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BOUNDARY LAYERS AND GLANCING BLOW-UP IN
NONLINEAR GEOMETRIC OPTICS

BY MARK WILLIAMS !

ABSTRACT. — We construct rigorous geometric optics expansions of high order for semilinear hyperbolic
boundary problems with oscillatory data. The errors approach zero in L* as the wavelength € — 0. To
achieve such errors it is necessary to incorporate profiles of the glancing, elliptic, and hyperbolic boundary
layers into the expansions. The analysis of the glancing boundary layer forces the introduction of a third
scale 1/4/€ in addition to the usual oscillatory (1/¢) and spatial (1) scales. The evolution of the leading
part of the glancing profile is governed by a semilinear Schrodinger-type equation with nonhomogeneous
boundary conditions. The description of the elliptic boundary layer involves complex phases and complex
transport equations.

We also construct examples showing that when glancing modes of order at least 3 are present, the maximal
time of existence T¢ of the exact solution . can approach 0 as € — 0. The blow-up mechanism is different
from the types of focusing known to occur in free space. © 2000 Editions scientifiques et médicales Elsevier
SAS

RESUME. — On construit des développements de 1’optique géométrique d’ordre supérieur pour des
problémes aux limites hyperboliques semi-linéaires avec données oscillantes. Les erreurs tendent vers
zéro dans L*° lorsque la longueur d’onde € tend vers 0. Pour atteindre de telles erreurs il est nécessaire
d’incorporer les profils des couches limites glancing, elliptiques et hyperboliques dans les développements.
L analyse de la couche limite glancing nous ameéne a introduire une troisiéme échelle 1/4/¢ en plus des
échelles oscillantes (1/¢) et spatiales (1) habituelles. L’évolution de la partie dominante du profil glancing
est contr6lée par une équation semi-linéaire de type Schrodinger avec conditions non-homogenes au bord.
La description de la couche limite elliptique fait intervenir des phases complexes et des équations de
transport complexes.

Nous construisons aussi des exemples montrant qu’en présence de modes glancing d’ordre au moins 3,
le temps maximal T, d’existence de la solution exacte u. tend vers O lorsque € — 0. Le mécanisme
d’explosion est différent des types de focalisations qui se manifestent en I’absence de frontieres. © 2000
Editions scientifiques et médicales Elsevier SAS

Part I
Survey of the main results

1. Introduction

Asin [17] we construct geometric optics expansions for a class of Kreiss well-posed semilinear
boundary problems on ﬁf“ ={z=(,zn)=(x0,...,ZN): TN =0}

! This research was supported in part by NSF grants DMS-9401248 and DMS-9706489.
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384 M. WILLIAMS

Lu, = f(ue, W),
(1.1) Bug|yy=0 = ge(z'),

ue =0 inzy<O0,

and then show that the expansions are close to exact solutions for small wavelengths . Here L
is an m x m first-order operator, and g.(z') = G(z',z’' - £’ /¢), where G(a’,6p) is smooth and
periodic in 6y. The main difference is that in this paper, we produce expansions for which the
errors approach zero in L>, not merely in L? as in [17]. (By “error” we mean the difference
between the exact solution and the approximate solution given by the expansion.) To achieve the
smaller errors one must incorporate the profiles of the glancing, elliptic, and hyperbolic boundary
layers into the expansions. The existence of the glancing and elliptic boundary layers, which are
small in L? but not in L, was already evident in [17], but there they were absorbed into the
error terms.

The analysis of the glancing boundary layer forces the introduction of a third scale (1/+/2),
in addition to the usual oscillatory (1/¢) and spatial (1) scales. If only the usual scales are
used, trouble arises since the equation for the glancing profile is then governed by a vector
field everywhere tangent to the boundary. The profile is thus uniquely determined by the initial
condition in 2y < 0, so one can’t impose a boundary condition. On the other hand, (generalized)
eigenvectors associated to multiple real zeros of det L(£’,£x) = 0 are needed to make the exact
solution satisfy the boundary conditions (see Section 2). This inconsistency is one source of the
large L°° errors in [17].

As in [3,11,6,7] where different three-scale problems were considered (see Remark 8.9), the
profile equations exhibit second-order terms in the intermediate scale when the original system
(1.1) is first-order. The second-order derivatives are transverse to the boundary, so one can impose
a boundary condition. Indeed, we obtain semilinear Schrodinger-type profile equations with
nonhomogeneous boundary conditions (8.34). Schrodinger profile equations of a different sort
were encountered in [3,11], while the second-order profile equations in [6,7] were of parabolic-
hyperbolic type. In Section 2 a simple, explicit, linear example shows how the new scale and
Schrodinger-type equations appear in connection with glancing modes.

The construction of the elliptic boundary layer also has some unusual features. Complex
phases lead us to introduce periodic profiles that extend holomorphically into the upper complex
half-plane. One must work with spaces of profiles that are invariant under complex conjugation
and nonlinear functions (Remark 4.1). The transport equations associated to the complex phases
involve complex vector fields, but these equations need merely be solved to high enough order at
the boundary x = 0 (Proposition 9.4).

In contrast to [17], where a leading term expansion was constructed for solutions u. to (1.1)
with oscillatory data g. defined by almost-periodic profiles, here we work with periodic profiles
and construct expansions of arbitrarily high order under an appropriate generically valid small
divisor hypothesis (Definition 4.1). It turns out that complete expansions can be constructed even
without any hypotheses preventing rectification like the oddness hypotheses of [3].

The elliptic and glancing boundary layers are of width ~ ¢ and ~ /e, respectively, and appear
in the leading term of the expansions. Nonlinear interactions cause a hyperbolic boundary layer
of width ~ /¢ to appear as well in the higher order terms (Definition 8.1). One of the main tasks
of this paper is to understand precisely how the three layers interact and evolve. This information
is contained in the analysis of the profile equations. Much of it is summarized in Remark 8.4.

Once a sufficiently accurate approximate solution is constructed, the existence of a nearby ex-
act solution follows from a Gues-type theorem for semilinear boundary problems (Theorem 6.2).
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BOUNDARY LAYERS AND GLANCING BLOW-UP 385

Glancing blow-up

Let p(§) = det L(&) be the scalar principal symbol of the m x m first-order operator L in (1.1).
To any &' = (&,...,En—1) € RV \ O there is associated a combination of glancing, hyperbolic,
and elliptic phases corresponding to the zeros & of p(¢’, {n) = 0 which are respectively multiple
real, simple real, and nonreal. The results of [17] were obtained under the assumption that there
were no real zeros £ of multiplicity higher than 2. In Section 12 we show the necessity of
this assumption by constructing examples where the presence of real zeros of multiplicity 3
results in a time of existence T, — 0 for the exact solution u. as € — 0. The examples involve
constant coefficient operators and linear phases so they show that, in contrast to the situation for
hyperbolic equations in free space, coherence (see [8]) does not suffice to prevent blow-up. The
mechanism of blow-up is completely different from the types of focusing in free space identified
in [8] (see Remark 12.3). Theorem 4.2 of [17] shows that high-order nonreal zeros do not cause
blow-up as € — 0.

Remark 1.1. — In [20] we construct rigorous geometric optics expansions for perturbations of
a stable planar shock produced by oscillations whose associated characteristic vector fields (3.6)
all reflect strictly transversally off the shock (an oscillating free boundary). The results of this
paper are intended partly as a step toward understanding the more general situation where elliptic
and glancing boundary layers form near the shock.

2. Appearance of the new scale in Schrodinger-type profile equations

Consider the 2 x 2 example on Rﬁ_ﬂ ={{,y,x): x >0}
Lu. =0,

(2'1) Buelm:O = gs(t’ y),
ue =0 int <O,

1 0 0 1
peae (3 0)ace (0 a,

and B is a 1 x 2 constant, real matrix such that (L, B) satisfies the uniform Kreiss condition
(Definition 3.2). We take g.(t,y) = b(t,y)eB ¥/ where g =0in t < 0 and 8 = (7/,7') with
[Tl =n'l.

The scalar symbol of L is
2.2) prn.O) =1 — (& +77),

so £ = 0 is a double real root of p(7’,7’,&) = 0. The associated glancing phase and glancing
vector field are

where

(2.3) gt y,2)=(7",7,0)- (¢,y,2) and X,=27'8; — 219,

respectively.
Taking v > 0 and ignoring powers of 27 we may write the exact solution u. to (2.1) as

ue(t,y, ) = /eit(T—’i’)‘)‘f"iy"I-f'ix\/(T—’i’y)z—nz r(r — 7"7, 77)
7 Br(T —i7,n)

/ /
2.4) xb<7'—ify'—%,n—%) drdn

ANNALES SCIENTIFIQUES DE L’ECOLE NORMALE SUPERIEURE



386 M. WILLIAMS

where “ ” always denotes the square root with positive part, and r is the eigenvector satisfying

(2.5) L(1 —iv,n, V(T —i)? — ) (T — iy,m) =0.

For (7/,7n) fixed make the change of variable

o |
]
3

in (2.4), set X = (f — iy + 7' /e, 1+ 1’ /), drop the tildes, and use |7’| = |'| to obtain

Ue(t, @, y) = T+ / VT =it 527 T—im =2 ntel(r—iny =] _T(X)
Br(X)

2.7 x b(r — i, n)drdn.

(2.7) exhibits the new scale z/+/e. Observe that the glancing phase ¢, appears on the far left,
and the first two terms under the square root give the symbol of X.
Now fix (7/,n') = (1,1), and set

28)  a(xtye? =e" / MW=V AT =N =20 oy ) gﬁf{;) dr dn.

Consider the approximate solution

2.9) et y,0) = a0t y)e®] _ o e
=,

€

By Taylor expanding the square root in (2.7) and using |e®* — e%*| < |w — 2/, it’s easy to show

(2.10) e % (ue — @)t Y, @)

Haty) S C$\/E'b|H§+0/2>(t,y)’

where [v| gz (t.y) = (T — 17, m)°0(T — 17, M) L2(r )
Finally, observe that a.(x,t,y) satisfies a Schrédinger-type equation with nonhomogeneous
boundary conditions:
i&iae + Xga. =0,
(21 1) Ba, |X=0 =b(t, y),
a.=0 int<O.

Remark 2.1. - Later we’ll encounter problems like (2.11) for the nth Fourier component
an(X,t,y,x) of a periodic profile where iaf( is replaced by iai /n. The n-dependence is a source
of difficulty in the analysis. To obtain linear estimates suitable for Picard iteration, we are led to
introduce the cutoffs p(X(Dz/ 2)) (8.35) and to make use of Wiener algebras Ag(C'(x, H?)) (7.7),
(8.42).

3. Symbols, phases, the Kreiss condition, and regular boundary frequencies

We revert to the notation WI@IIH = {z = (@', zNn) = (0, 2") = (w0,y,TN): TN = 0} of
Section 1. Denote the dual variables by £ = (&', én) = (£0,7,€N).

4¢ SERIE — TOME 33 - 2000 - N° 3



BOUNDARY LAYERS AND GLANCING BLOW-UP 387

A. In (1.1) L = L(0) = Oy, + Zjvz 1AjOzy is an m x m first-order system, strictly
hyperbolic with respect to xp, and noncharacteristic with respect to the boundary zx = 0. The
corresponding symbols are

N
LE=6I+) A& =6+ AE",

Jj=1
p(§) = det L(§).

We assume the A; are real matrices. B in (1.1) is a ¢ x m real matrix where p is determined
from the Kreiss condition (Definition 3.2).
Define the matrix A(£’) by the equation

3.1)

(3.2) AV L) =En — AE).

B. If¢=¢¢6n)eRY xC,z € ﬁf“ we call & (respectively € - x) a characteristic mode
(respectively characteristic phase) when p(€) = 0, and we set

(3.3) char L = {(¢,&n) € RN x C: p(¢) =0}.
For ¢ € char L the mode (or associated phase) is called glancing, hyperbolic, or elliptic
depending on whether the root £ of p(¢’,£n) = 0 is multiple real, simple real, or nonreal.

C. Suppose &£ = (&,£") € char LN (RNF1\ 0). Strict hyperbolicity implies ker L(£) is one

dimensional. Indeed, for £” € RY \ 0, A(¢”) has m distinct eigenvalues —£3(£”) satisfying

(3.4) EEN<E < <ErE

with associated right eigenvectors ("), j =1,...,m.

If § = (£,,€") € char LN RNH!\ 0), £ = &5(£”) for some i and we set 7(€) = r:(£"). Let
n(§) denote projection of C™ onto ker L(§) along range L(§). This is the same as the projection
onto r;(£"') with respect to the decomposition

(3.5) C™ = spanri(£”) ® - - @ span 7 (€”).

Set p;(€) = & — EH(E"). E4(€") is real-analytic in £ and the characteristic vector field associated
to £ is given by

Op;
(3.6) Xe= ’;

X is called glancing, outgoing, or incoming when 65" -0 (€") is respectively = 0,< 0, or > 0.
3 (respectively £ - ) is then referred to as a glancing, outgomg, or incoming mode (respectively
phase). The importance of X, 3 is connected to the well-known fact [12] that

3
(/33
7r(€)L(8)7r(€) Xem(©).

)0z (0z=(Oz>---,0zy))-

() Arm(€) = —=22(¢")m(€) and thus

3.7

ANNALES SCIENTIFIQUES DE L’ECOLE NORMALE SUPERIEURE



388 M. WILLIAMS

D. When £ = (§,€") = (¢,£,) € charL and Im £, # 0, we don’t necessarily have a
decomposition like (3.5) or a well- deﬁned vector field Xg as in (3.6). This leads to

DEFINITION 3.1.— The elliptic mode (§ 3 NS regular if
(a) &, is a simple root of p(¢, £)=0.
(b) A(") is diagonalizable.

Condition (b) means there is a decomposition
38 Cm =B e - @ EE"), I<m,

into eigenspaces of A(£”) associated to eigenvalues —&J(£"), ..., —&(¢") € C. €, € R must
equal one of these, say £ = £3(£"). We may now define 7(€) to be projection of C™ onto ker
L(§) along range L(£). This is just projection onto E; with respect to the decomposition (3.8).
Since every eigenvector of A(¢") associated to —¢_ is an eigenvector of A({') associated to
3 N and vice versa (the same is not true for generalized eigenvectors!), condition (a) in Definition
3.1 and (3.8) imply £ is simple as a root of p(&,€") = 0. Thus, for &” = (1,€n) near (7,€,)
in RN~1 x C, €}(n,&n) is real-analytic in 1 and analytic in . Setting p;(€) = & — £J(£”) the
(complex) characteristic vector field associated to the elliptic mode { may now be defined by

)
(3.9) X =2

=57 © 0

Remark 3.1. -

(a) Since the matrices A; are real, if (§',{n) is a regular elliptic mode, so is (¢’ ,€x). For a
more general notion of regularity for elliptic modes see Definition 3.5.

(b) (3.7) holds also for regular elliptic modes §.

E. The uniform Kreiss condition and the spaces E*(¢'). For ¢’ € RY and ~ > 0 the strict
hyperbolicity of L implies that the eigenvalues £3,(§o — 7y, 7) of A(& — i, 7) (see (3.2)) have
nonzero imaginary part. Denote by E* (& — i-y,7) the direct sum of the generalized eigenspaces
of A(& — 7, n) corresponding to the &3, with Im &2, > 0:

(3.10) Et@—ivm= @ ker[(h — A —iv.m)™].

