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RESUME

Dans cette Note, on prouve un résultat de stabilité pour deux coefficients indépendants
(chacun d’eux dépendant d'une seule variable d’espace et le potentiel dépendant aussi de
la variable temps) pour un opérateur de Schrodinger avec une observation sur une partie
non bornée du bord et la donnée de la solution a un temps fixé sur tout le domaine.

© 2012 Académie des sciences. Published by Elsevier Masson SAS. All rights reserved.

Version francaise abrégée

Considérons I'équation de Schrédinger (1). L'objet de cette note est d’obtenir un résultat de stabilité pour les deux
coefficients indépendants a = a(x;) et b = f(t)g(x1) avec une observation sur une partie non bornée du bord. On considérera
deux cas pour le potentiel b : I'une des deux fonctions f ou g sera connue. La méthode employée est basée sur une
estimation de Carleman globale (2) avec une seule observation frontiére. Puis nous rappelons une estimation d’énergie (3)
et une estimation de type Carleman (4) pour un opérateur différentiel du premier ordre.

Nous prouvons ensuite le résultat principal de stabilité Lipschitz pour les deux coefficients a et b avec une observation
et la donnée de la solution sur tout le domaine en t =0 et en supposant connus ces deux coefficients sur le bord :

La norme H' du coefficient de diffusion a et la norme L? du potentiel b ainsi que de ses dérivées en temps est estimée par la norme
L2 de la dérivée normale de la solution ainsi que de sa dérivée premiére ou seconde en temps, sur une partie non bornée du bord (voir
(8), (9)).

Nous suivons la méthode développée dans [2] pour établir ce résultat de stabilité.
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1. Introduction

This paper is an improvement of the work [3] in the sense that we determine two independent coefficients: the diffusion
coefficient a :=a(xy) and the potential b :=b(x1,t) = f(t)g(x1), but one of them depending on the time variable, with one
observation and the data of the solution at a fixed time (as in [4]).

Let 2 =R x (0,d) be an unbounded strip of R? with a fixed width d. Let v be the outward unit normal to £2 on
I' =382. We denote x = (x1,x2) and ' =Tt UI'~, where 't ={xeI';x;=d} and I'" = {x e I'; x, = 0}. We consider
the following Schrodinger equation

Hq(x,t) :=i0,q(x,t) + V - (a(x2)Vq(x, 1)) + b(x1,£)q(x,t) =0 in Q =2 x (0, T),
qx, t) =F(x,t) on XY =902 x(0,T), 1)
q(x,0) =qo(x) in 2.

where a € C3(£2), b € C2(Q) and a(x) > apix > 0. Moreover, we assume that a (resp. b) and all its derivatives up to order
three (resp. two) are bounded.

Our problem can be stated as follows:
Is it possible to determine the coefficients a and b from the measurement of d,(q), 9, (d;q) and 8.,(8[211) on I't?

We will consider two cases for the potential b :=b(x1,t) = f(t)g(x1). ~

In a first case we consider q (resp. ) a solution of (1) associated with (a, f, g, F, qo) (resp. (a, f, g, F, qo)) satisfying
some regularity properties:

Assumption 1.1.

- g and all its derivatives up to order four are bounded.
- qo is a real valued function in C3(£2).
- o and all its derivatives up to order three are bounded.

Our main result is: if (f — ]‘)(O) # 0 then

1 1
. =2 P a2
lla— a”?{l(m + [ b 2@x-r.m S€ P EACHCE) Iz xerm)
i—0 i=0

and if (f — f)(0) =0, (f — F)'(0) #0, then

2 2
~ i ~o12 i ~ 2 ~ 2
”a - a”f.ll(_(z) + Z”a[l(b - b) ”LZ(QX(fT,T)) < C|:ZH8U (32(61 - q)) “LZ(F+X(7T,T)) + ” af(q - q)(,O) ||H3(Q):|
i=0 i=0

where b = fg, b= ]‘g, C is a positive constant which depends on (£2, I, T) and where the above norms are weighted
Sobolev norms (agq denoting the ith-time derivatives of q).

