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neural nets remain within a set of “good classifiers”, we establish a striking feature of the
Presented by Haim Brezis algorithm: it mathematically diverges as the number of gradient descent iterations (“time”)
goes to infinity but this divergence is only logarithmic, while the loss function vanishes
polynomially. As a consequence, this algorithm still yields a classifier that exhibits good
numerical performance and may even appear to converge.
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RESUME

Nous étudions dans cette note le comportement asymptotique d’algorithmes du gradient
appliqués a des problémes de classification basés sur des modéles élémentaires de réseaux
neuronaux a apprentissage supervisé. Nous prouvons que ces algorithmes divergent au
sens mathématique strict, puisque la suite de paramétres définissant le classifieur est
non bornée. Toutefois, en développant des méthodes d’entropie-production d’entropie,
notre approche conduit a des taux explicites qui montrent, au moins lorsque les classes
peuvent étre bien séparées, que les paramétres divergent seulement logarithmiquement
alors que la fonction coiit converge vers 0 polynomialement. En conséquence, d'un point
de vue pratique, 'algorithme permet effectivement d’obtenir un classifieur avec de bonnes
performances, et peut méme sembler converger.
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Version francaise abrégée

Depuis leur introduction (voir notamment déja [14]), les réseaux de neurones artificiels ont montré des performances
remarquables sur les problémes de classification. Cette note a pour but d’apporter des premiers éléments de réponse rigou-
reuse sur le comportement de certains de ces réseaux, dans un cadre nécessairement trés simplifié.

Plus précisément, nous considérons une famille de classifieurs ¢ («, s), paramétrée par o et associant a chaque objet
se S c RN, un vecteur ¢(c,s) = (p1,..., pk), K étant le nombre de classes, ot intuitivement chaque coefficient p;(c, s)
représente la probabilité prédite par le classifieur que s appartienne a la classe i. Cette famille est construite a I'aide d'un
réseau neuronal élémentaire oli chacune des L couches est, soit entiérement connectée, soit de type convolutif - voir la
description compléte plus bas avec (1), (2), (3), (4), (5).

L’apprentissage supervisé du réseau consiste, dans le cas le plus simple, a définir une suite de paramétres o obtenus par
un algorithme de gradient stochastique qui est basé sur une fonction cofit construite a I'aide d’'un sous-ensemble d’entrai-
nement T ou la classe i(s) de chaque objet s € T est connue. Un exemple commun consiste a prendre

L@) ==Y _v(s) logpics) (@, s),

seT

pour une certaine loi de probabilité sur T. Toujours par souci de simplicité dans cette note, nous étudions le flot gradient
issu de L, c'est-a-dire le comportement quand t — oo du flot

d -
—a(t) = —VeL(a(t)).
dt
Dans le cas ot les classes peuvent étre parfaitement séparées, on peut espérer que L(c(t)) — 0. Toutefois, du fait de la
construction des classifieurs ¢ («, s), ceci empécherait la convergence de a(t) et, plus précisémment, on aurait |c(t)| — oo.
Ceci amene a la définition de I'ensemble des paramétres o pour lesquels on a séparation des classes

ae A iff VseT, pi(s)(a,s):m,?xpk(o:,s).

Notre analyse montre que V4L a une structure non dégénérée sur A permettant de le relier & L. Ceci conduit 3 des taux
explicites sur A.

Théoréme 0.1. Supposons que pour tout t € [tg, 00), a(t) € A. Il existe alors une constante C dependant seulement de K, v, L(to) et
lee(to)| telle que

, la®] < Clogt.

~| 0

C _
W <L(x(t)) <

Ce résultat montre que, bien que formellement divergent, I'algorithme fonctionne en pratique, puisqu’il nous permet de
sélectionner des parameétres o qui définissent des classifieurs efficaces. Une telle divergence logarithmique est d’ailleurs
probablement difficilement observable d’un point de vue numérique. Il faut également souligner que |x| borne directement
la norme Lipschitz de ¢ («, s), ce qui est une importante mesure de la robustesse du classifieur.

Notre méthode repose toutefois sur des estimations trés précises, de facon a obtenir cette échelle logarithmique. Une
inégalité clé est notamment le fait que, pour une certaine constante C,

1d o _ - _

———>({L-0C)(logL| - C).

