C. R. Acad. Sci. Paris, Ser. I 355 (2017) 892-902

Contents lists available at ScienceDirect

C. R. Acad. Sci. Paris, Ser. |

www.sciencedirect.com

Partial differential equations

Well-posedness of the scalar and the vector @CmssMark
advection-reaction problems in Banach graph spaces

Analyse des probléemes d’advection-réaction scalaire et vectoriel dans les
espaces de Banach du graphe

Pierre Cantin

Université Paris-Est, CERMICS (ENPC), 77455 Marne-la-Vallée cedex 2, France

ARTICLE INFO ABSTRACT

Article history: An extension of the well-posedness analysis of the scalar and the vector advection-reaction

Received 1 December 2016 problem in Banach graph spaces of power p € (1, c0) is proposed. This analysis is based on

Accepted after revision 20 July 2017 the sign of the associated Friedrichs tensor, taking positive, null or reasonably negative

Available online 31 July 2017 values

Presented by the Editorial Board © 2017 Académie des sciences. Published by Elsevier Masson SAS. All rights reserved.
RESUME

Cette Note propose une extension de I'analyse de la bonne position des problémes
d’advection-réaction scalaire et vectorielle dans les espaces du graphe de Banach de
puissance p € (1, 00). Cette analyse étend I'hypothése sur le signe du tenseur de Friedrichs
associé a ces problémes, permettant ainsi de considérer le cas ol ce tenseur prend des
valeurs positives, nulles ou raisonnablement négatives.

© 2017 Académie des sciences. Published by Elsevier Masson SAS. All rights reserved.

1. Introduction

Let  be a domain of R3 with Lipschitz-continuous boundary 9$2 and consider u: 2 — R and u: Q2 — R3 solving the

following first-order homogeneous boundary valued problems
B-Vu+ puu=s ae.in Q, (1a)
u=0 ae.on 92", (1b)

and
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V(Bu)+ (Vxu)xpf+pu=s ae.in €, (2a)
u=0 ae.on 0Q2". (2b)

In this paper, 8 denotes a Lipschitz-continuous R3-valued vector field on €, and p and g denote two bounded reaction
coefficients taking R and R3*3 values, respectively. The inflow boundary 9Q2~ is defined as Q2™ = {x € 9Q| B(x)-n(x) < 0},
with n the exterior unit normal of 9.

The first problem (1) has been studied several times in the literature. We mention in particular the pioneering work
of Bardos [1] and Beirdo da Veiga [2] for the well-posedness analysis in smooth domains with regular model parameters
and also the work of DiPerna & Lions [6] when the problem is expressed in unbounded domains with irregular model
parameters. More recently, Girault & Tartar [10] proved (using a viscous and a Yosida regularization) the well-posedness
of these problem in LP(2) for all p > 2 under the assumption g € W'2(), and also the W1-P(Q)-regularity of solution
to (1) if se W'P(Q) and if B € W'°(Q) is sufficiently small. Regarding the problem (2), there is very little work in the
literature. However, this problem models physical situations, such as the static advection of a magnetic field in a conductor
of conductivity g and of velocity . In the context of the differential geometry, this problem is also very important, since it
represents the Lie derivative of a so-called 1-form in a three-dimensional domain; see Bossavit [3].

In this paper, we analyze the well-posedness of problems (1) and (2) in Banach graph spaces of power p € (1, 00).
Observing that these problems define two Friedrichs systems (see Ern & al. [8,9]), the well-posedness is a consequence of
the positivity of the R-valued Friedrichs tensor

1
OB up =M — EV-ﬁ, (3)

for the first problem (1) and of the positivity of the lowest eigenvalue of the R3*3-valued Friedrichs tensor

+uT VvB+VBT 1
Opupi= G b — (VA @

for the second problem (2). The first contribution of this work concerns the well-posedness in Banach graph spaces.
Following the analysis of Friedrichs system in Hilbert space proposed in the aforementioned works, we establish the well-
posedness of these two problems for positive (in the sense above) Friedrichs tensors (3) and (4). The second part of this
work is devoted to the analysis when these assumptions are not satisfied. Introducing a so-called potential (whose existence
follows from the regularity and the trajectory of the vector field in €2, see Devinatz & al. [5]), we prove that one may extend
the Friedrichs positivity assumptions so as to consider null or reasonably negative tensors.

