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RESUME

Dans cet article, on présente les principaux résultats concernant l'analyse de résolution
de deux nouvelles formulations variationnelles mixtes pour le probléme stationnaire de
Boussinesq. Plus précisément, on introduit des approches mixtes-primal et entiérement
mixtes, toute les deux convenablement augmentées avec des équations de type Galerkin, et
I'on montre que les régimes qui en résultent peuvent étre réécrits, de maniére équivalente,
comme équations d’opérateur de point fixe. Ainsi, les arguments classiques de I'analyse
fonctionnelle linéaires et non linéaires sont utilisés pour conclure qu’elles sont bien posées.

© 2015 Académie des sciences. Published by Elsevier Masson SAS. All rights reserved.

1. Introduction

We first let Q € R", n € {2,3}, be a given bounded domain with polyhedral boundary I', denote by v the outward
unit normal vector on I', and consider a fluid occupying €2. Throughout this work, a standard notation will be adopted for
Lebesgue spaces LP(2) and Sobolev spaces H*(2) with norm | - [|s,o and seminorm |- |s,o. By M and M we will denote
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the corresponding vectorial and tensorial counterparts of the generic scalar functional space M. Then, given a fluid viscosity
i > 0, an external force per unit mass g € L°(£2), a boundary velocity up € H'/2(I"), a boundary temperature ¢p € H/2(I"),
and a uniformly positive definite tensor K € I.°°(2) describing the thermal conductivity, the stationary Boussinesq problem
reads: find the velocity u, the pressure p, and the temperature ¢ of the fluid such that
—uAu+ (Vu)u+Vp —g¢ =0 and divu= 0 in €,
—div(KVgp) +u-Vp = 0 in Q,
u=up and ¢ =¢p on I. (1)

Note that up must satisfy the compatibility condition [ up - v =0, which comes from the incompressibility condition of
the fluid. In turn, we also notice that the uniqueness of a pressure solution to (1) (see, e.g., [8]), is ensured in the space

L(Z)(Q) ={qel?): /q = 0. Next, introducing the auxiliary tensor unknown o := uVu — (u®u) — pl in ,

Q
where T is the identity matrix of R"*", using the incompressibility condition to eliminate the pressure unknown by means

1 1
of the formula p = - tr(o +u®u) in , and denoting the deviatoric of a tensor T by 7% :=7 — - tr(t) I, we arrive at
the following system of equations with unknowns u, ¢, and ¢

uvu — w@uw) = o¢

and —dive —g¢ = 0 in Q,
—div(KVg) +u-Vp = 0 in Q,

u=up and ¢ =¢p on T,

/tr(a +u®u) = 0. (2)

Q

In the following sections we propose and analyze two new augmented mixed variational formulations for (2). For other
approaches concerning this and related problems, we refer to [1,5,7,8], and the references therein.

2. The augmented mixed-primal formulation

In this section we consider an augmented mixed approach for the equations modeling u and o, whereas a primal
formulation is employed to deal with the main equation modeling the temperature ¢.

2.1. The continuous formulation

In what follows we make use of the decomposition (see e.g. [2,6]) H(div; ) = Hp(div; 2) & RI, where

H(div; ) = [; cl?(Q): dive eLz(Q)}, and Ho(div; Q) := | ¢ € H(div; Q) : /tr(;) —0

Q
In particular, o in (2) can be decomposed as 0 = oo + cI, where o € Hp(div; 2), and, thanks to the last equation in (2),
1
c is given explicitly in terms of u as c = —m / tr(u ® u). Then, renaming oo as o € Hy(div; 22), noting that the first and
Q

second equations of (2) remain unchanged, multiplying all the equations of (2), except the last one, by suitable test functions,
integrating by parts whenever it is necessary, incorporating the Dirichlet condition for u (which is a natural boundary
condition in this case), introducing A := —K Vg -v € H"1/2(I") as a new unknown, imposing the Dirichlet condition for ¢
weakly, and denoting by (-, -)r the duality pairing between H='/2(I") (resp. H=1/2(I")) and H'/2(I") (resp. H'/2(I")), we first
obtain the following set of equations:

/ad:rd+M/u-divr+[(u®u)d:td = (v, up)r VT e Ho(div; Q),
Q Q Q
—u/v-diva—u/wg-v:o Vv el?(Q),