[d 2 = ( ) (IlogL| = C)
Ces premiers résultats laissent encore un grand nombre de questions non résolues, que nous espérons aborder dans un
travail ultérieur. Nous mentionnons seulement briévement ici la stabilité de I'ensemble A, la dépendance du taux vis-a-vis
du choix de la mesure v, le comportement de I'algorithme lorsque les classes ne sont pas complétement séparées, ou la
performance du classifieur obtenu sur tout I'ensemble des objets dans S.

1. Introduction

Neural networks have demonstrated their effectiveness on classifying problems, as exhibited as early as in [14] for
handwriting recognition. They are now widely used in many contexts for which we briefly refer to the general presentation
for deep neural networks in [13]. We also mention more specifically their performance on image classification, see for
example [12], on speech recognition, see [11], on applications to the BioSciences as [16], or natural language understanding,
see [22] among many other contributions.

Neural networks have already started to be studied from a more mathematical point of view, providing a mathematical
framework to formulate their properties in particular in terms of multiscale contractions involving wavelets and scattering
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Fig. 1. Left: a convolutional layer. Right: a fully connected layer.

transforms. Those studies have, for example, led to a better understanding of how to embed desired natural invariants in
them (for instance translation and rotation invariants in image recognition should not impact the classifiers); we refer the
reader in particular to [5,18,17] and to [6] for the use of scattering transforms.

The focus of this work is on the dynamics of how the network learns and our goal is to provide rigorous mathematical
understanding of the performance of canonical gradient descent algorithm.

1.1. The neural network and the cost function

It would of course not be possible to give here even a rough overview of the various constructions and approaches used
in deep learning networks (see [9] for such an introduction). Instead, we quickly describe the supervised learning neural
networks that we consider on a well-posed classification problem, that a set of K classes S; C RN with S;N'S j=0ifi#].
We denote the set of all possible objects by S = 1K:1 Si and for all s € S, we denote by i(s) the unique i s.t. s € S;. We
denote by T our given training set, which is a finite subset of S.

Construct a classifier ¢ (e, s) in the usual manner by defining a sequence X' € RM for [=0...M, M being the number of
layers and N is the dimension of the layer, where @ € R* in which p is large. Put X° =s (an object from S or T), No=N
and

xﬁ“:x(ﬂ“), [=0..M—2, i=1,2,---Niy1 )

where Yf“ is the input of the activation function A and A(§) = |&] or A(§) = &4 so that we have the following key identity
(crucial in the proof)

N (E)E =) (2)
In our simplified setting, we only consider for the first M — 1 layers, either a convolutional layer for which
Nj—Nipq
YI{H _ Z O‘S'HXLH" 3)
j=0
or a fully connected layer (see Fig. 1), where one has
N;
Vit =2 e X (4)
j=1

The last layer, [ = M uses the softmax function
pila,s)=XM=———~, i=1...K. (5)

The performance of the network on a given object s is evaluated through the cross-entropy, leading to the definition of the
following error function L, which defines the classification error

L(a, s) = —log pi(s)(t, s). (6)
The total classification error is obtained by averaging over the training set, yielding
L) =) v L@,s), (7)
seT

L.e. the expectation of the error with respect to a probability measure v(s) on T such as infserv(s) > 0. This has now become
an optimization problem in very large dimension with a non-smooth, non-convex cost function L, since A and hence L are
Lipschitz, but not C!.
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Observe that a perfect classification on the training set T entails that for any s € T, pii) (o, s) =1, while pi(a,s) =0
for all k s i(s). This is obviously equivalent to having L(cz) = 0, which justifies the definition of L. However, by (5), such a
perfect classification would require Xi"{'s)‘l = +00, which in turn implies that || = oco.

Still by the form (5), one could conjecture that, provided that there exist good classifiers, then there should exist ac-
ceptable parameters o s.t. L < Ce~!?l, One would hope that any reasonable method that one chooses to try to solve this
optimization problem will lead to such an acceptable «, which is precisely what we prove for a simple gradient algorithm.

