?(0, 1)NH(0, 1). The operator A is self-adjoint
and positive with a compact inverse in H. We then define U = U; = Us = R and the operators By, Bs by (7.9).

Then the system (7.10) can be rewritten in the form (1.2) and consequently, this system is well posed for
ag < ay by Theorem 2.1, and the energy is decreasing for as < a1 by Proposition 3.1.

The spectral properties of A are well-known and can be summarized as follows:

Proposition 7.5. The eigenvalues of the operator A defined in (7.11) are simple and given by N\ = kin* of
eigenvector oy (x) = /2sin(krx), for all k € N*. Therefore there exists a constant v > 0 such that the standard
gap condition (6.4) is verified and moreover

1Bi¢klly, = v2ai [sin(kmg)]| .

Hypothesis (4.1) was verified in [3]. Let us prove that the condition (5.2) is satisfied.
Lemma 7.6. Let m € RY. Then there exists C > 0 such that for all wy € X = {u €Viulp,e € H(0, &),
w1y € HY(E, 1), %(0) = %(1) = 0}, we have

+1
v S Clwollx llwoll )y 15m

Jwolly e’

) )

where the natural norm in X is given by |lul|% = [Jul|%. a0,6) T HUHH4 (1)
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Proof. Let us fix a cut-off function n € D(0, 1) such that n = 1 in a neighbourhood of £, n = 0 on [% + £, 1}
and n =0 on [O, 3} Since (1 —n)wp € D(A), by Lemma 5.2, we have

1L = mwolly ™ < C L = mwoll 11— m)wol

Since (1—n) )
- _ —1n)wo, ¥
I =mwoll  ya5m ) = SUP Yol e
peED(A™2) A
_ (wo, (1=m)p)
= sup ol mes

A
Q
€
=
T
:

for some C' > 0 (depending on 7) we get

1L = mwolly < C llwoll; lwoll 25 - (7.12)

In a second step, we set

wi(z)=n —2)we(§ —xz) f0<az<l:=¢
wa(z) =nz+wo(z+¢&) fO0<z<ly:i=1-C¢

For any j = 1, 2, we introduce the following extension of w;:

(Bo)j@) =wi@)  ifze (0,
(Bw)-j(x) = S views (—2'2) i 2 € (—2-(11;,0),

where w; is extended by zero outside its support and the real numbers v; are the unique solution of the system

Z? 01 v =1

— iy =1

S 2%y =1

—S Yy =1

S 2y =1, Yk =1,...,n — 4,

and finally n € N* is chosen large enough such that n > m + 3.

We obtain an extension of w to a function Ew, which belongs to D(A) (due to the four first properties of the v;),
where A is the positive operator <L on the star shaped network S = Uj—1,2(0,1;) JUj=1,2(—2~ 11, 0), with
interior vertex & (identified to 0) and Dirichlet boundary conditions at all other vertices.

Therefore, we can apply the interpolation lemma 5.2 to A and then write

+1
1EWIT 3y < ClElpeay 1B, 42

But we easily check that
m < B ||

Imaoll 7257y <

w|»~
~

Consequently, we have

1
lnwol™F s < CIEwl B a) 1Bl ;1m

D(A2) - D(A )
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Moreover, as F is an extension operator, we have

1Ewlpay < K llwollx

and thus
m+1
ool 72y, < C llnll% NBw i
To estimate the last factor, we use a duality argument. We write
E
1Bl g = s 7'( SR
peED( D(A

For ¢ € D(A%), we have
[poo= % [[a@awas Y [ )y (e)py () .
j=1,2 o /=2y
By changes of variables, we obtain
[ o= 3 [ wwwa,wa,
j=1,2
where
(Fo)j(x) =@j(z) + x;(x ZWQ w;j(—=27"2) Yz € (0,1;),

the cut-off function x; being fixed such that y; = 1 on [0,2l;/3] and x; = 0 on [5,;/6,1,] (reminding that
m—1 )

wj(x) = 0 for > 21;/3). Now we notice that the conditions on v; guarantees that Fy belongs to D(A™=
and by Leibniz’s rule we have