Im ¢, >0

where my; is the multiplicity of f{v. The dimension p =y, ¢l >0 of ET(& — iv,n) is
independent of (&,7) € RY, v > 0. Let

X ={(.n.7): E.meRN, v>0, (&,n,7)#0}.

The spaces E (£ — iv,n) form a C* subbundle of rank u of the trivial C™ bundle over
X N {v > 0} which extends to a continuous subbundle E* of rank u over X [2]. For ¢’ € RN
E*(£') denotes a fiber of this continuous extension.

DEFINITION 3.2. — The pair (L, B) satisfies the uniform Kreiss condition if the restriction of
B to E*(& — iv,n) is an isomorphism for all (&,m) € RY, v > 0 such that (&,n,7) # 0. This
forces B to be a |1 X m matrix.

4¢ SERIE — TOME 33 — 2000 - N° 3



BOUNDARY LAYERS AND GLANCING BLOW-UP 389

F. Decomposition of E*(¢'). For ¢ € RV \ 0 let £4,(¢'), i = 1,...,M(¢') < m be the
distinct roots of det(éy — A(£)) = 0. Write the index set M(¢') = {1,..., M(¢)} as a disjoint
union of subsets G(£'), O, P(&"),Z(¢"), and N(£') corresponding to the modes 3;(£') =
(¢, €4,(¢") that are respectively glancing, outgoing, such that Im&Y%; is positive, incoming, or
such that Im &% is negative.

E*(¢") may now be written as a direct sum

(3.11) E*(¢) = &P E*(8:£)).

1€G(ENVOENUPE")

For i € P(¢") ET(B;(¢")) is the generalized eigenspace associated to the nonreal eigenvalue
€4,(&"). For i € O(¢") E*(Bi(¢")) = ker L(B;(¢")), a one-dimensional space. Suppose finally that
i € G(&'), & = (£,m), and that m; > 1 is the multiplicity of the real root £4,(¢’). For v > 0
small £4;(£o,m) splits into m; roots €% (& — iv,m), k=1, ..., m;, with nonzero imaginary parts.
Let 11;(¢") be the number of these with positive imaginary part. Then dim E*(5;(¢')) = p; and
E*(B;(¢")) is spanned by generalized eigenvectors w such that [§§V(§ N — AEH#w = 0. The
strict hyperbolicity and noncharacteristic boundary assumptions imply [2]

m; . '
Wi = - when m; is even.

(3.12)
m;+1  my—

2 92

DEFINITION 3.3.— Let P(B;(¢")) denote the projection of ET(€¢') onto ET(5;(€")) with
respect to the decomposition (3.11).

L is either when m; is odd.

Remark 3.2.— Suppose dim ET(3;(¢)) = 2 for some i € G(£'). For ¢’ near £', E*(8;(£)) can
split into a direct sum of two nearly parallel eigenspaces. The projections onto those eigenspaces
blow up as & — &', which raises the question of whether such unbounded projections can lead to
a shrinking time ‘of existence, T. — 0, for the exact solution u. to (1.1) as e — 0. Example 2 of
Section 12 shows this to be the case. On the other hand Theorem 4.2 of [17] shows that elliptic
modes of high multiplicity do not cause 7, — 0.

To avoid glancing blow-up we shall later fix &’ = (£, 7) € R \ 0 such that
(3.13) For all i € G(¢"),m; = 2 and thus dim E* (8,(€")) = 1.

In this case E+(3;(£")) is the eigenspace of A(7, §§V(§' )) associated to the eigenvalue —&.

DEFINITION 3.4.— We call ¢’ = (&,n) € RN \ 0 a regular boundary frequency if ¢’ satisfies
(3.13) and all the associated elliptic modes B;(£"), i € P(£"YUN (&), are regular (Definition 3.1).

The results of this paper will assume that g.(z') = G(z', 2’ - €’ /¢) in (1.1) oscillates with a
fixed regular boundary frequency &’.

When ¢’ is regular, for each i = 1,..., M(¢') the eigenspace of A(n, &4 (€)) associated to —&
is one-dimensional. With r(¢’, £4,(¢')) denoting a corresponding basis vector, the decomposition
(3.11) may now be written

(3.14) E*(¢)= b spanr (¢, €4(¢")).
1EG(EHUOENUPE’)

ANNALES SCIENTIFIQUES DE L’ECOLE NORMALE SUPERIEURE



390 M. WILLIAMS

Example 3.1.— Suppose

det(& + AE") = (& — c1l€"1?) (& — cal€”)) (& — esl€" ),

where 0 < ¢; < ¢, < c3. Then every & € RY \ 0 is a regular boundary frequency. In particular, if
& = (&, n) satisfies £ = c»|n|?, then G(£'), O(&'), P(£') are all nonempty.

The following simple proposition will be helpful in the construction of the elliptic boundary
layer.

PROPOSITION 3.1. - Assume (L, B) as in Part A satisfies the uniform Kreiss condition, and
suppose &' is a regular boundary frequency. Then card P(£') = card N (£') and the restriction

(3.15) B: &P spant(n, £y (")) — CH
1EG(ENUOEUN (")

is an isomorphism. The r(n, £4,(£')) can be chosen so that for eachi € P(¢') thereis a k € N(£')

such that g(fl) = £X.(&) and T(n, E3(E)) = r(n, 5 (€)). We denote by g:P(E') — N(&') the
map that associates k € N(£') to i € P(£).

Proof. — The statement follows immediately from the definitions, (3.14), and the fact that the
matrices A;, B arereal. O

Remark 3.3. - Elliptic modes (¢/, £4,(€7)) of multiplicity > 1 do not cause blow-up, so one can
attempt to construct geometric optics expansions for u. even when such modes are present. We
shall not attempt to deal here with boundary frequencies &’ for which the geometric multiplicity
of £4,(¢') as an eigenvalue of LA(¢) is less than the algebraic multiplicity (see [17], proof of
Theorem 4.7¢). But in Remark (9.3) we describe how the results extend to the more general case
where elliptic modes of possibly high multiplicity are required to be regular in the weaker sense
of the following definition.

DEFINITION 3.5. — The elliptic mode (5' f )=(,, n,§ ) is weakly regular if

(a) there are neighborhoods w of (1,€ ) in ]RN I'xC and O of (€,1,€,,) in RN x C such
that for each (n,€N) € w there is exactly one point (&o(n,EN), M, {N) € (’) N char L,

(b) the algebraic and geometric multiplicities of £, as an eigenvalue of .A(§ ) are equal,

© Am,§ N) is diagonalizable.

G. In the analysis of the glancing boundary layer we shall need to work with Wiener
algebras Ag(C(x, H™(T))) (7.7) which are invariant under the function f(u, %) in (1.1). This
will be the case if we assume f(u,v):C™ x C™ — C™ is entire with f(0,0) = 0. One can
easily consider more general entire functions f(z,u,v) = Z(a, 8)£0 fap(@)u*v? by imposing
appropriate restrictions on the coefficients f, g(x) (see [17], (2.7)), but we’ll refrain from doing
so here.

4. Three-scale profile equations and small divisors

Using the notation and definitions of Section 3, Part F we fix a regular boundary frequency &’
and look for solutions . to (1.1) of the form

@D (@) = [a00 7.0+ VeEarlnz.0) + -+ (VO  an (. 2.0)] [, 2y g_sto
where the M (£')-tuple of phases ¢(z) and placeholder 6 are defined as follows.

4° SERIE — TOME 33 — 2000 - N° 3



BOUNDARY LAYERS AND GLANCING BLOW-UP 391

Notation 4.1.— For a fixed regular boundary frequency ¢’ and j € G(¢) U O(E) UZ(EHU
PE) , ,

(@) ¢;(@) =, ENEN) - =0;(&) -z, & asin Section 3, Part F.

(b) 7 =71(B;(£")), a basis vector for ker L(5;(£")),

(c) m; = m(B;(£")), projection onto ker L(3;(¢")) along range L(3;(£")),

(d) X; = Xp, (), the characteristic vector field associated to 3;(¢),

(e) 0; is the placeholder for ¢, /.

(f) For j € N(€"), set ¢;(z) = (—€',—€X(€") @ for k = g~'(j) (g as in Proposition 3.1),
Bi(€) =dj, rj =Tk, mj = m(B;(£)), and X; = Xg,(en.

(g) For j € N(¢') 6; = —By for k= g~1(j).

(h) Set 0 =(0;)j=1.... M)

For i € G(£) U O UI(£") 8; € R, while for i € P(£") UN (') we have Im 6; > 0. Observe
that for i € M(&) \ N(£’), ¢; restricts when z = 0 to the boundary phase ¢o(z) = &’ - z, while
for i € N(£'), ¢; restricts to —¢o(z). We denote by 6 the placeholder for ¢o(z)/e.

Each profile a;(x,z,6) is associated to a smooth periodic function a;(x,z,6), § € RME",
whose Fourier expansion has the special form (dropping the j)

42) i0ez.0= > aalnn)e®,
a€Z(¢")

where Z(¢') € ZM®) is defined by
@3 2 ={a=(a)iemen: o €Zifi € GE'YUVOE)UI(E);
' o €ZF if i € PE)UN(E)).

Here Z* = {0,1,2,...}. Note that since spec a C Z(£"), a extends holomorphically in the
variables (Oi)ie‘p(gl)uj\[(g/) to

{(éi)ie’P(i’)UN(g'): Im éz 2 O}
Denoting the holomorphic extension also by @ we define, for 8 as in (4.1)(h),
(4.4) a(x, z,0) = a(x. 7, 0)|5_p-

PROPOSITION 4.1. -~ (a) Fora(yx,x,0) as in (4.4), there exists a function ¢(x, x, é) of the form
(4.2) such that

a(x. 7, 0) = &0 . 0) |-
(b) Let f(uy,...,up): (C™™ — C™ be entire and let

ai(x, z,0) = a;(x, z, é)lgze, i=1,...,n,
for a;(x,x, é) as in (4.2). Then there exists a function 5()(, x, 5) of the form (4.2) such that
flay,....an) = b(x..0)|5_,.
Proof. — (a) Write

aez,00= Y an(xz)e’
€2
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and note that since 0,(;) = —6; when i € P(¢') for g as in Proposition 3.1, we have
iaf =iB0, for B Z(¢)

where

Bi=—w€Z, i€GEHYUOE UL,
Bi =g €EZT, i€ PE),

,Bg(i) =4 € Z+, XS 'P(tf/)
(b) Just take b = f(@y,...,dn). O

Remark 4.1.— (a) In particular for a(y, z,6) as in (4.4) and f(u,v):C™ x C™ — C™ entire,
we have

(4.5) f(alx.z.0),a(x, 7,0)) = b(x,z,0)|5_4

for a function b of the form (4.2).
(b) In Section 9 we work with profiles a(x, x, #) of the form

(4.6) a(x, x,0) = Mya(x, z,0) + Mooa(z, 6),

where M,a is rapidly decreasing in x and M.a is independent of x. For f as in (4.5),
fla(x, x, 0),a(x, x, 0)) also has the form (4.6) (Proposition 5.1).

Notation 4.2.~ For functions a(x,z,0) = a(x,z, é)lo':e as in (4.4) we’ll often write
0p,a(X; z, 0) instead of [95 a(x,x,0)]|5_g-

Equations for the profiles a(;, x, 0) are obtained by plugging (4.1) into (1.1), Taylor expanding
nonlinear functions of @, about ay, and setting coefficients of different powers of € equal to zero.
With L(0) and L(€) as in Section 3, Part A, set

@7 P@)= > L(Bi(&))ds,.
ieEM(E’)

Let I (respectively By) be the interior (respectively boundary) equations obtained by setting the
coefficient of e* equal to zero. The I equations on z > 0 are:

I_i: P(Og)ap =0,
4.8)

I P(0p)ay -I—ANBXao =0,

Io: P(0g)az + AnOyai + L(0)ag = f(ao),
I;: P(p)as + AnOxaz + L(O)ar = f'(ao)ai,
I;: P(9g)as + AnOyas + L(D)az = f'(ao)az + f"(ao) (a1, ay),
Iy, k> 1: P(Op)azk+2 + AnOxazi+1 + L(O)azk = f'(ao)azk + F(ao, - . ., azk—1).
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Here we use the shorthand f(ag) for f(ao,dp) and do similarly for higher derivatives. Below we
let s(6p) denote the M (£¢’)-tuple such that

s(00)s = 6o ifie M(E)\N(E),

‘ s(00); = —0y ifie N(&).
The boundary equations on z = 0 are:
Bo: Bao(X, T,0)|x=02n=06=s00 = G(z', 00),

(4.9)
B%? k > 0: Bak(Xa Za 0)|x=0,zN=0,9=s(00) = 0

Remark 4.2.— If G(£') = (, then all Qdd profiles turn out to vanish, all even profiles are
independent of X, and the equations (I, By) reduce to the usual 2-scale equations (see Section 9).

An important step in solving the (I, Bx) is solving equations like
P(@p)alx,z,0) = F(x,z,6)

in algebras of functions of the form (4.4). This is generally impossible because of the occurrence
of 'small divisors. As in [10] we’ll impose a small divisor condition, but here the condition is
slightly modified to take into account the elliptic boundary layer. Observe that for a(x, z,8) as in
4.4),

(4.10) P@pa(x.z.0)=i »_ P(e)aalx,z)e’,
. a€Z(¢")

where

4.11) P(a) = L(a - do), ¢(x) asin (4.1).

Denote the characteristic set by
C = {a e ZM®: det P(a) = 0}.

DEFINITION 4.1.— The boundary frequency &' (or phase ¢) satisfies the small divisor
condition.if there exist C > 0 and d € R such that

4.12) |do(- ¢)| = Clal®  forall o € ZME\ 0,
(4.13) |detP(a)| > Cla|® forallae Z(E')\C.

In what follows we shall always work with a fixed regular boundary frequency £’ chosen so
that

(4.14) ¢’ satisfies the small divisor condition.

Remark 4.3. - (a) Property‘(4.12) implies that the component phases of ¢ in (4.1) are
Q-independent, a point that will be important in the solution of the profile equations. The
Q-independence would not follow if ZM€") \ 0 were replaced by Z(¢') \ 0 in (4.12). Situations
where rational relations hold among just the real phases can be handled by choosing an
appropriate adapted basis (Definition 8.2) for the Q-span of the real phases. This is done in [20]
in the context of multidimensional shocks. It is possible to have relations involving a mixture of
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real and nonreal phases. For example, an integer combination of glancing and elliptic phases can
equal a different elliptic phase. We shall not treat such situations here.

(b) Suppose card (O(¢") UZ(£")) = m for all ¢ in some open subset 2 C R \ 0, so the
modes associated to each &’ € 2 are all hyperbolic. Propositions implying the validity of (4.12),
(4.13) for almost every £’ € §2 are given in Section 4 of [20]. Similarly, one can consider lower
dimensional submanifolds {2 C R™ \ 0 such that a fixed number of glancing modes, and possibly
elliptic or hyperbolic modes as well, are associated to each £’ € §2. Examples where the small
divisor properties hold for almost every ¢’ € {2 are given in Section 11.