1.2. The gradient algorithms

Nowadays, training the network is often performed through a stochastic gradient algorithm. Assuming for simplicity that
the so-called batch is 1, this yields a Markov chain «" defined by

o™ =" — TV, L(a", s, (8)

where the s" is a sequence of independent random objects chosen according to v, a discrete probability measure such that
v(s) > 0 for s € T, defined on T.
Equivalently, the law f,(«) of a" solves

fas1(@) = Aq fal@), Ajd@)=) v(s)¢(@ -1 Val(@,s)). 9)

seT

There are several general approaches to obtain rates of convergence for Markov processes. One such approach is to prove
convergence in total variation for so-called Harris recurrent chains, see for example [10] or the general presentation in [19].
This does not apply in this case, not only since the sequence «" is a priori unbounded, but more importantly since, even
after re-scaling, the limiting measure should be singular.

The possibility of singular limiting measure is what led to the study of the convergence in Wasserstein distances; we
refer in particular the reader to the recent [2,3], to [7], or [8]. Interestingly, in such settings, the convergence is often
subgeometric (polynomial as is our case here).

Since there is in general no contraction with respect to the Wasserstein distance, applying those methods is challenging.
Instead, we have to rely on adhoc estimates derived from the specific structure of the neural network and L. This is not so
surprising, as the behavior of neural net classifier as n — oo has long been seen as potentially complex, see in particular
[15], while the convergence of stochastic gradient descent has only been investigated in limited, specific framework such as
in [21].

Given the limited scope of this note though, we present our methods in the even more simplified setting of the de-
terministic limit T — 0 and nt — t. The law f, then converges to a continuous time-dependent law f(t, ) solving the
deterministic equation

3 f(t,@) = A f(t, &) = divg (f > v(s) Val(@, s)) : (10)
seT
which, as a first order advection equation, can also be represented by the deterministic characteristics system or flow,
da(t, o) ==Y V() Val(a(t,a®),s) =-Vol(a(t,a®), alt=0)=a’. (11)
seT

Just as in the random case, the general study of convergence of gradient flows like (10) or (11) often requires convexity as
in [4]. Estimates in total variation also exist in deterministic settings, see [20], but for reason similar to the stochastic case,
do not seem to be applicable here.

1.3. Statement of the result

Our analysis relies on the “non-degeneracy” property of VL on the set of parameters that defines good classifiers in the
following precise sense.

Definition 1. Define the set of parameters A as follows, o € A iff for every se T

Xi’\(/ls)’l(a, s) = mkax X,’cw’l(a, s), orequivalently piis) (o, s) = mlaxpk(oz, s).
K

If a € A, the neural network classifier ¢(c,s) yields the highest probability of belonging to a class k of every object
s e T to the class i(s).

The set A has some obviously useful properties. For example note that Xf‘””(u o,S) =1 (e, s) if w=>0, so
that A is a cone: @« € A = p« € A (this remains true if one only scales the parameters on a given layer «™). But the

M-1 XM*1
1
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key property of A called “non-degeneracy” is that on the interior A, VoL = 0 iff L = 0. For simplicity, we hence introduce
a quantified interior set.

Definition 2. The parameters « € A;, for some 1 > 0 iff for every se T

XxM-1 o, S) > max xM-1 o,s)+n. 12
i(s) ( )_k;ﬁi(s) k ( ) n ( )

This non-degeneracy is of course critical for the convergence of a gradient flow: the main contribution of this note is
entropy-entropy production estimates, which quantify the non-degeneracy property by bounding |V L| via L on the set A,
leading to the rate of decay of L.

'[heorem 3. Assume that for any t € [to, 00), one has «(t) € Ay for some 1 > 0. Then there exists a constant C depending on K, v,
L(to), | (to)| and the diameter of T s.t.

T C
Ct|logt|2M—4 <Lla@®) < T le(t)] < C logt. )

Remark 1. Up to a log correction, which for practical purposes is essentially of order 1, we obtain the same asymptotic
behavior for the lower bound as for the upper bound.

Remark 2. The rates in Theorem 13 are under implicit conditions on T, L < infser v(s), but we can give an upper bound for
the time to reach the point when this inequality holds because we have polynomial rate (32) independent on T. Therefore
the constant C in Theorem 13 has a complicated dependence on K, v, L(tp), and | (tg)|.

The exponential scaling L < Ce~®! in (5) (end of Section 1.1) between |c| and L fits with the decay rates in (13), which
is what we had hoped. In addition of proving that the algorithm performs well on the set A;, we also want to emphasize
that the size of o directly bounds the Lipschitz norm of the classifier as |Vs¢ (o, s)| < |a|™~2. Theorem 3 hence guarantees
some minimal robustness in the network, in the sense that the classifier will be stable under small changes in an object.