This paper is organized as follows. First, some notations are introduced and we recall the classical statement of the
Banach-Necas-Babuska (BNB) theorem. Section 2 is concerned with the scalar problem (1); we prove that this problem is
well posed in the Banach graph space of power p € (1, co) if the infimum of the Friedrichs tensor (3) takes positive values,
and we extend this result to consider null or reasonably negative values. In Section 3, we extend these results to prove the
well-posedness of the vector problem (2) under similar assumptions on the Friedrichs tensor (4).

1.1. Notations

In this paper, p denotes any real number in (1, co) with p’ its conjuguate number such that % + % = 1. The inner, the

cross and the tensor products in R3 are denoted by -, x and ® respectively. To alleviate the notation, |-| denotes either the
Lebesgue measure of a set, the absolute value of a real number, the Euclidean norm of a vector or the Frobenius norm of
a tensor. As usual, the Banach space LP(£2) collects all measurable functions v : 2 — R, whose absolute value raised to the

1
power p is Lebesgue integrable, i.e. |v|ir(@) = (fg2 [v|P)P < oo. Similarly, the Banach space LP(R2) collects all measurable

1
functions v : @ — R3 whose Euclidean norm raised to the power p is Lebesgue integrable, i.e. 1ViiLr @) = (Jg IVIP)? < oo.
We denote by C*®(2) (resp. C*®°(2)) the space of infinitely differentiable R-valued functions (resp. R3-valued) on Q and
C°(Q) (resp. C2°(R2)) the subspace of those that are compactly supported in €.

1.2. Banach-Necas-Babuska (BNB) theorem

Consider the following abstract variational problem
FindueU st a(u,v)=(f,v)yiv, VYveV, (5)

where U and V are two Banach spaces equipped with |-|y and |||y, respectively, V is reflexive, a € LUXV;R), f eV’
and (-, -)y .y is the duality pairing between V' = L£(V;R) and V. A necessary and sufficient condition for (5) to be well
posed is given by the (BNB) theorem, see, e.g., Ern & Guermond [7].



894 P. Cantin / C. R. Acad. Sci. Paris, Ser. I 355 (2017) 892-902

Theorem 1.1 (Banach-Necas-Babuska). The abstract problem (5) is well posed if and only if:
(BNB1) there exists Cgng > 0 such that

a(v,w)

CengllVlu < sup velU;

wevvioy Iwly
(BNB2) forallw € V, (Vv e U, a(v,w) =0) =— (w =0).

2. Scalar advection-reaction problem

This section analyzes the well-posedness of the continuous problem (1) in Banach graph spaces and generalizes the sign
condition on the Friedrichs tensor og ,.p defined by (3).

2.1. The graph space

The Banach graph space of power p associated with (1) is defined by
Vp.p(Q):={velP(Q)|B-VvelP(Q)]}, (6)

1
and is equipped with the norm |vily,.,) = (||v||fp(9) + ||ﬂ4Vv\|fp(Q))5 for all v € Vg,,(S2). This space defines a reflexive
Banach space owing to the first and the second Clarkson inequalities (see Brezis [4]) where for all v € Vg.,(L2), B-Vv e
LP(€2) means that the linear form

CE Q)59 —/vV'(ﬁfp), (7)
Q

is bounded in LP' (), so that B-Vv is the Riesz representative of (7) in LP(2). To specify the meaning of the trace of a
function in Vg, (2), we introduce the space L? (|8-n|; 9Q) given by

LP (|B-n|; 0Q) :={v:9Q — R| v is Lebesgue measurable on 3 and / |B-n||v|P < oo}, (8)
FYe!
which is a Banach space when equipped with the norm |v|ip(g.n:00) = (faQ |B-n| |v|P)% for all v € LP (|B-n|; 9K2). As ob-

served by Ern & Guermond [8], the existence of traces in L% (|8-n|; 9$2) for a function in Vg.2(R2) is not always guaranteed.
A necessary and sufficient condition is the well-separation of the boundary 92 with respect to the vector field g, i.e.

dist(@Q~,0Q") > 0 with 0Q* = {x € Q| + B(x)-n(x) > 0}. (9)
In this following, we always assume that this condition is satisfied. Let us adapt the proof of [8, Lemma 3.1| to the general

case p € (1, 00) to prove the existence of such traces.

