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1. Introduction

We will work in the space 2% equipped with standard topology and measure. More specifically, the topology is generated
by basic open sets of the form [s] = {x € 2% :s C x} for s € 2%, a € ®=®. The measure is the standard product measure such
that p([s]) =2719°m®)I: Jet A/ be the collection of all measure-zero sets.

Measure-zero sets in 2% admit the following representation (see Lemma 4):

X e N iff and only if there exists a sequence {F, :n € w} such that

(1) Fp 2™ forn e w,
|Fnl
(2) Znewz_n <0,

(3) XS {xe2?:3%n x[n € Fy}.

The main drawback of this representation is that sets F, have overlapping domains. The following definitions from [1]
and [3] offer a refinement.
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Definition 1.
(1) A set X C2% is small (X € S) if there exists a sequence {I,,, J, : n € w} such that

(@) I € [w]=M0 for n € w,
(b) InN Iy =0 for n#m,
(c) Jnc2 for new,
(d) [ Jnl

(e)

Znew 21l <
X C{xe2?:3%n x[I € Jn}
Without loss of generality, we can assume that {I,, :n € w} is a partition of w into finite sets.
(2) We say that X is small* (X € §*) if, in addition, sets I, are disjoint intervals, that is, if there exists a strictly increasing

sequence of integers {k; : n € w} such that I, = [k, kn11) for each n.

Let (In, Jn)new denote the set {x € 2® :3%n x[n e J,}.

It is clear that S* C S C WN.

Small sets are useful because of their combinatorial simplicity. To test that x € X € S the real x must pass infinitely many
independent tests as in Borel-Cantelli’s lemma. In section 3 we will show that various structurally simple measure-zero sets
are small.

Definition 2. For families of sets A, B, let A® B be

{X:Jae ATBbeB(XCaUb)}
Clearly, if 7 is an ideal then J & J = J. Likewise, AU (A D A UUDAD.A)U... is an ideal for any .A.
Theorem 3.[1]S* @ S*=SHS=N=NdN.

The main result of this paper is to show that the above result is the best possible, that is, S* C S C V. It was known
([1]) that S* C .

2. Preliminaries

To make the paper complete and self contained we present a review of known results.

Lemma 4. Suppose that X C 2%. X has measure zero iff and only if there exists a sequence {Fy, : n € w} such that

(1) F, €2" forn c w,
[Fnl
(2) Znew on < 00,

(3) XC{xe€2®:3®°nxn e Fy}.
Proof. <— Note that {x € 2% :3%n x[n € Fn} = e Unsm{X € 29 1 x[n € Fn}. Now,

M(U{er“’:x[nan})SZM({XGZwIXTNEFn})S %—)0-

n>m n>m n>m

— If X has measure zero, then there exists a sequence of open sets {Uj : n € w} such that

(1) n(Uyp) <277, for each n,
(2) X S Mye Un-

Find a sequence of {s], :n,m € w} such that
(1) sy e2=@,

(2) [sp1N[sp]l =% when k #m,
(3) Un= Umew[s%]
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F,
For ke w let Fy ={sp, :n,m € w, |sy,| =k}. Note that X C {x € 2 : 3%k x|k € F;} and that |2—ll<‘|

<1. O

= Znew IU’(U”)

Theorem5.[1]S*®S* =SS =N.

Proof. Since A is an ideal, N”® N = N. Consequently, it suffices to show that S* @ S* = A. The following theorem gives
the required decomposition.

Theorem 6 ([1]). Suppose that X C 2% is a measure-zero set. Then there exist sequences (ny, my : k € w) and {Ji, J ,; 1k € w) such
that

(1) ng <my <nyyq forallk e w,

(2) Ji S2MMer)| J1 C 2lmemii) for k € o,

(3) the sets ([, My 1) Jk) ey, AN ([Mk, Mics 1), Ji) e, @Y€ Small*, and
/

(4) X S ([ M 1) i) egy Y (M M 1), Ji) e

In particular, every null set is a union of two small* sets.

