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RESUME

Cette Note traite du comportement a long terme des solutions d’'un nouveau systéme
d'équations magnétohydrodynamiques de Hall dans R3. Utilisant la méthode de décompo-
sition de Fourier, nous donnons une borne supérieure du taux de décroissance en temps
dans L2(R3) pour les solutions faibles.

© 2017 Académie des sciences. Published by Elsevier Masson SAS. All rights reserved.

1. Introduction
In this paper, we study the following new Hall-MHD system [5,6,11]:
divu =divb =0, (1)
8tu+u'Vu+V(n+%|b|2>—Au=b~Vb, (2)

S 2
atb—<L—e) %Ab+u-Vb—b-Vu—Ab
0

) 2
= ﬁrot(b x roth) — (5—'3) rot((u - V)roth), 3)
Lo Lo

(u,b)(-, 0) = (ug, bo)(-) inR3, (4)
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Here u = (uq, uy, u3) is the velocity field of the fluid, = is the pressure and b is the magnetic field. In addition, Lo, &, 8; and
p denote the normalizing length limit, the electron inertia, the ion inertia and the fluid density, respectively. For simplicity,
we set Lo=38e=6i=p=1.

When §e = 0, system (1)-(4) reduces to the standard Hall-MHD system. There is much literature concerned with this
system; for more recent results, we refer the reader to [3,4,8,17-19] and the references therein.

In [7], Fan, Ahmad, Hayat and Zhou studied the global existence of weak solutions for the new Hall-MHD system in R3,
They point out that if ug € L2, bg € H! and V - ug =V - bg = 0, then there exists a weak solution (u, b) for system (1)—(4),
which satisfies the energy inequality

T
/(|u|2+|b|2+|Vb|2)dx+2//(|Vu|2+|Vb|2)dxdt§/(|uo|2+|bo|2+|Vb0|2)dx.
R3 OR3 R3

In addition, the authors also established some blow-up criteria.

The goal of this paper is to investigate the time-decay rate of solutions for system (1)-(4). By using the Fourier splitting
method and the properties of decay character r*, we prove the upper bound of the decay rate in L2(R3) x H!(R?) for
solutions to system (1)-(4). The first definition of the decay character r* can be traced back to Bjorland and Schonbek [1].
The authors introduced the idea of the decay indicator P;(up) and decay character r* =r*(up) of a function ug € L2(R?) to
study the decay rates of the heat equation. In [2,12], the authors considered the sharp decay estimates for solutions to the
heat equation

ow

W‘FAW:O, w(-, 0) =uo, (5)
in terms of r* =1r*(uy). Later, Niche [13] characterized the decay of

% (v —AvV) — Av=0, v(-,0)= by, (6)

and studied the upper bound of decay rate for Navier-Stokes-Voigt equations.
Now, we give the definitions of the decay indicator P$(ug) and of the decay character r*.

Definition 1 (/2,12,13]). Suppose that vg € LZ(R"), A = (—A)% and that

PS(vo) = g@o J / £1%|V0(£)[%dE, s> 0,
B(p)

exists, for r € (—% +5,00), and denote by B(p) the ball at the origin with radius p. Then, Pi(vo) is the s-decay indicator
corresponding to ASvy.

Definition 2 ([12,13]). The decay character of A®vg, denoted by r} =r}(vo) is the unique r € (—% +s,00) such that 0 <
P{(vo) < oo, provided that this number exists. If such P}(vo) does not exist, set ry = —5 +s, when P}(vg) = oo for all
re (=5 +s,00) or ry = oo, if P}(vp) =0 for all r € (=5 +5, 00).

The following lemma describes the L2 decay characterization of solutions to (5) and (6) in terms of the decay charac-
ter r*.

Lemma 3 (/2,13]). Assume that ug € L>(R3), bg € H'(R®) and r* = r*(ug) = r*(bo) € (—3, +00) is the decay character. Suppose
that w is a solution to (5) and v is a solution to (6). Then,

* 3 % 3
LA+~ < wOIIE + IVIE + IVVIE < G+~ T2, ve >0, (7)
where Cq and C, are two positive constants.

