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superposition of free fields in the Steady State Universe, of which we study the asymptotic
Presented by Yvonne Choquet-Bruhat behaviors. We show that the leading term of a gravitational fluctuation is a massless
graviton, i.e. the de Sitter brane is linearly stable.
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RESUME

Nous étudions I'équation de Klein-Gordon dans le domaine causal passé d’une brane de de
Sitter incluse dans un espace anti-de Sitter. Nous résolvons le probléme mixte hyperbolique
et prouvons que les solutions d'énergie finie s’expriment comme superposition de
champs libres dans le demi-espace de de Sitter et nous en étudions les comportements
asymptotiques. Nous montrons que le terme dominant des fluctuations gravitationnelles
est un graviton sans masse, ce qui traduit la stabilité linéaire de la brane.
© 2015 Académie des sciences. Published by Elsevier Masson SAS. This is an open access
article under the CC BY-NC-ND license
(http://creativecommons.org/licenses/by-nc-nd/4.0/).

Version francaise abrégée

L'univers anti-de Sitter de dimension 5 est le cadre géométrique privilégié de la cosmologie branaire [5,7-10]. Sa carte
de Poincaré est la variété lorentzienne

Pi=Re x R} x 10,000, dshys =22 (de? - dx® —dz?).

E-mail address: alain.bachelot@u-bordeaux.fr.

http://dx.doi.org/10.1016/j.crma.2015.09.023
1631-073X/© 2015 Académie des sciences. Published by Elsevier Masson SAS. This is an open access article under the CC BY-NC-ND license
(http://creativecommons.org/licenses/by-nc-nd/4.0/).


http://dx.doi.org/10.1016/j.crma.2015.09.023
http://www.ScienceDirect.com/
http://www.sciencedirect.com
http://creativecommons.org/licenses/by-nc-nd/4.0/
http://creativecommons.org/licenses/by-nc-nd/4.0/
mailto:alain.bachelot@u-bordeaux.fr
http://dx.doi.org/10.1016/j.crma.2015.09.023
http://creativecommons.org/licenses/by-nc-nd/4.0/
http://crossmark.crossref.org/dialog/?doi=10.1016/j.crma.2015.09.023&domain=pdf

20 A. Bachelot / C. R. Acad. Sci. Paris, Ser. I 354 (2016) 19-25

Une brane de de Sitter dans P est juste la sous-variété B:={(t,X,z) € P; z=at} ol o €] —1,0[, qui est le bord de genre
temps de M :={(t,X,z) € P; ot <z < —t}. On considére I'’équation de Klein-Gordon de masse M > 0 dans M :

[83 —Ax—822+3z_]az+M22_2]u=0, t<0, at <z<—t, XER,
complétée par la condition de Robin d,u =cu, ol v est le quadrivecteur normal a B, ¢ € R, qui s’écrit :

adu 4 du —c(at) luv1—a2=0, t<0, xeR>?, z=ot.

On considére aussi la condition de Dirichlet u = 0. Pour éviter la dépendance temporelle du domaine et de la condition au
bord, on introduit les coordonnées (7, p) sur M :

7:=—-2""log (t2 - 22> eR, p:=log (\/ 22— 22— t) —logz €10, pol, po:=log (1 +v1- az) — log(—a).
Dans ce systéme, on a M =R x R} x 10, pol,, ds3ys = sinh?(p) (d7? — e27dx?) — dp?, B=R; x R} x {p = po}, ds =
(@72 —1) (d7? — e?*7dx?), et la dynamique prend la forme :

[83 +30; —e 2T Ax— (sinhp)’zap [(sinh ,0)48p] + Mz(sinh,o)z] u=0, TeR, xeR3, 0< P < Po,

dpu+cu=0(uu=0), TR, xe]R3, £ = Po-

Etant données des conditions initiales spécifiées 3 un temps T, fixé, on montre que le probléme mixte hyperbolique est
bien posé dans le cadre fonctionnel associé a I'’énergie