Il
o

Q Q
/KWO'VW‘F()M//)I‘-F/(“'V(/))W vy e HY(Q),
Q Q

(§,9)r = (&, ¢p)r VEeH 2. (3)
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However, since the trilinear terms in the first and third equations of (3) require the unknown u to live in a smaller space
than L?(Q2) (which can be seen by applying Cauchy-Schwarz and Hélder inequalities, and the continuous injection i of
H'(Q) into L*($2)), we propose here to augment the foregoing formulation with the following redundant Galerkin equations

K1/(MVu—(u®u)d—ad):Vv:0 Vv e H(Q),
Q
Kz/diva-divr +K2f¢g-divr =0 V1 € Ho(div; ),
Q Q
K3fﬂ-V=K3/uD-VVVEH1(Q), (4)
r r

where 1, k3, k3 > 0 are parameters to be specified later. Consequently, we arrive at the following augmented mixed-primal
formulation: find (o, u, @, 1) € Ho(div; ) x H'(2) x H'(2) x H~/2(I") such that

A((o,u), (t,v)) + By((o.,u), (z,v)) = (F¢+FD)(r,v) Y (t,v) e Ho(div; Q) x H(Q),
a(@, ¥)+b,A) = Fuyu) vy e H(Q),
b(g.&) = G() VEeH/2(D), (5)

where the forms A, By, a, and b are defined, respectively, as

A((o,u), (T,v)) = /ad: (18 — k1 VV) + /(uu + krdive ) -divt
Q

Q
—M/V~div0’+MK1/V“IVV+K3/H-V, (6)
Q Q r
Bw((o,u), (T,v)) := —[(u@w)d:(/q vv — 19), (7)
Q
apy) = [KVp- V. and  bOs.&) = (6vr. (8)
Q
and the functionals are given by
Fo(T,v) = /gog~ (uv — k2divT), Fp(T,v)) = k3 qu-v + w(Tv,up)r, (9)
Q r
Fu () = —/(www, and  G(§) := (£, ¢p)r V& e HVAD), (10)
Q

for all (o, u), (T, v) € Ho(div; Q) x H'(Q), for all w e H'(Q), for all ¢, ¥ € H(Q), and for all £ € H"/2(I"). Note that
when the Dirichlet datum up vanishes, the third equation in (4) is not needed, since in this case the unknown u and the
associated test function v live in Hg)(Q).

2.2. The fixed point approach

We begin by denoting H := H'(Q2) x H'(2) and defining the operator S : H —> Hy(div; ©2) x H'(Q) by

S(w,¢) == S1(w,9),52(w,9)) = (o,u) V(w,¢)€H, (11)
where (o, u) is the unique solution to the problem: find (o, u) € Hy(div; Q) x H!(Q) such that
A((o.u), (t,v)) +By((o.u), (t,v)) = (Fy + Fp)(T, V), (12)

for all (t, v) € Ho(div; Q) x H!(S). The following lemma guarantees that the operator S is well-defined.

Lemma 2.1. Assume that k1 € (0, 28) withd € (0, 2 ), and k2, k3 > 0. Then, there exists ro > 0 such that for each r € (0, rp), the
problem (12) has a unique solution (o, u) := S(w, ¢) € Hy(div; 2) x HI(Q) for each (w, ¢) € H such that [lwll1,@ < r. Moreover,
there exists a constant cs > 0, independent of (W, ¢), such that there holds

ISw. )1l = @, il = cs | Igle.al¢lo.q + luplzr). (13)
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Proof. See [4, Lemma 3.3]. O

Next, we introduce the operator S : H —> H!(Q) defined as S(w, ¢) := @ ¥ (w,¢) € H, where ¢ € HI(Q) is part of the
unique solution to the problem: find (¢, 1) € H'() x H"1/2(I") such that

a(@, ¥)+b, M) =FweW) Yy eH(Q), bp,&)=GCE) VEeH V(D). (14)

In this case, a straightforward application of the BabuSka-Brezzi theory (cf. [6, Chapter II]) provides the well-posedness
of (14).

Lemma 2.2. For each (w, ¢) € H := H'(Q) x H' (), there exists a unique pair (¢, ) € H'(Q2) x H™1/2(T") solution to problem (14),
and there holds

IBow. o)l < It 0l = s Iwlheléha + lgolizr |, (15)
where cg is a positive constant independent of (w, ¢).
Proof. See [4, Lemma 3.4]. O

Having established that the operators S and S are well-defined, we now introduce T : H —> H as
T(w.¢) == (S2(W.$).S(S2(W.$).4)) Y (W.¢)eH,
and realize that (5) can be rewritten as the fixed-point problem: find (u, ¢) € H such that
T, ¢) = (U, ¢). (16)

2.3. Solvability analysis

In this section we establish the existence of a unique fixed point of T. We begin with the following lemma.