1Pl mpr) < Cllel g

Therefore

Bwp < Cllwll, y15m Nl
/é: DA D(A

By duality, we conclude that

[Ew]l <Ol

Consequently, with the previous inequalities, we obtain

m—+1
Inwolly 43y < Cllwllx flw] (7.13)
The conclusion follows from (7.12) and (7.13). O

This lemma leads to (5.2). Indeed for (wg, w1, z) € D(A), we have

m—+1

lwollv™ < Cllwoll’x llwoll

< Cl(wos w1, 2)(ay lwoll

Now, we denote by S the set of all real numbers p such that p ¢ Q and if [0, a1, ..., @y, ...] is the expansion
of p as a continued fraction, then the sequence (a,) is bounded. It is well-known that S is uncountable and
that its Lebesgue measure is zero. Roughly speaking, the set S contains all irrational numbers which are badly
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approximated by rational numbers. In particular, by the Euler-Lagrange theorem, S contains all irrational
quadratic numbers (i.e. the roots of a second order equation with rational coefficients). By a classical result,
we have:

Lemma 7.7. If s € S, then there exists a positive constant v such that

|sin(kms)| > Vi > 1.

ENNES

Therefore, by applying Proposition 3.4 and Theorem 5.3 with m = %, we obtain the next results:

Proposition 7.8. Assume that as < 1. Then
(1) The energy of system (7.10) decays to 0 if and only if £ is irrational.

(i1) The energy of system (7.10) decays polynomially like ﬁ if € belongs to S.

Remark 7.9. Again in the case as = 0 we recover the results from [2,3].

7.3. Examples with distributed damping terms
7.3.1. A non homogeneous string with distributed damping terms (1-d)

We consider the following initial and boundary system:

G (. t) = G (a, ) +ar g (w, ), + ey (@ t=)xjs, =0 in (0, 1) x (0, o0)

w0,t)=w(l,t)=0 t>0
(7.14)
W(:L', 0) - WO(x)a %(xa 0) = Wl(x) in (07 1)
%—f(m,t—r)zfo(x,t—r) in Iy x (0, 7),

where here and below x|; denotes the characteristic function of the set I. In the remainder of this subsection
we assume that aq, as > 0, 7 > 0 and

I,cIL Clo,1].
Later we will need that
36 €0, 1] and € > 0: [0, d + €] C I4. (7.15)
We rewrite this system in the form (1.2). For that purpose, we introduce H = L?(0, 1) and the operator

2
A:D(A H - 7.16

(A) = H: o= =750 (7.16)
where D(A) = HL(0, 1) N H2(0,1) and V = D(A2) = HZ(0, 1). The operator A is self-adjoint and positive
with a compact inverse in H. We then define U; = L? (I;) and the operators B; as

Bi:U—HCV : ke Jaikx, (7.17)
where k is the extension of k by zero outside I; (which defines an element of L2(0, 1)).

It is easy to verify that B} () = \/aip;, for ¢ € V and thus B; B} (@) = a1, x|1, = x|, for ¢ € V and
i =1, 2. Then the system (7.14) can be rewritten in the form (1.2). Moreover

* 2 2
n&wm:%[wwm
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Therefore, we notice that (2.5) is equivalent to

V<a<l, a |<,0|2dx < aoq/ |<,0|2 dz,
12 Il

and consequently, this system is well posed for as < @1 by Theorem 2.1, and the energy is decreasing for
ao < a1 by Proposition 3.1.

Proposition 7.10. The eigenvalues of the operator A defined in (7.16) are simple and given by A3 = (km)?
of associated eigenvector pi(x) = \/2sin(krz), for all k € N*. Hence there exists a constant o > 0 such
that the standard gap condition (6.4) holds. Moreover if (7.15) holds, then there exists v > 0 such that
VE =1, [|Bigklly, = -

Proof. Tt is well-known that the eigenvectors of the operator A are ¢(x) = +/2sin(krz) of eigenvalue
(km)2, k > 1 of multiplicity 1. Hence, the standard gap condition (6.4) is verified.
From the definition of Bf we have