0
//(sinh,o)2 |0:ul? + e 2% (sinh p)? | Vxu|? + (sinh p)* ]Equ|2 + M?(sinh p)* | u |? dxdp.
R3 0
Cette solution admet une décomposition en «tour de Kaluza-Klein» :

oo

u(T,Xx, p) = Zuxj(r,X)W(p; Aj) +/umz(r,X)W(p;m2)dm
i

Nlw

ol Aj et m? décrivent respectivement le spectre ponctuel et le spectre absolument continu de I'opérateur de Sturm-Liouville
Lc:= —sinh_zp% <sinh4p%) + M2sinh? p sur 10, po[ avec la condition w’(pg) + cw(pg) = 0. De plus Lew(p; k) =
Kw(p; k), et u,(t,x) est une solution d’énergie finie de I'’équation de Klein-Gordon de masse x sur l'espace de de Sit-
ter,

[02+30: — e Ax+xc [ =0.

L’étude du comportement asymptotique de u, montre que le graviton sans masse ug admet un profil asymptotique ¢ (x)
quand T — oo, tandis que u, — 0 si k > 0. On en déduit la stabilité linéaire d'une brane de de Sitter : les fluctuations
gravitationnelles u(t, X, p), qui sont solutions pour M = ¢ =0, sont asymptotes a un graviton sans masse (7, X). Le détail
des démonstrations est présenté dans [4].

English version

The 5-dimensional anti-de Sitter universe plays an important role in brane cosmology and has been deeply investigated
by the physicists (see, e.g., [5,7-10]). Its Poincaré chard is the Lorentzian manifold

P:=Re x R} x 10, 00[,, dsiys=2"2 (dt2 —dx* - dzz) .

Given o €] — 1, 0[, the de Sitter brane By := {(t,X,z) € P; z=oat} is just the time-like part of the boundary of the open
set M :={(t,X,2) € P; —at <z < —t}. The other part of 3. M is the light-like submanifold NV :={(t,X,2) € P; 0 <z=—t}
that is the Cauchy horizon of our setting. We consider the Klein-Gordon equation with mass M > 0 in M:

[aﬁ —Ax— 32 +37719, + Mzz_z] U=0, t<0, at <z<—t, XER, (0.1)
with the Robin condition d,u = cu, v being the unit outgoing normal vector to 5, and c € R:

adiu +0u —c(at) luy1—a2=0t<0, xeR?, z=ut. (0.2)

We also treat the Dirichlet condition in [4]. In this Note, we construct a rigorous mathematical framework to solve the
mixed hyperbolic problem, and to perform the spectral analysis of the solution in the spirit of the articles [1,2] that were
devoted to the Minkowski brane. The detail of the proofs is given in [4].
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1. Klein-Gordon fields near a de Sitter brane

To avoid the time dependance of the domain and the boundary condition, we introduce new coordinates (t, p) on M:
7:=-2""log (tz - zz> eR, p:=log (\/ 2 — 22 — t) —logz €10, pol, po:=log (1 +v1- oﬂ) — log(—a).
In this frame, we have M =R; x R} x 10, po[,,, ds? ;s = sinh?(p) (dr? — e?7dx?) — dp?, By =R x RS x {p = po}, dsi, =

(@2 —1) (dr? — e?"dx?), and the dynamics has the form:

[8? +30; —e 2T A4 — (sinhp)’zap [(sinh ,0)48,;] + Mz(sinh ,0)2] u=0, teR, xeR3? 0< P < Po, (1.1)

dpu+cu=0, TeR, xeR3, p=pp. (1.2)
Given a Cauchy data at time t,,

U(Ty, ) =uo(), 9ru(Ty,.) =u1(), (13)

we solve the global mixed hyperbolic problem in the functional framework associated with the energy

0

//(sinh,o)2 |0:ul? + e 2% (sinh p)? | Vxu|? + (sinh p)* |8pu|2 + M?(sinh p)? | u |? dxdp.