In a second case we consider q (resp. q) a solution of (1) associated with (a, g, f, F, qo) (resp. (a, g, f, F, qo)) satisfying
the regularity properties (1.1). We obtain the same results as above by considering the case f(0) # 0 on one hand and the
case f(0) =0, f’(0)+0 on the other hand, with this time b= fg, b= fg.

The major novelty of this paper is to consider the coefficient b depending on the time variable. In several works, the
problem of the identification of coefficients for the Schrédinger operator have been studied (see [1] in bounded domains and
[2-4] in unbounded domains) but in all of these works, the coefficients only depended on the space variable and not on the
time variable. Note also that in [5], for a magnetic Schrodinger operator with a time-dependent magnetic potential y (t)a,
there is a result for the identification of the coefficient a which does not depend on the time variable. For the problem of
the identification of a potential b(x, t), to our knowledge, there is no result.

We will use the global Carleman estimate given in [2-4] adapted to our case. We also need an energy estimate for the
operator H given in [2] and a Carleman type estimate for a first order differential equation proved in [6] for bounded do-
mains and in [2] for unbounded domains. Using all these previous estimates, we give our stability results for the coefficients
a and b.

This Note is organized as follows. In Section 2, we recall an adapted global Carleman estimate for the operator H
(see [2-4]) and also an energy estimate (see [2,3]). In Section 3 we prove our two main results, a stability result for the
coefficients a and f on the one hand and a stability result for the coefficients a and g on the other hand.

2. Global Carleman inequality and energy estimate

Consider the set A(R1) := {f € L®(Q), ||f||Loo<§) < Ry} with Ry be a strictly positive and fixed real. Let a be a real-
valued function in C3(£2) and b be a real-valued function in C?(Q) such that
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Assumption 2.1.

- a>=amip >0, a and all its derivatives up to order three are in A(R1),
- b and all its derivatives up to order two are in A(Ry).

Let 8 be a C*(£2) positive function such that there exist positive constants Co, C pc Which satisfy

Assumption 2.2.

- |y5|>c0>0in 2,3,<00nT",
- B and all its derivatives up to order four are in A(R1),

O - ~ ~ dx, (ady, B) ady, (adx, f
- MDA, £)) —aVa- VAl + 262V B - ¢ > Cpelt . for all ¢ € C where D2f = (0“1 vy

ady, (ady, B) ady, (@i, B)/°

This assumption imposes restrictive conditions for the choice of the functions a in connection with the function f.
See [3] for a class of coefficients a which satisfy Assumption 2.2. Indeed, note that here a only depends on xp and if
we consider a € {f € C1(£2); 3rp positive constant, f3x2f8,<2ﬁ >r19>0, fafoBXZﬂ +2f%(32 /3 + (axz,s) ) >r19 > 0} then a
function B(x1, x2) = B(x2) is available (for example, a(x) = e~*2 and B(x) = e*2). Then, we deﬁne B =B+K with K =m||B]lso
and m>1.For A>0andte (—T,T), we define the following weight functions ¢(x,t) = (Tf;f%, nx,t)= % Let
H be the operator defined by Hq :=id;q+ V- (aVq) +bq in Q =2 x (—T, T). We assume that Assumptions 2.1 and 2.2 are
satisfied in this paper. Then the following global Carleman estimates holds.

Theorem 2.3. Then there exist Ao > 0, sp > 0 and a positive constant C = C(§2, I", T, Co, Cp¢, R1) such that, for any A > A¢ and any
s > so, the next inequality holds:

T T
s A“f/e‘“w lq/? +sA// e ®g|vq|? <C[sA// e 59|d,q|? auﬂdadt+//e—25"|Hq|} )
-T2 —-Tr+ -T2

for all q satisfying Hg € L*(2 x (=T, T)), g € L2 (=T, T; H\(2)), dvq € L>(=T, T; L*(I)).

We recall now an energy estimate for g with a single observation acting on the upper part I'* of the boundary I"
in the right-hand side of the estimate (see [2,3]). Here again, as for the global Carleman estimate, even if the potential b
do not depend on the time variable in [2,3], we can exactly proceed as in these previous papers. We denote by E(t) :=
Jo e 1D 1q(x, ) dx + [, ap~1(x, )e=21*0 | vq(x, t)|? dx, where ¢! = %. We give an estimate for the energy E(0) in
Theorem 2.4.

