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SEMICONTINUITY THEOREM IN THE MICROPOLAR ELASTICITY *

Josip TAMBACA! AND IGOR VELCIG!

Abstract. In this paper we investigate the equivalence of the sequential weak lower semicontinuity of
the total energy functional and the quasiconvexity of the stored energy function of the nonlinear microp-
olar elasticity. Based on techniques of Acerbi and Fusco [Arch. Rational Mech. Anal. 86 (1984) 125-145]
we extend the result from Tambaca and Vel¢i¢ [ESAIM: COCV (2008) DOI: 10.1051/cocv:2008065]
for energies that satisfy the growth of order p > 1. This result is the main step towards the general
existence theorem for the nonlinear micropolar elasticity.
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INTRODUCTION

In micropolar elasticity, in contrast to the classical elasticity where the motion of a material particle is fully
described by a vector function called deformation function ¢ : Q — R3, we suppose that material particles
undergo an additional micromotion, corresponding to the rotation R : © — SO(3) of the material particle at
the microscale. Such generalized continua are introduced by the Cosserat brothers in [5]. For the overview of
the micropolar elasticity, which is a special case of the microstretch continua see [7]. For the physical relevance
of the micropolar (and micromorphic) elasticity in conjunction with finite elasto-plasticity and elastic metallic
foams see [18,21].

Existence theorems in the linearized micropolar elasticity are usually based on the uniform positivity of the
stored energy function (see [8] or [2]). A new approach has been recently taken by Jeong and Neff in [9] in
considering the weakest possible, conformally invariant curvature expression (see [10,22]). In this way, physical
inconsistencies present for uniform positive curvature assumptions can be avoided (see [16]). The first existence
theorems for geometrically exact Cosserat and micromorphic models, based on convexity arguments are also
given by Neff in [17] (micromorphic elasticity is more general theory than micropolar elasticity). Also, for
generalized continua with microstructure the existence theorem is given in [11] where convexity in the derivative
of the variable which describes microstructure is demanded (in the micropolar case that would mean convexity
in VR). In our work we extend these developments in the micropolar case to more general constitutive behavior.

An approach to the existence theorems in the classical elasticity for general energy is based on the direct
methods of the calculus of variations, see [3,6]. This approach is applied in [26] to obtain an existence theorem
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for the nonlinear micropolar elasticity. It is based on the equivalence of the sequential weak lower semicontinuity
of the total energy function and the quasiconvexity in V¢ and w (a variable which is introduced in [25] and
is related to V;R). This approach provided, under certain conditions, the equivalence for the stored energy
function satisfying the growth condition of order p, only for p > m, where m is the dimension of the reference
configuration €2 of the micropolar body.

In this paper we apply the techniques of [1] and [6], pp. 367-393, and extend the equivalence for stored energy
functions with growth condition in Ve of order r and growth condition in w of order p for all p,r € [1, 0.
Therefore quadratic stored energy functions (analogous to the Biot material, see [4,25]) are now included in the
theory. As a direct consequence of the obtained result the existence of a minimizer of the total energy follows.
Moreover, we expect to use the result in justification of lower-dimensional models from the three-dimensional
equations by means of I'-convergence starting from general energy functions. For the derivation and justification
of the models for geometrically exact Cosserat plates and shells see [15,19,20,25].

Through the paper we use the notation || - || for the norm in the appropriate Euclidean space. As a rule lower
subscript denotes the element of a sequence, upper subscript, e.g. R’, denotes the jth column of the matrix R
and upper subscripts in brackets, e.g. R/, or R(")  denotes the i, j element of the matrix R or ith element of
a vector R. By A, we denote skew-symmetric matrix associated to its axial vector v, i.e. Ay = v X x.

1. MICROPOLAR ELASTICITY, SEMICONTINUITY, QUASICONVEXITY

Let Q C R™, m = 1,2,3, be an open bounded set with the Lipschitz boundary. The strain energy functional
of the homogeneous micropolar body with the reference configuration {2 is given by

Ip.Ri0) = | W(Ve(o) Rla), VR()do.

where W is the stored energy function (i.e. the volume density of the internal energy in the reference configu-

ration). As R is a rotation the matrix ;R R is skew-symmetric. Its axial vector we denote by w’, i.e.
— T .
A, =0RR | i=1,...,m,

where the notation A stands for the skew-symmetric matrix with the axial vector w®. This definition is the
same as in [25,26] since w® then satisfy

R=w'xR=A_R, i=1,...,m,

where the vector product is taken with respect to the columns of R. Then vectors w’ can also be expressed by

W =wR) = §RJ xR, i=1,...,m,

— —1 =2 —3
where R = (R R R ) and the summation convention is used. In the same manner we denote w =

( wh W™ ) Now we change the dependence of the stored energy function and assume that the energy
functional is given by

(o, R; Q) = /Q W(Ve(r), R(z), w(z))dz.

Motivation for this change is that, due to R being rotation (pointwise it belongs to the three-dimensional man-
ifold SO(3)) derivatives of R are dependent (there are 27 of them). However, w have independent components
and there is one-to-one, purely algebraic, correspondence between (R, dR) and (R,w) for R € SO(3). Note as
well that there is an analogy between vector columns of w and angular velocity. For that change the following
Lemma 1.1 is essential. That all 27 9;R derivatives can be controlled by 9 independent components is obvious
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by the geometry of SO(3). In [23] it is shown that R’ CwlR is isomorphic to w and suggested as curvature
measure. The reason why we work with w is the way the oscillations of R affect w (see Rem. 2.2).