R3 0
We introduce the following Hilbert spaces endowed with the natural norms:

X0:=12 (Ri x 10, pol . sinh?(p) dp dx) , Xl= {u € X% Vxu, sinh(p)d,u e XO} ,
and to take into account the boundary condition:

X2 = {u e X', Ayu, (sinhp)~2a, [(sinh p)48pu] c xo} . X2i= {u € X2, 9,u(po) +cuu(po) = 0} .
We introduce also H := L2 <]0, pol, sinh? (,o)d,o) and the Sturm-Liouville operator

Lo := —sinh™2 ,0i sinh? ,oi + M?sinh? p

c dp dp

that is self-adjoint when it is endowed with the domain D, := {w € H; Leue H, w(pg) + cw(pg) = O}. To define the weak
solutions, we denote D’ (Rr X Ri; DC) the space of the vector distributions on R; x Ri, which are D.-valued, and we call
finite energy solutions to (1.1) and (1.2), the distributions that are solutions to (1.1) and belong to C! (R¢; X°) N C% (R¢; X1) N

D’ (R, x R3; DC). Using the famous result of T. Kato on the propagator of the time-dependent hyperbolic evolution equa-
tions, we can establish the following theorem.

Theorem 1.1. Given M >0, ¢ €] —1,0[, c € R, 7, € R, ug € X! and u; € XO, there exists a unique finite energy solution u of
(1.1), (1.3). There exists f € CO(R*; RT) such that for all T € R we have

lu(D)llx1 + 10z u(T)lIxo < (1 dT — 7 ) (lluollx1 + lu1lixo),
and there exists C € C% (R, x C5°(Ry x R3); R*) such that for all © € C5°(R; x R3),
I [ @ 0u(e.x. )dzdxlo, = C(z.. ) (ol + lurle).

Here, f and C are independent of ug, uy, and only depend on M, @ and c.
Ifug € X2 and uy € X', then u is a strong solution, i.e. u € C> (R¢; X°) N C! (Re; X1) N CO (Re; X2).

2. Kaluza-Klein tower

In this section, we show that any finite energy solution to (1.1) and (1.2) can be expressed as a Kaluza-Klein tower, which
is a superposition of fields u, solution to the Klein-Gordon equation:

[33 +30, —e—zfo+;<] U =0, 1)

on the Steady State universe dS: that is isometric to the de Sitter brane By :
2
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dS1:=R; x R}, dsi; =dr? —e’"dx’. (2.2)

[N}

The key of the proof is a complete spectral analysis of the operator L, that we present now. In the sequel, P;* and Q4
are the associated Legendre functions of first and second kinds.

Proposition 2.1. For all c € R the spectrum of the self-adjoint operator L. has the following form:
Oac(Le) =19/4, 00[, osc(Le) =9,

op(L¢) is a finite subset included in 1 —oo, 9/4[ and when ¢ = M =0, o, (Lo) = {0}.
The eigenvalues are the solutions A < % of the transcendental equation

—/2-2 1 9 /32
v/1—a?—2+VMm2 4)P : —a Vtal—c+yM2+a— > )p VF —a" =0,
( v +vVM2 + e D+ 5+ + : )
and the corresponding eigenfunctions are given by:

%Jﬂ/m(coshp), y € C.

w(p: 1) =y (sinhp)"2P_

For allm > % the generalized eigenfunction, solution to Lew = m?w, 9pW(pg) = cw(pp), is given by:

W(p§m2) = %(4m2 —9)‘11F<%+\/M2+4—i m2 — %)(sinhp)’%

B (S LAy )
N a2\ 2/ioa?) b

-1
X

i/m2—3% / _ o 3 iy/m2-3% _
AL o - (e s )P )

x Q:llJr M:+4(C05h’0)
2
—iymi-§ v o 3 —iy/m2—2 »
@ o) - (e s ) et )
i,/m2—2
X P_l+\/;lz_H(coshp)}.
2

