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Abstract

We consider a size structured cell population model where a mother cell gives birth to two cells. We know that the asymptotic
behavior of the density of cells is given by the solution to an eigenproblem. The eigenvector gives the asymptotic shape and the
eigenvalue gives the exponential growth rate and so the Maltusian parameter. The Maltusian parameter depends on the divisio
rule for the mother, i.e., symmetric (the two daughter cells have the same size) or asymmetric. We give some example where the
symmetrical division is not the best fitted division, i.e., the Maltusian parameter is not opfowéik thisarticle: P. Michel, C. R.

Acad. Sci. Paris, Ser. | 341 (2005).
0 2005 Académie des sciences. Published by Elsevier SAS. All rights reserved.

Résumé

Optimisation du taux de croissance dans un modele de division cellulairdlous considérons un modele d’évolution d’'une
densité de cellules structurée en taille. Nous savons que la densité de cellules se comporte en temps long comme le produit d’ur
fonction indépendante du temps et d’'une exponentielle dépendant du temps. Le taux de croissance exponentiel étant donné p
un parameétre Maltusien dont nous allons montrer qu'il depend de la maniere dont la cellule se divise, symétriguement ou non
symétriguement. On donnera des exemples pour lesquels la division symétrique n'est pas la mieux adaptée, c'est-a-dire pot
lesquels le taux de croissance exponentiel n'est pas maxfmal.citer cet article: P. Michel, C. R. Acad. Sci. Paris, Ser. | 341
(2005).
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Version frangaise abrégée

La division cellulaire asymétrique est observée pour les levures (par bourgeonement), pour certaines bactéries ¢
d’autres cellules. Elle peut étre expliquée par une meilleure capacité de développement (sélection naturelle). L'objecti
de cette note est de montrer que certains modeles mathématiques peuvent représenter ce phénoméne. On modé
I'évolution d’'une densité de cellulesz, y) structurée en taillg, en un temps, par I'équation,
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ol V est le taux de croissancs, le taux de naissance ktla maniére dont une cellule de tailjé se divise. On sait
(voir [8,9]) qu’en temps long(t, -) se comporte commée“aV(-), ol N et A sont solutions d’un probléme aux valeurs
propres. Nous allons montrer a travers ce modéle simple de division cellulaire que le taux de croisksperels de
la maniéere dont la cellule se divise. Par exemple on peut se restreindre a la paramétrisation par un patajdctfe
qui exprime la division en deux cellules de taile et (1 — o)y. Nous nous intéressons donc au probléme simplifié

on onV(y) 1 y y 1 y y
E(t,y)Jr 5 (t,y)+B(y)n(t,y)—;B(;>n<t, ;) + l—aB<l—a>n<t’ 1_(7)- 2

On sait (voir [9]) quen(t, y) ~r—o00 pNo(y)€!, 0l p est une constante dépendant de la condition initiale et
(Ao, Ny, @) €st une solution d'un probléme aux valeurs propres et de son dual, défini par

8Na B 1 y y 1 y y
5 +(B()’)+)LJ)NJ()))—;B<;)N‘7<;>+]__gB(l—o‘)NU(l—O')’
3o

% (B(&Y) + 4o )do () = B¢ (0)) + ¢ (L —0)y)].

3)

No(0)=0, No(y) 20, ¢5(y) 20, Vy=0, fNa 0o () dy' =1.
0

On obtient alors

Théoréme 0.1.Soit(A,, Ny, ¢, ) solution de(3) alors

3 T 5 5
(a—)\o) = / B()’)}’Noo()’)[<_¢oo> (yoo) — <_¢ao> (Y(l_ UO))] dy' (4)
o o=00 b ay 3y

De plus Si((5-¢o)(y00) = (3-¢a0) (¥(1 — 00))) = 0 pour touty alors

92 A —73 2[8—2 + i 1— ]N d (5)
<aoao U)U:JO—O )y (ayay%o)(yao) (ayay¢”°)(y( 00)) | Noo(y) dy.

Par conséquent on a

Théoreme 0.2. Si V =1 et K = SuppB est un intervalle tel queooK)(\K = @ avecog € 11/2, 1] alors
(00 As)o=0, > 0. En particulier pourK = SuppB C [a, b] aveca > b/2, la division symétrique n'est pas la divi-
sion la mieux adaptée, i.e., il exisie> 1/2 tel queir, > 11/2.

SiV =1etK = SuppB = [0, 8] tel que

Ao (Ag — B(O)) < B/(y)
B(0) = B(y)

alors la division symétrique est la mieux adaptée, i.e., pourdoaf0, 1[, A, < A1/2. En particulier pourB = 10 g
avecp > 0on a1/ > A, pour touto dans]o, 1[.