S. Function spaces

Here we define the spaces needed to state the main results.
Fix a regular boundary frequency ¢’ € RY \ 0 and let M (¢’) be as in Section 3, Part F. Let

Qr={zeR " —co <z < T, zy >0}, Q= Qr x TME),

and set
br={z' €eRY: —co<zo<T},  bf2rg,=b0r x T

We regard the functions @(, z, §) in (4.2) as functions on R, x 27 x TME",

5.1. Spaces for profiles

@) C(T,€) = {a(x.z,0) € C°(Ry x 27 x TME): G has the special form (4.2) and

0% - ais bounded for each a}.
(x,z,0)

(b) C=(T,¢") = {a(x,0) € C®°(2r x TME): G has the form (4.2) and 82 ;@ is bounded
for each a.}. L

(©) I°(T, §) = {a(x,z,0) € CX(T, & X’ca& N é)& is bounded for each pair (a, k), k > 0}.

(d) I'e(T, &) ={a(x,z,0): a=al;_y, witha € I~”>‘<’°(T, &)and 0 as in (4.1)(h)}.

(e) C°(T,¢) = {a(x,0): a=al|z_,, witha € Co(T, &) and 6 as in (4.1)(h)}.

() Py (T, &) = {alx,,0): a=b+ c, where b(x,z,0) € I>(T, &) and c € C=(T,&")}.

(g) C=°(T) = {a(x’,6p) € C°(bf2r4,): 8&,,90)a is bounded for each a}.

In (5.1)(d) @ has been holomorphically extended as in (4.4).

PROPOSITION 5.1.— Suppose f(ui,...,up): (C™)™ — C™ isentire. Let ay, . . .,an € Py (T, ¢').
Then f(ay,...,an) € Py(T,&"). In particular, if f(u,v) is entire and a € P, (T, '), then f(a,q) €
P, (T, ¢)).

Proof. - Let a; = b; + ¢;, where b; € I'2°(T,¢') and ¢; € C(T, £"). Write
f(a/l’-"aan): [f(bl +Cla'~-’bn+cn)—f(cl’--'acn)j| +f(cl""acn)’
rewrite the first term on the right using Taylor’s theorem, and apply Proposition 4.1. O

5.2. Spaces on {21

Let H*(£27), W™ (§27) be the usual Sobolev spaces. For m € {0,1,2,...}, p>0,¢ € (0,1]
let

@ BT = {uc(x) € H™(2r): |0%ue| 20y < pe~!* for |a] <m, € €(0,1]}.
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B (T) is the analogous space on b{2r.

(b) DTT) = {uc(z) € W™®(02r): [0*ue|Looar) < pe ' for || <m, € € (0,11}

D} (T) is the analogous space on bf2r.

Notation 5.1.— The subscript “0” attached to any of the function spaces defined in this paper,
e.g., Py o(T, &), will be used to denote the subspace of functions vanishing in zo < 0.

DEFINITION 5.1.— For functions a(x,z,0) € Py(T,€') we define projections Mya =
limy o a € C*(T, &) and Mya = (1 — Moo)a € I°(T,E).

Remark 5.1.- (a) a(x, z,0) € P, (T, &) implies a(z//e, z, d(x)/e) € D7(T') for all m, for
some p = p(m) > 0.
(b) Spaces like ]B%;"(T) and ]D);”(T) were used in [4].

Notation 5.2.— (a) For functions a(x, z, 5) IS @;"(T, &") we set a(x, z) equal to the mean of
a,and a* = a — a. For a(x, x,0) = d|;_,, we set a(x,z) =@ and a* = a — a.

(b) If B is any space of periodic functions, B* will denote the subspace of functions with
mean 0.

6. Main results

We shall construct exact solutions u. of (1.1) in H™ ({21) where m; > (N + 1)/2 by first
constructing an approximate solution @, of the form (4.1) with M terms where (M — 1)/2 > m,
and then proving a general Gues-type theorem for boundary problems to obtain a unique exact
solution u. nearby. The smooth profiles a; in (4.1) will be constructed to lie in P, (T, &)
(Definition 5.1(f)).

The analysis of the profile equations produces detailed information about the interaction and
evolution of the boundary layers. Some of that information is summarized in Remark 8.4.

THEOREM 6.1. — Fix a regular boundary frequency &' € RN \ 0 (Definition 3.4) satisfying the
small divisor condition (Definition 4.1). Consider the problem (1.1) where (L, B) as in Section
3A satisfies the uniform Kreiss condition (Definition 3.2), f:C™ x C™ — C™ is entire with
f£(0,0) =0, and g.(z') = G(z',x - &' [€), where G(z',0p) € C(T) has compact support in z’
and G=0inzo <0 (so G € C§°(T)). Choose (M, my) such that (M — 1)/2 > my > (N + 1)/2.
There exist Ty, 0 < Ty < T, and profiles a;(x, z,0) € Py o(To,&’), for j =1,..., M such that t.
as in (4.1) satisfies

Liie = f(tte, Ue) +eM~D2R,,
(6.1) Biie|gy=0=ge + ™MD/,
e =0 inxzy<O,
where R.,r. lie in D;’B(To) N ]BZB(TO), D;'f()‘ (To)N Z‘O' (To) respectively for some p > 0.

Remark 6.1. - (a) In fact for all m > 0, R, lie in DZ(Lm),
B:,'(‘m),o(To) respectively for some p(m) > 0.

(b) Corner compatibility conditions in (6.1) hold to infinite order since G € C§°(T') and
f(0,0)=0.

o(T0) VB o(T0), D o(To) N
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Exact solutions near approximate ones

The following general Gues-type theorem also applies to boundary problems not involving
oscillatory data.

THEOREM 6.2. - Let (L, B) and f be as in Theorem 6.1 and choose M = m; > (N + 1)/2.
Suppose @i € D7 (T) satisfies

(@ Lu.= f(ﬂs,'ﬁe) +eM R,
Baelz;x;:O =g+ EMI Te,

=0 inxzy<O0,

where R € ]BZB ), re € BZ})‘ (T) for some p > 0.
Then there exist € > 0 and o > 0 such that for 0 < € < g¢ the problem

(b) Lue = f(ue,Ue),
Buelch=0 = Ge>

u.=0 inxzyg<O0,
has a unique exact solution u. € i, + ™ BYo(T).

THEOREM 6.3 (Exact oscillatory solutions). — Let (L, B), f, ge, (M, my), To, and the profiles
a; be just as in Theorem 6.1. There exist €9 > 0 and o > 0 such that for 0 < € < o, the problem
(1.1) has a unique exact solution in H™ (2g,) given by uc = iic + ™M~ D/2BT'(T) where

6.2) ﬂszao(m—\/l\é,x,g> +.v.,+(\/g)MaM($71\;’x’§).

Proof. — We have 4. € DZ}; (Tp), so (6.1) implies the hypotheses of Theorem 6.2 are satisfied
with My = (M — 1)/2. An application of that theorem concludes the proof. 0O

Remark 6.2.— (a) A standard continuation principle and uniqueness for (1.1) imply that the
solution u, in Theorem 6.3 is in fact C'°.

(b) Theorems 6.1, 6.2, and 6.3 remain true exactly as stated when f(u.,%.) in (1.1) is replaced
by certain more general forcing terms. See Remark 8.5.

(c) Cases where there are nontrivial rational relations (hence resonances) among the
components of ¢, but which involve only the real phases, can be handled similarly using adapted
bases. See Section 8.2. v

(d) The treatment of boundary frequencies £’ for which the corresponding elliptic modes are
of possibly high multiplicity, but still weakly regular in the sense of Definition 3.5, is described
in Remark 9.3.

7. Spaces for constructing the glancing boundary layer
The leading term of the glancing boundary layer will be written as a sum of two pieces, by + co
(8.35), (8.36). Different spaces are used in the Picard iterations for by and cy. Recall the notation
T = (20, 2") = (20,y,2n) = (', zN) for z € 2.
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7.1. by-spaces
Forme€ {0,1,2,...},T>0,7>0let

(7.1 H™T)= {u(a:): |t = Z |0%u| L2(2p) < oo}.
la|<m
(7.2) H,ryn {u(:r) [Ulm,y = Z ,Ym—loz|Ie_’Yaco@OtmL2 U < OO}
|| <
(7.3) H(T)= {u(z): [ty = Z 'ym_l"l|e_"”°8au|Lz(gT) < oo}.
la|<m
(7.4) C(x, H™T)) = {u(x, x): u is a continuous, bounded function of

x > 0 with values in H™(T)},

|l xm, 1 = sUp (X, ), -

x=0
(1.5) C* (x, H™(T)) = {u(x, 2): diu € C(x, H™(T)), I <k}
(7.6) The spaces and norms C(x, HJ"), [t|y.m,y and C (x, HJ(T)), [t|xm~.T

are defined similarly.

Wiener algebras Ay(B). It was observed in [9] that Wiener algebras are useful for proving
estimates on profiles by mode-by-mode analysis. For a Banach space B Ag(B) is the space of
periodic B-valued functions of § € RP with absolutely summable Fourier coefficients. Here and
elsewhere we suppress the “p” in the notation. Thus V' € Ag(B) if and only if

(1.7) V=> Vae™ with|V]a,m = |V|gB_Z|V|B<oo

nezZpr

If £ > 1 we define

Ab(B)={V: 0§V € Ag(B) for || <k}
with
(1.8) Viase = Vikez =D () Vals.

n

A simple application of the triangle inequality shows that if B is a Banach algebra satisfying
|luv|p < Clu|g|v|g for some C > 0, then for the same C

(7.9) |UV]e.8 < C|Ulo.B|V]o.B-
In particular (7.9) holds for B = H™(T) or C(x, H™(T)) when m > (N + 1)/2. The
corresponding |U g, g norms are written |U g1, |U |o;x,m, respectively.

Suppose u,v € C(x, H™(T))N L>(R 4 x {27) for some m > 0. We have the weighted Moser-
type inequality [15]

(7.10) [uv|ymqyT < (|u|xm'yT|U|L°° +|U|L°°|U|xm'yT)
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(7.10) implies, with the obvious notation,
(7.11) |UV|0;x,m,%T < C(|U|0;x,mmT|V|G;L°° + |U|0;L°° |V|0:x,m,7,T)-

Suppose f:C™ x C™ — C™ is entire with f(0,0) = 0. If B is a Banach algebra of C-valued
functions, straightforward use of the triangle inequality shows the map v — f(u,u) sends B to
itself and is bounded on bounded sets in B. Similarly, (7.9) implies the map

(7.12) U — f(U,U) sends Ag(B) to itself and is bounded on bounded sets in Ag(B).
For U € Ag(C(x, H™(T))) N L®(Ry. x £27)), m > 0, (7.11) implies by the same argument
(7.13) |F @ gz < C(1Ulo:L=) (IVlo:xmo.1)-

7.2. cy-spaces

With a = a + a* as in Notation 5.2, set
(7.14) £ = {a(x,2",0) € L*(Ry xR} x T'): a=0}.

Let 0, ! be the map L?* — L** which assigns to a(x,z",0) its periodic primitive. Then
Dy = o ! is bounded and self-adjoint on L?*. The operator DiDe_ !, which will appear later
in Schrodinger-type profile equations, is an unbounded self-adjoint operator on L?* with domain

D* ={a(x,2",0) € L*: ais an L* function of (z",6)
(7.15) with values in H*(R ) N Hy(R4)}.
Form >0 let

(1.16) I'™= {a(x,:c",e) eL’(Ry xR xT): lalrm = > |x* 0% 0|2 < oo},

|a,k|<m

(7.17) r™* = {a(x,2",6): Xkaia € D*, |k,l|]<m}. (HerefeT).

Spaces like '™ were used in [3]. The following Proposition is an immediate consequence of
Lemma 4.2 of [3].

PROPOSITION 7.1 (Moser inequality for I'™ spaces). — (a) There exists C such that for
a,be I'NL*®

(7.18) lablpm <C(Ia|[‘mlb|Loo + |aILo<>|b|[‘m).
(b) Suppose f is C* and a,b € I'™ satisfy for some R >0

(7.19) blre <R and |X*0% 41 0|, SR forall |o,k| < m.
Then there is a constant C(m, R, f) such that

(7.20) |fa+b,a+b) — f(a,3)| . <Clblrm.

In particular, if f(0,0) = 0 we have

(7.21) | £B,8)] e < C(|blLo) bl .
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Form>0,T >0 let
cr,rm= {a(x, x,0): ais a bounded, continuous function of
o € (—00, T with values in '™},

(7.22) la|r,rm = sup |a(-,Zo,")|rm.
o €E(—o00,T1]

Spaces C*(T, I'™) are defined in the obvious way.

Remark 7.1. — Because of the initial condition in (1.1), functions with nonconstant depen-
dence on x in the following sections will always vanish identically in zg < 0.

8. Discussion of the proofs

8.1. Discussion of Theorem 6.1

We shall analyze the profile equations (4.8), (4.9) using the projections M,, My, from
Definition 5.1, as well as operators E which project onto ker P(dg) and approximate inverses
Q(9p) such that QP =PQ =1 —E.

Recall the characteristic set

8.1 C={aeZM®: detL(a - d¢) =0},

andforj=1,..., M(£) let

(8.2) Cj={aeZME: o ¢ is in the R-span of ¢; }.

We have C = U]Ni (f,) C; and in view of the first small divisor condition (4.12),
¢;={0,...,0,a;,0,...,...,00 e ZM€: o; € Z}.

For o € ZM®") define 7, : C™ — C™ by

(a) 7mo=0 ifa¢C, o =Id ifa=0.
8.3)
b) Ifael;\0, m,=mj.

Next define E: P, (T, &) — P, (T, ') (notation as in (f) of Section 5.1) by the following action
on monomials.

8.4 E(Ua(x, 2)e"?) = (maUa)e™®?, a € Z(¢).
Note that E = E, + 2?4:(15') E; where

E;(Uae™®) = (maUn)e®® ifa€Cj\0,  E;(Use™®) =0 otherwise;
& Bo(Uae™) =U, ifa=0, Eo(Uae®®)=0 otherwise.

By an argument of [10] the small divisor property (4.14) implies the existence of operators
Q(85): Py (T, &) = Py (T, £)
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satisfying
(@ P(B)Q=QP=1I-E,
(8.6) (b) rangeE =kerP =kerQ,
(¢) kerE =rangeP =range Q.
Indeed, set Q(0p)(Uae*®?) = —iQ(a)U,e**? where
(@ Q=L Ya-dp) ifagcC,
3.7 (b) Q0)=0,

© QUAa)=>)

1
¢ ifa-db= pll’//’
= @) ey & Tadd (&E".£")

where —§{f(§_” ), k=1,...,1, are the eigenvalues of A(&_" ), and 7 the corresponding spectral
projections. (8.6)(a) follows from

(8.8) P(0)Q(@) = QAa)P(@=1-mp(¢")=1~mq

with P(«) as in (4.11).

Decomposition of the profile equations

In order to make use of the projections M,, My, (Definition 5.1) to break up the profile
equations into manageable pieces, we’ll assume for the moment that solutions ax(x,z,6) €
Py 0(To, &) to (4.8), (4.9) do exist for some Ty > 0. That assumption is verified to be true in
Section 9.