Theorem 2.4. Let q be a function equals to zero on 352 x (—T, T) in the following class: q € C([0, T], H'(£2)), 8,q € L*(0, T, L2(I'")).
Then there exists a positive constant C = C(82, I', T) > 0 such that for s and X sufficiently large

E0) < c[ ZAZ/ / e 293, 818,v|* do dt + s // e %" Hg|? } (3)
—-Tr+
We also recall a useful lemma (see [6,2]) for the following first order differential operator.

Lemma 2.5. Let P the operator defined by Pg := Qg - Vg with Qo = (qo, dx,q0) Which satisfies |Qq - VB| > cst > 0. Denote by
No(x) := n(x,0) and @o(x) := @(x,0). Then there exist positive constants A1 > 0, s1 > 0 and C = C(82, I, T) such that for all
A=Ay, s>s1, andforall g € HY(82),

222 / goe=M g < C / g3 le M| pg P2, (@)
2 2
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3. Stability result

Let q and ¢ be solutions of

idq+V-(@vq)+bg=0 in2 x(0,T), i%G+V-@vg +bj=0 in2 x©O,T),
qx,t) = F(x,t) on a2 x (0,7T), Gx,t) = F(x,t) on a2 x (0, T), (5)
q(x,0) =qo(x) in £2, G(x,0) =qo(x) in £2,

where a, b, &Nand b satisfy Assumption 2.1. We suppose that Assumption 1.1 is checked, then we extend the functions g
(resp. b) on Q = 2 x (=T,T) by the formula q(x,t) = q(x, —t) (resp. b(x,t) = b(x, —t)) for every (x,t) € 2 x (=T,0).
Denote by X1 :=0982 x (=T, T). f wesetu=q—q, v=20u, w=3v,ex=a—a, y =b—b, bp(x) =b(x,0), bg(x) =b(x, 0),
bi(x) = 9;b(x, 0), I;](x) = 8t5(x, 0), Yo(x) =y (x,0), y1(x) =8y (x,0), q1(x) = 3:q(x,0) then u, v and w satisfy

idu+V-@Vu)+bu=V-(@Vi +yq inQ, i9v +V-(@Vv) +bv=V inQ,
ux,t)=0 on X, V(X,f)ZO1 on X, 6)
u(x,00=0 in £2, v(x,0) = ?(v (@Vqo) + )/qu) in .

with V:=—dtb u+ V- (@V(3:q)) + yq + 0 Yq.
19w +V - (@Vw) +bw = —23bv — 82bu + V - («V(32d)) + 20y 8q + 92y q + y92q in Q,
w(x,t)=0 on X, (7)
w(x, 0) = %(V ~(@Vq1) + yoq1 + y1qo — biu(x,0) — bov(x,0) — V - (aVv(x,0))) in 2.

First we consider the case where q and g are solutions of (5) respectively associated with (a, f, g, F, qo) and (q, f g, F,

qo).- We recall that b= fg and b= ]‘g. Our main stability result expresses a perturbation result around the known solution
q. It is the following one

Theorem 3.1. Let q and q be solutions of (5), respectively associated with (a, f, g, F, qo) and (a, f” g F,qo),suchthata—a e H&(Q),
d,(@—a)e H(l)(.Q), bo — 50 € Hé(.Q) and b1 — 51 € H(l)(_Q). We assume that Assumptions 2.1, 2.2 and 1.1 are satisfied. Assume also
that Qo = (qo, dx,q0) satisfies |Qo - VB| > cst > 0 and that f, g € A(R1), f € A(Ry).

If (f — f)(O) # 0, then there exists a positive constant C = C($2, I', T, Ry) such that for s and A large enough,

T 1
[ermia-at+va-ap)+ [ [y o -bf < //goe 221, ﬁZ|3u Ga-a)f.  ®

Q2 -T2 1= -Tr+

If(f — f)(O) =0and (f — f)/(O) # 0, then there exists a positive constant C = C($2, I', T, Ry) such that for s and A large enough,

/e—25"0(| —a?+|Va-a)) // —23”Z|a(b b|?