Lemma 1.1. Let & C R™ be a bounded open set and p € [1,00]. Let Ry, R € WHP(Q,S0(3)) and let
wi =w(Ry), w' =w(R)". Then Ry — R in WHP(Q,R3*3) if and only if

Ry — R in LP(Q,R¥3) and Wi — w' in LP(Q,R3), i=1,...,m.

Moreover, the same holds for the weak convergence (weak * for p = o00).

Proof. See Lemma 2.7 and Remark 2.8 from [26]. O

Note also that, since R is bounded we can control the norm of VR by the norm w and the opposite
(i.e. there exist constants C7,Cy > 0, which depend on the vector and matrix norm we choose, such that
Cil|o:R] < [lw'|| < Caf|O:R ).

In the sequel we discuss the sequential weak lower semicontinuity of the functional I. It is important
to guarantee that the weak limit of the minimizing sequence is the global minima of the functional i.e. to
guarantee the existence of the solution of the minimum of the energy of micropolar body (see Prop. 2.2 in [26]).
In the case of the classical elasticity the sequential weak lower semicontinuity of the total energy (under some
additional conditions on the stored energy function) is equivalent to the quasiconvexity of the stored energy
function in V. Let us recall the definition of the quasiconvex functions.

Definition 1.2. The function W : R"*™ — R is quasiconvex if it is Borel measurable, locally integrable and

satisfies
1

W(A) < m /D W(A + Vx(z))dx

for every open bounded set D C R™ with Lipschitz boundary, for every A € R"*™ and x € Wol (D, R™).

In the last definition W, (D, R"™) is understood in the sense of Meyers, see [12], i.e. a set of W1 (D, R")
functions with the zero trace at the boundary; that is different from the closure of C§°(D,R™) in W1>°(D,R™)
norm.

One should also note that in the definition of quasiconvexity it is enough to demand the property for an
arbitrary cube D (see [6], Rem. 5.2, p. 157).

In [26] we have proved the equivalence of the sequential weak lower semicontinuity of the total energy
function I and the quasiconvexity of the energy density function W in V¢ and w (the first and third variable)
in the case of micropolar elasticity. The technique we have applied provided insight into the problem, but
unfortunately we were able to prove the sufficiency result only for p > m which excludes some important energy
density functions quadratic in Ve or w. The necessity and sufficiency results proven in [26] are as follows.

Theorem 1.3 (necessity of quasiconvexity). Let @ C R™ be an open bounded set, let W : R3*™ x SO(3) x
R3*™ R be continuous and let the functional defined by

(. R; Q) = / W(Vep(a), R(x), w(z))dz

be sequentially weakly lower semicontinuous, i.e. it satisfies the condition

I(p, R Q) < liminf (¢, Ry ) (1.1)

for every sequence ((py, Ri))x C WEX(QR?) x WH*(Q;SO(3)) that converges weak * to (¢,R) in
Whoo(Q; R3) x Whoe(Q; R3%3),
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Then W is quasiconvex in the first and the last variable i.e. W satisfies

W(A,R,B) < ﬁ /D W(A + Vx(2), BB + Vb (x))da

meas

for every open bounded set D with Lipschitz boundary, for every A,B € R3>*™ R € SO(3) and for every
X: € Wy ™ (D, R%).

Since weak* convergence is stronger than weak convergence in any WP this theorem also implies that
quasiconvexity of energy density function is necessary for sequential weak lower continuity with respect to W1,

Theorem 1.4 (sufficiency of quasiconvexity). Let Q@ C R™ be an open bounded set with the Lipschitz boundary
and m < p < oo. Let W : R®*™ x SO(3) x R3*™ — R be quasiconvex in the first and the last variable and
satisfies (a), (b), (c), (d) below. Let

T Ret2) = | W(Vepla). Ria). () .

Then for every sequence ((¢, Ri))x C WEP(Q,R3) x WP(Q,S0(3)) which converges weakly to (¢, R) in
WEP(Q,R3) x WEP(Q,R3*3) one has

I{(¢,R;9) < 1imkinf (¢, Ri; Q).

The conditions (a), (b), (c), (d) are given by

(a) W(A,R,B) < K,(1+ ||A|P+ [|B|?), A,BeR>*™ R eS0(3);

(b) [W(AL R, B1) — W (A2, R, Ba)| < Ky(1+ AP+ B2~ + [AxP~" + [Bal ) (| A1 — As +
[B1 —Bal)), -
Al,AQ,Bl,BQ S RSXWL, R e SO(S),

(c) W > =B, for some 3> 0;

(d) W(A, Ry, B) — W(A Ry, B)| < K,(1+[|A[]” +[IB]?)[R1 — Ra,
A,B e R¥™ R, R, € SO(3).

Additionally we have proved that for p = oo the conditions (a), (b), (¢) and (d) are not necessary (see Rem. 4.7
in [26]). Moreover, the conditions (b) and (d) for general p can be replaced by objectivity, quasiconvexity and
the condition (a) (see Prop. 4.9 in [26]).

In the following section we improve Theorem 1.4 in three directions. First we show that the condition p > m
is not necessary. Second, we show that the conditions (b) and (d) are also not necessary (without imposing
objectivity). Third, we allow the growth condition in V¢ and w to be different, allowing greater class of stored
energy functions. The proof is technically involved and uses techniques adapted from Acerbi and Fusco [1].
Using Theorem 2.13 we can restate Theorem 2.5 from [26] as follows.