Apply Q to the profile equation I_; to obtain

(8.9) (I —E)ag =0.

For all k let us use

ME")
E=Eo+ » Ej; I=M+My
j=1
to write
M
Ear)x2,0) = ¢, 062) + Y 0k ;06.2,0,)7;,
=1
(8.10) ’

ar = Mooar + Myay.
Applying Eg, E;,and Qto I_ 1 we find, respectively,
(a) AnOyag=0 s0gy=Myay,
(8.11) (b) 0y00;=0 forje M(E)\G(E),
(©) —-E)a; =—-QAn0ya0.
In (8.11)(b) we’ve used (3.7). Note that for j € G(£'), E; ANE; = 0.
Next apply Eo, Mo, E;, and M..E; to I to obtain, respectively,
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(a) AnOya; + L(O)ay = f(ao),

(b)  L(d)ay = Moo f(a0),

(8.12)

(c) ]EjANBXal + chfo’jrj = Ejf(ao) (recall (3.7))

(d) X;jMuoo;rj = MoE; f(ao).
The first observation is that (8.12)(b),(d) constitute a coupled semilinear system for g,
Mooo05, 3 € G(EHUOE)UIL(E) since for any k € G(£) U O(') UZ(E') the functions
My f(a0), MErf(ao) dependonly on gy, Moo,
(8.13) JEGEHVOEHUIE)
(see Proposition 9.1). They are independent of

004, J EPEYUN(E) and  Myoo;, j € G(E).

To find the corresponding boundary conditions use the boundary equation By to write (with
s(o) as in (4.9))

(a) BQO':L‘]v:O =_G_(xl)’
(8.14)

M)
(b) B( Z 0'0,j7”j> |X=0, zN=0, 0=s(60) G*(@',60)-

Jj=1

Determination of boundary data for a;
We now show how the Kreiss condition and Proposition 3.1 are used to obtain the boundary
values of

ap = Z o0,5(x,0;)r; + Z 00,;(X, %, 0;)r;
JEMIENGE) Jjeg¢)

from (8.14)(b). Letting 09 ;,», G;, denote the nth Fourier coefficients of oo ; (respectively G*),
we obtain the following equations from (8.14)(b). Forn >0, x =0, znx =0,

(8.15) B( > ao,j,nrj) =Gy~ B 00nTj

JEGUOUP jET

while forn <0, x=0,zy =0

(8.16) B( Z 00,j,nTj + Z O’o,j,_n’rj) = G:; — B(Zao’j’"rj)

JEGUO JEN JET

(recall s(6p); = —0o for j € N since ¢;|zy=0 = —¢o for j € N).

The Kreiss condition implies { Br;}jeguoup is a basis for C*, so the Fourier coefficients on
the left in (8.15) can be expressed as a linear function of the coefficients on the right. Similarly,
Proposition 3.1 implies { Br;} jeguoun is a basis of CH, so the Fourier coefficients on the left
in (8.16) can be expressed as a linear function of the coefficients on the right.

If b is a periodic function of 6 with b= 0, let b* denote the pieces with positive (respectively
negative) spectra. The above discussion implies in particular the existence of constant matrices
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M# such that
(8'17) (MOOU(:){:J |1:N=0, 0j=009 .] E O(g’)) = M:‘: (G*’i’ U(-Sl::jl.’tN=0, 9]‘=00’ j e I(fl)) M

In the solution of the semilinear system (8.12)(b),(d) the boundary values of M0,
Jj € G UI() are determined by transport. Kreiss-type estimates (Lemma 9.2) for the
linearized system are readily obtained since (L, B) satisfies the Kreiss condition and the X
are just vector fields.

After this semilinear system is solved by iteration, the values of

00,5lx=0, zx=0, § €G(E") and Moo00,j|zy=0, j € PEYUN(E)
are then read off from (8.15) and (8.16) as explained in the above discussion. For j € G(¢') set
| My00,5]x=0, z5=0 = (005 — Moo00,5)|x=0, zy=0-
To complete the determination of a, it remains to find
00, = Moo0o,j, j €PENYUN(E) and Myooj, j€G(E).

The elliptic modes are determined by solving the coupled system (8.12)(d) to sufficiently high
order at zy = O (see Proposition 9.4) with the boundary data already determined.

Remark 8.1.— For k € P(£") UN(E') MooEx f(ao) depends on ay, Moo j, j € G(E") U
O(¢") UZ(¢'), which have already been determined, as well as M09, j € P(£") UN(E).
MooEj f(ao) is independent of M, .00, j € G(£") (Proposition 9.3).

The leading part of the elliptic boundary layer is given by

(8.18) > oo, 0i)ilg,—2:-
JEPENUN(EN

Leading part of the glancing boundary layer
To determine M,.0¢;, j € G(&') first apply M, to (8.12)(c) and then rewrite it using (8.11)
and E;ANE; = 0 (for j € G(£))) as
(8.19) E; AN QANOZ(Myoo,)r; + X Myoo,;7; = MyE; f(ao).
Write M,00,;(x,2,0;) = >, Un(x, )% and observe that
(8.20) Q(B0)Une™ = ~iQ(na)Une™ = —iQ(a;) Dy (Une™)

where 2;=(0,...,0,1,0,...,0) with 1 in the jth slot. The following Lemma proved in Section 9
implies that the first term in (8.19) is also given by a scalar operator.

LEMMA 8.1.— For j € G(&') let (¢',€4,(€")) = (£5(€"), £"), with €5 as in (3.4). We have

8 21 . A . 1 a26(1)c 1" —_ 1
( . ) 7Tj NQ(gj)ANﬂj-—Eﬂjgzg(g )7rj=C—j7Tj.
¢; € R\ 0 since (¢, {%(5' )) is a glancing mode of order 2.
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For j € G(¢'), ¢; as in (8.21) define the scalar operator

DZD—I

(8.22) L;=—i—X "%
Cj

+X;.

(8.19) becomes
(8.23) Lj(Myoo,j)rj = MyE; f(ao), j € G(&).

(8.23) is a coupled system for the M, 0y ;, j € G(£’) with boundary data determined by (8.14)(b)
as described above, whose solution we’ll discuss shortly.

Remark 8.2.— (a) The nonlinear term M,IE; f(ao) in (8.23) depends only on the known
functions

ay, 0ok =Mooook, k€OEHUIE),  Mwook, keG(E),

and the unknowns M, .0¢x, k € G(£') (Proposition 9.5).
(b) The value of M, .00 ;, j € G at x =0 is independent of . The M, 0 ; inherit nontrivial
z dependence in x > 0 from the forcing term.

The leading part of the glancing boundary layer is given by

(8.24) > Myoo(xw, 07l e o _ 4
JEGE") Ve
Determination of a(,a,,...,ap

With ag € P, (Tp,£’) thereby constructed, we read off (I — E)a; from (8.11)(c).
0xa, € I'y°(Tp,£') is determined by (8.12)(a) and we recover Mya, € F§°(T0,§’ ) using the
following obvious Lemma.

LEMMA 8.2. - Suppose b(x,x,0) € I'y°(To,&') and set
B(x,z,0)=— /b(x’,x, 0)dy'.
X

Then B € F)‘(”(To,é') and 0, B =b.

To determine M, o0y, j € OE)UZE)UPE)UN(E) apply M, to (8.12)(c) and use
(8.11)(c) to get
(8.25) EjANaan1 + EJ'ANQX(I —E)a; + XjMXO'O‘jT‘j = MX]Ejf(ao).

For these j, E; ANE; = d;E; for some d; € C\ 0 by (3.7), so Oy My01,; € I'2°(To,&') can be
read off from (8.25). Application of Lemma (8.2) yields the functions M, 0 ; € F;" (Tp, &).
Next apply Eo, Mo Eo, E;, and M E; to I[% to obtain respectively:

(@) AnOya, + L(d)a, = f'(ap)ai,

(8.26)
(b) L(O)Moog, = M f'(ag)as,
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(c) EjANaxaz + XjO’LjTj = IEjf’(ao)al + ]Ej]'—,
(d) XjMoooyrj = MooE; f'(a0)ar + MooE; F,

where F here and henceforth represents an already determined element of P, (T, &’).

Parallel to an earlier argument we observe that (8.26)(b),(d) constitute a linear system for
Muoa1, Mooy, j € G(ENUOE)UI(E') since M f'(ag)ar and M E; f'(ag)a; depend only
on Meoay, Mook, k € G(§') U O(E") UZ(E'), and the known function aq.

To find the boundary data for this system, rewrite ]B% irg (4.9) as

(a) BMooa_llzNzo = ‘BMxﬂlxzo, zN=0>

ME)
(8.27) (b) BEai=B Y  (Mwoy1; +Myor,)r; =—BI - E)a,

j=1

onxzy =0, XZO, 0 :5(00).
The functions
Mya,,  Myoy;, j€OEHUIEYUPEYUNE)
and (I — E)a, are already known. The procedure followed earlier yields boundary values first for
Mo, jEGEHYUOEHUIE),

and then for the remaining pieces of a;, namely

My, j€GE) and Moor;, j€PE)UINE).

(8.26)(d) givesva linear system for the Mooy, j € P(€') U N(¢') which is solved to
sufficiently high order at zy = O with the boundary data just determined. For these j,
Mo E; f'(ap)a: depends on the known functions

ap,  Mxa, Mok, k€GE)UOEHUIE)

and the unknowns My,0 k, k € P(E)YUN(E).
It remains to find the M, 0, 5, j € G(£'). First apply Q to I to get

(8.28) (I -E)a, =—-QANn0Oya1 + F.

Applying M, to (8.26)(c) and using (8.28) yields

(829) E;AnO,Ea; + E;AnOy(I — E)ay + X; My 01 m; = MyEf'(ag)ar + MyE; F.
For j € G(¢'), (8.29) may be rewritten using (8.28), E;ANE; =0, and Lemma 8.1 as
(8.30) L;i(Myo1)r; = ME; f'(ap)a; + My E; F.

The linear system (8.30) is solved in Section 9 with the boundary data determined above.

Remark 8.3.— The construction of ay,as,...,apr—2 is exactly parallel to the construction of
a1. Note that for any k, making I; hold (to sufficiently high order at z = 0) requires complete
determination of ay, . . ., axk, but only determination of

(I — E)azg+1, Myasrk+1, Mookt JE€OEHYUIEYUPE)UNED,
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and (I — E)ask+2. To achieve (6.1) we need to solve (Ip, By), . ..,(]IMT—Z,]B#) SO Apf—1,00M
need only be partially determined.

DEFINITION 8.1.— Forany K the glancing, elliptic, and hyperbolic boundary layers of order
K are, respectively,

K .
(8.31) S (Ve) > My0ii062,05075] ey o 0
i=0 JEG(EN vertiTe

M) =

3
> UO,j(fv,ej)rjlej:%z +> (Ve) > Ui,j(X,x,ej)THX:i\/%’oj___ﬁ,

€

JEPENUN(E) =1 JEPENUN(E)
(8.32)
and
K
(8.33) DR DD MyouCemOml ey o e
i=1 JEOENUTE") Ve :

with 0; ; as in (8.10).

Remark 8.4. - (a)

a(62.0) = a@+ > 0,063,090+ Y 00 0)r;.
JeGE’) JEMENGEN)

For k > 1, Eak(X, 2, 0) = ax(X; ) + 2 ;e mery To.i (X T, )75
(b) For any & > 0 the pieces of ay, are determined in the following order:

(1)  -E)ay,
(2 Myak, Myokj, jeME)N\GE),

() Moar, Mook, JEGENUOEHUIE),
@) Muorj, jEPEYUNE),

() Myokj, jEGE).

(c) The ordering in (b) reflects the boundary and interior coupling (via the forcing term) of the
different pieces of ay.

The term in (1) is determined directly from knowledge of the previous profiles. The terms in (2)
can be read off from knowledge of (1) and the previous profiles. The terms in (3) are determined
by a system whose forcing term depends only on the terms in (3), (1) and previous profiles, while
the forcing term for (4) depends on the terms in (4), (3), (1) and previous profiles. Finally, the
forcing term for (5) depends on the terms in (5), (3), Myax and Moy 5, j € O(E")UZI(E') from
(2), (1), and previous profiles.

These systems are semilinear when k& = O and linear for £ > 1. The time of existence T is
determined by the systems for (3) and (5) when k£ = 0.

The coupling on the boundary is somewhat different. For example, the boundary data for
the terms in (1), (2) is needed to determine that for the terms in (3), (4). On the other hand
while there is interior coupling among the terms in (4), there is no boundary coupling in the
sense that for a given j € P(§") UN(E), Moo0k,j|zn=0 can be read off from an equation like
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(8.27)(b) independently of Mook ;| =0, ¢ 7 j. The same applies to the terms of (5). However,
Mook jlen=0, j € G(€) is needed to determine M, o, j| =0, j € G(&").

(d) For any fixed & there is no interior coupling or boundary coupling (in the sense used in (c))
between the elliptic and glancing boundary layer terms given by (4) and (5) respectively. The
evolution of these terms is influenced by the glancing and hyperbolic pieces in (3), but as noted
in (c) the influence is not mutual.

(e) In particular (k = 0) there is no interior or boundary coupling between the leading parts
of the elliptic (8.18) and glancing (8.24) boundary layers.

Remark 8.5.— The same analysis handles the case when f(ue,@;) in (1.1) is replaced, for
example, by f(z,ue, Uz) + F(zn/\E, T, ¢/€), provided F(x,z,0) € Py o(T,¢") and f(z,u,v) is
smooth in x, entire in (u, v), vanishes in o < 0, and satisfies f(x,0,0) = 0. Remark 8.4 continues
to apply. Note that when F(x, z,6) = 0, we have M0y, =0, j € G(¢£'), for all k.

Construction of the glancing boundary layer
We must solve the system (8.23) with specified data at x = 0. Set so(x, z, 8) = (s0,;(x, x,6;)) =
(My00;), j € G(&'). Remark 8.2(a) implies this system has the form, with £; as in (8.22),

Li(s0)r; =EjMz,w,80), j€GE), w=(k), keGUOUL,
(8.34) 50,5 1x=0 = g (', 0;),
80,5 =0 inxy<0,

where the h,g; are smooth in z,w, 0, vanish in zy < 0, and by finite propagation speed have
compact support in ’ on [0, T]. h is entire in (so, 3p), h(x,w,0) =0, and h has compact support
in zx on [0, 7] if it is not independent of = (see Proposition 9.5).

Choose a cutoff function p(r) € C§° (R+), supp p C [0,1], p =1 near r = 0. We will construct
So in the form so = by + ¢y (see Remark 8.7) where by, ¢y satisfy respectively

L;(boy)r; = p(x(Dy ) E;h(@,w,bo),  j € GE,

(8.35) bo,jx=0 = 95>
bO,j =0 in o < O,

Lj(coj)rs =Ejh(z,w,bo + co) — p(x (Do, )**)E;h(z,w, bo),
(8.36) 0,5 'X:O = 09
co; =0 inxzo<O.