Proof. Let X C 2% be a null set.
We can assume that X C {x €2?: I®nxne Fn} for some sequence (Fj, :n € w) satisfying conditions of Lemma 4.
Fix a sequence of positive reals (g : k € ) such that Y 72, & < co.
Define two sequences (ny, my : k € w) as follows: ng =0,

o |Fil
my = min j>nk:2"’<-22—; <
i=j

Ek (s

and

oo
Ngyq =min { j > my : 2™k . 2“2:—:| <¢g ¢ forkew.
i=j
Let Iy = [ng, ng+1) and I,/c = [my, mg41) for k € . Define
sejJy & se 2l & 3i € [my,, Nk+1) 3t € F; sfdom(t) N dom(s) = t[dom(t) N dom(s).
Similarly

se ],’< > se2lgIie [Mk41, M) 3t € Fi sfdom(t) N dom(s) =t [dom(t) N dom(s).

4

It remains to show that (I, Jk)kew and (I}, J;)rew are small sets and that their union covers X.
Consider the set (I, Jx)kew- Notice that for k € w

N1
[ Jkl n |Fil

< k . <
2k 2 o Ek.

i=mk

Since Y 12 &n < oo this shows that the set (I, Jn)new is null. An analogous argument shows that (I,Q, ],;)kew is null. Finally,
we show that

X g (In’ _]n)nEw ) (I;p ]g)nea)-

Suppose that x € X and let Z ={n € w: x[n € F,}. By the choice of Fy’s, the set Z is infinite. Therefore, one of the sets,

Zn U[mk, Mgy1)  OrZN U[nk+1, Micy1),

kew kew

is infinite. Without loss of generality, we can assume that it is the first one. It follows that x € (I5;, Jn)new because, if x[n € Fy
and n € [my, ni41), then by the definition there is t € Ji such that x[[n, ng1) =t. O

Now lets turn attention to the family of small sets S. Observe that the representation used in the definition of small sets
is not unique. In particular, Lemma 7 follows easily.
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Lemma 7. Suppose that (In, Jn)new is a small set and {ay : k € w} is a partition of w into finite sets. For n € w, define I}, = Ulean I
and J, = (s €23 eay 3t € Jy sty =tlI}. Then (In, Jnhnew = (I} Jinew-

Lemma 8. Suppose that (I, Jn)new and (I}, J})new are two small sets. If {I, : n € w} is a finer partition than {I}, : n € w}, then
(In, Jn)new Y (1,/1, ];)new is a small set.

Proof. Define I;) =1 for n € w and let
Ay {s €2 :3k3s e Jx(x C 1, &s|ly jk)}.
It is easy to see that (In, Jn)new U Un, Jn)new = Up, JDnew. O

Since members of S do not seem to form an ideal, we are interested in characterizing instances when a union of two
setsin S isin S.

Theorem 9. Suppose that (I, Jn)new and (I, J})necw are two small sets and (I, Jn)new S (I}, Ji)new- Then there exists a set

U7, JMnew such that (In, Jn)new S U7y Jinew S (U, Jinew and such that the partition {I}] : n € w} is finer than both {I, : n € w}
and {I, :n € w}.

Proof. Let start with the following:

Lemma 10. Suppose that (Iy, Jn)new and (I, J})new are two small sets. The following conditions are equivalent:

(1) (Im ]n)ne(u - (11/15 ];g)new,
(2) for all but finitely many n € w and for every s € Jn, there exist m € w and t € ]}, such that

(@) InN 1, #9,
(b) si(InN1Iy) =t[In N1},
(c) Yue2lm\nt) (I, NI~ ue J,.