<0, Vyel0 8l

1. Introduction

General models of cell division have been known for a long time. Although the most classical case is division in
two equal new cells, it is now well established that this is not always the case. In the large class of budding yeast:
E. Coli or for some bacteria or for instance Physcomitrella protoplast, division is not always symmetric and give birth
to a bigger and a smaller cell. We can explain this by adaptive dynamic. In some cases, the symmetric division is nc
the best fitted way of division. Our aim is to exhibit a parameter that characterizes the fitness for a cell division anc
to optimize it under some constraints on the cell division parameter. The natural model to study it, is a cell division



P. Michel / C. R. Acad. Sci. Paris, Ser. | 341 (2005) 731-736 733

model (see [2,7]) in which the density of celléz, y) is structured by their sizge and evolution is describes by the
master equation

0wy + YD ¢ ) 4 B, v = 13<Z>n<t, X) T B( > >n<z . ) (6)

ot ay o \o o l-0 l-0 l-0
where a cell of size gives birth to a cell of sizegs and an another of sizd — o)y, with o €10, 1[, i.e.,b(y,y’) =
B(y)[8y=4y + 8y=1—5)y]. A Similar model also arises to describe fragmentation in physics [4,6] and the growth
termd,n arises after rescaling [1,3]. The asymptotic behaviot(@f y) gives the invasive capacity of the population
and thus a fithess measure of populations under different rates and probabilities in (6).

2. Asymptotic result and definition of a fithess parameter

We recall the result of asymptotic behaviongf, y) solution to (6), given by the General Relative Entropy (see [9])
n(t,y) ~—o0 PNy (y) €', wherea, is the first eigenvalue associated to the following eigenproblem

JV N, _ 1 y y 1 y y
% +(B(y)+xa)Na(y)—;B(;>Na(g>+1_03(1_0)]\]”(1—0)’

Ao
—ww% + (B(Y) + 4o )96 () = By (9o (oY) + ¢5 (1 —0)y)), @)

No(0)=0, No(y)20, ¢5(y) 20, Vy=0, /Na(y/)% OHdy' =1,
0

and p is a constant depending on the initial data. We notice #iats a solution to the dual eigenproblem of the
eigenproblem inN,,. This means that, is the Maltusian parameter that gives the exponential growthNands

the asymptotic shape. Our point here is to focus on the Maltusian parameter that gives an invasive parameter an
we choosé.,, as the fithess parameter. Therefore we fix the birth Bag:nd the speed growthi, and we study the
variation of, with respect to the parameterthat describes all sizes after division.

3. Dependence of the fitness parameter with respect o

Here we show that the symmetric division is not necessarily the best fitted division. We study twoBkchsssa
compact support anfi(y) = y”. We notice that we only have to considek [1/2, 1, indeed (7) does not change if
we exchange and 1— o, therefore we have, = A1_,. Then we have the following results.

3.1. AssumeB has a compact support

In this case, symmetric division might or not be the best fitted division. More precisely, we have

Theorem 3.1.Assume&V =1, K = SuppB = [a, b] C [0, oc[ s.t.

(0c0K)NK =0,
with og € 11/2, 1] then(%)w)g:go > 0. In particular, if a > b/2 then the symmetric division is not the best fitted
division, i.e., there exists > 1/2s.t.15 > A1/2.

AssumeV = 1 andSuppB = [0, 8] s.t. B # 0, decreases and satisfies
)"O'()‘-(T - B(O)) < B/(y)
BO) B()

then the symmetric division is the best fitted division, i.e., forad 10, 1[, we haver, < Ay/2. In particular for
B = 1j0,5), wWith 8 > 0, we haveiy» > A, forall o in 10, 1[.

<0, Vyelo 8l

Numerically, we find, by setting = 1 anda =0, 0.1, 0.5 that), is increasing oril/2, 1] for a = 0, reaches a
maximum aiog € ]1/2, 1[ for a = 0.1 and is decreasing di/2, 1] for a = 0.5 (see Fig. 1).
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Fig. 1.0 = A(0) fora =0,a =0.1 anda = 0.5 withb =1 andB(y) = 14 |-

3.2. Assume(y) = y?

Using the moment oN,, My = f0°° N, (y)y*dy, we have,

Proposition 3.2.AssumeB(y) = C + Dy and V (y) =« + By then

A_ﬁ+c+¢m—cﬂ+%p
o — 2 k]

and we havé., is independent of .

Proposition 3.3.AssuméV (y) = By with 8 > 0 then for all B we have\., = § is independent of .

From Proposition 3.2, we know that fepr=1 andV =1, A,, is independent of, the following proposition gives
the behavior ok, in a neighborhood op = 1.

Proposition 3.4.Assumé&/ = 1 and B(y) = y” then there exists > 0 such that
Vpell—e, 1],

Ao decreases ofil/2, 1],
Vpell 1+¢€],

Ao iNCreases ol/2, 1J.

Therefore the symmetrical division is not necessarily the best fitted division, it depends on the bigtarat¢he
speed growttV, an adaptive strategy would be to have a large spectrum of way to divide, teebe able to fit in the
case of a change of the environment, iBandV . In other words the full class of division rulésy, y’)/B(y) might
still give a better eigenvalue (see [7,9,3,6]).