Here p(X(DgJ/_ 2)) acts on periodic functions of 8; as the multiplier p(x (n)3/2).
These two systems are solved by separate Picard iterations corresponding in the obvious way
to the following scalar (hence no j) linear problems:

Lho = p(x(De)*/*)(x,z,60), heTgy(T.€), 0T,
(837) bolx=0 = g(z',0), g€ C3 (D),
bp=0 inzp<O,

ECO = k(X, z, 0)9 k € )Z?)(T’ 5/)’
(8.38) colxy=0 =0,
co=0 inzy<O.
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Remark 8.6.— k vanishes to infinite order at x = 0, and h, k, g have compact support in
z’ on [0,T], with h,k having compact support in zy if not independent of z. We also let
h € I+ 1,£"), g € C§°(T + 1) denote extensions of h, g vanishing in 2o > T' + 1/2 with

(8.37) is solved for each Fourier coefficient. The problem for the nth coefficient bo (X, z) is,
with ¢, X corresponding to c;, X; in (8.22),

% 4 x bon = p(x(n)*/*) hn
cn ’ ’
(839) bO,n|x=0 = gn(ml);

bon=0 inxg<O0.

Let X(&o — i7,£”) denote the symbol of %X . For v > 0 the partial Fourier transform of the
solution is

X
b(/)\n(X9 50 - 17’ 6”9 xN) = /ei(x—xl) v ch(fo—i’y,E“)
0
(o)
( / e XV K= ienp (3" (n) ) RO o — i1, €", ) dx”) dx’

Xl
(8.40) + exvenX&—ine"g (¢ — iy, &),

where va denotes the square root with positive imaginary part. (8.40) leads to the estimates
(notation as in Section 7)

C
(8:41) |bo.n | o H ) < Wlhnlaxﬂmm + (gn) Hp (D)
c .
(8.42) |b|A;(C(X,H;n(T))) < 7,7 |h|Ae(C(x,Hf,“(T))) + <g>A§(HZY"(T))‘

Iteration together with a continuation principle proved using the Moser-type inequality
for Wiener algebras (7.13) yields a solution by € F;%(To,f’) to (8.35) for some Ty > 0
(Proposition 9.6).

Remark 8.7. - (a) (8.42) is immediate from (8.41).

(b) The factor 1/(n) in (8.41) is there because supp p(x(n)*/?) C [0,1/(n)>/?]. Without the
cutoff 1/(n) would be replaced by (n), and the resulting estimate for by would not be suitable
for Picard iteration. Having 1 in place of 1/(n) would make iteration possible, but we need the
gain of one 6 derivative in (8.42) to deduce infinite regularity in 6 of the solution to (8.35).

We can write down the solution to (8.38) using the unitary group corresponding to the self-
adjoint operator chDg_ Y ¢; with domain D* C L?* (7.15). Integrating along characteristics of
the glancing vector field X = 0y, + v - 05, we obtain :

xo -1

. by D, .
(8.43) co(x, . 0) = / & TVTE k(xom + (s — 20)(1,0,0),6) ds
0
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which yields the estimate
Zo

(8.44) aCzos o < [ IhCoslzeds.
o .

To get I'™ estimates, m > N/2 we use the following commutator result, proved in Section 9.

PROPOSITION 8.1.— Suppose k(x,z,0) € L** is such that x* 0Lk € D*, |k,l| < 1. Then

2 p—1
DXD —1

D2 D—l
it—X 0 at—=x—6_ D, D
(8.45) [X,e =5 ]k —opet TG X
Cj
This readily gives the key estimate
Zo
(8.46) |co(-,a:0, ')Irm < / |k(-,8,)|rmds forkeI™* (1.17).
0

Iteration together with a continuation principle obtained from the Moser-type inequality for ™™
spaces (7.21) produces a solution ¢y € F;(’j)(To, &) to (8.36) for a possibly smaller T > 0.

The equations for higher order glancing profiles are similar but linear (recall (8.30)). They are
solved in Section 9.4.

8.2. Real resonances and adapted bases
A resonance occurs when there is a relation

Z’ ;¢ =0,

iEeME’)

where at least 3 of the a; € Z are nonzero. Suppose &’ is such that all resonances involve only
the real phases. That is,

(8.47) Z aip;=0=a; =0, iePE)UNE).
ieM({’)

This situation can be handled by constructing an adapted basis B(¢') for the Q-span of

{#5}jeqervoeruze)- : ;
Suppose B(£') = {¢k(x)}k=1,...b is a basis for the Q-span of {¢;}jeguouz. With ¢ =
@W1,...,p)and j € GUOUT let

(8.48) D; ={a€Z" a-yisinthe R-spanof ¢; },
and let o} be the element of minimal length in D; such that ] - ¢ is a positive multiple of ¢;.

Observe that every element of D; is some integer multiple of o]

DEFINITION 8.2.— A basis B(§') = {¢x}r=1,...b for the Q-span of {¢;}jcguouz in
C®RN+1) is adapted if:
(a) for each k, Y|z =0 = mrgo, mk € Z;

(b) for each j € G(E)UOE)UIE), o] - = ¢;.
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Remark 8.8.— (a) If f(0) is a periodic function of # € R? with spectrum contained in D,
there is a uniquely determined periodic function f*(w;) of w; € R such that

f(e) = f*le=a;~(9-

To see this write
f(e) — Z faeiaG — Zfla;.‘ eilajO‘
C!E'Dj leZ

(b) No matter what relations exist among the {¢;};cguouz, an adapted basis can always be
chosen. The construction and use of adapted bases is explained in detail in [20]. The definition
there is slightly more complicated since the shock is a free oscillating boundary.

If we now take
&) = ((Yr)k=1,...b» (@)jePErune))
and assume ¢(x) satisfies a small divisor property similar to Definition 4.1, a construction just
like that outlined above produces approximate solutions . of the form (6.2).
8.3. Discussion of Theorem 6.2
Consider the linearized problem corresponding to (1.1):
Lu=f,
(8.49) Bu|zy=0=29,
u=0 inzy <O,

where f € L?(f2r), g € L*(bS27) and both vanish in zo < 0. The starting point is the classic
inequality for systems (L, B) satisfying the uniform Kreiss condition:
There exist C' > 0, Ag > 0 such that for A > )\,

1 |flosr | (9oux
8.50 wlopr + —=(u <C( wr L (our)
(8.50) |wlo,ux \/X< Do 0 7
Here we use Gues’s weighted norms
(8.51) Wmpr= Y ™ e 20| g,

(UNETE

and denote boundary norms by ( )y, 2.
As in [4] the idea is to take advantage of the factor ¢
find an exact solution

M\ in hypothesis (a) of Theorem 6.2 to

Ue = Ue + We
as in (b) of the theorem. wy is constructed by the iteration scheme (some epsilons are suppressed):
Lwpy1 = f(@+wy) — f(@) — gt R.,
(8.52) Bwn41 lzN=0 = _€M|,,.€,

Wnp+1 =0 inzp<O.
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The key estimate is proved in Section 10 by differentiating (8.52) and applying (8.50). Here
we set

1
(8.53) el px = [wlmpx + \/—X(wm,u,x-

PROPOSITION 8.2.— Let m; > (N +1)/2 and p be as in Theorem 6.2. Suppose w,, €
Hy" (£27) satisfies

(8.54) [ Lo (2my < K.
There exist C(K, p) > 0, Ao(K, p) > 0 and a positive function ¢(X) such that for A = M(K, p)

C(K,p)
A

(855) “wn-l-lllml, Ale, A < ||wn||m1, Ale, A + E‘IVII_"TLI(ZS()‘)*

(8.55) easily implies the existence of A;(K,p) = Mo(K, p) and £1()) such that for A > Aj,
€ € (0,&1] we have

@  |Wallm,, aje, » <26M7™G(A)  forall n,
(8.56)
() |wn|L=@2y) <K foralln.

Convergence of the iterates is proved by a similar argument.

Remark 8.9.— (a) In [6,7] Gues considers semilinear Dirichlet problems for viscous
perturbations H + €€ of a first-order symmetric hyperbolic operator H (£ is second-order,
elliptic). He shows that the solution u. convergesin H®, s < 1/2, to the solution uo of a maximal
dissipative boundary problem for . The obstruction to convergence for s > 1/2 is a boundary
layer of size €. When the boundary is charac teristic, the layer has another piece of size /¢. The
profile equations in [6,7] are of parabolic-hyperbolic type.

(b) [3] and [11] construct rigorous geometric optics expansions valid for times of order 1 /¢ for
nonlinear hyperbolic initial value problems in free space. The profiles a(ex, x, 3 - x/€) involve a
third (slow) scale (¢). Some of the profile equations are of Schrodinger type and have the form

(8.57) g% — P(0y,0y,0p)a = f(a),

where a = a(T,Y,y,0), z = (t,y), X = (T,Y) = (¢t,ey). Here P is anti-self-adjoint and
second-order only in the 0, derivatives.

These equations differ from our profile equations in 2 respects. The second-order derivatives
do not occur in variables X = ez corresponding to the new scale. More significantly, those
derivatives do not involve the time variable, so the solution to the linearized initial value problem
for (8.57) is given by the operator e”'”. Because our profile equations involve second-order
derivatives in x = zx/+/¢ and nonhomogeneous boundary conditions on zn = 0, we were
forced to do mode-by-mode analysis involving the cutoffs p(x(n)>/?) and the use of Wiener
algebras.
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Part 11
The proofs

9. Theorem 6.1: Construction of the approximate solution

9.1. Determination of ag, M09, j € G(£)UOE)UI(E)

To solve the system (8.12)(b,d) with boundary conditions (8.14)(a) and (8.17), we’ll need the
following spaces of profiles.

DEFINITION 9.1.— Let 216 = 21 X TP, bf2r9, = b2 x T'. Form € {0,1,2,...}, T >0,
o >0 let
(@ H™TD)={U@,0): Uln1 = 3 |aj<m 95,0V 207 <00}
(b) H™(T) = {u(z',00): (u)ym.1 = Z|a|<m <8(a1:’,90)u>L2(bQT‘90) <oo};
©) HMT)={U(,9): |U|osmT = Z|a|<m o™ lel|gmao .U L2015 < 00} HF(T) is
defined similarly on bf2rg,.

The following proposition clarifies an earlier assertion about the nonlinear terms in (8.12)(b,d).
Notation 9.1. — Suppose u(x, z,8) € P, (T, £') satisfies Eu = u, so

ME")

u=u(x, )+ Z (x> @, 0;)r;
j=1

for some u, 0;. For f as in Theorem 6.1 we sometimes write

fw,w) = f (Myu; Moow; (Myo5), j € M(E'); (Mooy), j € M(ED)
(9.1) = f(MXy, Moog, MXUQ@I), MoouQ(g/), ey MXUPUN, MooU/pUN),
where M(¢) = G(§) UOE) UT(E) UPE)UN(E).

PROPOSITION 9.1.— Suppose a € P, (T, £’) satisfies (8.9) and (8.11)(b). Then for j € G(¢')U
OEHUIE)

(a) MOOM = ]Eof(()a a, 07 Mooag’ 07 aouz, 0)7
(b) MOO]E]f(a) = ]E_]f(07g90, Mooag,o» aOUI3O)-

The proof makes use of the following Lemma, which shows that elliptic modes are never
cancelled by multiplication with a nonzero element of P, (T', ¢).

LEMMA 9.1.- Let a,b € P,(T',¢') and suppose Eja = a for some j € P(£')UN(E'). Then
fork=0,and k € G()UOE)UZ(E) we have Eg(a - b) = 0.

Proof. — Write out the Fourier series of a and b, observe that if a # 0, the spectrum of a
contains only positive integers while spec b C Z(£'), and use the definition of Ex. O

Proof of Proposition 9.1. — Note that
a=Mwa, aouzuPuN = MeaoUzZUPUN-
Now
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f(a) = f(0,a,0, Msoag,0,a0uz,0) = f(0,a, Myag, Mooag,0,a0u1, 0, apup)
— f(0,2,0, Mcag,0,a0uz,0)
= (Myag)g: + (apun)gz
9.2) =F+F

for g1, g» coming from Taylor’s formula. We have M., F; = 0, since M, ag is rapidly decreasing
in x and g; € P,(T,¢’) by Proposition 5.1. Also, g, € P, (T',¢) so E; 7, =0 for j =0 or
J€G(EHUOE)UI(E) by Lemma 9.1. (a) and (b) now follow since the E; commute with
My. O

Proposition 9.1 leads us to consider the system
L(a)gg = ]Eof(o’ 2/99 O’ Mooao,g’ 09 Mooao,OUI» 0)9
XjMOOUO,jTj = E]f((),@_o 01 Mooao,g9 O’ MOOaO,OUI’ O)a ] e g U O UI,
Baglsy=0=G(z'),
(93) (Mooo'g,:] |IN=0, 91=001 .7 e O) = Mi (G*,i, Mooo'(:){:J I:I:N=0, 9]':00’ .7 e I) N

PROPOSITION 9.2. — The semilinear system (9.3) has solutions ay, M00,5, j € GUOUZL
belonging to CP(Ty, &) for some Ty > 0 and with compact support in .

Proof. — Convergence of the usual iteration scheme will follow from an a priori estimate for
the following linear system for the unknowns u, o;(x,6;), j €eGUOUZI:

@ LOwu= @),
b) Xjoi(x,05) = fi(z,0;), J eEGUOUTZ,

9.4)

(C) BEIZNZO =Q($/),
(@) (Ujﬂ'tlzN=0v 6;5=060> JE 0) = Mi (G*’i’a;tlamﬂl 6;=00> J EI)’

where M* is defined as in (8.17), all functions vanish in 2o < 0, and the data ( £ f;), G is smooth
with compact support in {27, bf2r respectively.
Set

W =u+ Y o6
jEGUOUT
and .
Fh=f+ Y  fi@6)r;
JEGUOUT

LEMMA 9.2.— Letm € {0,1,2,...}. There exist oy > 0, C > 0 such that for o > o,
©.5) Wloma + —=(W)omz <C( = Floma + —=(G)
. om,T \/5 omT X = om,T \/E om,T |-

Proof. — Write X, = 05, + Z;\;—ll ap,jO0z; + ap NOzy, Where ap y > 0 (respectively < 0,
= 0) if X, is outgoing (respectively incoming, glancing). Assume now that X, is outgoing,
X, incoming, and X glancing. e "WV satisfies a system just like (9.4) except 9, in L(J) and
X is replaced by (Og, + 0), and F, G are multiplied by e=7%°.
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Multiply the o, equation in this new system by e~?%°g,(z, §,), integrate over 27 x T', and
do similarly for the o4 and o, equations to obtain:

(@) 0|‘7p[§,0,T S apN (Up)g,O,T + | fploorloploo

9.6) (b) U|0q|¢27,0,T + |aq,N|(0q)3,0,T < |fq[0,0,T|Uq|0,0,T7

©) U[0r|(27,0,T < |fr|a,0,Tl0T|a,O,T~

Use (9.4)(d) in (9.6)(a) to write 0|y —o in terms of (G*, ¢}, j € T). For u we have the Kreiss
estimate

1 1 1
0.7 |ulo0,r + %<H>G,O,T <C (;li lo07 + %(Q>U,O,T)’
Summing over all modes and absorbing terms in the usual way by taking o large, we obtain
the estimate (9.5) for | |50 norms. Differentiating (9.4) and applying the L? estimate yields

9.5). O
For M > (N +2)/2, f(ap) as in (8.12), and W as above, since

9.8) |UV|m,T SC(|U|Lm|V|m,T+ |U|m,T|V|Loo),
(9.9) |FOW)|,.p SC(IW|pee)|Wlm,r, and
(9.10) |E;j fW)|,. » SClfW)|,. 1 =00rjeGUOUL,

a standard iteration argument and continuation principle based on (9.5) yield solutions aq,
Mqo00,5, 7 € GUOUT to the semilinear system belonging to Hg® for some Ty > 0. Their support
in z is compact by finite propagation speed. This concludes the proof of Proposition 9.2. O

9.2. Determination of oy ;, j € P(£") UN(E)

The next Proposition is proved just like Proposition 9.1.