Proof. (2) — (1) Suppose that x € (I, Jn)new- Then, for infinitely many n, x[I, € J,. For all but finitely many of those
n’s, conditions (b) and (c) of clause (2) guarantee that, for some m such that I, NI}, # @, x[(In N 1) " x5, \ In) € J}-
Consequently, x € (I, J})new-

—(2) — —(1) Suppose that condition (2) fails. Then there exists an infinite set Z C w such that, for each n € Z, there is
sn € Jn such that, for every m such that I, NI}, # @, exactly one of the following conditions holds:

(1) salUn NI #t[(InN1},) for every t e Jr,,
(2) there is t € J/, such that s, [(I, N I/,) =t (I, N I},) but for some u = ty p € 2!\, 1Ly V1) " Unm & Sy

By thinning out the set Z, we can assume that no set I, intersects two distinct sets I, for n € Z. Also, for each m € w, fix
t™ € 2/m such that ™ ¢ J/,.
Let x € 2% be defined as follows:
sn(D) ne Zandl € I and up p is not defined
0 ifneZandl el \ Inand I; N Iy # @ and uy, 1 is not defined
x() =13 sn() ifne Zand!l eI, NI, and uy p, is defined

Upm() ifneZandlel,\Iyand I, NIy # @ and uy  is defined
t™ (1) iflelyand Iy, NI, =@forallne Z

Observe that the first two clauses define x[I;, when I}, NI, # @ for some n € Z and up , is undefined, the next two
clauses define x[I;, when I, NI, # ¢ for some n € Z and u,, is defined, and finally the last clause defines x[I;, when
I,NI,=¢ for all n € Z. 1t is easy to see that these cases are mutually exclusive and that x € (I, Jn)new Since x[In =s, € Jn
for n € Z. Finally, note that x ¢ (I, J})new, since by the choice of u, ,, (or property of s,) x[I;,, ¢ J;, for all m. O

Suppose that (I, Jn)new and (I}, J})new are two small sets and (In, Jn)new S (I}, Jh)new- Consider the partition consist-
ing of sets {I, NI}, :n,m € w}. For each non-empty set I, N I}, we define Jy ,, € 2M0I'm a5 follows:

s € Ji p if there is t € J, such that s[(I, N I,) =t[(I, N Iy,) and for all u € 2\l ¢ (I, N1 ) " u e I

Observe that the definition of J ,, does not depend on J;.
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Note that
" 4
Yoogmmoy Y
2 nNly| 21Ny
m,new, NIy, #0 MEW new, [Nl #0

” I ’
|]n,m|.2‘ m\Inl |]m|
Z Z |17 [\ EX:2|l/| <00
MEW new, [N}, #0 20k1 - 20m i mew < "

To finish the proof, observe that, for x € 2, whenever x[(I, N I},)) € Jy, ., then x[I}, € Jp,. Similarly, if x[I, € J5, then by

Lemma 10 there is m such that x[(In N I})) € Ji; , It follows that (In, Jn)new S Un.m, Jnmnmew S (I, Jpdmew. O
3. When null sets are small?

Small sets are combinatorially simple and this is the main motivation to study them and investigating when measure-
zero sets are small.

Theorem 11. Suppose that X C 2% is a measure-zero set. Then X is small if

(1) 1X) <2%,
(2) X can be covered by a countable family of compact measure zero sets,
(3) X is a Menger set, that is, no continuous image of X into w® is a dominating family.

Proof. Suppose that X has measure zero and use Theorem 6 to find small sets (I, Jx)kew and (I}, Jp)kew Such that

(1) X < Uk, Jidkew Y (II/<’ ],;)kewv
(2) k€I, Ul and I} C I} U Iy for each k > 0.

For each x € X let Zy = {k: x[I} € Ji}. Note that x~» Z, is a continuous mapping from X into [@]® (which is homeomor-
phic to w®.)

Definition 12. A family A C [w]® has property Q if

VZelw”IAc AACZ.
Lemma 13. If {Z : x € X} does not have property Q then X is small.

Proof. Suppose that Z witnesses that {Zy : x € X} does not have property Q, that is that Zy \ Z € [w]® for every x € X.
Let zo < z1 <23 < ... be an increasing enumeration of Z. Note that, for every x € X, if x € (I, Jx)kew, then x € (g, Ji)k¢z-
Consequently, X C (I, Ji)kgz U (U}, Ji)kew- We will show that this set is small.