Lemma 23. Let 1 € (O,ro), and let W, = {(w,qb) e H: ||(w,9)] < r}. Assume that the data satisfy c(r) {Ilglloo,sz +

\|uD||1/2,r} + czllgpllij2r < 1, where c(r) := max{r, 1} (1 + cgr)cs, with cs and cg as in (13) and (15), respectively. Then
there holds T(W,) C W,.

Proof. It follows from the estimates provided by Lemmas 2.1 and 2.2. We refer to [4, Lemma 3.5] for details. O
Next, applying again the ellipticity of A+ By, and the BabuSka-Brezzi theory, one can show that S and S are Lipschitz-

continuous with constants Cs and Cg, respectively (cf. [4, Lemmas 3.6 and 3.7]). As a consequence of the corresponding
estimates, one can prove the following result.

Lemma 2.4. Letr € (0, rg), and let W, := {(w, ¢) € H: |[(w,9)] < r}. Then, there exists Ct > 0, depending on r and the con-
stants cs, Cs, and Cg, such that

ITw. 9) = T@. DIl = Cr{lghe.a + luplizr | 1w, ) = @I ¥w.9), @.5) e W,.
Proof. See [4, Lemma 3.8]. O
Hence, our main result concerning the solvability of (5) (equivalently (16)) is established as follows.

Theorem 2.5. Let k1 € (0, 248), with § € (0, 2w), and k3, k3 > 0, and given r € (0, ), define the ball W, := {(w, ¢) € H:

|(w. @]l < r]. Assume that the data satisfy c(r) {glloc.c: + lupll1/2r | + csll@nlh/2.r <7 and Cr {lighoc.s + lupll/zr} <1
Then, problem (5) has a unique solution (o, u, @, 1) € Ho(div; ) x H'(Q) x H'(Q) x HY2("), with (u, ) € W,. Moreover,

there hold
I wl < cs{riglog + luplizr] and @00 < cs{riulie + Igolizr |-

Proof. It follows from Lemmas 2.3 and 2.4, and from a straightforward application of the Banach fixed-point Theorem. O

For further details on the present augmented mixed-primal formulation of the Boussinesq problem, including Galerkin
approximations, a priori error analysis, and corresponding numerical experiments, we refer the reader to [4].
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3. The augmented fully-mixed formulation

In this section, we apply an augmented mixed approach, not only to the equations modeling u and o, but also to those
modeling the temperature ¢.

3.1. The continuous formulation

The use of a mixed formulation for the heat equation means that we now introduce the auxiliary unknown p:=K Vg —
@u in Q, so that, thanks to the incompressibility condition, and integrating by parts the equation K~ p— Vo +K 'ou=0
in ©, we arrive now at the following system of equations

wvu — weuw® = 09 and —dive —gp = 0 in Q,

K!lp-Vo+K'logu = 0 and divp= 0 in €,
u=up and ¢ =¢p on I,

0. (17)

/tr(a +u®u)
Q

It is important to remark here that, similarly as for u in Section 2.1, and as it is usual for mixed variational formulations,
the Dirichlet boundary condition for ¢ on I' becomes also natural in this case, and hence there is no need for introducing
the Lagrange multiplier given by the boundary unknown A € H=1/2(I"), as we did in that section. Furthermore, and because
of similar reasons to those mentioned there, we additionally need to augment the formulation that arises from (17) with
the following redundant Galerkin equations

K4f(K—1p—V<p+K—1<pu)-vw:0 vy € H(Q),
Q
K5/ divpdivq = 0 vq € H(div; ),
Q
Ke/¢¢=l€6/rpnw vy eHY(Q), (18)
r r

where k4, k5, kg > 0 are parameters to be specified later. In this way, we obtain the following augmented fully-mixed
formulation for the stationary Boussinesq problem: find (o, u, p, ¢) € Hy(div; Q) x H'(Q) x H(div; Q) x H' () such that

A((o,u), (T,v) + Bu((o,u), (t,v)) = (Fy + Fp)(T,v) V(r,v) € Ho(div; Q) x H'(Q),
A((p. ¢), @.¥)) + Bu((®.9). (@, V) = Fp(@.¥) ¥(q, ¥) € Hdiv; Q) x H'(Q), (19)

where A, By, Fy, and Fp are given by (6), (7), and (9), respectively, and A ﬁw, and Fp are defined as

A, 9), (@ ¥)) :=/K‘1p-(q—uvvﬁ)+/(¢+K5divmdivq—/ wdin+K4fV<p-V¢+Ke/¢w,
Q Q Q

Q r

ﬁw«p,w),(q,w»:=/K‘1<pw-(q—x4w> and ?D(q,w):zxe/¢Dw+<q-v,<on>,
Q r

for all (p,¢), (q,v) € H(div, 2) x H'(R), and for all w € H(). Analogously as observed in Section 2.1, we notice that
when the Dirichlet datum ¢p vanishes, the third equation in (18) is not needed, since in this case the unknown ¢ and the
associated test function ¥ live in Hg)(Q).