Lemma 2.1 (Trace in LP (|-n|; 9Q)). The map y : C*°(Q) — LP (|B-n|; ) with y () = @laq forall p € C™®(Q), extends continu-
ously to Vg, (2), i.e. there exists C,, > 0 such that

Iy Wllegniae) < Cyllvlive,@. Vv € Vgp(€2).

Proof. Owing to the separation of the boundary from assumption (9), there exist ¥+, ¥~ € C*(Q) such that y+ + vy~ =1
on 9%, ¥+ >0, 1//‘“59, =0 and '/’\Em = 0. Proceeding as in [8], we infer that

/ Bl gl = /(ﬂ-n)lwl”(W )= / V-BlolP Wt — Y. Yo € C (),
Q2 Q2 Q

where we have used the partition of the unity on the boundary and the Stokes formula. Applying now the Leibniz product
rule and recalling that V|p|P = pp|p|P~2V¢, we obtain

/ Bl P = p/w* —Y)BIOleP? + / OPV-B — o).
02 Q Q

o

Next, Holder’s and Young's inequalities along with the identity ||<p|g0|P*2||Lp,(Q) = ||g0||fp(9) yield

_ / 1 1
fﬂ(ﬂ-www 2 < IB-Volr@lellte, < Enﬂ-wnfm)+;uganfp(m-
Q
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R 1 _
It follows that @llr(gnpa0) < C'(I1B-V@llLs g, + PI@lisq)? with the constant ' =27 (|y+ — ¢~ =) + IV-BW T -
1 . 1 p=1 .
Y )Dlle(e))? . Then, observing that p» <e » <e, we obtain

lolr(pnio0) < Cyll@llvg, @), Yo € C*(Q),

with C, = eC’. Finally, recalling that C*®(Q) is dense in Vg.p(2) for all p € (1,00) (see Jensen [12, Theorem 2]), this
inequality holds as well for any function in Vg.,(<2).

Owing to the existence of traces in LP (|B-n|; 9K2), the following integration by parts formulae hold.

Lemma 2.2 (Integration by parts). For all v € V., (2) and for all w € Vg. (),
/(ﬂ-Vv)w+/(/3'Vw)v+/(V~ﬂ)vw=/(ﬂ~n)vw. (10a)
Q Q Q Q2

In addition, forall v e Vg.,(2) and forall z € WwloQ),

/(ﬂ-Vv) vIvP2z 4 /(vm vz 4 - /(ﬂ-VZ) P =2 /(ﬂ-n)IVI"z. (10b)
Q P Q P Q pBQ

Proof. These formulae follow from the density of C*° () in Vg.p(€2) for all p € (1, 0o). The first one results from the Leibniz
product rule, while the second one is a consequence of the identity

B-V(@lolP22) = ¢lpP?B-Vz+ (p — Dp[P~?2B-Vg, (11)
for all ¢ € C*®°(RQ) and for all ze W1°(Q).

2.2. Weak formulation

To examine the well-posedness of (1), we introduce the bilinear form ag ) € E(Vg;p(Q)xLP/(Q); R), where Vg;p(Q) =
{w e Vg, ()| wjye- =0}, and such that for all v e Vg;p(Q) and all w e LP’(Q),

ag.u:p(v, w) :=/(ﬂ-Vv)w+/,uvw. (12)
Q

Q

Observe that, for all p € (1, 00), Vg;p(Q) is a closed subspace of Vg.,(2) owing to Lemma 2.1. Assuming that s € LP(Q),
the weak formulation of (1) in the graph space Vg;p(Q) is:

Findu e Vg;p(Q) s.t. aﬂ,u;p(u,v):/sv, vv e LP'(Q). (13)
Q

It is readily seen that if u € Vg;p(Q) solves (13), the equation (1a) holds in LP(£2) and the boundary condition (1b) holds in
LP(|B-n|; 0R2). Note that the boundary conditions are strongly enforced in (13).