Let I} = Uje[zk,zkﬂ) 13, and use Lemma 7 to find { ]} : k € w} such that (I}, [ kew = (I}> J;)kew- Now Lemma 8 completes
the proof, as the partition {I :k ¢ Z} is finer than partition {I,Q’ kew). O

To finish the proof, note that no family of size < 28 has property Q because there is an almost disjoint family of size
continuum. The remaining two cases follow from the fact that every family of subsets of w with property Q is dominat-
ing. O

The following result shows that measure-zero sets endowed with sum structure are small as well.
Theorem 14 ([2], [4]). Let F be a filter on w. Then if F is a measurable, then F can be covered by a small set.

Proof. Let F be a measurable filter on w identified with a subset of 2% via characteristic functions of its elements. By
virtue of 0-1 law, this means that F is of measure zero (measure one case is clearly impossible). Fix a sequence {&, : n € w}
of positive reals such that 32, 2¥g; < o0.

Since F has measure zero, we can find sequences (ng,my :k € w) and (Ji, J; : k € ) as in Theorem 6 such that F C
(M k1) Th) ey Y (M0 Mi1)5 J3) g

If 7 C (g, Met1), Jidkew O if F C ([Mg, My 1), J))kew> then we are done, since both sets are small.

Therefore, assume that neither set covers F.

Define for k € w

Sk = {s € 2I"™) . s has at least 2™+1 "~k extensions inside [} .
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It is easy to check that

Snl k
— <2%g
My —n

holds for k € w.
Similarly, if we define

S,={se 2[Mmemm) . ¢ has at least 2™ ™17k extensions inside Ji)

then, by the same argument, we have that

M
i < Zké‘k
My —n

for all k € w.
Consider the set ([n, my), Sk U S} )kew- This set is small since Y p2, |Sx U S |2 ™ < 322 2kg, < 0.
Now we have three small sets

(1) H1 = (g, tk1)s Jidkeaw
(2) Ha = (Img, Mig1), Jidkews
(3) Hz = ([ng, i), Sk U Sp)keow-

If 7/ € H, UH3, we are done since, by Lemma 8, Hp U H3 is a small set. Therefore, assume that there exists X € F such that
X ¢ Hy U Hs. Since F C Hy U H;, we get that X € Hy. Let {k, : u € w} be an increasing sequence enumerating set

{k € w: X[k, ngg1) € Ji)-

Define for u € w

Iy = [Mye, 1, Mgy 1) and

Ju={s €2 Xy, M, 11)7s € Ji, o8 s~ X[ty 1, My 11) € Ji 11} -

By the choice of X, X[[nk,.nk,+1) € Jk, but X[k, . Ak, +1) ¢ Sk, U Sy, for sufficiently large u € @. Thus |Jul2~ Tl < 27¥ for
all but finitely many u € w. Hence the set Hy = (I, Ju)ueew is small.

Lemma 15. 7 C Hy.

Proof. Suppose that F is not contained in H4 and let Y € F \ Ha.
Define Z € 2¢ as follows

_Ym ifneUye,
Z(m) = [ X(n) otherwisac)e

Notice that Z € F since XNY < Z. We will show that Z ¢ Hy U Hy, which gives a contradiction.

Consider an interval I, = [y, np+1). It suffices to show that Z[I; ¢ J;, when m is large enough.

If m # ky for every u € w, then Iy N U, ¢, Iy=0and Z|Iyy = X[y & Jm.

On the other hand, if m =k, for some u € w then X|I;; € Jm, but by the choice of X, Z[[ng,, mg,) = X[ng,, mg,) has
only few extensions inside Jp, (since X ¢ Hsz). More specifically, if Z[I;n € J;m then Z[I, has to be an element of Ju. But
this is impossible since Z[I, = Y[I, ¢ J, for sufficiently large u € w. The proof that Z ¢ H, is the same and uses the
second clause in the definition of set H4. O

forncew.

4. Small sets versus measure-zero sets

In this section, we will prove the main result.
Theorem 16. There exists a null set which is not small, that is S C N.

