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RESUME

Pour les problémes de controle stochastique a champs moyen, la programmation
dynamique ne s’applique pas sans adaptation; mais si I'on reformule le probléme
avec I'équation de Fokker-Planck, on peut le faire en utilisant une fonctionnelle valeur
{t,p:()} = V(t,pr) comme dans l'analyse des probléemes de jeux a champs moyen
par P-L. Lions (2007) [10]. Les résultats sont appliqués a un probléme d’optimisation de
portefeuille et a un probléme de risque systémique.

© 2014 Académie des sciences. Published by Elsevier Masson SAS. All rights reserved.

1. Introduction

Stochastic control is an old topic [5,12,14,15], which benefits from a renewed interest in economy and finance due to
mean-field games [6,7,9,13]. They lead, among other things, to stochastic control problems which involve statistics of the
Markov process like means and variance. Optimality conditions for these are derived either by stochastic calculus of varia-
tion [1] or by stochastic dynamic programming in the quadratic case [2,3], but not in the general case for the fundamental
reason that Bellman’s principle does not apply in its original form on the stochastic trajectories of say X; if those depend
upon statistics of X; like its mean value. As noticed earlier in [10] and in [4],! there seems to be no such restriction if one
works with the probability measure of X; and uses the Fokker-Planck equation.
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In this note we apply the dynamic programming argument to the value functional V (t, p;(-)), where p; is the PDF
of X;. Of course, this is at the cost of several regularity assumptions; in particular, it requires the existence of PDF at all
times.

Once the problem is reformulated with the Fokker-Planck equation, it becomes a somewhat standard exercise to find the
optimality necessary conditions by a calculus of variations. So the note begins likewise. Then a similar result is obtained by
using dynamic programming, and the connection with the previous approach and with stochastic dynamic programming is
established, with the advantage that sufficient conditions for optimality are obtained. Finally, we apply the method to two
mean-field type control problems stated in [1] and [6].

2. The problem

Let d,s,r € N*. Consider a stochastic differential equation
dX¢ = u(Xe, O)dt + o (X, t, u(Xe, £))dW; (2.1)

where T >0, u:R?x (0,T) > RY, 0 :RY x (0, T) x RY — R?*? and W, is a d-vector of independent Brownian motions. We
make the usual assumptions for X; to_exist once Xo is known [14].

Let H:RY x (0,T) xRI xR =R, h:RYx (0,T) xRY > R", G:R¢ x R* — R, g:R? — R. Assume also that pg is positive
with unit measure on R

Let Vs CRY, Ug={ue L®RExR) @ u(x,t) €V, Vx, t} and consider the problem

T
min J := /E (Xe, t,u(Xe, O, E[A(Xe, £, u(Xe, £))])]de +E[G (X7, E[g(X1)])]
0

uelly

subject to (2.1) and such that pg is the PDF of Xg (2.2)

Andersson et al. [1] analyzed this problem using stochastic calculus of variations, clalmmg rightly that dynamic program-
ming is not possible unless h=o, g =0. Yet denoting Q =R? x (0, T) and WHij =3 Zk oikojk, with sufficient regularity,
namely if X; has a PDF p; (for weaker hypotheses see [11]), the problem is equivalent to

min | = / x, 6, u(x, t), pe(x), X(t))pt(x)dxdt—l—/(?(x £)pirdx

uelly
Rd
where x (t) = / h(x, €, u(x, t), pe(0)) pe(x)dx, & = f g(x)pr(x)dxand p
R¢ RY
st. %p+V-Up)—V-V-(up)=0, plo=pox), xeR (2.3)

where H = H, h = h if these are not functions of P (X).

Hypothesis 1. Assume that all data are continuously differentiable with respect to u and p and have additional regularity
so that the solution to the Fokker-Planck equation is unique and uniformly continuously differentiable with respect to u
and .

3. Calculus of variations

Proposition 1. Let A : B = trace(ATB). A control u is optimal for (2.3) only if

/(H{, +h;/H’ pdx + Vp* — uy - (VVp* ))(v—u)pdx>0 Vt, Vv € Uy (3.4)
Rd Rd
with 8 p* +uVp* +u:VVp* = —|:H;),o +H+ (h,p+h) / H;(,odx}, o = g/ Geprdx+G (3.5)
R4 d

Proof. See http://hal.archives-ouvertes.fr:hal-01018361. O
4. Dynamic programming

For notational clarity, let us consider the more general case where H, G are functionals of p;(-). For any 7 € [0, T] and
any p; > 0 with unit measure on R, let:
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T
V(t;pr) = L‘Eiﬁf J(T; pr,u) = / f H(x, t,u(x, t); p) pe (x)dxdt + f G(x; pjr)pydx
¢ T Rd Rd
subject to (2.3), i.e. such that py is the PDF of X; given by (2.1) starting with p; at time (4.6)