Such robustness is another key feature of acceptable classifier, but we should note that measuring accurately |Vy¢ (e, s)|
(instead of the very rough estimate above) is in fact quite challenging, as exemplified in [1].

Of course, Theorem 3 leaves many important open questions that we hope to tackle in a further publication, such as
whether the set A is an attractor or what happens if one starts outside of A. But we also point out that the dependence
on v in the constant C in (13) grows at least linearly with respect to the size of the training set T.

Finally, it may not be possible to have any good classifier (if A, = ), but we should still expect similar results if
condition (12) fails for only few objects in the training set. Then it is not clear how the classifier would perform on the
whole set S (instead of the training set T).

2. The proof of Theorem 3
2.1. A uniform relation for the rate of change in €2 norm of the parameters

The structure of the neural networks allows for some algebraic relations (e.g., (14)) which are key to our proof, and are
central to the so-called backpropagation that allows for simplified calculations of the algorithm.

Note that convolution networks are a special case of fully connected ones for the following calculations. Indeed, in the
case of a convolution network denote a?’}r] = oc;?fil with the convention oz?j] =0 if j—i<0. Then otﬁl would then form
an upper triangular Toeplitz matrix with bandwidth N; — Ni1 + 1. Hence, in the following it is sufficient to assume that the
layers are fully connected and solve (4).

We then have the following relations for ¢2 norm of «

Lemma 2.1. Assume that the vector o solves (11), then for any m, one has that
d 2 M—-1 M-1
g 2ol 2= v D0 b =X, m=1.2,.-M~1 (14)
i,j seT i#i(s)
so that in particular % Zi’j |a}’fj|2/2 is independent of m.

Remark 3. The network has obvious scaling properties since ¢(a!,...,a™ 1, wa™, o™l .. aM=15) is equal to

g, a7 pal, oMt oM7) for any I, m. This necessarily means that 3°; ;&[> — 3, ; lerf ;I? is invariant under

the dynamics. Lemma 2.1 is a more precise and explicit version of this property.
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Remark 4. From Lemma 2.1, we immediately find that V L is non-degenerate on A (recall that A is the interior of A).
Indeed, if @ € A; and VL =0, then since Xl";’s)1 > XM relation (14) implies that p; =0 for i #i(s) and thus pjs) =1
and L =0.

Proof. The equation (11) implies that
EZW 2/2==> a"dgnL
dr &= "1 IR A e S

i,j L]

In order to prove this lemma, we need to calculate 3a;"ji-

We follow the basic ideas in backpropagation. Denote by Lm(a, X™, k) the function obtained by solving (1) with (4)
starting from [=m to | = M — 2 and finishing with (5) and (6) for i(s) =k.
With this notation L(c,s) = Lo(cr, X0 = s, i(s)). Moreover, L;; does not depend on the a for any [ <m, i.e. the co-

efficients in the prev10us layer. Also note that Ly (a, X™ k) = Ly 1(a, X™*1, k) for the glven 1nput s. Differentiating this
equality in X7 and in o"; as well as using (1) and (4) for I=m — 1 and [ =m, we obtain the two following induction
relations which are at the heart of backpropagation

dxmLm (@t X" k) = ZaxmﬂLmH(a X™H k) (y’"“)am*l, m<M —2, (15)

B L(@, $) = dxmLm(et, X, i) A (Y X], m=M—1. (16)

We use (2), (11) and (16) to calculate
Sl = = Y Y gy L )
j s i
== v ZaX;an(a, XM i(s)) A/ (Y™ Za;’jj xpt
=Y v leaxl;an(oz,X’”,i(S))N(Y%")Y;"
= _iv(s) iaxlmLm(a,Xm, i(s)) X,

On the other hand, by (15) for any k

ZaXmLm(a X™ k) X = Zaxm+1 L1, XM ) 3/ (Y e X
i,j
=D dymer Lt (o, X R 2/ (Y v
i
=D dxmet L (e, X ) X[
i

Therefore, if one denotes S}' =} 8Xm Lin(a, X™, k) X[, then one has that S} = Sm” for m < M — 2, proving that

d 1. _
o dolaliP2==3 v Sigt == v Y oLy (@, XM i) X (17)
ij s s i
By definition, Ly;_q is given by (5) and (6). Thus Ly is independent of o and
XM—]
M-1 ek M-1 xM-1
Liq(a,X ,k)=—10gpk=—logW=—Xk +logZe i
Zje i