Theorem 1.5. Let Q& C R™ be an open bounded set with the Lipschitz boundary and p,r € (1,00). Let
W o R3>*™ x SO(3) x R3*™ — R be a quasiconvex in the first and the last variable (see Thm. 1.3 for the
definition) and objective function which satisfies

(a) (growth condition) W(A,R,B) < K(1+ ||A|"+|B|?), A,BeR>*™ R SO(3);

(b) (coercivity) there exist C; > 0 and Cy € R such that

W(A,R,B) > Ci(|A|" + |B[?) + C2,  A,BeR>™™ R eS0(3).

Then the total energy functional I* defined by

(o) = /Q (W(Ve, R,w) — T4(p) — Ty (R))dV — / Mo(@)dS — [ T (R)dS — (1.2)

I's I'e
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attains its minimum in the set
@ = {(p. ) € W (Q,R®) x W(2,80(3)), ¢l = g4 Rir = Ra},

provided that I' is a part of the boundary with non-zero measure and the set ® is non-empty. Here Ilg, I,
I, IIng, are potentials of external loads and T's,Tc, T are parts of boundary, g, : T — R3, Ry : T' — SO(3)
(see [14] or [26] for details).

Remark 1.6. If we introduce a simple isotropic quadratic stored energy function (as treated e.g. in [14]) of
the type (U = ETVga — first Cosserat deformation tensor see [18])

_ _ _ A
W(Ve,R,w) = pllsymU — I||* + p||skewU||* + 5 trlU - I 4 pL?||w]?

we conclude that the coerciveness assumption in Theorem 1.5 would imply p. > 0. This is undesirable property
since there are some physical situations where p. = 0 is a reasonable demand (see [18]). However, in the
existence proof the coerciveness is needed just to conclude that the minimizing sequence is bounded. Therefore
we can deal with this situation like in [17], using extended three dimensional Korn’s inequality proved in [24]
(which improves the result in [13]). For this we need p > 3. Thus we have the existence result for this energy
as well (which can also be proved by convexity arguments, see [17]) for any p > 1 if u. > 0 and for any p > 3 if
te = 0. The case p. = 0 and 1 < p < 3 (called the “fracture case” by Nefl) remains open.

2. THE MAIN THEOREM

In this section we formulate and prove the sufficiency of quasiconvexity of the energy density function theorem.
We do it in two steps. In the first step we prove that the convergence (1.1) holds for a perturbations of rotation by
equiintegrable sequence of rotations (Thm. 2.4). In the second step we extend it on all perturbations (Thm. 2.13).

By direct calculation we obtain the following lemma.

Lemma 2.1. Let Rg, R : Q — SO(3) smooth enough. Then
Wi = W+ 0, (51# X R;) + (R; - R]) xOR + 5 (R; - Rj) ) (R; - RJ), (2.1)

fori=1,2,3.

Remark 2.2. If we suppose that (Ry)r C WP(©,S0(3)) and Ry, — R € WHP(Q, R3*3), Lemma 2.1 tells us
how a weakly convergent sequence of rotations changes wy = w(Ry) in the neighborhood of its limit w = w(R)).
Essentially, wy, are equal to w + V¢ where ¢ — 0 in WP(€,R?) (the other parts can be shown to be not
important for the sequential weak lower semicontinuity of the functional I, since they converge to 0 strongly
in LP on an arbitrarily subset €1 C 2). This establishes the analogy between w and V¢ for the deformation ¢
since Vo, = Vo + V(¢ — ). This is the key observation which justifies the use of the variable w in answering
the question of sequential weak lower semicontinuity of the functional I.

By direct adaption of the proof of Lemma 8.7. from [6], p. 371, we conclude the following lemma.

Lemma 2.3. Let D C R™ be a cube parallel to the azes, p,r € [1,00], W : R™*™ x RFX™ R be quasiconver,
i.e. it is Borel measurable and locally integrable function which satisfies

W(A,B) < %D) /D W(A + Vx(z), B + Vip(x))de,

~ meas
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for every open bounded set D C R™ with Lipschitz boundary, for every A € R™™ B € R¥*™ gnd x €
Wy (D, R™), 9 € Wy (D, R¥), and also satisfies
o ifp,rel,o0)
—B<W(A,B) < Ky(1+[[A]" + [[B[]");
e ifp=o00, re€l,o0)
—B < W(A,B) < n(|[B]})(1+ [|A]"),
where 1 is a continuous and increasing function;
e ifpe[l,o0), r=o00
W(A,B) <n([[A[])(1 +[B]),
where 1 is a continuous and increasing function;
o ifp=o00, r=00
W(A,B)| < n(|Al, |B),
where 1 s a continuous and increasing functions in each of its arguments (if W is continuous this is
satisfied).

Then we have

W(A,B)meas(D) < lim inf/ W(A 4+ Vx(z),B + Vi, (z))dz
D

k—o0
for every A € R"™™ B € R¥*™ and x;, — 0 weakly in WH"(D;R") (weak * if r = 00), 1, — 0 weakly in
WLP(D;RF) (weak * if p=00).
Proof. Let D° C D be a cube and let R = %dist(DO,D). Let M € Nand let D° c D™ Cc D, 1 <m < M be
such that
dist(D°, 9D™) = %R, 1<m< M.