2.3. Well-posedness for positive Friedrichs tensor

To examine the uniqueness of the weak solution u to (13) in the graph space Vg.,(€2), we recall the R-valued Friedrichs
tensor

1
Uﬂ’u;p =/L—EV,B (14)

Hereafter, we assume that this tensor satisfies the so-called Friedrichs positivity assumption (#p):
(Hp) ess infg 0p ji;p > 0. We define the reference time 7 = (ess infq aﬁ.,ﬁp)_l.

Proposition 2.3 (Uniqueness under (Hp)). Assume that (Hp) holds. Then

ag upV VIVIPD) = T VD) YV E VR (). (15)
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Proof. Let v Vg;p(Q). Observing that v|v|P~2 € LP'(), the quantity ag ,.,(v, v|v|P~2) is well defined. Owing to the
integration by parts formula (10b) with z=1 on Q (so that 8-Vz =0), we infer that

- 1 1
s sp(v P2 = [ (1= V8 )P+ [ e,
Q ko)
whence, using the definition (14) of the Friedrichs tensor og ., and the fact that v 3o- =0, we obtain

1
aﬂ,u.;p(va V|V|p_2):/0ﬂ,u;p|v|p+5 /(,Bn)h/'p

Q aQt

The desired bound then follows from (#,) and the definition of Q™.

To prove the well-posedness of (13) under the assumption (), we need to introduce the two Lipschitz spaces

Lipg(R2) :={v: Q@ — R| v € Lip(Q) and v|3o- =0}, (16)

and

Lip.(0Q") :={v:9Q — R| v € Lip(3Q) and v is compactly supported on 4Q*}, (17)

which satisfy the following Proposition.
Proposition 2.4 (Surjectivity of traces). For all v € Lip.(9Q"), there is w € Lipy () such that wyq = v.

Proof. In order to stay general, we denote d = 3 the dimension of Q. Let v € Lip.(dQ2") and denote K its compact support
on 9QT. Owing to the Borel-Lebesgue property, we define {Bi}1<i<n the finite family of open sets in RY covering K, i.e.

kKc [J Binah coat, (18)

1<i<N

and we denote {6;};<j<y the partition of the unity subordinate to this covering, i.e. forall 1 <i <N, 0<6; <1, 6; € C°(B})
and >y nOix =1

Recalling that the boundary 02 is assumed to be Lipschitz-continuous, we introduce, for all 1 <i < N, the local bi-
Lipschitz charts ¥; : Q — B; where Q := {(¥,xg) € RT”"'xR| [¥'| <1 and |x4] < 1}, such that ¥;(Q4) = B; N Q with
Qs ={(¥.,x) e RI"IxR| |¥| <1and 0 <xq < 1} and ¥i(Qo) = Bi N3+ with Qg = {(¥,0) € RI"IxR| |¥'| < 1}. De-
noting v; = v|p,nyq+, We introduce the function v;: Q; — R defined as the extrusion of vjov; in Q, ie. for all
(¥, %) € Q1, Vi(¥,Xg) = v o ¥j(¥', 0). Next, mapping back to 2, we consider w; : @ — R such that w;(x) = ;o Wf] (x) for
all xe B;NQ and w;(x) =0 for all x € Q\B; N Q. Finally, collecting these functions {wi}i<i<n, we observe that the function
w=>";_;n0iw; satisfies the desired conditions.

Theorem 2.5 (Well-posedness under (Hp)). Assume that () holds. Then the problem (13) is well-posed.