PROPOSITION 9.3. — Suppose a € P, (T, ¢') satisfies (8.9) and (8.11)(b). Then for j € P({")U
N(E),

" MyE;f(a) =E,; £(0,a,0, Msag,0,a0uz,0, apun).
This proposition and (8.12)(d) lead us to consider the system

(@ Xjoo,;rj =E; f(0,a0, Mooao,g,0, a0,0uz,0, a0 pun) = Fj, j € PUN,
©.11)
(d)  00,5]zn=0, 6,=s(60); = 95(x’, 60),

where the g; € C5°(Tp) are obtained from (8.14)(b) using the Kreiss condition, and s(6y) is as in
4.9).

PROPOSITION 9.4. - Let Ty be as in Proposition 9.2. There exist functions oy j, Ro ;(z,0;),
JEPE)YUN(E) all belonging to C3°(To, &) with compact support in z, such that

XjO'()_jT'j = .7:j + .’L'B(VM_I)/Z]ROJ(ZE, 9]'),
9.12)
00,5 |2 =0, 0,=s(60); = 95(’, 00).

Here [(M — 1)/2] is the smallest integer > (M — 1)/2.
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Proof. — The coefficient of 9, in the complex vector field X; is nonzero. Requiring (9.11)(a)
to hold just at zy = 0 determines 0, 00,j|zy=0, j € P UN. Similarly, requiring (9.11)(a) to
hold to order [(M — 1)/2] — 1 at zy = 0 determines 6iNao,j|zN=0, I <[(M - 1)/2]. Choosing
elements of C§°(Tp,&’) with compact support in z with these traces at zy = 0 determines the
Ro;. O
9.3. Determination of M, 0, j € G(£')

Although the next proof uses an argument from [3], we include it here to clarify how L; asin
(8.22) arises from a glancing mode (&', £4,(£))).

Proof of Lemma 8.1

Proof. - For a; as in (8.21)
a;-do = (£,&4(€)) = (&E.¢")
for some k. We’ll write Q(a;) = Q(gk,¢"). Asin (3.7)

L&, €M (&5,€") =0

implies

(9.13) (&5, ¢") ( §° AN) m=0.

Differentiate (9.13) to get

9.14) OenT ( 085 +A >7r+7r-37r+ ( 085 +AN)8§N7r 0.
23Y 3 23

Differentiate (I — 7) = L(¢F, £")Q(¢k, €") (respectively I — m = QL) and multiply on the left
(respectively right) by 7 to get

(9.15) —W'agNﬂzﬂ(ggN + AN >Q
respectively
(9.16) ~Ogym T = Q(Sﬁi +AN)

Multiply (9.14) on the left and right by 7 and use (9.15), (9.16) to find

3 ok P&
(6§N+A )Q(8§ + AN >7r+7ra€N7r

@ ) ( e )
17 =0.
9.17) (8§N+A Q Ben + AN |T=0
(&k,¢") is glancing so ¢k /0¢n = 0 and (9.17) implies (8.21). O

The same argument as for Proposition 9.1 gives
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PROPOSITION 9.5.— Suppose a € P, (T, £’) satisfies (8.9) and (8.11)(b). Then for j € G(£')
M,E; f(a) = E;[f(0,a, Myag, Mssag,0,a0uz,0) — f(0,a,0, Moag,0, aouz, 0)].

This proposition and (8.23) lead us to consider
L;(Myoo,4r5) = E; [ £(0, a0, Myao,g, Mosao,g, 0, ao0uz, 0)
(9~18) - f(o’ @a 09 Mooao,g9 05 a0,0UIy O)] ) ] S g9
M, 00, |x=0, 6,0, = g;(z’, 60),

where the g; € C§°(T) are obtained from (8.14)(b) as before.
The system (9.18) is of the form (8.26) and is solved by constructing by as in (8.35) and then
co as in (8.36).

PROPOSITION 9.6. — There exist Ty > 0 and a solution by € I )‘(’f(’)(To, &) to the semilinear
system (8.35).

Proof. — 1. The first step is to establish the estimate (8.41) on the nth Fourier coefficient
bo.n(x, ) and (8.42). Define (;7, 3,, by rewriting (8.40) as

X
(919) b(/)\,n(x’ &0 - i’Y’ §ll9xN) = /ei(X_X/)C: /Bn(X/’ ’)dX, + eiXC+ 91/1\ = B7/z\,1 + B'r/L\,Z'
0

Integrate by parts twice in

X . ,

A, (=X

B'r/L\,l =/ X _iC+ 5n(X/,')dX/
0

to get

0—x"GE /X X"t

ZBr/;,l(Xv ) = Tﬁn(xl’ )I())( + Z<+ (_ZmP(X/ <n>3/2))h2(X’, ) dX/

— Z:z: |:/e—i(X—X')C,Ticnp(xl<n>3/2)h7/:(xl, ) dX/
X

oo
— X / X' Sicnp(x' (n)>?) A, ) dx’
0

X
9.20) + [ iemp(x (m) ) V|
0

Now ¢t = /enX(& — 77,£7), [Im X| =+, and

supp p(x'(n)*/?) < [0, (n) /7],
X/
so we read off from (9.19), (9.20) the estimate
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C
9.21 bo.n my L —— m n) Hm
921 Bonlcex, H \ﬁ(n)lhnlax, Hr) + (9n) 7
for C independent of n, HT" as in (7.2). (9.21) implies that by, must vanish in zo < T'if h,, and
gn do, so we may replace the H* norms in (9.21) by ny"(T) norms (7.3). This gives (8.41) and
summing over n we obtain

C
9.22) |bo(x. 0)|A1 LWCO HRT)) S Tthe(C(x Hm(T)) + <9)A},(H;n(T))-
2. There exist constants C, C, independent of v > 0, T > 0 suchthat

(9.23) C’1|u(x)|H1’n(T) < Z |e_’yz°8au|Lz(QT) < C2|u|H;n(T).

lal<m

Indeed, the second inequality is obvious. When {21 = ﬁf“ the first inequality follows from the
Plancherel theorem and the fact that

(Dy —iy)* (e7"u) = e "Dk,
Reduce to this case using the fact that for u € HT*(T') there exist Seeley extensions 4 € H" such
that
(9.24) [t m,y < Clt|my,T-
3. Fix m > (N + 1)/2. Using (9.23) we may set v = 1/T in (9.22) to obtain

(9.25) lbolaL o, Hmy) < < OVT|h|agcin BTy + <9>A;,(Hm(T))-
Since

[E;h(z,w, bo)lascix, Hm ) < Clhlagco, Hm@)s

we may use (7.9), (7.12) and Picard iteration to find a solution by(x, z,6) € A} o(CO, H™(Th))),
for some To > 0. A continuation principle based on (7.13) yields by € A} (C(x, H>(Tp))) in the
usual way.

4. Differentiate (8.35) to obtain (with obvious notation)

Oh dbo

L3sbo = pE; (33 w,bo) + =— £ 50

(w=(),keGUOUI),

(9.26) Ogbo|y=0 = 8gg,
Opbp =0 inzg<O.
Apply (9.25) and use (7.9), (7.12) again to deduce

(9917_0 € A}; (C(X, HOO(TO))) .
Repeating the argument we obtain
bo € AP (C(x, H®(Tv))).

Eq. (8.35) then gives
(9.27) bo € A° (C®(x, H*(Tv))).
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5. Tosee by € 1" °(Zo, & let b( ) denote the kth iterate in the Picard scheme and write
(9.28) bP(x,z,0)=B® + BP, by=B+B,

where the Bz(k) correspond in the obvious way to the terms B, ; of (9.19). Observe that B%k) is
the same for all £. Since G € C3°(T") and

9.29) Im¢ =1Im \/enX(§ — 7,€") > C+/|n|/7  for 7 large,

it follows easily that B, = B§" € I'%(To,£).
For each n, By, in (9.19) is constant in x for x > 1 since supp, p(x(n)*/?) C [0, (n)~%/2].
We have

32
(9.30) LB, = <— + X) Bni=p(x(n)**)hy =0 inx>1.

Thus, X B, 1 =01in x > 1. Since X is glancing and B, ; =0 in o < 0 we deduce B, ; =0 in
x = 1. Thus By € I'75(To, £") and we conclude by € I2o(To, ). O

The following L? estimate for linear Schrédinger-type equations with homogeneous boundary
conditions will be used in the construction of ¢y (8.36) and also in the solution of the higher
profile equations. H'(2/, L**(x, zn,)) denotes the space of H! functions of x’ with values in
the space of L? functions of (, zy,#) with mean 0.

PROPOSITION 9.7.— Let a(x,,6) = (aj(x,z,0;),j € G(£")) belong to L3((—00,T]: D*) N
H'(z', L**(x, zN,0)) and satisfy
9.31) Lja; =E;(ba)+d;, j€G(E),

where b(x, z,0) € Py o(T, &), dj(x.z,0) € 2o, &). Thenfor0 < zo < T

o
9.32) 100220, )0y < / M@=9|d(. . )2, ds,
0

where M depends on |b| L.

Proof. — Note that a;|y—o = 0 and a;|z,<0 = 0. In the usual way take the L*(x,z",6;) inner
product of both sides of (9.31) with a; and integrate by parts, using the anti- self-ad_]omtness of
iD? Dy . To conclude use |E;(ba)| > < C|b||a| > and Gronwall’s inequality. O

Remark 9.1.— Similar estimates for |9F a(:, To, J? Lo, Hm @ 0) follow for sufficiently
regular a by differentiation of (9.31) with respect to (zo,z”,6) (not x). These estimates, while
useful for the linear higher order profile equations, don’t help with the semilinear problem for ag
because they give no L* control in .

PROPOSITION 9.8.— With Ty as in Proposition 9.6 there exist T, 0 < Ty < Ty and a solution
o€l 0(TO, &') to the semilinear system (8. 36) ¢co vanishes to infinite order at x = 0.

Proof. — 1. In this step we prove Proposition 8.1, which implies the key estimate (8.46).
Let W, (respectively W>) equal the left (respectively right) side of (8.45). Straightforward
computation shows that both W; satisfy
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D2 D! ; p:p-! -1
<(9t _ i—x—o—)Wi —2e t‘_LXc,- Dx%k’
J

Cj
933) Wileeo =0,
W;=0 inzy<0.

W) — W), satisfies the hypotheses of Proposition 9.7, and since (9.32) continues to hold if X; is
replaced by 0; in the definition of £;, we have W, = W,.

2. The function k(x, x,0) in (8.38) lies in 2o, &) and vanishes to infinite order at y = 0.
From (8.46) and the fact that

—1
ixODi_c?_ :D* — D*
we deduce the same properties for cg.

3. With ¢y = (¢ (X, %, 0;), 7 € G(¢")) in (8.36) and m > (N + 2)/2, use the estimate (8.46),
the Moser-type estimates (7.18), (7.20), and iteration to find a solution ¢y € Co(Ty, I'™) (7.22)
for some 0 < Tj < Tp. A continuation principle based on (7.21) yields ¢y € Co(Tj5, I'*°), and
then the equation gives co € C5°(Ty, ') C I'5(15,&'). co vanishes to infinite order at x =0
because all the iterates do. O

This completes the determination of the M, 0o,; € I'?5(T5,£") and hence the construction of
the leading profile ao(x, z,0) € P, (T3, &').

9.4. Construction of the higher order profiles

The construction of the higher profiles parallels the construction of ag, but is much simpler
since the equations are all linear. For example, there is no need for the cutoff p(x (Ds)>/?) or for
the use of Wiener algebras Ag. Thus, we’ll focus here mainly on the final step in the construction
of a1, the solution of (8.30) for M,.01,;, j € G(£’) with boundary data at x = 0 determined from
(8.27). At this stage the other pieces of a; have already been determined and lie in IP, o(75, &),
where Tj is the time of existence of ayg.

PROPOSITION 9.9.— The system (8.30) for Myoy;, j € G(&'), with Myo j|x=0 = g;(z’/,
0;) € C§°(1o) given has a unique solution in ;j)(To,é'), where Ty is the time of existence
of ao.

Proof. — The first term on the right in (8.30) may be written
(9.34) - MxEjf/(a())al = ]Ejf’(ao)(' Z MXO'LJ"I‘]') + .7'-]'()(, x, ej),
JEGE)

where F; € oo, &) is known. Thus, the problem has the same form as (9.31), but with
boundary conditions a;|y—o = g;. Write a; = t; + u;, where

©35) thj =0,
tilx=0= 9>
©36) Lju; =E;[b(t 4+ w)] + dj,

Ujlx=0=0.
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The solution ¢ to (9.35) can be written down using the Fourier transform (see e.g. (8.40)) and
lies in I'25To, &'). Standard linear arguments using (9.32) and the higher derivative estimates
described in Remark 9.1 yield a solution u to (9.36) in

C§° ((—o0, Tol : L*(x, H= (2", 6))) (new but obvious notation).

Eq. (9.36) then gives
u € C§° ((—o00, Tol : H™(x, 2", 6)).

Finally, to see u € C§°((—00, To]: I'™) C I'gj(To,€") we commute powers of x through (9.36)
using

(9.37) [x.DiDy'lu=20,Dy"'u,

and apply the above argument to deduce successively xu € C§((—o0,Tp : H®(x,z",6)),
xX*u € C§°((—00,Tp) : H*®),etc. O

Remark 9.2. - (a) The profiles ay,...,aps are constructed by the same analysis as for a;.

Note that in the interior equations for M0 j, j € P(§)UN (') the term xf,f,M_l)/ 2]720,j(ac, 0;)

in (9.12) may be replaced by xBf,M_l)/ A=/ 2)Rk,j (x,6;). As observed in Remark 8.30(a) we

need only determine
(I -Eyapr-1, Myap_1, Myoy-1;, §€OEHYUIEYUPEYUNE),

and (I — E)a s in order to solve Iy, ..., Im-.

2
(b) By finite propagation speed every profile has compact support in z’ and is compactly
supported in z if not independent of z .

9.5. Analysis of the remainders
The proof of Theorem 6.1 is completed in the next Proposition.

PROPOSITION 9.10.— The remainders R.(x), r-(z') in (6.1) lie in ]D)Zf(; (To) N IB%Z}; (Ty),
D:,’B To)N B;’B (Ty) respectively for some p > 0.