We choose o™ € C*°(D), 1 <m < M such that

0< <1
1 ifaeDm !
m —
7 (I)_{ 0 ifz e D\D™
M
|v¢m|§a§7

(2.2)

where a > 0 is a constant. Let
Xi =" Xe YR ="y
Then x}', ;" = 0 on 9D so we may use the quasiconvexity of W to get

/W(A,B)dx < /W(A+vx$(x),3+v¢g(x))dx
D D

IN

/ W(A,B)dz + / W(A + VX (), B + Vbl" (2))dr
D\D’"L D’"L\D‘"L*l
b [ WA VB + Vi) de.
pm—1
We then deduce that

W(A,B)da < /

W(A + VX7 (2), B + Vo™ (2))da + / W(A + Vi (), B + Vb ().
D’IIL\D‘HL*I

Dm Dm— 1
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We may also rewrite the above inequality in the following way
WABM: < [ WA+ Vxy(e). B+ Vi (o)de
Dm D

- / W(A + Vyx, (@), B + Vab, (2))dz
D\Dm—1

+/ W(A 4+ VX (x),B+ Vo' (x))dx
D7IL\D7]L 1

/ W(A + Vx;(2),B+ Vi, (z))dx + a1 + as. (2.3)
D

By choosing R sufficiently small, since W is bounded below, we have that

o) <e. (2.4)

We estimate s
ar= [ WA+ V(). B+ Ve ()
D7IL\D7IL 1
for p,r € [1,00). Cases p =00, r € [1,00) and rr = 00, p € [1,00) proceed similarly. The case p = 0o, r = 00,

using the boundness of sequences ||V x}'|| 1, ||V} | L is simple.
Let o denotes a generic constant. Then for p,r € [1,00) we estimate

az < a/ (4 A+ Vi (@) + 1B + Vi (z)[|”) dz
Dm\Dm—l

< oc/D w” L AHIA ™ Ve + 23 Vo™ [T+ IBIP + o™ Vaby + 9 V™ [|P)do

IN

” . aM\" ” aM\"
o f Al IVl () Tl B IVl () el 29
Do R R

Summing (2.3) for m =1 to M and using (2.4) and (2.5) we have

M/ W(A + x;(x), B+ ¢, (z))dz — W(A, B) (ZmeaSDm>

m=1

T T a T
*ME*O&/ (T AL+ 1Vl +< R> (bl +|Blp+llv¢k|p+< > [ [I7)dae
DM\ Do

Dividing the above inequality by M and letting k — oo, using Sobolev imbedding and recalling that x;, — 0
in WHT(D;R") and v, — 0 in W1P(D;R¥), we have that

M
hmmf/WAerk( ),B + 1, (x))dz — W(A,B) ( Z east> 75—%,

where 7 is a constant. Letting m — oo, taking into account the arbitrariness of D° and £ we obtain the
statement of the theorem. O

In the following theorem we prove that the semicontinuity (1.1) holds for equiintegrable sequences adapting
the proof of Lemma 8.14 in [6], p. 384.
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Theorem 2.4. Let Q C R™ be an arbitrary bounded open set and p,r € [1,00). Let W : R3*™ xSO(3) x R3*™ —
R be continuous, quasiconvex in the first and last variable and

(1) W(A,R,B)> -3, A,BeR>" ReSO(3); B
(2) W(A,R,B) < K,(1+ A"+ [B|?), A,BeR>™ R eSO(3).

Let @ € WU (Q,R?), (Rp)e € WHP(Q,50(3)). Let ¢, — ¢ € W (Q,R3), Ry — R € WHP(Q,R3*3).
Moreover, let the sequences of L*(Q) functions (|Vey||" )k and (||wk||P)x be equiintegrable (this is not a condition
forr=1orp=1). Let I be the functional defined on W1 (£, R?) x WLP(Q,SO(3)) by

I Re0) = [ W(TpRw).
Q
Then
likminfl(gok,ﬁk;ﬂ) > I(e,R; Q). (2.6)
—00

Proof. Without loss of generality we can assume 3 = 0 (otherwise we prove the theorem for W + ). First we
take Q = (0,1)™. There exists a subsequence ((¢y, , Rk, ))n such that

liminf I(¢;, Rg; Q) = lim I(cpkn,ﬁkn;Q). (2.7)
n—oo

k—o0

In the sequel we consider this subsequence only and denote it by ((¢4, Rx))x. Because of the equiintegrability
there is a function 7 : RT™ — RT which is continuous nondecreasing such that 7(0) = 0 and for every measurable
B C Q2 one has

/B(l HIVe@I" + [IVer (@) + l[w(@)[[” + wk(2)[[P)dz < n(meas(B)).

Let € > 0. Then there exists a(e) > 1 such that for
Ee={z € Q:[[Ve(@)||" < ale) and [lw(@)|[” < ale)}

one has

meas(Q\E;) <, /Q\E IVe@)]" + llw(@)[[F)dz <e.

We also take K. C 2, a compact set such that meas(Q\K.) < == and that (the representatives of) R, V¢, w

- - a(e)
are continuous on K. and Ry — R strongly in L°° (K., R3*3); this can be done by Lusin’s and Egoroff’s
theorem. Because of the boundedness of (Vi) and (w)i in L"(2) i.e. LP(Q), using Chebyshev’s inequality,
there exists M () (independent of k) such that meas(Q\Hj) < a(y Where

af
i = {ze: Vo (a)] < M(e) and wn(@)] < M(e)}

Using Lemma 2.1 we obtain

wi(z) =w(z)+V (%R](ac) X f_{;(ac)) + si(z) a.e. in Q,
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where ||k Lo (). nHz R3xm) — 0. Let us define
1 =i =7
bule) = SR () % Ry (o).