Proof. We apply Theorem 1.1. Adapting the proof of Ern & Guermond [7, Theorem 5.7], we first consider v € vg,p(sz) and
we denote

Sp:=  sup ap.up(V, W) W).
wer?' @) Wl @)

P
; - i+ ; p 4 ; p—2yp'
Owing to Proposition 2.3, we infer that IVlipp @) < rSp||v||Lp(Q), recalling that ||v |v| ||Lp,(Q)
[VlLr(@) < TSp. To bound the second part of the graph norm, i.e. the advective derivative, we observe that

= [VII}pq)- Hence, we obtain

ag.o.p(v, w) agu:p(v, w) — [o uvw
||ﬂ-VV||]_p(Q) = sup 28.0:pR Y. W) — sup B.i:p fQ .
werr' @0y W@y werr' @) Wil g
Then, we obtain
1B-VVir@) =Sp + Itlire@ IViie @) < Sp(1 + il 7).

1
yielding the first condition (BNB1) with the constant Cgng = (TP + (1 + [[illio@)T)P)?.
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Let us prove now the second condition (BNB2). Consider w € LP/(Q) such that ag ,.p(v,w) =0 for all v e Vg;p(Q).
Owing to the inclusion C°(Q2) C Vg;p(Q), it follows that uw — V-(Bw) =0 a.e. in 2, so that the dense inclusion

C () C LP'(Q) implies that B-Vw = (i — V-B)w € LP (Q), whence w € V. (R2). Applying now the integration by parts
formula (10a), we observe that

[Emvw=asp.w~ [ -vprvws [BIwv=o

a0 Q Q
for all v e Vg;p(Q). In particular, observing that Lipy(2) C vg;p(sz) for all p € (1, 00), and owing to Proposition 2.4, we
have

f (Bm)vw =0, Vv elip.(dQ™).
aQt

Owing to the vanishing integral property, this identity yields w o+ = 0. Now, testing the identity uw — V-(Bw) =0 by an
arbitrary y € LP(2) and using the chain rule V-(Bw) = 8-Vw + (V-8)w, we infer that

0=/(MW—V-(ﬁw))yz/(u—V-ﬂ)wy—/ﬁ-wa-
Q Q Q

Hence, the particular choice y = w |W|PL2 along with the identity (10b) with p replaced by p’ and with z=1 yields
| roo 1 ,
0= [w-vpriwr s [@piw — [ @amiwp
Q Q Q
/ l ’ _ /
Z/Uﬁqu;p|w|p - F/(ﬂ’")|w|p =T ]”W"Z”(Q)’
9Q

Q

where we have used that w 3o+ =0 and the assumption (#p). As a result, w =0 a.e. in £, so that the condition (BNB2) is
satisfied. Owing to Theorem 1.1, there exists a unique solution solving the problem (13).

2.4. Well-posedness for non-positive Friedrichs tensor

Summarizing the results obtained so far, we have proved under assumption (#,) the well-posed of (1) in the graph
space Vg_ p(Q). This section aims to extend this result under the new assumption (H;) so as to include the situation where
the infimum of the Friedrichs tensor og ;,., takes null or slightly negative values.

(7-{,;,) ess infq 0 ,;p <0 and there exists a non-dimensional function ¢ € Lip(£2) such that
1
essinfg ef (Uﬁ,u:p - Eﬂ«V;) > 0. (19)
. . ¢ 1 -1
We define the reference time 7 = (ess infge ((7,3,,“1, - Eﬂ‘V{» .

Proposition 2.6 (Uniqueness under ( 7—[/[, )). Assume that ( 7—[;,) holds. Then
ag up(v, e vIvPA) = TV ), VYV E VR (). (20)
Proof. Let v € Vg; » (). Observing that

-2 -2
ag u;p(v, e v[vIPH) = ag 5, (v, v[vIPT?),

where we have denoted ﬁ: e’ B and i = e u, the inequality (20) follows from Proposition 2.3 if ess infq O fiip > 0, i.e. if
(H;,) holds, since we have

1
OB.i:p =ef <Uﬁ,u;lﬂ - Eﬂ'vf> .

Remark 1 (Using integration by parts). Instead of using Proposition 2.3 in the proof of Proposition 2.6, it is also possible to
obtain this result by applying the general integration by parts formula (10b) with z=e%v|v|P—2.
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Example 1. Assumption (H;J) indeed generalizes the assumption (#,) since it is now possible to consider situations that
cannot be handled under (#). For example, considering the rotating ﬁeld B = (y, —X,z+ 1) expressed in the Cartesian
coordinates of R? and a reaction coefficient ;€ R, we have 08, ;p = M — . If o < —, this Friedrichs tensor does not satisfy

(Hp), whereas (H;,) does, for example with the potential ¢(x) = (1 —l—z)2 for all o e R such that 8o < up — 1.