The main result of this section states the existence of Kaluza-Klein towers:

Theorem 2.2. The finite-energy solutions u to (1.1) and (1.2) can be expressed as

R
uTx p)= Y uy(T.Ow(e: i)+ lim /umz(‘c,x)w(p;mz)dm in CO (Rf;xl)mcl (Rr;xo),
R—o
Arjeop(Le) 3
2

where u, is solution to (2.1), and

w, € C° (]Rir; H! (Ri)) nc! (R,; 12 (Ri)) :

and forany T > 0

U, € L2 (] ; oo[ .0 ([—T, Tle; H! (]Ri)) nct ([—T, Tle; L2 (Ri))) ,
mu,» € L2 <]; oo[ . 0 ([—T, Tl L2 (Ri)))

Since w(p; k) is explicit and u, is given by the formula (3.1) below, we have obtained an analytic expression of the
finite-energy solutions to the mixed hyperbolic problem in term of special functions of Bessel and Legendre that could be
useful to prove some decay estimates like in [1] and [2] in the case of the Minkowski branes.
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3. Asymptotics in the Steady-State Universe

The Cauchy problem for the Klein-Gordon equation (2.1) in the Steady State Universe dS 1 is easily solved in the scale

of the Sobolev spaces by using Fourier analysis. For any « € C, 7, € R, ug € HS(R3), u; € H"1(R3), there exists a unique
u e CO(Re; HS(R?)) N CT (Re; HS1(R?)) solution of (2.1) satisfying u(tx,.) = ug(.), d:u(ty,.) = uq(.). The partial Fourier
transform with respect to x of the solution, ii(t, §) = Fx(u(t, .))(§) is given by

ir.8) =2 [V (61 ™) o (181e) = 1L (&1 ™) Vo (18 1€ )] 1§13 i0®)
FI 81 (817 = 1 (8 1e™) Vo (8 Te)]ed (a1 + oo )| 61

where v € C satisfies v > 0, V2 = % — k (for another representation with the fundamental solution, see [6]). When k € R,

s >1 the natural energy defined as
&, T) ::/ | 9u(T,X) | +e 2% | Veu(t,X) |? +« | u(r, %) [* dx

is a decreasing function of T and when k > 9/4, we have for all T > 7,:

/

3ke™37T
/|aru<r,x) >+ |u(r, x) |2dx§min( 5 ,1)e3'f*/|u1 >+ Vxtto |* +& | ug [* dx,

2
dx < 2e3(|T*|_”f lug 2 + | Vxuo |2+ | uo | dx,

3
o0z u(T,X) + Eu(t,X)

4
[|vxu(r,x) = 2e3"*'—’/|u1 > +1 Vxtto I* + | uo |* dx.
An important point related to exponential expansion is the existence of a horizon: when ug and u; are compactly

supported in | X | < R, then for all T > t,, u(t,.) is supported in | X|< R+ e %™ — e~ 7, Another crucial consequence is the
asymptotic behavior of the field as T — oo:

Theorem 3.1. When k =0, u and e>¥ 3, u have an asymptotic profile at the time infinity: there exists ¢ € H5+1 (Ri) such that

lu(t,.) — @llus + €27 dzu(t,.) — Allys-1 —> 0, T — +o0, (32)
and ¢ is given by:
b(&) =\/§e%f* &2 {]% (™™ 1& 1) do®) +J3 (™™ &)™ &7 ﬁ1(£)]- (3.3)

9 3
When i > 0, the solution is vanishing as T — +oo: for almost all £ € R3, when 0 < x < 9/4, ii(t,§) =0 (e( ‘_‘_K_fﬁ>,for

Kk=9/4,0(t,§)=0 (re*%1>, and when k > 9/4, 1(t,£§) =0 (e*%T). Moreover, given T, there exists C > 0 independent of ug
and uq such that for all T > t, we have:
max( 97!(73,71)‘[
9 | lu(t, Ilus + 1d-u(z, )ys1 <Ce e (

O<k <-—,
4

luollms + llugllgs—1),

(J§-Kk-31
IIU(r,.)IIHS,%+||81u(r,.)||HS,%fCe 7T (luollgs + Nuqllgs—) .