The following theorem is the main result and will be proved in Section 2.

Theorem 4. Assume that (ug, bg) € L2(R3) x H'(R3), divug = divbg = 0 and r* = r*(ug) = r*(bg) € (—2, +o00) is the decay
character. Let (u, b) be the solution to system (1)-(4) with initial value (ug, bg). Then

_mind 3% 3
lu©11% + IbO1% + Vb |13 < C(A + 6~ ™nzH+"21 v >,

where the constant C depends essentially on |[ug||;2, lboll;2 and || Vbol| 2.
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Remark 5. The Fourier splitting method was introduced by Schonbek in the 1980s (see [14,15]), then it becomes a standard
way (also a powerful tool) to establish the decay rate of solutions. In 2007, Zhou [20] introduced a new method (some
people called Zhou’s method) to handle decay rate problems. One can refer to [9,10,21] for details and developments.

Remark 6. In [4], Chae and Schonbek established the temporal decay estimates for weak solutions to the classical Hall-MHD
system with the initial data in L'(R3) N L2(R3). Only recently, Weng [18] generalized Chae and Schonbek’s results to cover
more classes of initial data. Comparing with [4,18], we find out that the last term of (3) does not affect the time asymptotic
behavior, and the L% x H'-decay rate behave like it of the Hall-MHD system.

Throughout this paper, we use C to denote the generic constant that can take different values in different places. In
addition, LP (R3) (1 < p < 00) represents the 3D vector Lebesgue space with norm

1

llullr = /IU(X, OPdx | . flullpe =ess sup [u(x, )]
xeR3
R3

2. Proof of Theorem 4
In this section, we consider the upper bound of the time-decay rate for the solutions to system (1)-(4).

Lemma 7. Let (ug, bo) € L2(R3) x H'(R3?) with divug = divbg = 0. Suppose that (u, b) is the solution to system (1)-(4) with initial
values (ug, bg). Then

_ : ,
[, O < C | e 26 i ()] + €] /(Hu(t)ufz +Ib®I%)ds | |, (8)
L 0
and
R I _20EPe _ ' ?
bE. DI <C | e ™ |bo(6)* + (&* + £]* + 1£1%) f(||u<t>||§2 +b®l7)ds | |- 9)
L 0
Proof. Taking the Fourier transform for (2), we derive that
QUE, 0 + |EPUE, 1) = HE, 1), (10)
where
H(E O = —u- Vu(,t) — VI(E, £) — (roth) x b(g, o). (11)
Integrating in time from O to t, we get
t
du(E, t) =e BTy (8) + / e EPEH (g, 5)ds. (12)
0
Therefore,
t
[, 0] < le”E @ &) +/e*‘f'2<f*5>|H<s,s>|ds. (13)
0

We next estimate the terms in H(§, s). Since divu = divb = 0, applying the divergence operator to the first set of the system
gives

3 82
—An= ——(uguj —bgb;),
Z 3Xk3Xj( kU j k _])
k,j=1

which means
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~ 1 3 — T
nE.t) = T > &&jau; — byb)).
k, j=1

Note that the Fourier transform is a bounded map from L' into L. It follows that

3 . . —
VRGOl < Y %('m@’”' +1bib; (€. D))
i,j=1

< CIEI(lu@u® I + 1bE©bE) ;1)
< CIEIIull?; + [1b17).

Similarly, for the other terms, we have by using the divergence free condition

3
u-VaE ol < Y IEITUE. O] < Clgllul?,

i=1
and
—_— 3 —_—
|(roth) x b(£, )] < Y [£1Ibib(€. )] < CI€] b2
i=1

Summing up, we have

IH(E 0] < CIEIQu®1%, + [bO)17).
By (13) and (14), we obtain (8). Taking the Fourier transform for (3), we derive that

L1+ E5)b(E, O]+ E12D(E, ) = G(E, 1),

where

G(E,t)=b-Vu(E, t) — U - VB, t) + rot(b x roth) (&, t) — rot((u - V)roth) (&, t).