Proof. — The error Lii. — f(i., %) may be written as a sum of two pieces
(9.38) 2y R (@ O)sepon)l, s +eM V2S00 .6).

The first piece is the error in solving the complex transport equations for elliptic modes (e.g.
(9.12)), and the second is the usual error coming from Taylor remainders and reflecting the
failure of I Mo, I u to hold. Note that R € C§°(T',¢), S. € Py (T, ¢’) with smooth, bounded

dependence on +/¢, and both have the support property described in Remark 9.2(b). Thus,
Se | x=2,0=2 € D75 (To) N B (To)

for some p.
Since

M-1)/2 oy \ M2 ?; T
2§ Rze(M'l)/z(?> R and Im = =b;j <—N> '
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with b; > 0 for j € P UN, we have as well

oy (M~—1)/2 y
(9.39) <—) R(:v (—’) ) € D (Ty) VBT (Th)
JEPUN

3 3

for some p. v
The boundary remainder . is handled similarly. O

Remark 9.3 (Weakly regular boundary frequencies). — Suppose £’ = (§o.m) € RN\ 0 satisfies

(3.13), but all the associated elliptic modes 3;(¢) = (¢/, {'\,(5' ), 7 € PENYUN(E) are only
required to be weakly regular (Definition 3.5). Let £ = (o, 7, §_N)=(§',€fv(§’ )) for some j €
P& UN(E'). Part (c) of Definition 3.5 allows us to define ; as before (Notation 4.1). The
function &o(n, ) in part (a) of Definition 3.5 is real analytic in 7 and analytic in {y near (7, {n),
so the complex vector field X may be defined as in (3.9) and (3.7) is still valid. Part (b) of
Definition 3.5 implies that E*(¢’) is spanned by eigenvectors (not just generalized eigenvectors)
of A(¢'), a point that is important in our solution of the profile equations.
The operators E, E;, and Q are defined just as before. Instead of (8.10) we now have

940)  Ear(6z.0)=axO6e0)+ Y oki06m.00r+ Y Ak(62.05)
JEGUOUT JEPUN

where Ay ; takes values in the eigenspace of A(¢’) associated to {y (which equals the eigenspace
of A(n,&{n) associated to —&p). In (9.11)(a), for example, o ;; should be replaced by Ay;.
Since the elliptic transport equations are again governed by complex vector fields like X ¢, their
analysis goes through with no substantial changes. -

10. Theorem 6.2: Exact solutions near approximate ones

The proof is similar to an argument in [4] but simpler. We give a brief version here for the sake
of completeness.

Notation 10.1. - (a)For a € {0,1,2,...} 97 is any operator of the form 95° - - - 99V such that
op + -+ ay = a. 0y is an analogous tangential operator.

(b) For a € {1,2,3,...} denote by 8‘® ¢ any product of the form (8% ¢;,) - - - (8" ¢;,.) where
I<Sr<a, a1+ +ar=a,0; 2 1.Ifa=0set 00¢p=1.

(©) |lwll7, . » is the analogue of (8.54) defined by replacing 03 with Og.

(d) Let |ul+ = |u|p.

LEMMA 10.1 ([4]).— Let oy + -+ o, <k<m, o €{0,1,2,...}, and u; € HF*(21) N
CL(27). For 1 <A< i

r
Nm—l |(3anul) . (ao‘rur)|0‘uy,\ < C’Z %3] m 2 < H |Ui’*) :
i=1 J#1

Proof of Proposition (8.52)(a). — 1. For 0 < k < m; we will apply the L? estimate (8.50) to
the problem satisfied by u™ %0, w,, 11, and then use the equation to estimate 8, derivatives.

Below we’ll write m = my, wpy1 = w, w, = b, C will always be a constant depending on
(K, p), ¢ is always some C* function of its arguments, and 0 < e < 1 < ep.
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We will show

C m
(10.1) lwllmper < S 16l + Y €M™ *p
k=0

for A > Xo(K, p), and then set 1 = A /e to get (8.55). The first step is to show

m
[bllmpr + ™M™ em)™ *p
k=0

(10.2) [l 0 <

mopuA X

¢
A

for A > N\y(K, p).
2. Set 0%, = 0% For 0 < k < m the problem satisfied by 9% w is

Lo*w =0*{[f(@+b) - f(@)] —MR.},
(10.3) Bw|gy—0 = —eMdFr,,
w=0 1inxy<O.
Write
f(@+0b)— f(@)=g(a,bb.
Then ™ *O*[f(@ + b) — f(@)]1]o,u, yields terms of the form

(10.4) 1™k | (@, B3 0P 63 7bg, 2,
where a + 8 +v=k. u € D%(T), so

(10.5) (10.4) < ™ * 2 (eu)~*C|0® b3 bo s
with 8+ v =k — a. Lemma 10.2 implies
(10.6) (10.5) < C[blm, .-

We have
pr R EM R, <EMTTEew™ 0
since R. € BY(T), and a similar estimate holds for eMigkr, . This gives (10.2). Using the

equation to estimate normal derivatives gives (10.1). O

PROPOSITION 10.1 (Boundedness of the iterates ||wn||m,, a/e, »)- — There exist }\I(K ,p) =
Mo(K, p) and £1(X) such that for X > )y, € € (0,€1] the w, defined by (8.52) satisfy

@ [wllmy, aze, 2 < 2eMi=mig(N\)  foralln,
(10.7)
(b) |wnpl« <K foralln.

Proof. — (a) follows immediately from (8.55) for A > A; large enough. (b) follows from (a)
for £ small enough, since for u € Hy"'(f21), 0 < § < m; — ((N + 1)/2), we have the Sobolev
inequality [4]

(10.8) |uls < B C)|Ulm
(]
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PROPOSITION 10.2 (Convergence of (wy)). — There exist \o(K, p) = A\ (K, p) and e2(N) <
€1(A) such that for X > X, the sequence (wy) converges in the || ||, x/e, » nOrm, uniformly with
respect to € € (0,e;3). The limit w satisfies

(10.9) [wllm,, aze, x < 26M7™29(N).

Hence (w, w|zy=0) € 6M‘]Bm‘(T) x eMi Bm'(T)for some o > 0.

Proof. — Ap+1 = Wpy1 — Wy, satisfies

LAn-H = f(a + wn) - f(ﬂ, + wn+l) = Ang(ﬂa Wn, w'n.—l),
(10.10) BAnpilenzo =0,
An+1 =0 inxy<O.

By the argument that produced (10.1) we use (10.7)(a) to show

(10.11) |An+1llm, Ase, A < |A lmy, Aze, A F CO1(N)|An+

for A large and € € (0,1(A)]. (10.11) and (10.8) allow us to choose A, (K, p), €2(A) so that

1Bntillm, Aze, < ||A [, Aze. A

forA> X, e€(0,82]. O

11. Generic validity of the small divisor properties

We first recall a result from [20] which gives generic validity of the small divisor properties in
the hyperbolic region

H={¢ eRV\0: M(E)=0EUIE"}.
For ¢’ € H we have
¢(.’If) = (:L.lél + xNng(g’))ieO(g')uI(g')‘

Set k;(€') = €4(&)).

PROPOSITION 11.1.— Let O C H be open. Suppose for each j € {1,...,m} there exists | # j
such that the m — 2 vectors

ki —k; . .
’ N PR l, ’
dﬁ(k,—k]) ie{l,....m}\ {l,j}
are linearly independent in RYN for each ¢’ € O. Then for almost every £’ € O, {’ (or ¢) satisfies
the small divisor condition (4.12), (4.13).

In this section, as in this whole paper, we are mainly interested in £’ that correspond to glancing
and elliptic modes as well as hyperbolic modes. To simplify the exposition we’ll focus here on
a 6 x 6 example where all three types of modes are present simultaneously. It will be clear that
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similar propositions can be formulated and proved in the same way for systems of any dimension.
Proposition 11.1 represents the simplest case in this collection of results.

The proof depends on the following classical result in simultaneous diophantine approxima-
tion.

THEOREM 11.1 ([1]). - (a) Fix € > 0. For almost all 0 = (04, ...,0,) € R™ there exists a
constant Cy > 0 such that

(11.1) |a101 + - - - + anbp — ang1| > Cola| "¢

foralla € ZVt1\ 0.
(b) In particular (11.1) holds when 1,0, .. .,0,, are algebraic numbers linearly independent
over the rationals.

Notation 11.1.— (a) Let L as in (1.1) be a 6 x 6 system, p(§) = p(&o,n,&n) = det L(E),
and B C RNV~ 0 an open set satisfying BN —B = (). Suppose & :B — R is a C> function
homogeneous of degree 1 such that for £&'(n) = (&(m),n), n € B,

PEM.EN) = (En — k1(€)* (En — ka€)) (v — ka(€))
(11.2) x (& — kHED) (v — g (€)).
Here the k; are C™ functions on the submanifold of R"V parametrized by &'(7), ki, ky, ks are
real and distinct for each 1) € B, and Im k4 > 0 on B. For 1) € B define k(=€) = —k:(¢'(n)),
i=1,2,3, and k4(—&'(n)) = —k4(&'(n)). Note that (11.2) holds now with £'(r)) replaced by
=& .
(b)Fori=1,...,4 and £'(n) = (§o(n),n),

i@ =2’ +anki(€M);  ¢s(@)=—2'¢ —anks(£M)).

Write k4 = 04 + 174.

PROPOSITION 11.2.— (a) In the notation above suppose there exists | € {1,2,3} such that
the 2 vectors

(113) %(?_T),ieuﬂﬁAHUAL
| — 04

are linearly independent in RN for each 1 € B. Then for almost every n € B, £’ = (&(1),n)
satisfies the first small divisor condition (4.12).

(b) Assume (11.3). Suppose also that for each j € {1,2,3} there exists | € {1,2,3}\ {j} such
that the vector ‘ ‘

k: — ks
114 dy | =—
(11.4) "(k,—kj

is nonzero for each 1 € B. Then for almost every n € B, & = (£o(n),n) satisfies the second small
divisor condition (4.13).

Proof.—(a)Fixe>O.Fora=(a1,...,a5)€Z5\O

>, i€ {1,2,3}\ {5, 1},

do(a- @) = (1 + a2 + a3 + a4 — a5)€, ik + anks + asks
+ (ag — a5)o4 + (s + a5)7'4)
(11.5) = B(a, n).
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If aj + 02 + a3+ as — as # 0 or au + as # 0 then |B(a, )| = C|n|. If both equal 0, then
(ay,a,3) # 0 and with [ = 1 say in (11.3)

|8(, )| = |ar(kr — 04) + aa(ky — 04) + a3(ks — 04)|

k2—0’4 k3—0’4
a) + + a3
k1—04 k1—-04

(11.6) =|ky — 04

Define the C*° map f: B — R? by

oo (222 =)

k1—0'4’k1—0'4

Let E be the set of measure zero in R? where (11.1) fails to hold. By hypothesis f is a submersion
at every 1 € BB, so the preimage f~'(E) has measure zero. Thus, for almost every 1 € B there
exists C,, > 0 such that the right side of (11.6) > Cy|ay, oz, 3| 7275,

(b) Fix € > 0. We now consider a € Z(¢)\ 0, so o > 0, as > 0. It suffices to prove the result
with B replaced by an arbitrary open set O CC B.

Define S = {£ = (¢/,én) ERY x C: Im&x >0, |€| =1} and let P: (RN x C)\ 0 — S be the
map P(¢) = £/|¢|. For 6 > 0 define

(11.7) E={¢eS: di¢&p ' O)NS) =6},

where d indicates distance measured on S.
There exists Cs > 0 such that

(11.8) p(©)| > Cs for & € &s.

For n € O let &' = (&o(n),n) or (—&o(n), —n). Provided §; > 6, > 0 are chosen small enough, if
P(&',&N) € (Es,)° there exists an unique ! € {1,2,3,4} and C > 0 such that

(@) P(&,&n +stk(€)—En)) €(E,)° for0<s< 1,
(11.9)

(b) '@‘wwm',&v) if1£1,
O¢n

op

oE%,

(d) Iméy=0 ifle{1,2,3}) and (¢,&n)=pP(a,n).
Suppose first that P(3(a, 1)) € Es,. Then by (11.8)

©) ‘ >Cat P, ¢y) ifl=1,

(11.10) [p(B(e, )| > Cs,181°.

Note that if both oy + an + a3 + a4 — a5 = 0 and a4 + a5 = 0, then oy + a; + a3 = 0 now.
Thus, the argument of part (a) shows that except for 77 in a set of measure zero

11.11) 1BI° > Cs, (Cyla] = —2)°
in this case.
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Suppose next that P(B(a,n)) € (€5,)%, but 3 ¢ p~1(0), and apply (11.9)(a) with B(a,n)
in place of (&,&n). If I =1 in (11.9)(a) Taylor’s formula gives, with 8(c,n) = (81, 32) and
M=o +a+a3+as—as,

p(B(a.m) = p(Bla.m) — p(ME', ki (ME"))

1 6% 2

= zﬁ(ﬁlakl(ﬂl) + 5[ —k1(BD)]) - (B2 — k1 (BD))

for some 0 < s < 1. By (11.9)(c) the first factor on the right in (11.12) had modulus > C|n|™2.
The second factor, in the case where M > 0 equals

(11.12)

(11.13) [a(ky — k) + a3 (ks — kl)]2

since (11.9)(d) implies a4 = as = 0. Arguing just as in (a) we see that except for 7 in a set of
measure zero, this factor has modulus > C,|a|~27¢. The case M < 0 is treated similarly (see
below).

When [ =2 or 3 in (11.9)(a), argue as above using (11.9)(b) instead of (11.9)(c).

Finally, if [ = 4 in (11.9)(a), one obtains a product similar to (11.12) in which the first factor
has modulus > C |7)|'"‘1 by (11.9)(b). The second factor (3, — k4(01)) in the case M > 0 equals

(11.14) [1(ky — 04) + ca(kz — 04) + c3(ks — 04) + i74(205 — @y — 2 — 043)].

If 25 — ) — ap — a3 # 0, the modulus of (11.14) is > C|n|. If 2as — a1 — ap — a3 =0, then
(a1, a2, 3) # 0 and |3, — k4(B1)| reduces again to (11.6).
When M < 0 write

ka(B1) = ka(ME") = ks (—|M|¢') = —| M |ka(€)).
The second factor now equals
(11.15) [1(kr — 04) + a(ka — 04) + as(ks — 04) + iT4(Res + 1 + 02 + 3)]

and is handled like (11.14). O

Remark 11.1. - (a) In the analogue of Proposition 11.2 for the case when precisely k glancing
modes are present instead of just one, B3 should be replaced by an open subset of RV =%\ 0.

(b) Part (b) of Theorem 11.1 may be used to identify explicit choices of & for which the small
divisor condition holds.

Part 111
Examples of blow-up

12. Examples of blow-up caused by high-order glancing modes

In Theorems 6.1 and 6.3 we assumed that p(¢’, €x) = 0 had real roots £ of multiplicity at
most two. Here we present examples showing that when real roots of order > 3 are present, the
time of existence 7, can shrink to 0 as ¢ — 0.