_3:
<Cre 2" (|luollus + lutllys—1).

o [ U@ lins +19eu(r, )llgsr = CTe ™ (luole + lutllys-1).
IEN WGP EETCANT

1 3
2 2

9 [ lu(t, ius + 19z u(r, Yps—1 <Ce™* (||UO||H5 + lluq ||Hs—1),
K> =,
4

_3
luC@, I oy + M0cu(@, Il 3 =Ce 2% ([luoll s + llutllgs—1)

When k < 0, the solution can blow up at the time infinity: there exists Schwartz functions ug, u such that the solution satisfies

)
T — +00.

)

VseR, |lu(t, )lns ~e



24 A. Bachelot / C. R. Acad. Sci. Paris, Ser. I 354 (2016) 19-25

We make some comments on this result. A consequence of this theorem is that when ug, u; € C3°, we have in Cg"

3 9

27Va K

u(r,)=0 e7< >T ifOf/c;é%,u(t,.)zo(re_%f) if/c:%.

This is a consequence of the estimates of decay in HS % x HS*%, the Sobolev embedding, and the horizon of radius R +e~ %
when u; are supported in | X |< R. A. Vasy has established in [11] precise asymptotics in the much more large class of the
asymptotically de Sitter space-times and we can deduce from his work that when ug, uq € Cg°, there exists v € C8°(R3)
such that as T — oo we have:

2 4

u(t, x) =e_(§_\/%j)Tv(x) +o0 e_<%_ LK)T ifo<k # % u(t,Xx) =re_%’v(x) +0 (e_%’) ifk = ?1

The main novelty of Theorem 3.1 is the explicit formula (3.3) for the trace at T = 400 when « = 0. We remark also that, in
this case, there exists “disappearing solutions” that tends to zero as T — oo since ¢ can be equal to zero. We note also a
somewhat unexpected loss of rate of decay in HS x HS~! when « > 2. k =2 is the critical mass for which the Klein-Gordon
equation is conformal invariant, hence the solution can be expressed in this case from a free field on the static Einstein
universe R x S3 by using the conformal method and the decay estimates simply follow from the conformal factor. Besides,
since the proof is based on the Fourier analysis and the investigation of the differential equation

d? d
[P+3E+e‘2%2+x}u=0, TeR, LR,

we could obtain a similar theorem for the Klein-Gordon equation on the exponentially expanding Friedmann-Robertson-
Walker universe

R; x Ky, ds*>=dr?— ezrgij dx! dx’

where (K, g) is any Riemannian manifold. Parenthetically, we also could obtain several formula of products of Bessel func-
tions, by using the propagator property of the map (ug, u1) — (u(t), dru(r)) and formulas (3.1) and (3.3).

4. Gravitational fluctuations

The gravitational waves are described by equation (0.1) with M =0 and the Neumann condition on the brane, i.e. (0.2)
with ¢ = 0. The crucial point is the existence of the sector of the massless graviton that is just the set of the solutions

Uy(t,X,2) == ¢ (—2’] log <t2 - z2> ,x) ,

where ¢ = ¢(7,X) is any solution to (2.1) with « = 0. Then u, is solution to (0.1) with M =0 in O =Q x Ri,
Q= ({(t,2);t < —z <0}, and satisfies the Neumann condition odiuy, + d,u, =0 on z=at, t <0, for any o €] — 1,0[.
In the 7,p coordinates, it is just a solution independent of p, i.e. uy(7,X,p) = ¢(r,X) (by abuse of notation we
write Uy (T,X, p) = Uy(t,X,2)). When ¢ € CO(Ry; HI(RY)) N C! (Re; L2(RY)), then uy € CO(Ry: XT) N CT(Re; X0 N
D' (R; x R3; D). Moreover, we have u, € CO(Q; H'(R})), Vix Uy € CO (2 L2(R})). A direct application of Theorem 3.1
and formula (3.3) allows us to investigate the behavior of this graviton along the de Sitter brane By as t — 0~, and when
we approach its Cauchy horizon A. We introduce y := /2/(sinh pg cosh pg — po).