Integrating in time from O to t, we deduce that
t
[3als

P _ ~ _ &2
be, ] <e THER Ibo(§)|+/e 167 16 (g, 5)/ds.
0

Note that

3
|b-Vu(, 0l +|u-VbE | <) €] (Juib (¢, 0)] + Ibiu(&, D))
i=1
= ClEIAlu@®bO 1 + IbOU® 1)
= Cl&|llull211bll 2.

We also have

3
Irot(b x roth) (€, £)| < [& x Y &bib(&. )| < CI£[*||b|%.
i=1

and

3
[rot((u - Vyroth) (. )] < | x Y &u(E x b (€. 0] < CIEP ull 2 b1 2.
i=1

Summing up, we have
G(E.t) <C&[llull2lIbll 2 + [E121bIIZ, + 1€ [l 21Ibll2)
<CUEI+ &7 + [EP)(ullf2 + 1b]122).

Combining (17) and (18) together, we obtain (9). This completes the proof. O

313
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Proof of Theorem 4. Testing (2) by u, using (1), we infer that

d
mnunfz+||Vu||§2=f<b-V>b-udx. (19)
R3

Testing (3) by b, using (1), we derive that

L9 bi2, + 19b12) + 1VbI2, = [ - Vyu -bdx (20)

2dt L2 L2 = '

R3

Define a continuous trilinear form b(-, -, -) by

b(u,v,w) = Z/ul W]dX uvweH(R3)

ij=1p
We have (see [16])
b(u,v,w)=—b,w,v), b(u,v,v)=0
Hence
f(b-V)b-udx+/(b~V)u-bdx:O. (21)

R3 R3
Combining (19), (20) and (21) together gives

2 (Wl 1002+ 19 IZ) + (19wl + 19512:) =0. (22)

Then, applying the Plancherel’s theorem to (22), we deduce that

[, O + (1 + €12)1b(E, t)1*1ds

R3

(23)
+2f|5|2<|ﬁ<s,r)|2+|b(s,r>|2>ds <0, Vt>0.
It then follows from (23) that
d . R
afnu(s,mz + 4+ EP) b, 0P
3 & (24)
~ 2 2N 2
2 [ 8 (. 0P + A+ 1671, 07 d <0, ve0.
R3
Set
. 3 g( ) c 3
B(t)-—{SGRIISI =520 —50 g(t)} B(t) :=R3\ B(1),

where g(t) is a differentiable function of ¢t satisfying
g(0)=1, g@t)>0 and 2g(t) > g'(t), Vt>0. (25)
Multiplying (24) by g(t), we obtain

& g(t)/ A& O + (1+ €17 IbE, H)[*1de

2 ~
+ g()/lf:Slz (1. 02 + A+ 1ePIbE, O ) de (26)

Sg/(t)/[lﬂ(é‘,t)lz + (14 €P)1b(E, t)1de.
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On the basic of the definitions of B(t) and B¢(t), we immediately get THER

()/ &2 (12 0P + (1 +1ePlbE, ) d
1+ 62 ’ ’

2 ~
>2g(t>/ s (1 0P + A+ 161G, 07 de
Be(t)

=@ [ (iaG.0R +a+ Db or) ds

Be(D)

=g [ (1ic.0f +a+ ePibe oF) ds
3

—£'® / (1€, 0P+ +1g1be, 0 ) de.
B(t)

Combining (26) and (27) together gives
d . o
i g(t)fnu(s,mz +(1+EHIbE, )] 1de
3

=@ [ (1a€.0P + 1+ PG 0P de.
B(t)

By Young’s inequality, we have

2061 < |67 + 1615, 20815 < |&* + 1515

It then follows from the above two inequalities that

&1* + 1815 < 812 + 158

Using the results of Lemma 7 and the above inequality, we derive that

g(r)/[m(s,m2 + (1 +[€P)Ib(s, ) 1dg

t
sc+c/g/(r> f e 2P0 3y (6 2dedt
0
t

B(t)
28R
+C / g f (14 [&[*)e 167 [bo(£)|*dedt
0 B(t)
t 2
fg(t)f(|5|2+|s| )(/(uu(t)n +||b<t)||ﬁ2>ds) dedt
0 B(t)

B(t)

t
“cic / g0 f e 2610 7y (6 2dede
0
t

2062t
C/g’(r)/(l+|s| Je 1467 |bo (&) [2dgdt
0 B(t)
t

2
/g(f)/ |17 (/(Ilu(t)lle +|Ib(t)||Lz)dS) dédt.