2 2
|Biorlly, = a1y lee(z)]”da S
" +e
> 2a1f5 |sin( kﬂ'x| de = oy x—%h
> ar(e— =) > s,

for k > E(Z)+1 =: k., where E(z) is the entire part of z. This leads to the conclusion because for k € {1, ..., kc},
we have

d+€
/ |sin(krz)|* dz > 0. O
s

Lemma 7.11. The operators A and B = (B1B3) € L(U, V') where U = Uy x Uy satisfy assumption (4.1).
Proof. Let i € {1, 2} and ¢ € L?(I;). It can be easily checked that v = (A\? + A) ™! B,y satisfies

N — L8 = Jmov
{ 0(0) = v(1) = 0. (7.18)

As v € L*(0, 1), v can be written as
o0
v = ch@k-
k=1
By replacing v in (7.18), ¢, must satisfy

Q;

Ck = 33 9 (@7 (pk‘)7
A2+ N2
and therefore -
TIPS
= Z 2 2 ((107 @k) Pk -
k:l)\ + AL
Moreover
2 N N
X0l Z20.0) = D oo ;i [(@, ¢r)|” -
k=1 k
Now, we set z = m#ﬂ and, if A = § + iy, with y € R, then
k
ﬁ2 + 2
|2 = s <o),

(8% —y* + X)* + 465%y°
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2 2
where C(3) is a positive constant depending only on 3. Indeed, if y? < %, then

2 2
WP L Y
() ()
2 2
which is bounded uniformly in &, and if y? > ﬁ%)‘, then

122 < 3%+
BT
which is a decreasing function with respect to y and thus

2+A2
2< ﬁ2+6 2 k
— ﬁ2+)\2 )

which is again uniformly bounded in k. Therefore, we have

E

IM0l220.1) < CB): S 1@, @) > < CBaillgllZaqs,,
k=1

which leads to
* 2 2 2 .
H)\BjUHL2(Ij) < Qj H)‘U”LQ(O,l) < C(ﬂ)aiaj ”(pHL?(Ii) , Vje€ {]-a 2}
Consequently, the operator A\ — )\BJ*»()\I + A)~1 B, is bounded on Cjs and the lemma is proved. O

Therefore, by applying Theorem 4.4, we obtain:
Proposition 7.12. If as < a1 and (7.15) holds, then the energy of system (7.14) decays exponentially.

7.3.2. The wave equation with distributed damping terms

Let 2 be an open bounded domain of R", n > 1, with a boundary I of class C?. We assume that I is divided
into two parts I'p and 'y, t.e. T =Tp Uy, with Tp NIy =0 and I'p # (). Let

0, C O, CQ
such that O; is an open neighborhood of I'y (i.e. I'y C 907). Moreover, we assume that o € R™ is such that
(x —x0) v(z) <0 Vrelp. (7.19)
We consider the following initial and boundary system:

2 .
6_w(1,’ t) - AW(IL', t) + al%(ma t)X\Ol + QQ%(Za t— T)X|Oz =0 inQx (07 OO),

ot
w(z, t)=0 on I'p x (0, 00),
%(Jc, t)=0 on I'y x (0, 00), (7.20)
e, 0) = wo(a), 22(z, 0) = wn(x) in 0,

a—f(x,th):fO(:E,th) in Oz x (0, 7),
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where g—‘l‘j is the normal derivative of w and ay, g > 0, 7 > 0. In order to reformulate this system in the form

(1.2), we introduce H = L?(Q2) and the operator
A:D(A)— H : o— —Agp (7.21)

where D(A) = {¢ € V N H?(Q): %E(m) =0onTy} and V = D(Az) = {¢ € H'(Q): ¢ = 0onI'p}. The
operator A is self-adjoint and positive with a compact inverse in H. We then define U; = L?*(O;) and the

operators B; as
Bi:U—HCV : ke Jaikxo, (7.22)

where k is the extension of k by zero outside O; (which defines an element, of L?(Q)).
It is easy to verify that B (¢) = \/aip|o, for ¢ € V and thus B; B{(¢) = aipjo, X0, for ¢ € V and i = 1, 2.
Then the system (7.20) can be rewritten in the form (1.2). Moreover

2 — o / lo|? dz,
O;

i

1B ¢l

and therefore (2.5) is equivalent to

30<Oé§1,0{2/

lo|* dz < aoq/ | d.
O2 O1

Consequently, this system is well posed for as < a3 by Theorem 2.1, and the energy is decreasing for as < ay
by Proposition 3.1.