Note that for some Cy > 1 we have

IV, ()" < Cy(lw(@)|]” + wr(@)][")  ae in€Q, keN.

We divide 2 in open cubes @} of length size 27" such that

gnm

a=Jaeruz

h=1

345

(2.8)

(2.9)

where Z is of measure zero. For all n, h such that meas(Q} N K. N E.) # 0 let us choose 2} € QF N K. N E;

such that R(z}) is a rotation (see Rem. 2.5). Then

I(p,, Ri; Q) > I, Ris K. NE.NH) =L + I + Iy + Iy + I,

where

no= [ [ W(Teue) Rula).wn(w) - WV (a). Bla). (o) + Vi)

b= S e e e R+ V)

~W(Ve(ap) + V(e — ¢)(2), R(2}), w(zh) + V%(ﬂf))} dz,

L - Z / I (W (Ve(@R) + Ve, — 9)(@), Riap), wlwh) + Vipy(a))

—W (Vep(a). Riaf), w(af) | do,

" zh:/QZmeEmHz [W(qu(xz),ﬁ(xg)w(xg)) — W(Ve(x),R(z),w(x))|dz,

Is = I(p,R,K.NE.NH).

dz,

Sequences (Vg )k, (Wi, (V)i are bounded in L>(K. N Hf). Therefore the arguments of W in I; and

I belong to the compact set. Applying the uniform continuity of W we conclude limg_,oo I1 = 0 (recall
that ||sk|\Lx(KEmHZ’R3XW) — 0). Using also that V¢, R,w are uniformly continuous on K. we conclude that
lim, oo Iz = limy 00 [y = 0, uniformly by &k (note that difference in the arguments of W in this case is

independent of k). Therefore we take n large enough such that Ir + I, <e.
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Now we estimate I3. We first estimate the integral over Q}\ (K. N E. N Hf)

(W(Ve(zy) + Ve, — @) (), R(ap), w(ap) + Vi () — W(Ve(ah), Rizp), w(zh))]de

"\(K.NE.NHE)

<
Z/ PK)U(QE\HE))
+Z/
h

((@p\EHU@Qp\H;))

W (Vep(zii) + Ve, — @) (), R(z}), w(a}) + Vipi(2))|

W(Ve(ap), R(zy), w(ay))|dz

D> / 1, W) Rea) (el
=J1+J2+J3+J4'

Using (2.8) and the growth condition we conclude

il < Z/ K'1+[[Ve(@)l™ + IV (er@)" + IVe@) ™ + lw(@i)I” + [[Vepy () [|7)dz
PK)U(Q\HE))
< AK'e + K'Cyn(2e),
In the similar way we conclude

|J2| S 6Kg€.

Now we estimate J3

| /5]

IN

K’ Z/ A+ [IVeE)l™ + IVer @ + Vo) " + lw@i) 17 + [V, (2)|[7)dz

IN

K'n(e) + 2K’ /

a(e) < K'n(e) + 2K’/ (IVe@)]" + [lw(@)[I) < 3Kn(e).
Q\E. O\E:

In the similar way
|J4| S 3Kg€.
Thus using Lemma 2.3 we have

liminf I3 > 1iminf/ hmsup/ - > liminf/ = 0(g) > =0(e)
hee zh: hee Z koo Jop\enpanmy o Jop

where lim._,o O(e) = 0. Finally, in the same manner we estimate

Is < K, (L+[le@)]" + llw(@)]|")dz < Kgn(meas(Q\ (K N E: N HE))) < Kgn(3e),
Q\(K:NE.NHE)

which can be written as . .
Is = I(p, Ry K. N E- N Hyp) > 1(p, R; Q) — Kgn(3e),

therefore . o
likminf I(p, Ri; ) > I(, R; Q) — O(e).
— 00

Since € can be arbitrarily small we have the claim.
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Now we have to prove the claim for an arbitrary bounded open ). First, we can prove the claim for any cube
in the same way as above. From the properties of the Lebesgue integral we have

n
I(p,R; Q) = sup { Zl(cp,f_{; D)) :neN, D; CQ, D; disjoint open cubes}-
1=0

The property (2.6), because it holds for every I(¢, R, Dy), also holds for every sum. Moreover (2.6) holds
for the supremum of an arbitrary set of functionals if it holds for every functional in that set, so we have the
claim. (]

Remark 2.5. In Theorem 2.4 we have chosen z} and then Vp(z]), R(2}), w(z}). Of course that this does
not make sense for classes of functions Ve, R, w equal just almost everywhere. It should be read that we
take some special representants (continuous on K.) whose existence is guaranteed by Lusin’s theorem and then
choose V} := V(z}), R, = R(z7), wi := w(a}) (we must also choose z} such that R(z7) is a rotation
which is possible if meas(Qp N K.) > 0). These values are good approximations of every representant in the
class Vo i.e. R i.e. w in the set Q) N K. in the sense that for n large enough and every h we have that
IVep(z) — Vep| < e ae. in QPN K. ie |[R(z)— Ryl <eae inQpFNK, e |wa)—wy| <eae in
Qr N K..

Remark 2.6. The statement of Theorem 2.4 holds for p,r € [1,00] under the assumptions of Lemma 2.3.
When p = 0o and r = oo the proof is direct, without the construction of the sets K., E., H*. When just one
of them is infinity, we proceed defining K., E., H* in the same as in the proof using the sequence, ||V, || or
|lwk ]|, which is not uniformly bounded.

The following four lemmas will be useful. The proofs are given in [1].