Proof. We will use the following.

|A]

Lemma 17. For every ¢ > 0 and sufficiently large n € w, there exists a set A C 2" such that o < € and, for every u C n such that

n 3n [Bo| 1 B] 1
y <|ul < T and By C 2% and B C 2™\ such that Sl > 3 an Sl > 7 we have (Bg x B1) N A # (.
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1
Proof. The key case is when ¢ is very small and sets Bg, B1 have relative measure approximately 7 In such a case,

1
Bo x By has relative measure 7 yet it intersects A. Fix large n € w and choose A C 2" randomly. That is, for each s € 2",

the probability Prob(s € A) = ¢ and for s,s’ € 2", events s € A and s’ € A are independent. It is well known that, for large
enough n, the set constructed this way will have measure ¢ (with negligible error).
Fix n/4 < |u| <3n/4 and let

Bo| |B 1
Bu={(Bo,B1):Boc2“, B]CZ"\”and| of 1Bil ]

2lul’ 2im\ul = 3

3n
Note that |By| < 22"+ <2274 ™"
For (Bo, B1) € Bu, Prob((Bo x B1) N A =) = (1 — &)/BoxBil < (1 — £)2"™. Consequently,

EN -
Prob(3(Bo, B1) € By (Bo x Bi) NA=0) < |Bul(1 —&)* > <224 (1= )2,

Finally, since we have at most 2" possible sets u,

Prob(3u 3(Bo, B1) € By (Bo x B))NA=0) <

3n o m e
2By |(1— )2 " <22 (1 — )2 <228 (1 _ )2 <
n
n 278
278 . %ezn—z 2
22" (1—-¢) 5252"*2 —> 0asn — oo.

Therefore, there is a non-zero probability that a randomly chosen set A has the required properties. In particular, such a set
must exist. O

Let {k9, k] :n € @} be two sequences defined as kY =n(n + 1) and k} =n? for n > 0.

Let I9 =[k9. k0, ) and I} = [k}, k} ;) for n € w. Observe that the sequences are selected such that

(1) 1% =2n+2and |I}|=2n+1forneow,
2 Rcriuill,,
@) hcil Ul forn>1,

@ 8N =11ini8 |=nforn>1,

B) NI 41=inI=n+1forn>1.

for n > 0,

Finally, for n > 0 let ],(1) c 2/ and j; c 2/ be selected as in Lemma 17 for &n = n1—2 Easy calculation shows that for
n > 140, the sets ],? and ],1 are defined and have the required properties.

Suppose that (I, Jnew U Iy, Jnew C (7, [Dnew-

Cask 1 There exists i € {0, 1} and infinitely many n, m € w such that

EN IR ) (N
Tm5|1;nmn|§ 4’“.

Without loss of generality, i = 0. Let {ay : k € @} be a partition of w into finite sets. For n € w define I, = Ulea,, 112 and
Ji=(se2h:3ea,3te J? sII? =t]I?}. By Lemma 7, we know that (I}, J;)new = (IZ, J2)new N0 matter what is the choice
of the partition {ay : k € w}.

Consequently, let us choose {aj : k € w} and an infinite set Z C w such that

0 3|19
(1) for every m € Z there is n € w such that % < |I,?1 NIyl < %

(2) for every m e Z there exists n € w such that 1% c I, U L

(3) for every n € w there is at most one m € Z such that I,(T)1 NI, #0.

To construct the required partition {ay : k € w}, we inductively glue together the sets I,2 as follows: suppose that m is

I 3|10
such that there is n such that | <|8ni2< ! '"I. Then we define a, = {n} and an+1 = {u: IS N 12 # ¢ and u #n}. Let

Z be the subset of the collection of m’s selected as above, that is, thin enough to satisfy condition (3).
Recall that (127 Jr?)new - (Irz"? J%)new = (1;17 ]{«,)new-
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Working towards contradiction, fix m € Z, and let I C I, U1/, (in this case I;, = I2). By Lemma 10, it follows that, if m

n+1
is large enough, then for every s € ]3, either

(1) for every u € 2In\In we have s[(I9 NI)) “u e J/, or

(2) for every u e 2'n+1\'n we have s[(I°, NI “ue .