Remark 2 (Existence of ¢). Following Devinatz & al. [5] and considering a continuously differentiable field g € C1(RY), the
existence of the potential ¢ relies on the assumption that every solution to the Cauchy problem d;x(t) = B(x(t)), x(0) =
Xp € Q remains in the domain 2 for a finite time only. Observing that the proof in this reference is based on the flow box
theorem, the extension to a less regular field (e.g. 8 € Lip(2)) is a priori not obvious.

We are now in a position to state the well-posedness of (13) under assumption (’H;, ).
Theorem 2.7 (Well-posedness under ( 7—[;, )). Assume that ( ’H;) holds. Then the problem (13) is well posed.

Proof. We follow the same ideas as in the proof of Theorem 2.5. The condition (BNB1) is inferred from Proposition 2.6 with
Cons = (J|€6 Hfoo(g)rp +01+ ”//L”LOO(Q)T”E’C||]_OO(Q))p)% Turning to the second condition (BNB2), we consider w € LP' () such
that ag ,.p(v,w) =0 for all v e V0 (SZ) Proceeding as in the proof of Theorem 2.5, this implies that w belongs to the
graph space Vg.,/(2) and that it satlsﬁes uw —V-(Bw) =0 ae. in Q and wyo+ =0. Let us prove that w =0 a.e. in Q.
First, we observe that replacing p by p’ and choosing z = e*=P") in (10b) yields

/ / 1 a ’
/(B~Vw)w|w|p —2t1-p) —//(ﬁ-n)|w|1’ et (—p")
P IR
1 fpta—p) _ 1P ' ot (=p))
T (V-B) lw|P et 7P) — p’ (B-VE) w|P et P
Y Q

Hence, testing the identity uw — V-(Bw) = 0 with the function w |w|P'~2e¢(0-P) we infer that

0= /(M—V-ﬂ)lwlp’ef(lﬂ’/) —f(ﬂ-vW)w|w|P/*2e¢<1*P/>
Q Q

’ _n 1 ’ _n ] ’ _n ] / —_n’
= /(M—V-ﬁ)lwlp et 7P 4 ?/(Vﬂ)IWI" ettmP) — E/(ﬂV;)IWI" ettmP) — F/(ﬂ-n)lwl” et 7P,
Q Q Q IR

Then, collecting these terms and using the fact that w;o+ = 0, we obtain

/ 1 / 1 ’ '
OZ/ec(lfp) (Uﬂ,u:p — Eﬁy;) lw|P — F f(ﬂ.n) |w|P" ef(1-P)
aQ

Q

. 1 ,
/em P) (Uﬂ,u:p _ Eﬂ.W) Wi
Q

As a result, owing to (#,/) and the fact that wyo+ =0, it follows that w =0 a.e. in Q. Owing to Theorem 1.1, we conclude
that (13) is well posed under assumption (H,).

v

3. Vector advection-reaction problem

In this section, we apply similar ideas to analyze the well-posedness of the vector-valued problem (2) in Banach graph
spaces where we generalize the assumption of the sign of the Friedrichs tensor o ., defined by (4). For the sake of
brevity, the proofs are omitted if they are straightforwardly adapted from those of the scalar case in Section 2.