Lemma 2.7. Let G C R™ be a measurable set such that meas(G) < oco. Assume (My)r is a sequence of
measurable subsets of G such that for some € > 0 holds

meas(My) > ¢ keN.

Then there exists a subsequence (My,, )n such that (), oy M, # 0.

Lemma 2.8. Let (¢x)r C L'(R™) be bounded. Then for every € > 0 there exists (Ac,6,S) where A, is
measurable and meas(A.) < e, 6 >0, and S is an infinite subset of N, such that for all k € S

/ x(x)|de < e
B

whenever B and Ac are disjoint and meas(B) < 0.

Let r > 0 and x € R". We denote B,(z) = {y € R™ : ||y — z[| < r}. Then meas(B,(z)) = C(m)r™, where
C(m) is the volume of the unit ball in R™.

Definition 2.9. Let u € C§°(R™). We define

m

(M*u)(2) = (Mu)(x) + Y _ (M) (=),

i=1
where

1
() = sup e [ i
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Lemma 2.10. If u € C§°(R™) then M*u € C°(R™) and
u(@)| + Y [diu(e)| < (M*u)(x)
i=1

for every x € R™. Moreover, if p > 1, then there is ¢(m,p) > 0 such that
[ M*ul[ Lo @) < c(m, p)|ullw.e@m)
and if p =1 then there is ¢(m) > 0 such that for all X > 0 one has

meas{z € R" : (M*u) > A} < C(T) llwllwr@mm).

Lemma 2.11. Let u € C§°(R™), A > 0 and
H* = {z e R™ : (M*u)(z) < \}-

Then for every x,y € H* we have
uly) = (@) _
ly — x|
By expanding the exponential function in the Taylor series we obtain the following lemma.

Lemma 2.12. Let Q C R™ be an open bounded set with the Lipschitz boundary and p € [1,00). Let R €
WLP(Q,50(3)) and 9, € Wh(Q,R3) such that 1), — 1 strongly in L°°(Q,R3). Then

exp(Ay, )R — exp(Ay)R strongly in L™(Q,R?*3).

Additionally, if 1), — 1 weak* in W12 (Q,R3) then:
(a) exp(Ay, ) — exp(Ay) weak* in W2 (Q,R3*3);
(b) exp(Aqy, )R — exp(Ay)R strongly in L™ (€, R3*3);
(c) exp(Ay, )R — exp(Ay)R weakly in WP (Q,R3*3).

In the following theorem we prove the statement of Theorem 2.4 without imposing the condition of equi-
integrability. The idea behind it is to approximate sequences (¢ )k, (Ri)k, such that ¢, — ¢, Ry — R by
equiintegrable sequences (@} )k, (Rx)r which satisfy for arbitrary small e:

(1) liminfy o0 I(y, Ry) > liminfy o I(@y, Ri) — O(e);
(2) ¢ =& Re =R
(3) meas{p # ¢ or R # R} = O(e).
The claim then follows by applying Theorem 2.4. The same construction was applied in [1]. The novelty here is

the approximations of rotations from Lemma 2.12 i.e. Ry = exp(Ay, )R, where ¢, — 1 weak* in W1>°(Q, R?)
and meas{y # 0} = O(e).
Theorem 2.13. Let p,r € (1,00) and Q C R™ be an arbitrary open bounded set. Let W : R3*™ x SO(3) x
R3X™ — R be continuous, quasiconvex in the first and last variable which satisfies

(1) WA, R,B)> -3, A,BecR>*™ RecSO(3);

(2) W(A,R,B) < K,(1+ ||A|"+ |B||?), A,BeR>*™ R e S0O(3).
Let @, € WHT(Q,R?), Ry, R € WHP(Q,50(3)), ¢, — @ weakly in WH"(Q,R3) and Ry, — R weakly
in WHP(Q,R3*3). Then we have

(¢, R; Q) < liminf (g, Ry; Q).
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Proof. Without loss of generality we can assume that § = 0 (otherwise we prove the statement for W+ ). We
shall prove the theorem for 2 = (0,1)™. Then for an arbitrary open {2 one can follow the same reasoning as in
Theorem 2.4. For an arbitrary sequence ((¢y, R¢))r let us choose a subsequence ((¢y, , Rk, ))n such that

Q). (2.10)

n?

likmian(cpk,ﬁk;Q) = lim I(g,, Ry

In the sequel we consider only this subsequence and denote it by ((¢}, Rk))k-
For € > 0 we define

n(e) = sup {/ I+ [[Ve(@)]|" + |lw(@)||”)dx : B C ©Q measurable, meas(B) < 5}-
B

Then n : RT — RT is continuous nondecreasing function such that 7(0) = 0 and for every measurable B C
one has

/B(l +Ve@)|" + llw(@)[[P)dz < n(meas(B)).

Let, for each k € N, ¢, € WL (R™ R?) denotes the extension of ¢, and let (z1), C C5°(R™, R?) be such that

ke N.

x| =

2k — @rllwrr@m ra) <
Let Ry, R € WHP(R™, R3%3) be the extensions of Ry, R. Let (My)g, (Sk)x € C5°(R™, R3*3) be such that

. keN.

x| =

, ||Sk 7RHW1,;D(]RTIL7]R3><3) <

x| =

Mk — Ril|wip(m goxa) <
Then there is C(€2) > 0 such that
Rl oe (e pxsy < C(Q), - [IR(@)] oo (e sxs) < C(Q),

[Mg|lLoomm r3xsy < C(Q), ISkl po@mm raxsy < C(Q).

