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For a smooth strictly plurisubharmonic function u on an open set 2 c C" and F a C!
nondecreasing function on R* , we investigate the complex partial differential equations

Aglogdet(u;;) = F(det(u;;)) [ Ve log det(u;7) ||§,

where Ag, |.|lg and Vg are the Laplacian, tensor norm and the Levi-Civita connexion,
respectively, with respect to the Kdhler metric g = ddu. We show that the above PDE’s
has a Bernstein property, i.e. det(ui]) is constant on £2, provided that g is complete, the

Ricci curvature of g is bounded below and F satisfies inf;cg+(2¢F/(t) + %t)z) > % and
F(maxpr detuij) =0(R).
© 2011 Académie des sciences. Published by Elsevier Masson SAS. All rights reserved.

RESUME

Pour une fonction u strictement plurisouharmonique de classe C* sur un ouvert §2 de
C" et F une fonction de classe C! croissante sur R*, on considére I'équation aux dérivées
partielles complexes

Aglogdet(u;;) = F(det(u;;)) [ Ve log det(u;;) ||§,

oll Ag, ||l.llg et Vg sont respectivement le Laplacian, la norme et la connexion de Levi-
Civita par rapport a la métrique Kdhlerienne g = ddu. On montre que 'EDP précédente
vérifie la propriété de Bernstein, i.e. det(uij) est constante sur £2, pourvu que g Ssoit

compléte, la courbure de Ricci de g soit minorée et F satisfasse infycg+ (2¢F'(t) + F(T[)Z) > }1
et F(maxpg) detui]) =o0(R).
© 2011 Académie des sciences. Published by Elsevier Masson SAS. All rights reserved.
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1. Introduction

In this Note, we investigate a class of fourth order complex nonlinear partial differential equations for a strictly plurisub-
harmonic function u on an open set 2 c C":

Aglogdet(uy;) = F(det(u;y)) | Vg logdet(uyp) | W

where Ag, |.|lg and Vg are the Laplacian, tensor norm and the Levi-Civita connexion, respectively, with respect to the
Kéhler metric g = ddu. For n > 2, Eq. (1) is the Euler-Lagrange equation of the variational problem of the functional

Vo (1) = / @(det(ui])) dv, (2)
2

for some @ € C4(R%). If @(t) =t1~F, B+ 1, the Euler-Lagrange equation of V is
2
Aglogdet(u;;) = B |Vglog det(u;5) ”g (3)

In [1], Chen and Li showed the following Bernstein property of the solution of (3).

Theorem 1.1. Let 2 C C" and u € C%(£2) a strictly plurisubharmonic solution of (3). Assume that

(i) (82, g) is complete,
(i) Ric(g) > —C1 (K >0),
(iii) det(u;;) < C2

2
where C1, Cy > 0 are real constants. If f > w

then det(ui}) is constant on $2.

For more details about Bernstein property, one can see the paper [1] and references therein. In this Note, we will show
the Bernstein property for the solutions of Theorem 1.1. Our main result is the following:

Theorem 1.2. Let 2 C C" be an open set and u € C2(£2) a strictly plurisubharmonic solution of (1). Assume that

(i) (£2, g) is complete,
(ii) Ric(g) > —K (K >0),
(iii) F € C1(]0, +o0[) nondecreasing satisfying
F(t)?

n

1
inf<2tF’(t) + ) > — and F(maxdet(ui—.)> =0(R) (4)
£>0 4 B(R) J
where B(R) = {z € §2,dg4(z, z0) < R}. Then det(u,-j) is constant on £2.
If F(t) = B, the following corollary extends Theorem 1.1.

Corollary 1.3. Let £2 C C" be an open set and u € C?(£2) a strictly plurisubharmonic solution of (3). Assume that (£2, g) is complete
and Ric(g) > —K (K > 0).If|8] > “/75 then det(ui}) is constant on 2.

Examples. Examples of function F which satisfies conditions of Theorem 1.2:

1. F(t) =log’® t where « € Jao(n), %], ag(n) > 0.
2. F(t) = (logt) log(e + (logt)?) where o > et

3. F(t) = f(logt) where f is a solution of the Riccati equation 2y’ + 5;1—2 =, a > 411.

2. Proof of Theorem 1.2
Proof. We denote ¥ = |VU|? where U = log det(ui}) and f(t) = F(e"). By Bochner formulae
Ag¥ = 2]”(U)l,l/2 + f(U)((VglI/, VgU) + (VgU, Vglll))
+ 3 uiufu U+ 3 uuk U U5 + Y uTu™ U U U5 R (5)
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where (u'/) is the inverse matrix of (ul-;) and Rjs is the Ricci curvature of g

R — 9?logdet(u;) 92 logU
B 9zjdzg  9z;0Z

Let z € £2 fixed, we can choose normal coordinates (zq, ..., z,) at z such that
ui}':aij! Ul:Ui’ Ul:UI:()? Vl>1
At z the formula (5) becomes
AgW¥ 1 '2] v 1/¥ v
= —2f'(w UO)—=)—U;+U;—L )+ —=U; +U; L
v f1) +<f() 2><w 1+1w>+z<w it+Uiy
L XUV Y UgUp  UyiUaUs

B 6
L & v (6)
Since ) Uy Uy > U11Usq and

1/ U-+U ¥i UpiUhlUs _ 1 2M(U11UzU5)

AU AR T e

> UnU;; 1,
"4 4
we obtain
o U, Us UnUs;
AN w v v 4

Let G be the function defined on B(R) = Bg(zp, R) by
G(2) = (R> —r(2?)*w

where r(z) = dg(z, zp). Since G vanishes at the boundary 9B(R), the maximum of G is attained on w € B(R). By the
maximum principle

VeG(w)=0
AgG(w) <0
A computation at w gives
Y; 4rr;
Tt 8
v RZ_12 (8)
2
AgG=2¥||Vg(R* —r?)||” +2(R* = r?)w A (R* — 1?)
+2(R? = 12) DO (R — 1), + (R —1?)* Agw
=20 | Vgr|? — 20 (R? = 12) Agr® + (R? —12)* Agw
—4r(R*=r*) > rw <0 ®)
i
Since ||Vgr|lg =1, (8) and (9) imply
AgW  2Agr? 14r?
< 10
14 R2—T2+(R2—T2)2 ( )
Let 1 > fixed such that inf,cg 2 f/(t) + f(Tt)z) >2n+ }l. By Schwarz inequality
1\ /¥ W o Am(fU) - D
U)y—=-J|—U;+U;— | =20 U ————F+—=~
(f() 2)(11/ 7+ 1lp> 1(1 RI_ 2
16(f(U) — H?r?
oy BEWD =) an

n(R* —r2)?
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Since AU = f(U) we have

I 2 2 2 2
> UigUse S > (Uy) > Q_Up _(Au)” _ (f) v

(12)

v 7w nw nw n
The inequalities (6), (11) and (12) give
Ag¥ 16(f(U) — 1)?r?
Vg 180U =) 13)

v n(RZ = r2)?

By Laplacian comparison theorem [2]: Agr2 <2n +2(n — 1)+/Kr. Since | f(U) — %|2 <2fU)? + % and f is nondecreasing,
the inequalities (10) and (11) give on B(R)

2 .2)2 2 22
(R*—=r)"¥ < G(w) <C1(1+R)R +C2(f<ré1(%>)<u>) R
Hence if z € B(R/2), we have

1+R (f(maXB(R) U))2
2 R

Since (£2, g) is complete, letting R to infinity, we obtain ¥ (z) = ||VgU(z)||2 =0, i.e. det(ui]) =Con 2. O
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