To obtain the exponential decay of system (7.20), we simply check the observability inequality (4.6) and
hypothesis (4.1), which are the aim of the two following propositions.

Proposition 7.13. There exists a time Ty such that for all times T > Ty there exists a positive constant C
(depending on T') for which the observability inequality (4.6) holds for any reqular solution of system (4.3).

Proof. This proposition is proved in [14,16]. O
Proposition 7.14. The operators A and B = (B1Bs) € L(U, V') where U = Uy x Uz satisfy assumption (4.1).
Proof. Let i € {1, 2} and ¢ € L?(O;). It can be easily checked that v = (A2 + A) ™! B,y satisfies

Ay — Av = Vaipxjo, inf,

v=20 onI'p, (7.23)
% =0 on I'y.
As v € L*(Q), it can be written as
(o]
0=
k=1
By replacing v in (7.23), ¢, must satisfy
=2 @00
c
k 22 + )\z ¥y Pk) >

and therefore
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Moreover, by Parseval’s identity, we have

oo

5 2
a; | (3, r)]”

2
||>\U||L2(Q) =

A
ALSREY
Now, for A = § + iy, with y € R, we have checked in the previous subsection that

2

A <o),

A2 422

where C(3) is a positive constant depending only on . Therefore, we have

2 2
||>‘”||L2(Q) azz (&5 o)l < C(B)a; ||50||L2(oi) )
k=1

which leads to
1AB; ]2 0, < a5 V0320 < CBaicy llelliao, Vi € {1, 2}
Consequently, the operator A — AB} (M + A)~!B; is bounded on Cj and the lemma is proved.
Therefore, by applying Theorem 4.4, we obtain:
Proposition 7.15. If as < a1, then the energy of system (7.20) decays exponentially.
Remark 7.16. This result is a generalization of [16] because in [16] the authors supposed that O
7.3.3. A beam with distributed damping terms

We consider the following initial and boundary system:

2 4 .
%T‘g’(:c, t) + 27‘1’(:0, t) + al%—“t’(:n, X1, +a2%—‘§(x, t—7)X), =0 in (0, 1) x (0, o0),

w(0, 1) =w(l, 1) = 220, 1) = Z%(1,£) =0 t>0,
w(z, 0)—wo( ) 32 (x, 0) = wi(x) in (0, 1),
(:L', t—7)=f%x, t—71) in I x (0, 7),

where aj, ag > 0, 7 > 0 and where
I, CIl; C [O, 1].

453

= 0.

(7.24)

We rewrite this system in the form (1.2) by introducing H = L2(0, 1), the operator A by (7.11) and the
operators By and Bs by (7.17). Hence this system is well posed for ag < a3 by Theorem 2.1, and the energy is

decreasing for as < a3 by Proposition 3.1.

By the results of the previous subsections, we know that the standard gap condition holds and if (7.15) holds

that the eigenvector i (z) = v/2sin(kmx) of A associated with A2 = k*m? satisfies

1B ¢k, =7

for some ~y > 0.

Lemma 7.17. The operators A and B = (B1B2) € L(U, V') where U = Uy x Uy satisfy assumption (4.1).

Proof. The proof is the same than in the previous subsection.

Therefore, by applying Proposition 3.4 and Theorem 4.4, we obtain the

Proposition 7.18. If as < a1 and (7.15) holds, then the energy of system (7.24) decays exponentially.



454 S. NICAISE AND J. VALEIN

7.3.4. A wave equation on 1-d networks with internal damping terms

In this last subsection we consider again a wave equation on a given network R but we suppose that the
feedbacks are located in the edges. Namely with the notations from Section 7.1 we consider the system:

%u, 8%u; i) O,
aT;(:Ea t) - 6121 (:L'a t) +O‘(1J)3_tj(ma t)X\Il(j)
j) Ou .
+Oz§])a—t’($, t—T)xuéj) =0 O<z<lj,t>0,Vje{l,...,N},
uj(va t):ul(va t):u(va t) t>07 V], ZESU,UGVM,
2%;(@, t)=0 t>0, Vv e V\D, (7.25)
JEE
uj, (v, t) =0 t>0,YveD,
u(t =0) = u®), %(t =0) =u,
Gila t—1)=fe t-7) in 1§ x (0, 7), Vj € {L,..., N},

where a7 are fixed non-negative real numbers, the delay 7 is positive and the intervals I Z-(j ) satisfy

19 c 19 cey.