onr, VLIS o IS o~
Let J// = {s € 2/m"n 'Vu62’\’ms uejp)and Jy  ={se2'm ne1 vy € 20 Mm g ue Jiqh

" /
1
Clearly, l/] — < ”'} < 1 nd |/]n4+1|0§ |]n,+1| <1
211N 2|I | 2 IRl ol 2
0y’
Let B, — olnnt, \ J; and Byyq — 2ImNl \]/+1~
|Bnl  |Bn41l

1
It follows that STaE W =3 By Lemma 17 and the definition of set (1%, J%)mee, there is sm € (Bn X Bpy1)N J9.
m' "n n+1

Consequently, there is tp, € 20Vt such that tm 19 = sm € Jg, but tm 1, & J; and tm (I, ; & J; .. For each n € w choose
rp €2\ JI. Define x € 2 as

tmlI, 1SN, #0

X[, =
L ifI NI, =¢forallme Z

It follows that x € (I, J9neqw, but x ¢ (I}, J1)new = (12, J$)new, which is a contradiction.
CasE 2 For every i € {0, 1}, almost every n € @ and every m € w,

2N < il
n ml — 4 N
This is quite similar to the previous case.
We inductively choose {ay : k € w} and define I},’s and J}’s as before. Next construct an infinite set Z C w such that
(1) f Z th ist h that IS c I Ul d|m|<10m/ onr, | <=mn ELET
or every m e ere exists n € w suc at I;, C ne1 an 1 | [y | natl < 1
(2) for every n € w there is at most one m € Z such that 1,91 NI, #0.
Since [I2N 1| <~ In|

The rest of the proof is exactly as before.
To conclude the proof, it suffices to show that these two cases exhaust all possibilities. To this end, we check that if, for

for each k, m we can get (1) by careful splitting {k : I,?., al I,f # (0} into two sets.

: 311
some i€ {0,1}, m,n € w, \I,% NIyl > % then for some j € {0,1} and k € w,

311

3 _ 2y
4‘ <IpNLlI=
This will show that the potential remaining cases are already included in CASE 1.
Fix i =0 and n € w (the case i =1 is analogous.)
I} 3L
'”"'. If |1,%m1|<g,
4 4

By the choice of intervals 19, and I}, it follows that, if [I2 N 3| > , then 12N 1L >

3| I

| ml
4

I m+1|

then we are in Cask 1. Otherwise, [I2NIL| > and so |I2 nIe ma1l > . Continue inductively until the construction

terminates after finitely many steps settling on j and k. O
Theorem 18. Not every small set is small*, that is S* C S.

Proof. The proof is a modification of the previous argument.
Let 19, I}, JO and J] for n € w be like in the proof of 16. Let IO {2k:kel% and I} = {2k 4+1:ke ]} for n € w and let

]n C 2’n jl c 2l for n € w be the induced sets. Note that ({I ]n, ]n})new is a small set. We will show that this set is
not small*. Suppose that ({I0 11} {]n, ]n})new C (In, Jn)news where In = [kn, kn41) for an increasing sequence {k, :n € w}.
Without loss of generality we can assume that for every n € w there exists i € {0, 1} and m € w such that

(1) If S IqUlnpa,

3|1
@) '<|1 i < '4'”',
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|3

1
@ <y iy < 2l

To get (1), we combine consecutive intervals I, to make sure that each Ifn belongs to at most two of them. Points (2)
and (3) are a consequence of the properties of the original sequences {Iﬁ, 1,1 :n € w}, namely that each integer belongs to
exactly two of these intervals and that intersecting intervals cut each other approximately in half. The following example
illustrates the procedure for finding i and m: if k, is even, then k,/2 belongs to 19N I; with k — j equal to 0 or 1. The
values of i and m depend on whether k;/2 belongs to the lower or upper half of the said interval. The case when k; is odd
is similar.

The rest of the proof is exactly like in Case 1 of Theorem 16. O
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