0 B(t)

280k - o/(¢) Ve € BE(t). Thus,

315

(27)



316 X. Zhao / C. R. Acad. Sci. Paris, Ser. 1 355 (2017) 310-317

By the estimates from Lemma 3, we get

t

c / &) / e 2Pty (6 2deds

0 B(t)
. . (30)
<C / g ws)|7ds < C / g's)(1 45~ G+ds,
0 0
and
t 2%
C / g's) / (14 &%) 1+E? bo(£)[*d&dt
0 B(t)
. . (31)
<C / g UVEIZ + IVV(S)2)ds < C / g (1+5" G ds.
0 0
For the last term of the right-hand side of (29), after integrating in polar coordinates in B(t), we get
t t 2
C/g/(r) / {5 /(Hu(t)niz +[b@®)12,)ds | d&dt
0 B(t) 0 (32)
¢ ¢ 2
<C / g'(s)p>ds / (lu® % + Ib@®)7,)ds
0 0

For a fixed r*, we can choose g(t) = (1+t)™ with m > max{2 5 +1r*}. It is easy to see that p(t) = (1+t)~ 2. It then follows
from (29)-(32) and from the a priori estimate ||u||L + ||b|| + ||Vb||2 < C that
lull?2 + IBIZ. + VDI
—m _(§+r*) _1 _7
<C(A+D™+A+)" 2T +(A+07"2+(1+1)"2 (33)
1

<C(1 4 )~ min(3+".3)

Using this first preliminary decay, we bootstrap to find sharper estlmates for (32). Assume that mm{2 +r, 1} = % +r*, for
gt)y=>04+¢t)"™ with m > max{j +r*, 7}, we get p(t) =C(1+¢t)~ > and

t t 2
c[g@ [asp | [auond +borkas | dea
0 B(t) 0
t t 2
<C /g’(s)psds f(1+s)*(%+f*>ds (34)
0

t
C/g(s) (1 +5) G2 >)ds
0

It then follows from (29)-(31) and (34) that

3 * 7 *
lullZ, + b2, + IVb]2, < C ((1 +O M1+ A4 ) 5)
<C+07 G+,

the decay is still the slower one, there is no improvement for the decay rate. Suppose that min{% +r*, % = % we have
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2

t t t
¢ / g/(5)p%ds f (1+5"3+ds | <c / £ (1+9)ds (36)
0 0 0
From (29)-(31) and (36), we derive that
lullZ, + b2, + IVbII2,
<C ((1 ML A+)" G LA+ +(1 +r)—%) (37)

<C(1 4t~ minl3H+" 3],

We bootstrap once again. Suppose that min{3 +r*, 3} = 3 +r* and r* # —J1. Choose m > max{3 +r*, 3}. By the same
computations as before, we obtain that the decay is the same to (32). There is no improvement for the decay rate. On the

other hand, if r* = —1, we choose g(t) = (1+t)™ and m > 3. Hence
5
lul, + 161 + I9B1% < € (1407 + 1 +07 + (1 +077 In*(1 +0)) 58)
<CA+p'=ca+n-G+.
If min{3 +r*, 3} = 3, we easily obtain
t

/(nunfz + [IblI%, + Vb|7,)dt < C.

0
Suppose that g(t) = (1 +t)™ and m > g Then

lullfz + 1b1I2, + IV
<C ((1 LML A+ G L 1402 I+ t)) (39)

<C(1 + )~ minlGH.3),

Hence, we complete the proof. O
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