Note that the second parameter in V is a function of x, yet it is not V(t, p; (x)) but V(t; p(-)). We now prove the following
version of Bellman'’s principle of optimality:

Proposition 2. If the problem is regular, then for any t € [0, T] and any positive p; with unit measure on R, we have:

T+3T
V(t; pr) széib? / /H(x,t,u(x, £): ) pe (X)dxdt + V(T +8T; prys57)
d
T Rd

subjectto p; given by (2.3) on [T, T + 8] initialized by p at time T (4.7)
Proof. See http://hal.archives-ouvertes.fr:hal-01018361. O

Proposition 3 (HJB minimum principle). There exists {x, T, pr ()} — V'’ € R such that:

0= min/(H(x, T,v(X); pr) + H), (%, T,v(%); pr) - pr

veVy
R

+ 0V 4+ (X, T, v(x) : ViV + v(x) - ViV') prdx (4.8)
where H,’O -v=lim; ,o[H(x,T; p+Av) — H(x, T, p)]/A.

Proof. A first-order approximation of the time derivative in the Fokker-Planck equation gives

87 := prist — pr =8T[V -V (g pr) = V- (ur p)] 4+ 0(57) (4.9)
When everything is differentiable and smooth,
V(T 48T; prase) = V(T; pr) + 3V (T; pr)8T + V,(T5 pr) - 8pr +0(8T) (4.10)

Using (4.10) and the mean value theorem for the time integral, (4.7) yields

V(t; pr) = Lrllgibz{SerprdH V(t; pr) +3: V(T pr)8T + V,(T5 po) - 8pc +o(8r)}
Rd

The terms V (t; p;) cancel; divided by §t and combined with (4.9) and letting §t — 0, (4.11) gives

uelly
RY

0= min{/ HpedX +0:V(T; pr) + V(T p0) - [V- V- (Uepr) = V- (ufp)]} (411)

To finalize the proof, we need to relate V to V;, and to its Riesz representative V':

Proposition 4. For any T € [0, T] and any initial PDF p, let ii and p denote respectively the optimal control and the corresponding
solution of (2.3). Then:

T
/V’(r;pr)prdx: Vo (T; po) - pr =V (T; pr) +f/(H’p(x,t,ﬁ(x, 0); ft) - Pr) Pr(x)dxdt
R? T Rd
+ [(@, 0 pr - pr)brd (412)

R

Proof. Notice that the Fokker-Planck equation implies pr = G(t — 7) * pr where G is a semi-group operator. Let ({i)e[0,T]
be the optimal control and (0¢)te[o, 1] the corresponding solution of (2.3). Then:
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T
V(‘E;,@r)://H(X,t,ﬁ(X, t);G(t—‘L')*,éf)G(t—r)*ﬁfdxdt—i—/G(x; A1) Pjrdx

T Rd Rd

This can be differentiated with respect to p by computing lim,_¢ %[V(t; pr + Av) — V(; pr)], for a given function x —

v(x):

T
V;)(r;,ét)-v://H(x,t,ﬁ(x, t);G(t—r)*,éf)G(t—r)*vdxdt—i—/G(x; AT)G(T — 7) * vdx

T Rd R4

T
+ / /(H;, (%6, 0(x,0); G(t — T) % pr) - [G(t — T) % V])G(t — T) * prdxdt

T Rd
+ /(G;)(x; G(T — 1) * pr) - [G(T — 1) % V])G(T — T) * prdx
R?

Taking v = p; leads to (4.12). O
End of proof of Proposition 3  Differentiating (4.12) w.r.t. T leads to

IV (T; pr) = (3 Vo (T5 o)) - pr + /(H;,(x, T, 0:(x); pr) - pr) pr (x)dx
RY

where 11, is the optimal control at time 7. Now, let us go back to (4.11), which we rewrite:

0= min{/(H(x, T, Uz (0); pr) + H), (X, T, Uz (03 pr) - pr) pr (0)dx

Ur
R?

+ (3 V(T 00)) - pr + V(T3 p0) - [V -V (Urpr) =V - (urpz)]}
By integrating by parts the last term, Proposition 3 is proved. O

Remark 1. Notice that (4.12) and (4.6) imply:
[Visprax=ver.pm= [ (c +e | agc/srdx)mdx, = [ st prprex
Rd Rd Rd R¢
Remark 2. By taking p; = 8(x — xo) the usual HJB principle is found if h =g =0.
Proposition 5 (Hamilton—jacobi-Bellman equation). When Vyq = RY, at the optimal solution ii
VuH 4+ VyH - pr + ViV + 3y : ViV V/ =0
/(H +H e+ 0V + L ViV 411 Vi V) prdx =0

Rd

Remark 3. When H = H(x, t, u(x, t), p¢(x), x (t)) with x (t) = fkd h(x,t, u(x,t), pr(x)) pr (x)dx,

H:O(X, T,u(X, 7); /O‘L') < pr = prdpH + ([ aprrdx>(h+,0raph)
R4

Then for the optimal @ and p (4.16) yields

OV + VeV V +11- ViV = —[H + 03,H + (/ BXH,édx> (h +,68ph):|
R4
The link with Section 3 is established: (3.5) and (4.18) coincide with V' = p*.