Proposition 4.1. For any finite energy massless graviton u,, there exists ¢ € H?(R3) such that when e=2% =t? — z2 — 0 with
t < —z <0, we have:

Ylup(T, ) =@ Olix1 = llup(t, ., 2) = ¢l gs) = O,

yHerafuw(r,.)—M‘

o= e By (e, .2 + A9

= Hz*lazu(p(t, L2 — A

L2(R} L2(R})

)

leFo7 @taup .2 F A

[2(R})

and the Fourier transform of ¢ is given by

é(&)z\/?s 7213060008 + 308D 1817 9:00.5)] (41)
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The following consequence of Theorem 2.2 states that the usual de Sitter gravity is recovered on the brane: the leading
term of any gravitational fluctuation in the ADS bulk M is a massless graviton propagating on the brane. The physical
meaning of this result is that the brane is stable under the scalar perturbations when we omit the back-reaction to the
metric (linearized gravity). This conclusion matches with numerous analyses of the linear stability of the de Sitter brane in
the physical literature, e.g., [5,7,9].

Theorem 4.2. We assume M = 0, ¢ = 0. Then given ug € X!, u1 € X9, there exists a massless graviton uy such that the solution
ueCl(Re; X0 NCO(Re; X1) ND' (R x RE; D) of (1.1) and (1.3), satisfies

[ —ug)(@) | 1 + [[0r @ = up) ()| yo —> 0. T — Fo0.

The initial data of ¢ are given by

Po Lo
(T, X) =2 / uo(x, p)sinh® pdp € H'(R}), 9:¢(t4,X) = y* f u1(x, p)sinh? pdp € L*(R3). (4.2)
0 0

In terms of the coordinates (t,z), we have |u(t,.,2) — ¢llgiws) + It + zdHu(t,., 2)ll2@s) — 0 as t +z — 0,
t <0 <z We end this work by investigating the gravitational fluctuations beyond the Cauchy horizon N = {t + z = 0}.
We obviously have to add some constraint when z > —t. Roughly speaking, we suppose that there is no field incom-
ing from the past null infinity, i.e. u(t,x,z) - 0 as t -> —o0, z+t = Cst > 0. More precisely, we consider initial data
ug, uy € C3° (R x (€, po)p), 0 <€ < po and u(r,x, p) the solution to (1.1), (1.2) and (1.3) in M (M = c = 0). Then,
if M= {(t, X, 2) € R x R3x]0, oo[; max(at,t) <z}, u can be uniquely extended into a solution i € C°°(M U By) of
(Z)t2 — Ax — 822 —+ %Bz) i =0 in M, satisfying the Neumann condition a3 + 9,il =0 on By, and ii(t,x,z) =0 for z+t > 0,
t << 0. We study the energy of ii on the hypersurface t = Cst.

Theorem 4.3. We assume that ¢ defined by (4.1) and (4.2) is nonzero. Then we have

o0

_ 1
/fwt,x,zu(t,x,z) |2z—3dxdzzt—, t—>0". (4.3)
at R3

We conclude that the energy of ii(t =0, .) is infinite, hence the finite energy spaces used in [2] cannot be used if we want
to continue the solution in [0, co[; X ]Ri x 10, oo[,. Beyond the Cauchy horizon {(t,x, 2)eRt xR3 xR, t= z}, it would
be natural to consider a boundary constraint on the time-like conformal infinity z =0 in the new functional framework
introduced in [3].
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