3.1. The graph space

Let us introduce the graph space

Vg.p(Q):={velP(Q)]|(B-V)velP(Q)}, (21)
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where the i-th component in the Cartesian basis of (8-V)v is given by B;d;v; (where repeated indices are summed) and
where (8-V)v € LP(2) means that the linear form

CX Q39 —/V-(ﬂw)-v, (22)
Q

is bounded in Lp/(Q), so that (B-V)v is the Riesz representative of (22) in LP(S2). Equipped with the norm |v| Vs.p() ©=

(||v\|ip(9) + ||(,B~V)v||ip(9))% for all v € Vg.,(2), this space defines a reflexive Banach space. The following proposition states
that the problem (2) is well defined in the graph space Vg.,(£2).

Proposition 3.1 (Equivalent definition of Vg.,(2)). The following holds:
Vg.p () ={veLP(Q)|V(B-v)+(Vxv)xBeLP(Q)},

where V(B-v) + (VxVv)x B € LP(2) means that the linear form

CX( Q)¢ —/(ﬂ V@ + Vx(@xp))-v, (23)
Q

is bounded in Lp/(SZ).

Proof. Let v € Vg,,(2). By definition, we have

f BV)v-p=— / V-(BR@)v. Vg cCX(Q).
Q

Q

Now, recalling the identity V-(BQ@) =B V- + Vx(@xB) + (¢-V)B for all B € Lip(22) and for all ¢ € C°(R), it follows
that

[Ewo=— [ @0+ vx@xpnv- [ wovp) v
Q Q Q
Hence, observing that ((¢-V)B)-v = ((VB)@)-v, we obtain

/((ﬂ.V)v+(Vﬂ)Tv) «¢=—/(ﬂV-q)+Vx((oxﬂ))'v, Vo € C°(Q).
Q

Q

Hence, the linear form (23) is bounded, yielding V(B-v) + (Vxv)xB € LP(Q), so that the inclusion holds. Note that we
have the identity (8-V)v+ (VB)Tv = V(B-v) + (VxVv)xB a.e. in Q. Since the proof of the converse inclusion is similar, the
proof is completed.

Recalling now that the boundary 92 is well separated in the sense of (9), functions in the graph space Vg.,(£2) have a
trace in the space

LP(1B-n|; 9Q) := {v: 92 — R?| v is Lebesgue measurable on 9$2 and / |B-n||v|P < oo} (24)

02

1
Equipped with the norm [|v||pr(g.nj;00) = ([0 18ml|v|P)? for all v e LP(|B-n|; 3<2), this space defines a Banach space.

Lemma 3.2 (Trace in LP (|8-n|; 3Q)). The map y : C*°(Q) — LP(|B-n|; dQ) with y (¢) = Qaq foral e e C> () extends contin-
uously to V., (R2), i.e. there exists C,, > 0 such that

1Y Wlergnioe) < Cylviy, @, Vv e Vg p(S).

Owing to the existence of a trace in LP(|B-n|; d2), we now extend Lemma 2.2 to a vector-valued function.
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Lemma 3.3 (Integration by parts). For all v € Vg, ,(2) and for all w € Vg, (),

/w~(ﬂ-V)v~|—/v~(ﬂ~V)w+/(V~,B)v-w:/(ﬂ-n) v-w. (25a)
Q Q Q a0
In addition, for all v € Vg, (S2) and forall z € Wwbhe(Q),
1 1 1
[wezvgswr o [pivrze [pvzve = [gmwe. (25b)
Q P Q P Q pasz

3.2. Weak formulation

Following the route of Section 2, we introduce the bilinear form ag 4., € E(Vﬂo;p(Q)pr/(Q); R) with vﬁqp(sz) ={we
Vg, p(R2) | wyq- = 0} such that for all v € Vg,,(2) and for all w € LP/(Q),

ag u.p(v,w) :=/(V(ﬂ-v)+(va)xﬂ)~w+//Lv~w, (26)
Q Q

with g : € — R3*3 the reaction tensor. Following the proof of Proposition 3.1, we observe that the bilinear form (26) can
be reformulated as

apsipv.w) = [ w- B+ [ w8 4wy, @7)
Q Q
and the writing g’ = VBT + p yields u’ € L®(Q2) and
appv.w) = [B9vw [ v, (28)
Q Q
Assuming now that s € LP(£2), the weak formulation of (2) in the graph space vlgf{p(sz) is:
Findu e Vﬂo;p(Q) st ag p.p(u,v) :/s-v, Yv e L”/(Q). (29)
Q

We readily see that if u € Vﬂo;p(Q) solves (29), the problem (2a) holds in LP(R2), and the boundary condition (2b) holds in
LP(|8-n|; 3<2).