Therefore,

dym-1Ly—1(c, XM71 k) = =8 + pi. (18)
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From (17) and (18), we deduce

%Z o2 /2= v Y Giiy =PI XM =D v Y pi(Xi | = X,
ij s i

N i#i(s)
since 1 — pis) = Y jsj(s) Pi» Which concludes the proof of Lemma 2.1. O

2.2. The key bounds

In this subsection we derive bounds on the right hand side of (14) in terms of L. First, we prove the following auxiliary
lemma.

Lemma 2.2. Assume that o € A and K > 2. Then

ZIOgK <Zv(s)(l —pis) <L, (19)

and
K2 o,

2 infsv(s) L (20)

D ()= pig) =L -

N

Proof. If « € A then pj) > max;=1._ ¢ p; and since ) ; p; =1, one has that p;i) > 1/K. Next, consider the following auxil-
iary inequalities
1—z<|logz| <2(ogK)(1—2z2), forall1>z>1/Kand K > 2, (21)
K2
|log z| 51—z+7|logz|2. (22)

Inequality (19) follows from (21). To prove (20), we use the definition of L and (22) to obtain that

K?
L==2 v logpi) =Y v(s) [log pis)| = Y v(s) (1 = pics)) + = Y V() llog pics) I,

N N N N

and combine this estimate with the following inequality which follows directly from the definition of L:

2= 1) llogpis > = infr(s) Y v(s) |log pics)*. O
N N

The following estimate is critical to derive explicit rates in Theorem 3.

Lemma 2.3. Assume that o € A;. Then

v Y pi X=X =0 Y v (A = pig). (23)
N i#i(s) N
Moreover, if L is small enough, then
Do Y piXig =X = D v (1= piey) (llog L] — | loginfu(s)| — log K). (24)
s i£i(s) s

Proof. The bound (23) follows from X"(/IS)1 XIM_1 >n fori#i(s) and 1— pjs) = Z#i(s) Di-

Since X1 > X,M’l, for any i #i(s) we have that

i(s)
1 - 1
pi= M—1_ M—1 = M—1_M—1°
YK e N K e i

Hence

M—1_ yM—1
|log pi| = —log p; < log (Kexi(s) —X; ) §logK+XlA(/lS)] XIM_].
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Consequently,
Do) Y pi X =X =D vis) Y pi(llogpil —logK). (25)
s i£i(s) s i£i(s)

Since 1 — pi(s) = D_j4is) Pir then
Zv(s) Z pi logK =logK Zv(s)(l — Dis))- (26)
s i#i(s) s
Similarly since p; <1 — pj(s), one has that
> pillogpil = Y pillog(l — pigs)| = (1 = pics)) | log(1 — pics))|. (27)
i#i(s) i#i(s)

If f is a convex increasing function then one can simply bound by Jensen inequality

L
> () FA = pisy) = f (Z”(s) a- p“s))) = (2 1og1<> ’

N N

by Lemma 2.2. The corresponding estimate would be much better than (24). But unfortunately for x <1, x|logx| = —x logx
is concave...
Still observe that, by using the right inequality from (19), we obtain that

—log(1 — pi(s)) = —log(v(s) (1 — pi¢s))) + log v(s) = —log (Z v(s) (1 — pm)) +logv(s)
S/
> —logL + logv(s).
By using this inequality to bound from below the right-hand side of (27) and combining the resulting bound with (25) and
(26), we derive (24) provided that L is small enough, specifically L <1. O
2.3. Proof of the upper bounds on L and ||

We are now in position to prove the first half of Theorem 3, that is, upper bounds for L and || in (13). Using the chain
rule and the equation for o (11), we obtain

d- _
L@ = —|VaL(a()?. (28)

Denote R%(t) = Y 51" ¥; ;la |2 and observe that

%i(a(t))f—ﬂ|d|s—a y 2O (29)

-Q .
R(t) R(t)
Using (23) and then (19) one can obtain that

. Con
—o-a <-nM E V()1 = pis)) < — L.
. 2log K
For simplicity of notation, denote q := % so —o - & < —qL. Since R > 0, we can now bound the right-hand side of (29):