Example 1. — We work on ]l_ﬁjl = {(z,t,y): = > 0} and denote dual variables by (&, 7,7).
In this example part of the boundary data oscillates at a boundary frequency (7o, 7o) such that
(€, T0,m0) = 0 has a triple real root &.
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Let P(D) be a third-order scalar operator with total symbol

(12.1) pE T =E—n’+37¢ -1’ + (3> — 1)
and consider the semilinear system for u., v,

(a PD)u.=0,

ué |1:=0 = 0’
(12.2) )
Datie|g—0 = €G(t, y)el(fo,no)-(t,y)/s,

ue=0 int<-T (T>0),

(b) (B + Ba)ve = |O2uc|*v2,
Velomo = H(t, )M Ev/e - F0) >0,
ve=0 int<-T.

Here (19,m0) = (0, 1), (71,m1) # 0 is arbitrary, H and G are supported in —7" < ¢t < T, and for
~ < 1 to be chosen we take

(12.3) G(t,y) ="' g1(t)92(y),
where g1(t), g2(y) are smooth functions, and
@ 91(n=0, §i>1 on[-b,b]
(12.4) (®) g2(m) =0, suppga(n) C {In| <7'*°} for some
0<6<1/3, @@m>1 on|n <y'*/2.

LEMMA 12.1 (Cardano). — Consider the cubic p(¢) = ¢ + 3p( + q where p,q € R. If
q* + 4p® < 0 (respectively > 0, = 0), then p(() has 3 distinct real (respectively, 1 real and 2
complex conjugate, repeated real) roots.

The lemma applied to (12.1) implies that P(D) is strictly hyperbolic with respect to t.
Thus, (12.2) is a system with 2 blocks, with each block satisfying the Kreiss condition and
noncharacteristic with respect to = 0.

Remark 12.1. - To see that two is the correct number of boundary conditions for u. in (12.2),
observe that for v > 0 p(&, —iy,0) = 0 has 2 roots with Im & > 0, one with Im ¢ < 0. The same
therefore holds for the roots of p(§, T — i7y,n) = 0 for any (7,7n) # 0.

LEMMA 12.2.— Regarded as a cubic in & p(&,7,n) as in (12.1) has 3 distinct real
(respectively, 1 real and 2 complex conjugate, repeated real) roots, when

—72(7* = 3?) (> +n*) <O (respectively > 0,=0).

Indeed, if T =0, £ =1 is a triple root, while if T # 0, 72 — 39> =0, then £ = 1 is a double root
and £ =n — 37 a simple root.

Proof. — Set 3 = ¢ — i in (12.1) and note that 3° + 3732 + (371® — 1°) takes the form
¢3+3p¢ +qasin Lemma 12.1if ( = 8+ 7 and p = —72, ¢ = 73 4 371%. Thus,

qz +4p3 — 3.2 (72 . 3772) (Tz + 172).
The last sentence of the Lemma is obvious. 0O
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Remark 12.2.— [y = (&0, 70,m0) = (1,0, 1) is a glancing mode of order 3 for P(D). That is,
& = 1 is a triple root of p(&, 79, m0) = 0. '
The solution to (12.2)(a) is given by
eiz&i1(X) _ piz&a(X)
§1(X) — &(X)

Here X = ((10,m0)/€) + (T — 7,1, &i1(X), &(X) are the roots of p(§, X) = 0 with positive
imaginary parts, and we ignore factors of 1/2x. For a > 0, b; > 0, b, > 0 small and |¢| < b1,
x ~ e@t9/3|y| < by, we estimate

(12.5)  ue(z, t,y) = / T =IO G — iy, m) dr dn.

(12.6) |02uc| = €| / et G, (T)ga(Q(X) dr dn|

from below. In (12.6)

g%(X)eirﬁn(X) - §%(X)e“§2(x)
§1(X) — &(X)

Remark 12.3.— Blow-up will be caused by the fact that for 7,+, e small enough, |£;(X) —
£(X)| ~ =2/ since 3 is glancing of order 3. If 3y were hyperbolic or glancing of order 2, we
would have ! instead. Along with the factor of ¢ in (12.6), this would exactly cancel the 1/¢2
from £?(X) and £3(X), and blow-up would not occur. Roughly speaking, the boundary data in
(12.2)(a) is oscillating with a single linear phase that “resonates” with a structural defect in the
solution operator defined by (12.5). This mechanism is completely different from the focusing
mechanisms in free space identified in [8]. The latter mostly involve phases with critical points.

(12.7) QX)) =

1. With Yy = (70,m0), Y = (70, m0) + (7 — iy,m) we use a classical argument (e.g., Sakamoto
[16]) to compare the zeros of p(&,Y") to those of p(€, Yp). We have

(12.8) PEY) = (€ = &)’ + ha(Y)(€ — &0)* + (Y€ — &) + ho(Y),
where h;(Yp) =0, j =0,1,2. Here ho(Y) = p(&o, Y') satisfies

Ohyo

(12.9) 5

(Yo) =3n3 =Co > 0.
Write
. Ohgy ) 2
ho(Y) = Coe(t — i) + 8—n(%)6n +O(le(r —iv,m)I?)

and set q(£,Y) = (€ — &) + Coe(r — i7). For y < 1, || < ¥'*? (as is the case on supp §2(n)),
Cy > Co, and [€ — &| < (Cie|7,7])!/* we obtain

(12.10) D€, Y) — g€, V)| < C(ePm, A4 + ey +0 + 2|7,7%),

where C will always denote a constant independent of (g, 7,7, 7).
Suppose now

(12.11) 7| <e™® forsome0<a<%.
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(12.10) implies there exists an €o(7y) such that for € < ¢(~y)
(12.12) P&, Y) — q(&,Y)| < 3Cey' .

Write the roots of g(£,Y) as

1/3
j

& =&+ [Coeliy—7)].", 7=1,2,3,

where Imfj > Q for j =1,2. Let k € {1,2,3}, fix M > 0, and note that ff)r Y(M) < 1 small
enough, if |€ — £| = M3y /D8 then |€ — &| < (Cie|7,y)'/? and |€ — &;| = (Coe|m, 7'/,
for j # k. Thus,

3
(1213)  |QEY)| =[] 16— &l > (Coelrinl)™? - Me/Py1/3+8 > Go* Meny'+e.
=1

For M such that Cg/ M >3C (C as in (12.12)), (12.12), (12.13) and Rouché’s Theorem imply

(12.14) &) =& +O(e'P41/3+8) = & + [Coeliy — 7)) ;/3 +O(e!Py1/3+9),

Thus,
& _ . /3 _
(12.15) &0 =2 + e [Cotiy = 1)} +720(7/+)
for
(12.16) y=4M), e<eo(y), |nl<AT, |r|<e7? O0<a<1/3.

2. We now determine the magnitude and direction of eQ(X) (12.7) when X = ((19,m0)/€) +
(T —i7,m) is in the range defined by (12.16) and

(12.17) z =Xt for0 < 81 <A <6, 61,6, small.
(12.15) implies the main contribution to eQ(X) is given by

ei)\Cé/Ss“”(i'y—T):/S _ eiAC(;/3€°/3(i’7—T);/3 }

(12.18) c- g_gei,\goe(a—l)/s{
g2 5_2/303/3[(1'7 . 7)1/3 iy 7_);/3]

The remainder is smaller by a factor of c(e,y) < 1.
Since |7| < e79, for §, small enough the numerator inside the braces in (12.18) equals

(12.19) iINCYPe 3 [(iy — I = iy = DY) - Fle ),

where |F — 1| < 1/10 for (,~,7) as in (12.16). Thus,

(12.20) (12.18) = (iAg2ePe“ ™) . (ce=D/3) . .

The important property of (12.20) is that it blows up like £@~1/3 and maintains a nearly fixed
direction (for fixed €, \) for all |7| < ™. For €] < go(7) small enough, cQ(X) has the same

property for € < ¢;.
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3. Consider the integral (12.6) over the region || < 79, |n| < ¥!*4 for € < &y, |y| < b,
t ~ /3 and z as in (12.17). (12.4) and the fact that e®*”+%" ~ 1 imply there is essentially
no cancellation of the contributions from (12.20) for |7| < b. Thus, the modulus of the integral
over |7| < 7%, || < ¥'*¢ is bounded below by

(12.21) CO\ 7y, b D3, 0<a<1/3.

4. Since §;() is rapidly decreasing in 7 and |¢?*¢(X)| < 1, any polynomial (in |7,e~!|) upper
bound on |£1(X) — &(X)| ™! for |7] = e~ will imply that the contribution to (12.6) from the
region 7| > €79, |n| < y!*? is negligible.

Let

S={zZ=@vm: |r7.nl=1,7>0}.
For 65 small let
Si={ZeS: |(v,m) - O,m)| < |71¥* <6}
Sa={Z €S |ty — O.no)| <8, |7] > 63}

Since p(&, 7,n) has triple zeros in £ only when 7 = 0, we have

(12.22) |61(2) - &(Z)| >C >0 forZeS,.

For Z € S} an argument using Rouché’s Theorem as in part 1 of this proof shows
(12.23) |€1(2) — &(2)| > C|H'?  for Z € S1.

Using the homogeneity of £;(X), we see that if X = ((10,70)/€) + (T — i7,7) projects to .S,
(respectively S;) under X — X/|X|, (12.22) and (12.23) imply

|61(X) — &(X)| = C|X|
(12.24)
(respectively |£1(X) — &(X)| > C|X|2/3|7'|1/3)-

Provided 0 < a < 1/3 and (4/3)(1 — a) < 1, the restrictions on (7,7, 7,€) imply these are the
only X we need to consider. From (12.21) and (12.24) we conclude for such a

(12.25) |02uc| > C(\, 7y, b)e@™ V73,

for [t| < bie®, £ = Ae@tV/3, 0 < 6 <A < 6y, |y| < by.

5. As in [8] we demonstrate blow-up in v, using a simple fact about ODEs.

LEMMA 12.3. - Suppose a(t) is a smooth nonnegative function on [0, c0) and f0°° a(t)dt >
1/yo. The maximal interval of existence [0, Ty) for the initial value problem

¥ =a)y’, y0)=yo>0

is given by fOT° a(t)dt = 1/yo.

Consider v, on the characteristic of 0; + 0, starting at (z,y,t) = 0. (12.25) and Lemma 12.3
imply that if 3 is large enough (8 > (2 + a)/(1 — a)), the maximal time of existence on this
characteristic is less than Ce@ta)/3,
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6. The example is not yet completely satisfactory since the data in (12.2) is supported in
t > —T, and we have not ruled out [—7", —T'/2], for example, as an interval of existence for v,
independent of ¢. To rectify this defect replace G(¢,y) and H(¢t,y) in (12.2) by

1 1
Gk(t, y) = WG(kt, y), Hk(t, y) = WH(kt,y)

This data is supported in ¢ > —T'/k and for any s, the H* norm of (G, Hy,) is uniformly bounded
with respectto k € {1,2,3,...}, provided M = M (s) is big enough. Let u, , v, 1. be the solution
to (12.2) defined by this new data. The preceding argument shows

(12.26) |02ue 1| = C(k, A, 7y, b)e@ V73,

and the maximal time of existence of v, x on the characteristic of 9; + 9, through 0 is less than
C(k)e?*t9/3 Theorem 4.2 of [17] shows that if p(¢,7,7) = 0 had real £ roots of multiplicity at
most two, a uniform (in k) bound |Gy, Hi|gs < Cs for s > 3/2 would imply a time of existence
T(C,) for solutions to (12.2), independent of (k, ).

Example 2. - Consider (12.2) again where the boundary data for D u, is replaced by

oo
1 )
(12.27) € kZM pREw G(t, y)ez(rk,ﬂk)(t,y)/e,

where (7, mk) = (1/k,m0 + (1 /(%)) — (70,m0) = (0,1) as k — oo and M, u, o are positive
constants to be chosen. In the notation of (3.11) we have for k large

(12.28) E* (1k,me) = EY (B1(7ke, k) @ EY (Bo(Tie, 1)),

where (3 (%, nx) is an outgoing hyperbolic mode and (3,(7x, 1) an elliptic mode with Im 3, > 0.
Observe that the projections P(8;(7g,nx)) of E(7x, k) onto its components in (12.28) blow up
as k — oo (recall Remark 3.2).

1. The solution to (12.2) with this new data is u, = ZZ‘_’__ M Ue,k, Where

1

(12.29) oue e = Weit%ﬂy%&w / TGy (T)ga(mQ(Xk) dr dn,

Xk = ((Tk,m)/€) + (T — 7y, m), and Q(X) is defined by (12.7). For 0 < a < 1/3 as in Example
1,b; >0, by >0 small, and |t| < b1e?, z ~ e@t9/3, |y| < by, we proceed to estimate

(12.30) > Ouc
k=M

from below. Rewrite (12.30) as

(12.31) > Buck+ Y, Bur=5+5.

M<k<(4el—a)=1 k>(4el—a)=1
2. Choose « such that

(12.32) I-a)(1+a)=1,
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and note that for ¢,y as above and k > (4e'=%)~!, et F+WEH gays close to eV EF. An
analysis similar to the one in parts 1-3 of Example 1 shows that each term in S, has magnitude
> (C/k'*#)e@=D/3 and these contributions have a nearly fixed direction independent of k (but
not £). In this argument (1/k) + (7 — 7y) plays the role of (7 — 7) in Example 1. Thus,

_ 1 C v
(12.33) Sz S = e 001 /3-4),
k>(4el—a)=!

3. We claim that each term in S; has magnitude <

(12.34) OB (13 1 oBY for any B > 0.
ke

The 2 piece corresponds to the integral over |7| > =@ (recall §;(7) is rapidly decreasing). The
k!'/3 piece appears since

1 1 1 _ -
|61(Xk) — E2(Xp)| ~ a for o E >4e'7 |T| <7
if M is large enough. Thus,
(a=1)(1/3—p)
(12.35) TR A D U o .
M <k<(4e=a)=1 3 H

4. |S;| blows up as ¢ — 0 for 0 < p < 1/3 and is much larger than the right side of (12.35)
for y near 0. The argument of Example 1, Part 5, shows that v, blows up for ¢ ~ ¢?T/3 in this
example.

As in Part 6 of Example 1, we may replace G(t,y) in (12.27) and H(t,y) in (12.2)(b) by
G;t,y) = (1/iHGGt,y), H;(t,y) = (1/j5)H(jt,y) to obtain data supported in t > —T/3,
je(1,2,...). Set

<1 . L . L
(12.36) 9;(t.y.0) = < > WGj(t,y)e“”“”’“)o ,Hj(t,y)etmmr?
k=M

For any s, |g;|a, zs) < Cs for all j, provided L = L(s) is large enough. If there were no
glancing modes of order > 2, Theorem 4.2 of [17] would yield a time of existence 1'(s), s > 3 / 2,
independent of (j,¢) for solutions to (12.2); defined by the data (12.36). In our example the
maximal time of existence of v, ; on the characteristic of 9; + 9, through 0 is < C(j)e®+®/3,

Remark 12.4. — The blow-up in this example depends on a delicate balance between the size
of the convergence factor 1/k'*# in (12.27), the rate of blow-up of individual terms e~ /3,
and the rate of convergence (7x,7nr) — (79,70) (recall (1 — a)(1 + a) = 1). For example, if
(1 — a)u > 1/3, blow-up does not occur.
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