3.3. Well-posedness for positive and non-positive Friedrichs tensors

The uniqueness of the solution to problem (29) relies on the sign of the lowest eigenvalue of the R3*3-valued Friedrichs
tensor

+uT VB+VBRT 1
Tppip = 2” L VB L (30)

For all x € 2, this lowest eigenvalue is denoted by X, (x) and is defined as

Np(x)zmin{(aﬁ,ﬂ;p(x)y,y) |y eR3st. |yl =1],

where (-,-) denotes the classical Euclidean inner product in R3. Hereafter, we assume that this eigenvalue satisfies the
following assumption.

(Hp) ess infg Ry > 0. We define 7 = (ess infg Np)_].

Proposition 3.4 (Uniqueness under (Hp)). Assume that (#p) holds. Then,

ag up(V, v VP = T VI, . VY € VR ().
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Proof. Let v € Vf?;p(Q) and consider ag ., (v, v |v|P~2) (since v |v|P~2 € LP'(R)). Owing to the identity (27), we infer that

aﬂ,u;pw,v|v|p—2>=/|v|P—2v-<ﬂ~V)v+/|v|p‘2v-(VﬁT+u)v.
Q Q

Using now the integration by parts formula (25b) with z =1, we obtain
_ _ 1
4oV VD) = [P P vop v [ B ivr, (31)
Q Q

whence the result follows using (#,) and recalling that v|;o- =0.

To take into account the situation where the smallest eigenvalue X, takes null or slightly negative values in €2, we consider
the new assumption (#},).

(’H;,) ess info 8p <0 and there exists a non-dimensional function ¢ € Lip(2) such that
. 1
essinfg e’ | N, — E[%V{ > 0.
We define 77! =ess infg ef (Np - %ﬂ-v;).

Proposition 3.5 (Uniqueness under ( ’H;, )). Assume that ( ’H;,) holds. Then,

agup (V. e VIVIP) = TN VI, ) VY E V().

Proof. Let v € Vf?;p(Q). Denoting B = e B, Ji = e’ and observing that
V(B-v) =ef (V(B-v) + (VIRB)V) ae.in,
we infer that ag (v, efviv|P2) = “E,ﬂ;p("’ viv|P—2) — o v p(V, efv|v|P~2). Owing to (31), this identity yields

- - _ Vi®B + BRVE
apup(v.eviv) Z)z/mp Zv-am;p"’—fegl"l" v (% v
Q Q

In addition, observing that

1 V@B + RV
OB.p =ef <‘7ﬂ-u:p - E(ﬂ-Vé“)ld) +et (f) ,

the expected result follows from assumption (’;l-t;J ).

Finally, the well-posedness of (2) holds under assumption (#,) or (’H;7 ). The proof follows the same ideas used to prove
Theorems 2.5 and 2.7, this time using Propositions 3.4 and 3.5, respectively.

Theorem 3.6 (Well-posedness). Assume that (H) or ( ’H;, ) holds. Then the problem (29) is well posed.
4. Conclusion

In this paper, we have extended the well-posedness of problems (1) and (2), not only in the Banach graph space of
exponent p € (1, 00), but also under new assumptions regarding the classical Friedrichs tensor, so as to consider the situ-
ation when it takes positive, null, or slightly negative values. Observing that equations (1a) and (2a) are the proxy of the
Lie derivative in R3 of a 0- and a 1-form respectively, the present analysis could be extended in a future work within the
more general framework proposed by Heumann [11] to treat the advection of a differential k-form within a manifold of R9.
However, the question of the existence of the potential ¢ in such a more general context is still open. Another extension of
this work concerns the case of the non-homogeneous Dirichlet boundary condition, requiring to establish the surjectivity of
the trace maps in these Banach graph spaces.
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