2 -T2

/ [ vena ﬁZIt% oia— ) +c [ 05 1e [ |Va, 3@ — DO + A0, 0@ —DCOT] (9)

-Tr+

Proof. We apply (4) given in Lemma 2.5, to the first order partial differential equations satisfied by « and )y given by the
initial condition and the derivatives of this initial condition for v in (6). Then from (3) applied for v and since e 25"  e~2570
we get for s and A large enough

5 Azfsooe—zsﬂoum 1 IVaP + Iyol?) < Cs AZ/que—zS"avmam +ch// el + 1y P + oy 1],

2 T r+

Using now the Carleman inequality for u we get
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T
s22? / poe” 20 (jar|* + Ve + [ pol?) < Cs*A2 f we > Movp (1 vI* + |ovul®)
2 T

T
+Csk//e_25’7[|y|2+|8ty|2].
T 2

We now consider the first case (f — f)(O) #0.

Since t — |%| is bounded on [—T, T] we deduce that there exists a positive constant C = C(T, R1) such that

for all x,t, [y 0| = |(F(©) — F©)gx)| < Cly(x,0)| = C|(F(0) — f(0))g(x1)|. Similarly we have [y (x,t)| = [(f'(t) —
f'(t))gx1)| < Cly(x,0)|. So we get for s and A large enough

T T
52A2/¢06_25”0(|a|2+|Va|2)+52k2f/e_25”(|y|2+|8ty|2) <Cs2,\2f/we‘zs”auﬁ[lavvlz+|3uul2]
2 -T 2 -Tr+

and we obtain (8). O

We then consider the case (f — f)(0) =0 and (f — F)(0) # 0. Note that yp =0 and y;(x) = (f'©0) — f(0)g(x1).
Applying (4) given in Lemma 2.5 to the first order partial differential equations satisfied by y; given by the derivative of
the initial condition in (7), we have for s and A large enough:

_ 1. 2
52)»2/9006 25'7°|y1|2<c/%1e 250 (|05, w(x, 0)|” + af” + Ve |?
Q Q
2 2 2 2 2 2
+u@ 0" +[Vu@, 0)|" +[v(x, 0" + [Vv(x, 0)|" + Vo, v(-,0)|" +[Adx, v(,0)[°).
Then using (3) for u, v, w defined by (6), (7) and the Carleman estimate applied for u and v we get

T

szxszoe‘”%(w+|Va|2+|y1|2) <Cs2A2//¢e‘25"avﬁ(|auv|2+|avu|2+|avw|2)
2 T r+

T
+CSA//6_25"[|V|2+IBtV|2+|3t21/|2]
T 2

+c/¢51e—25”0(|vaxlv(-,0)|2+ |Ady v(,0)%).
ko)

Using the same argument as in the first case we deduce that there exists a positive constant C = C(T, Ry) such that
VI <Clyil, 10ty < Cly1| and |8t2y| < Cly1|. We conclude as in the first case and we get (9).

Note that the assumption |Qq-VA| > cst > 0 imposes a restrictive condition on the initial data qo but if () := B(x2) this
condition becomes |dx,qodx, 8| > cst > 0 (for example if B(x) = e*2 then this last condition imposes that |dx,qo| = cst > 0).
By the same way, if we now consider the case where q and g are solutions of (5) respectively associated with (a, g, f, F,
qo) and (a, g, f, F, qo), the stability result is (with b= fg and b= fg).

Theorem 3.2. Let q and q be solutions of (5), respectively associated with (a, g, f, F, qo)and (a, g, f, F, qo), such thata—a € H&([Z),

dw,(a — @) € H)(82), bo — bo € H}(£2) and by — by € H}(£2). We assume that Assumptions 2.1, 2.2 and 1.1 are satisfied. Assume
also that Qo = (qo, dx,qo) satisfies |Qo - VB| > cst > 0 and that f, g € A(R1), § € A(R1). If f(0) # 0, then there exists a positive
constant C = C(§2, I', T, Ry) such that for s and X large enough (8) is satisfied. If f(0) =0 and f'(0) # 0, then there exists a positive
constant C = C(82, I', T, Ry) such that for s and A large enough (9) is satisfied.
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