Let us fix € > 0. By Lusin’s, Egoroff’s and Sobolev’s embedding theorem there is a compact K. C €2 such that
meas(Q\K.) < ¢, (the representatives of) R, ¢, w are continuous on K. and

(1) ¢, — ¢ — 0 strongly in L (K., R3);

(2) zx — i — 0 strongly in L>®(K.,R3), Vz, — Ve, — 0 strongly in L™ (K., R3*™);

(3) Ry — R strongly in L= (K., R3*3);

(4) S — R strongly in L>®(K.,R3*3), 9;Sy — 9;R strongly in L= (K., R3*3), for i =1,...,m;
(5) My — Ry — 0 strongly in L= (K., R3*3), 9;M}, — 9;Ry, — 0 strongly in L (K., R3*3) fori=1,...,m.

Using Lemma 2.8 for every of 21 sequences (M*z,(f))T, i=1,2,3 and (M*M,gij))p, (M*S,(:j))p, 1,j=1,2,3 we
can choose subsequences still denoted by (zx), (M), (Sk), subset A, C  meas(A:) < ¢ and a real number
0 > 0 such that

/B [(M*z,(j)) (:c)} "de <e, /B [(M*M,g”)) (x)}pdx <e, /B [(M*S,(:j)) (x)}pdx <e (2.11)

for every k € N, i,5 = 1,2,3 and B C Q\ A; such that meas(B) < §. By Lemma 2.10 we have the boundedness
of the above sequences in L"(Q2), LP(£2) and LP(2), respectively. By Chebyshev’s inequality we can choose
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A1(g) > 0, Xa(e) > 0 such that A (g)" = A2(g)? and

meas

zeR™: ( M* “)) (z) > )\1(5)} < min(e, §),
measqz € R™: ( M(ij)) () > )\2(5)} < min(e, J),

meas

N

z €R™: (M s"”) (x) > Ag(g)} < min(e, 6),

forall k e N, 7,5 =1,2,3. We set

3O = {oerm: (M) < n(e)},
= feern () <),
e = {eerm: (Ms?) < ne)}

forall k € N, 4,5 = 1,2,3 and define
E) A2 (€) A2 (€)
Hf = ﬂ ﬂ T2 ﬂ L2, keN
=1 7,7=1 7,j=1
By Lemma 2.11 there is a constant ¢(m) > 0 such that for all z,y € H,?(E) and all 4,7 = 1,2, 3 one has
2 (@) — 4" )|

ly — |
D () — D
k () k (v)

IN

c(m)Ai(e),

< e(m)Xa(e),

Let g,(:), N, ,gij ), T,Eij ) be the Lipschitz extensions of z,(f), M ,iij ), S ,(:j ) outside H; with the Lipschitz constant not

greater than c(m)A; () i.e. ¢(m)A2(e). Because Hj, is an open set we have
(@) =2 @), Vo' @) = V5 (@),
N (z) =MD (z), VN (2) = VMY (),
(@) = 57 (@), VLY (@) = VST (@),

for all z € H},. Also we can assume (if not cutting the Lipschitz function we obtain the Lipschitz function with
the same constant) that

(i) < H <A 2.12
Hgk Loo(Rm) T Lo (H) 1(®), (2:12)
N(”)H < HM(”) <ComQ 2.13

H Leo@®m) Bl (mz) — (1), (2.13)
7 ’ HSW)H <C(Q). 2.14
H Follpeewm) Follpee s — & (2.14)
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Therefore, at least on a subsequence, one has

g](j) — ¢ weak* in WH>(Q), (2.15)
ngij) — NG weak* in Whe(Q), (2.16)
T,gij) — T weak* in WH(Q) (2.17)

for allz‘,jH: 1,2,3. We now define g = (g;(j))i:m,:s, N = (N,gij))i,j:1,2,3, Ty = (T;Eij))z‘,j:m,g, g= (g(i))i:1,2,3a
N = (N@)); o123, T = (T);j=125 and

1 . . 1. )
wkZQT‘Z’JXN‘ZC’ ¢:§T‘7 XN‘].

Note that on K. one has
Six Mj.= (S, -F') x M|+ F x (M- R) + R xRy,
Therefore Si X Mi tends uniformly to 0 on K¢, so using Lemma 2.12 we obtain

elieucomm =0 [lewap )RR o 218)

Also note, because of (2.13), (2.14), (2.16), (2.17), it holds
W, — b weak* in W (Q, R?),

3
Wkl oo @ 2y < 50(9)27
[Vt || oo (g ramy < 3C(Q)e(m)Az(e).

Using Lemma 2.1 one has
_ _ 1 . .
wi(z) = w'(z) + 0 <§R] (x) x Ri(:c)) + si,(z) a.e. in .

Boundedness of 9; M}, on H}, and 0; M, — O;Ry — 0 strongly in L= (K., R3*™) i =1,... m imply

for almost every k. As ;R is continuous on K. (and thus also bounded) and R; — R strongly in L>° (K., R3X3)
we have that ||si|| L (k.nHz r3) — 0. Now, because of uniform continuity of W on compact sets and the
boundedness of V., Vg, wi on K. N Hi and the fact that ||V, — vZkHLoo(KamHZ) — 0 we have that

R H < e(m)A 1
AL PP c(m)Az(e) +

lim
k—co Jx. nmE

— — 11— —
W (Ve,, Ry, wi) — W (ng,R,w +V (§R] X R;))‘ =0. (2.19)
In the same way we conclude

lim
k—o0 K. ”Hi

=0. (2.20)

w (ng,Rk,w + \Y <§RJ X Rgc)) - W<v.gkﬂR;w + V";bk)
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By developing exponential function we have that

exp(Ay, () =1+ Ay, (2) + 10()

with the estimates fori=1,...,m
3 2 3 2
HrkHLoo(R'rn’]RBXS) S exp EC(Q) s ||airk||Loo(Rm’]R3><3) S exp EC(Q) 3C(Q)c(m))\2 (E),
||rk||L°°(K5ﬁH§,]R3X3) — O7 ||6irk||Loo(KEmHz7]R3X3) — 0. (2.21)

Let us define

pi, =

N | =

(exp(Awk)I_{j) X 8i(exp(A¢k)§j), i=1,...,m.