4. Main theorem

In order to prove these propositions, we use the eigenproblem (7) that gives the asymptotic behayijor (Hee
[7,11,9,10,8] for the existence of solution to (7) and long time asymptotic) and the following theorem,



P. Michel / C. R. Acad. Sci. Paris, Ser. | 341 (2005) 731-736 735

Theorem 4.1.Assume there exists,, Ny, ¢, solution to(7) for all o € [1/2, 1] and forog € [1/2, 1[ we have

) r ) )
(a—ka) = / B(y)yNao(y)K—%o)(yao) - <—¢ao> (y1-— ao))] dy. (8)
o o=00 b 8}' 8Y

Moreover if we have%%o)(yao) = (%(f)go)(y(l —09p)) =0for all y >0, for instance whewg =1/2, B = C* or
B(y) =y, then

(82A) —OOB<)2<82 ) (82 )((1 ) |Nop() d 9)
m e azao—/ y)y |: E)_yzd)ao (yoo) + a—yzd’ao y(i—o00 ] ooly) ay.
0

Proof of Theorem 4.1. Indeed, we have, = f(;’o L (¢5)(y)Ns(y) dy, where the operatof, and its dualC} are
defined by

B(y/a)g(y/o) . B(y/(1-0))g(y/(1—-0))
- ;

d
La(®)==5,(Ve) — B + 1—o

d
Ly(g) = Vgg — B(y)g + B(y)g(yo) + B(y)g(y(1—0)).
Thus we deduce

0

v 0 0 0
8_)\0 2/(—53;)(%)()’)1\’0@)+£§(—¢o>(y)Na(y)+C§(¢a)(y)—Na(y)dy,
o do do do

0

but £} (¢5)(y) = Ao P (¥), Lo (Ng)(¥) = 1s Ny (y) and
T 9 9 9 T
/(Na (y)a—% ) + @5 (y) —Ns (y)> dy = — f Ny (¥)¢s (y)dy =0,
o do Jdo
0 0

and so, finally we have,

d r d T d d
a—ka =/<—£Z)(¢0)(y)Na(y)dy=/B(y)yNa(y)[<—¢a>(yU) - <—¢a>(y(1—0))} dy. O
o do dy dy
0 0

The equality (9) covers the case Wheégd L£3)—o, = 0 and thus(;2- 1) —s, = 0 Which appears foso = 1/2,

therefore we need{,i—zzk(,)g:ao to find the local behavior of,; in the neighborhood afy. We refer to [5] for the proof
of this result in the matrix case. We notice that Theorem 4.1 gives some simple conditions on the dual eigenfunction
¢, to prove the decay or the growth bf .

Corollary 4.2. Let og fixed in [1/2, 1[. Assumeg,, is convex(resp. concave then (%/\U)(,:g0 > 0 (resp.
(52 ho)o =00 < 0).

As a consequence we can prove the second part of Theorem 3.1. Indeed; [Bt2 then using the definition
of ¢, we havepy2(y) = C &2y for all y € [0, b/2] with C > 0. Thus¢ is convex on(1/2K) = [a/2, b/2] and

(%/\0)”:1/2 >0 and(%kg)gzl/g =0, therefore.,, is locally increasing and; /> < A, for somes > 1/2.
References

[1] J. Bertoin, A.V. Gnedin, Asymptotic laws for nonconservative self-similar fragmentations, Electron. J. Probab. 9 (19) (2004) 575-593.
[2] O. Diekmann, M. Gyllenberg, H. Huang, M. Kirkilionis, J.A.J. Metz, H.R. Thieme, On the formulation and analysis of general deterministic
structured population models. Il. Nonlinear theory, J. Math. Biol. 43 (2) (2001) 157-189.



736 P. Michel / C. R. Acad. Sci. Paris, Ser. | 341 (2005) 731-736

[3] M. Escobedo, S. Mischler, M. Rodriguez Ricard, On self-similarity and stationary problem for fragmentation and coagulation models, Ann.
Inst. H. Poincaré Non Linéaire Anal. 22 (1) (2005) 99-125.
[4] N. Fournier, S. Mischler, Exponential trend to equilibrium for discrete coagulation equations with strong fragmentation and without a balance
condition, Proc. Roy Soc. London Ser. A 460 (2049) (2004) 2477-2486.
[5] R.A. Horn, C.R. Johnson, Matrix Analysis, Cambridge University Press, Cambridge, 1985 (Chapter 6.3, p. 372).
[6] P. Laurencot, Steady states for a fragmentation equation with size diffusion, Banach Center Publ. 66 (2004) 211-219.
[7] J.A.J. Metz, O. Diekmann, The Dynamics of Physiologically Structured Populations, Lecture Notes in Biomath., vol. 68, Springer-Verlag,
1986.
[8] P. Michel, PhD Thesis, Univ. Paris 9, Dauphine, in preparation.
[9] P. Michel, S. Mischler, B. Perthame, General relative entropy inequality: an illustration on growth models, J. Math. Pures Appl., in press.
[10] P. Michel, Existence of a solution to the cell division eigenproblem, Math. Models Methods Appl. Sci., in press.
[11] B. Perthame, L. Ryzhik, Exponential decay for the fragmentation or cell-division equation, J. Differential Equations 210 (1) (2005) 155-177.