As before we can rewrite this system in the form (1.2), by introducing H = L?(R), the operator A defined
by (7.2), U; = LQ(U?{:IIZ-(])) and the operators B; for i =1, 2 as

1

U — D(Az)

N
B; - I ()3 7.26
ko az(j)k’xmj) (7:20)

j=1

where k means the extension of k by zero outside U;VZIIi(j ) Tt is easy to verify that

N
Bi(¢) = Z % aﬁ”wl,gj)xw)
j=1

for ¢ € D(Az). Hence the system (7.25) can be rewritten in the form (1.2).

As before it is easy to see that the system (7.1) is well posed for a(Qj) < agj) for all j = 1,...,N by
Theorem 2.1, and the energy is decreasing for agj) < agj) for all j =1,..., N by Proposition 3.1.

As mentioned before by Proposition 6.2 from [7], the generalized gap condition (6.1) holds with M = N + 1,
but in this general setting, the conditions (6.7) or (6.10) seem difficult to check. Hence, for the sake of simplicity,
if we suppose here that the standard gap condition (6.4) holds and that all eigenvalues are simple (i.e., {;, = 1),
then condition (6.7) becomes

N
dy >0, Vk > 1, Zagj) /(‘) or(x)?de >, (7.27)
j=1 Iy’
while condition (6.10) becomes
N .
ImeRL, Iy >0, vk >1, Y o /zm pi()? de > A%m (7.28)
Jj=1 1
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For instance using an argument like in Proposition 7.10, we easily see that (7.27) (resp. (7.28)) holds if (7.5)

(resp. (7.6)) holds and if Uj-V:lIfj) contains a neighborhood of the set of control points V..
In the same manner, we have:

Proposition 7.19. If there exists ¢ > 0 and for all j € {1,..., N}, there exists §; € (0,1;) such that
6;,6; +e] c 1Y vje{l,...,N},

then (7.27) holds.

Proof. For any k € N*, let o, be the eigenvector of A associated with the eigenvalue AZ. Then its restriction ¢y, ;
to the edge e; can be written in the form

ok (x) = ¢ j cos(N\gz) + di j sin(Ayz) Vo € (0,1)),

for some real numbers ¢ ; and di ;. Hence the normalization of ¢ yields

N
172/ ok, ;( |d:c<2maxl chJer (7.29)
7j=1

On the other hand by the above expression of ¢ ; and direct calculations, we see that

5J'+E
[ o@ras = [ ot
bl s

J

3 1 |Ck ‘dk |
> 2 L2y o — ) - BRI
= (ck‘,j + k,]) <2 2)\k> )\k;

5 o € 1
(ck,; +di ;) (5 - )\—k) :

€ 1 €

— >,
2 e 4
which is equivalent to k > k., for some k. € N*, we deduce that

Y

Therefore for k large enough such that

€
/1(") @k(x)Q dz > Z(Ci’j + di,j)'

By summing this estimate on j and using the normalization estimate (7.29), we obtain (7.27) for k > k.. The
proof is complete since for k < k.,

N
Zagj)/‘ on(x)? dz > 0. O
j=1 )

The analysis of the condition (7.27) in some particular cases reveals that the condition of the above proposition
is far from being optimal but in its full generality we cannot easily obtain a weaker condition.

As in the previous subsection one easily shows (see the proof of Lem. 7.11) that the operators A and B =
(B1B2) € L(U, V') where U = U; x Us satisfy the assumption (4.1).
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Pr

In conclusion applying either Theorem 4.4 or Theorem 5.3, we obtain:

oposition 7.20. Assume that a(Qj) < agj) for all 5 = 1,...,N and that the standard gap condition (6.4)

holds and that all eigenvalues are simple (i.e., I =1). Then

(1]
2]
(3]

(4]

(i) The energy of system (7.25) decays exponentially if (7.27) holds.
(ii) The energy of system (7.25) decays like t~= if (7.28) holds.
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