After an easy calculation using (2.21) we obtain
Ly :w+V¢k+vk, ”VkHLOC(KEﬂHz,D@”) — 0.

Additionally, using (2.18), as before (see (2.19) and (2.20)), we conclude

lim
k—oo JK.nH:

W(ng,f_{,w + Vt/)k) - W(ng, exp(Ay, )R, uk)‘ =0. (2.22)

Using (2.19), (2.20), (2.22) and nonnegativity of W we have

. . — . > . . I~ . £
hklggff(%Rk,Q) > 1213£f1(¢k,Rk,(KE\A€)mHk)
> 1ikmian(gk,exp(A¢k)ﬁ; (KE\AE)QH,§>. (2.23)
Since
3 3
meas[(K\A)\Hy| < Zmeas{(KE\AE)\H;:é(a)} + Z meas[(KE\AE)\Jg?éE)}
i=1 ij=1

3
+ Z meas [(KE\AE)\L?;’S)} < 21 min(e, 6),

ij=1
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using the growth condition and the definition of A, we have

1(gy,, exp(Aqy, )R, (KA\A)\Hf) < / KoL+ [[Vgpll™ + [l [17)
(K\A)\HJ,

g/ K’<1—|— |ngV+Z||0i[eXp(A¢k)f_i]|p>
(K\A)\H;

i=1

< | -1 <1 9.l + D 19 exp(Ag, )P + ||w||p>
(K \A)\H,

</ 22 <1 - (2e(m)" M () + exp (%cmf) FOQPe(m)P A=) + ||w||P>
(K \A)\H},
(recall that A1 (g)" = Aa(g)P)

< Ki(m: Q) / L+ @I + wl?)
(K \A)\Hf

3
< K1 (m; Q)n(21e) + K1(m; Q) <Z/(

3

(pr=?)
NA\H L

n (M*s,gm)‘”) — 0(e).

i,7=1

(v )" +

/(KE\AE)\J:%(E) i,j=1 /(KE\AE)\L??}Q(E)

Therefore, taking into account (2.23) we obtain
likminfl(cpk,ﬁk;Q) > likminfl(gk,exp (Awk)ﬁ; KE\AE) —0(e).
Because gy, 1, are bounded in W1 (Q,R3) there exists a constant C(e, 2, m) such that for all k

Igrllwr=@rs) < Cle;2m), [y (2)l] < Cle, 2,m)(1 + [lw(z)]) ae. in Q.

Together with the growth condition of W it implies that there exists Q. C Q which contains K.\ A. such that

<E.

‘I(gk, exp (Awk)ﬁ; KE\AE) — I(gk, exp (Awk)ﬁ; Q’E)

Using nonnegativity of W and Theorem 2.4 (it is easy to prove equiintegrability of g, and exp (A, )R, since
9i, ¥ € WH(Q,R?)) and Lemma 2.12 we obtain

likniggfl(gok,ﬁk; Q) > likniggfl(gk, exp(Ay, R; Q’a) —O(e) —¢

v

1(9, exp(Ay)R; Q;) —0(e) — <. (2.24)
Now we have to relate g and 1 with ¢ and ¢ and 0. Let us define
G={zeQ:g#eVi#0}

On a subsequence one has zp(z) — (), %S?€ (z) x Mfg(:n) — 0 a.e. in Q. Therefore measure of

G=Gn {x €0 zp(x) — () A %Si(m) x M (z) — O}
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is the same as meas(G). We shall prove that meas(G) < 22e. Let us assume the opposite, i.e. meas(G) > 22e.
Then by the definition of Hf, it follows meas(R"™\HE) < 21e. Therefore meas(H; NG) > e. Then by Lemma 2.7
at least on a subsequence we have

() Hi, |G #0.

heN
For every x which belongs to the set on the left hand side one has

g(@) = lim g, ()= lim z,(7) = ¢(2),
- . N G o
$(@) = lm ey, (7) = lim 55 (7) x My, (7) =0

which is in contradiction with the definition of G. Thus we have

1iminf[(<pk,f_{k; Q) > I(cp,f_{; Q;\G) —0(e) —¢

k—o0

Y

I(cp,f_{; Q) — 0(e) — e — n(24e).

Arbitrariness of € implies the claim. (]

Remark 2.14. The statement of the theorem holds for all p,r € [1, 00|, under the assumptions of Lemma 2.3.
When p=1orr=1orp=oc0orr=ocwecan do the same analysis, but we do not change the sequence which
is equiintegrable. For example when p = 1 or p = 0o we do not need to approximate Ry, (the construction of 4,

and sets J?J.?IEE), L;‘f,(f) is unnecessary). The construction of g, remains the same (if r € (1, 00)). Theorem 2.4

is then applied directly on (gj)x, (Rk)x to obtain (2.24).
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