L< iR
_qR'

One can divide both sides of this differential inequality by L and integrate to obtain
L<CR7Y. (30)
Next, we re-visit inequality (29) and rewrite its right-hand side using R = R~!(« - &) and bound using (19) as well as (30):

(a-@)?

o2
= <—CL*"a. (31)

¢ Lt =
a =T
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Integrating this inequality, we obtain an upper bound for L vanishing as t — co:

1

L) <Cst ™i. (32)

One can notice that this upper bound is weaker than the desired one in (13). In order to proceed towards the desired upper
bound choose time t; such that L(x(t1)) < infser v(s), which then holds for all t > t; since L(x(t)) is decreasing in time.
Note that (32) shows that t; — to can be bounded from above in terms of K, v, L(tg) and | (to)|.

Apply estimates (20) and (24) from Lemma 2.2 and 2.3 respectively to obtain that for C4 = |loginfv(s)| + log K, we have

@& =Y v(s) (1 - pis) (Hog L (t))| — Ca)
seT (33)

> (L —Cs5L%) (|logL| — Cs),

where Cs = max(C4, K2/2infs v(s)). Define U(t) = C51z(t) — 1 with Cg =2Cs to find consequently that

u®  _ RO
Ui)logU() — R@®)’
so that
—loglogU (t) + loglog U (tp) < —log R(t) + log R(to).
This implies that for some C7 > 0 depending on L(c(t1)), R(t1) and Cs

R(t) < C7 |log L(a(t))].
To derive a bound for L, differentiate L in t and use (33) as follows

<12
o-a 1 -
ool 1 g,
R2(t) Cs

for some Cg with the same dependence as C;. Rearrange the terms and integrate to obtain

dL(x(t -1 -t -
Mgdt = — < — = L<C(Cg/t.
[L(c(t)|? L Cg

% L) <
a =T

This lets us deduce that for some Cg depending on K and L(x(t1)), R(t1), one has that L < —Cg/t while R(t) < Cg logt for
t > t1. Thus, upper bounds in (13) are proved.

2.4. The end of the proof of Theorem 3: the lower bound on L(c(t))

The upper bound on |«| derived in the previous section will be the key estimate for obtaining a lower bound on L.
The following analogue of Lemma 2.1 holds.

Lemma 2.4. Assume that all conditions of Theorem 3 are satisfied. Then there exists a constant C depending on K, v, L(to), ct(to) and
the diameter of T s.t. for t > tg

Ve L(@(®)| = la(t)] < Clog)M =2 " v(s) (1 — pis)). (34)

seT
Proof. Using the key estimate || < C logt to deduce from (15) that for 0 <m < M — 2, we have

sup|8X:Jan(oz, X™ k)| < C sup [dym+1 L (a, X, k)| logt.
J J J

From (18) for m = M — 1, we obtain by induction that

sup [dm L (ot, X™ k)| < € ) |8k — pil logt) =1~ (35)
J .

1

At the same time, |X™*1| < |o™*1||X™|. Since X° =s e T, by induction and the finite diameter of T, we also have that

|X™| < C (logt)™.
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Use (16) and combine it with (35) and the previous inequality to find
[VanL(at,$)| < C Y |8 — pil (log )M 2. (36)
i

Observe that, as in Lemma 2.1, the estimate (36) is of the same order for each m. After appropriately summing over s, (36)
leads to

@O <C Y v(s) > 18ics).i — pil (logHM 2.

seT i

Now one can derive (34) by using that >, pi=1. O

We can then proceed and conclude the proof of Theorem 3. Use (28) and (34)
d 2
3 L@®©) =—IVal@@O)I? = =Clogt)?M ™ |3 Tv(s) (1 = pi)

seT

Apply estimate (19) from Lemma 2.2 to find
d- -
gl =—c (logt)®M—412,

Rewrite this differential inequality as follows:

! ii(a(t)) >—C(logt)?M=4 > _C ((10gt)2M—4 +(2M — 4)(1ogt)2M—5) =—C %((10gt)2M—4t).

[2de
Integration in t yields
1 1
. — = > —C (logt)*M=4t + C (logtg)*M~*t,.
L(a(to))  L(x(t)
__ 1 2M—4
For C' = Tan C (logto) to, we get

1
+C (logt)2M—4¢’

which finishes the proof of Theorem 3.

Law) =
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