(413)

(4.14)

(4.15)
(4.16)

(4.17)

(4.18)
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v=M

o- v versus z at time ¢

b + ) + + t +—O %:7 00—
-10 -8 -6 70 -4 -2 0 2 %1 4 6 8 10
T
Fig. 1. The control is v =M when x < xo, affine when xg < v < x1, and v =m when x > x; with xg = —MT“z + (ﬁ +Erx) e 0T-0 5 = —’”T"z + (ﬁ +

Erx)e@T-0,
5. Portfolio optimization

Following [1], a portfolio of value x; made of a risky asset and a riskless one is optimally managed at t if the quantity v
invested at ¢ in the risky asset minimizes, with pjo given,

1 Y 2 o%v?
J= 5 /(yx2 —x)pjrdx — E[/ xp|de:| , dp + 0x[(ax+bv)p] — axx[ 5 ,o] =0 (5.19)
2 2]

where a is the interest rate b is a minus the drift of the risky asset and o is its volatility. We assume that v is a feedback
function x,t — v(x, t), there are bounds on v, at each time m < v < M. Thus d =1 and

1/ , o?v?
H=0, h=0, GZE yX°—x—yx | xprdx |, u=ax-+bv, w= 5 (5.20)
The problem deviates slightly from framework (2.3) but the methodology is the same and gives:
5] = /[(bax,o* +02vdp*)psv] with p*(£00) =0, and
Q
* * szz * * 1 2
0p” + (@ +bV)dep” + ——duwp” =0, pf = E(VX —x) —yx [ [xppr] (5.21)
R

5.1. Polynomial solution

Assume p* =qx®>+rx+s and v = Ax+ B € (m, M). Then the adjoint equation gives solvable ODEs for q(t), r(t) and s(t).
Because of the constraints, the general solution has three regimes, as shown in Fig. 1.

Proof. See http://hal.archives-ouvertes.fr:hal-01018361. O

Remark 4. The advantage here compared with [1] is that we do not need to guess the shape of the control nor of the
adjoint state, once it is assumed polynomial. The analysis also handles constraints.

6. Numerical solution of a systemic risk problem

In [6] it is shown that the rare-event probability that the state of a system of N banks, depending on the mean situation
of all, transits from a stable situation pg to a critical one pr at time T is given finding the minimum in g of J with

1 5 o?
J@=55[8&p:an+ I (b(x, g)p) — S 0 =0, p(x.0)=po(x) (6.22)
Q
subject to b= —hx> + (h—6)x—6 JrXp — & p(x, T) = pr(x) where h,6 €R are given. With k = h — 6, this is also

_ 1 u)? o? _
mumjzﬁ (hx3—/cx—x+;) p: atp—Taxx,o:—axu, Plo, P|T glven, X:G/xp

R

Now we notice that p =p + %(,07 — Ojr) satisfies the conditions at 0 and T and the PDE with u =u — %fx(pr — or)dx +

%ax(pr — pjr) provided that 30 — "z—zaxxp = —0dxil. This means that the problem is in the form analyzed above with state
variable {0, p} and control ii; naturally the adjoint state has also two components: {p*, 0*}.
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Fig. 2. Left: x,t — p(x,t); x € (—15, 15) is horizontal, t € (0, 2) is from front to back with origin x = —15,t = 0 on the lower left corner. Right: x, t — g(x, t).
(For interpretation of the references to color in this figure, the reader is referred to the web version of this article.)
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Fig. 3. p* (left) and p* (right) versus x (horizontal) and t (vertical). (For interpretation of the references to color in this figure, the reader is referred to the
web version of this article.)
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Fig. 4. Iteration history: values of J (top curve) and ||grad, J|? versus iteration count.

Based on the variation of | with respect to u we have used 100 iterations of a gradient method with fixed step size,
® =0.3. The parameters of the problem are T=2, h=0.1,0=1, 62 = %9 and pg, pr are as in [6]. The numerical method
for the PDEs is a centered space-time finite element method of degree 1, implemented with freefem++ [8], on a mesh of
150 points and 40 time steps. Results are displayed in Figs. 2-4.
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