3.2. The fixed-point approach

We now proceed analogously to Section 2.2, and apply a fixed-point strategy to analyze the solvability of (19). Indeed,
since the first equations of (5) and (19) are exactly the same, we recall that H := H!(€) x H!(), and consider again the
operator S : H —> Ho(div, Q) x PE(Q) defined by (11). Similarly, we introduce the operator§: H(Q) — H(div; Q) x
H'(Q) defined as S(w) := (S;(w),S2(w)) = (p, ) Yw € H'(Q2), where (p, @) is the unique solution to the problem: find
(p, @) € H(div; Q) x H(Q) such that

AP, 9). @) +Buw((P.9). @.¥) = Fp@.¥) V(q.v¥) € Hdiv; Q) x H'(Q). (20)
In this way, we realize that (19) can be rewritten, equivalently, as: find (u, ¢) € H such that
T, ¢) = u.¢), (21)

where T : H —> H is the operator defined by T(w, ¢) := (Sz(w,¢),§2(52(w,¢))) V(w,¢) € H.
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The fact that S is well-defined is already established by Lemma 2.1. Similarly, applying again the Lax-Milgram Lemma,
one can show that S is also well-defined. For this purpose, we now let ko be a positive constant such that K~1x-x > kg |x|?
Vx € R". Then, we have the following result.

2K08 -~ ~
Lemma 3.1. Assume that k4 € (0, | 0 ) with § € (0, , and ks, kg > 0. Then, there exists o > 0 such that

K=l oo, K1 ||oo,sz>
for each r € (0,Ty), the problem (20) has a unique solution (p, q) := S(w) € H(div; Q) x H'(2) for each w € H'(Q) such that
llw|l1,@ <r. Moreover, there exists cg > 0, independent of w, such that

ISw)Il = ll@. @)l < cgllgplijar- (22)
Proof. See [3, Lemma 3.3]. O
3.3. Solvability analysis

We begin with the following result showing that T maps a ball into itself.

Lemma 3.2. Let r be such that 0 < r < min{rg, To }, and let W, := {(w, ¢)eH: |[(w,¢9)] < r}. In addition, assume that the data g,
up, and @p satisfy

r r
r o+ llupllir<-—— and pllir <-—,
gllco,2 + llUpll1y2, 20 llepllyz, 2cs

where cs and cg are given by (13) and (22), respectively. Then T(W;) C W;.

Next, applying now the ellipticity of A+ ﬁw, one can show that S is Lipschitz-continuous with constant Cg
(cf. [3, Lemma 3.7]), which together with the Lipschitz-continuity of S (cf. [4, Lemma 3.6]), imply that our fixed point
operator Tis Lipschitz-continuous as well, with a constant Gg (cf. [3, Lemma 3.8]). Consequently, we are able to provide the
following main result concerning the solvability of (19) (equivalently (21)).

2kod -
Theorem 3.3. Let k1 € (0,26), with § € (0,2 1), k4 € (0, ———— ), with§ € (0, _
K1 ||oo,$2) 1K= loo,2

given 0 < r < min{rg, 7o}, let W, := {(w, ¢)eH: |[(w,9)] < r}.Assume that g, up, and ¢p satisfy

), and k3, k3, k5, kg > 0, and

r r
rlighe.s + luplzr < lgolhar<5—. and CGiflglea+ 5} <1.
S

2cs’
Then, the problem (5) has a unique solution (o', u, p, @) € Ho(div; ) x H'(Q) x H(div; ) x H' (), with (u, ¢) € W,. Moreover,
there hold ||(o, w)| < cs {r 8llcc.2 + ||HD||1/2,F} and |(p, )| < cgllgpll/z.r.

Proof. It follows from the previous estimates and a direct application of the Banach fixed point Theorem. We refer to
[3, Theorem 3.9] for further details. O

Similarly to the case of the mixed-primal approach, we now end the paper by mentioning that further details on the
present augmented fully-mixed formulation of the Boussinesq problem, including Galerkin approximations, a priori error
analysis, and several numerical experiments, are available in [3].
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