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Abstract

In this Note, we consider an interface problem posed in a bounded domain with thin layer. In the case of a smooth domain,
approximate boundary conditiondga called impedance conditions) are knowrafiproximate in a precise way the effect of
the layer, as its thickness goes to zero. We investigate here the efficiency of such conditions when the domain has a corner; wi
show that it deteriorates when the opening of the corner angle grows, giving optimal estimates thanks to multiscale asymptotic
expansions. Numerical results are given, which illustrate these estirfiateise this article: G. Vial, C. R. Acad. Sci. Paris,
Ser. | 340 (2005).
0 2004 Académie des sciences. Published by Elsevier SAS. All rights reserved.
Résumé

Performance des conditions aux limites approchées pour desdomaines a coin recouverts de couches minces. On consi-
dére un probleme de transmission posé dans un domaine borné recouvert d’'une couche mince. Dans le cas d’'un domain
régulier, il est connu qu’on peut remplacer efficacement I'affeta couche par des conditions aux limites approchées (aussi
appelées conditions d'impédance), quand son épaisseur tend vers zéro. On s’intéresse ici a I'efficacité de telles conditions quan
le domaine présente un coin; on montre qu'elle se dégrade lorsque I'ouverture du coin augmente. Grace a une analyse multi
échelle, on obtient des estimations optimales, qui sont illustrées par des calculs num&adguester cet article: G. Vial,
C. R. Acad. Sci. Paris, Ser. | 340 (2005).
0 2004 Académie des sciences. Published by Elsevier SAS. All rights reserved.
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Version francaise abr égée

On considéere un probléme de transmission de typ@:#iy dans un domaine bidimensionnel recouvert d’'une
couche mince d'épaissesy voir Fig. 1 (le coefficient: vaut 1 dans le domaine intrie@2j; et dans la couche
&0 La difficulté a approcher correctement la solution de ce probleme d’un point de vue numeérique a conduit
de nombreux auteurs a s'ingssser a l'identificatio de conditions aux limites approchée (cf. [5,1] par exemple).

La justification de la convergence du probléeme approché correspondant vers le probleme de transmission (quan
I'épaisseurs tend vers 0) n’a été faite que dans le cas ou le domaine est régulier. Nous proposons ici d’examiner
le cas d’'un domaine présentant un coin d’ouverture angulgien utilisant les outils de I'analyse asymptotique
multi-échelle. Précisément, on construit uevdloppement asympique en puissances depour la solution de
chacun des deux problémes et on en compare les premiers termes.

Dans le cas ou le domaine est régulier, la solution du probléme de transmission admet dans le domaine intrieu
Qint le développement, int ~ ) e"uj,, avecu;, indépendant de. Quant a celui de la solution du probleme avec
condition aux limites approchées, il s’écoit ~ Y ¢"v". Comme les premiers termes coincident pout 2, on
obtient une estimation optimale ef de la différence en norme d’énergie enitgin; et v,.

Pour un domaine a coin, les développements asymptotiques doivent étre corrigés pour tenir compte des singu
larités de coin qui apparaissent a chaque étape de la construction : des puissances non-entgesrdessent,
ainsi que de termes correctifs localisés coin. Ces derniers consistent en gexils construits dans le domaine
infini O (cf. Fig. 1), ils operent en la variable rapigeLa construction de ces développements utilise fortement la
décomposition des termes en partiegulére et singuliére (voir [6]), la premiére pouvant étre traitée comme dans
le cas d’un domaine régulier (voir [2] ou [4] pour deshrimjues analogues, et [8] ou [3] pour les détails de cette
construction). La comparaison des premiersies permet d’obtenir I'estimation optimale

e, int = Ve Iz g ~ €™ ZT).
Ainsi il apparait que si la condition aux limites approelest aussi performante que dans le cas régulier pour de
faibles ouvertures, son efficacité se dégrade quand I'anglaugmente.
Enfin, des calculs numériques ont été réalis€aide de la bibliothéque éléments finisSMINA (voir [7]), qui
illustrent I'optimalité des résultatdéoriques énoncés, voir Fig. 3. Notoms'une grande précision est requise,
et que l'usage d’'une méthode adaptée a la fois la présence de singularités et a la couche limite dans le domair
extérieur est nécessaire. La solution adoptée consiste a utiliser une méthsgersion, couplée a un raffinement
du maillage au voisinage du coin, et des éléments anisotropes dans la couche (cf. Fig. 2).

1. Introduction

In the following, H (£2) denotes the standard Sobolev space, endowed with its naturalndii .

Let 2int € R? be a bounded domain with boundafFy infinitely smooth except at the origi@1. In the neigh-
borhood of this pointD, we assume tha®Rin; coincides with a plane sector of openiag(w # 0O, 2). For any
t € I' # 0 letn(z) denote the unit outward normal atFor e > 0 small enough, lef2,, be the layer of uniform
thickness around$2i,; given by

Qbi=1{xeR% x=t+sn(t),t el see)}, (1)

outside a neighborhood @f; near the origirD, §2§, is also taken as a sector of openin@t a distance from I,
with vertexO® (see Fig. 1). We denote ky?® the whole domain with layet2® = Qint U I' U 25,
In the following, we will refer to the situatiom # 7 as the ‘corner case’, whereas the ‘smooth case’ corresponds
to w = . We emphasize that all the results stated for the latter also applysia smooth curve nea instead of
a straight line.
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Fig. 1. The bounded domaif?¢ (left) and the infinite domairQ (right), concave and convex cases. Le domaine b&fi§a gauche) et le
domaine infiniQ (a droite), cas concave et convexe.

We consider in the domaif2® the following interface problem: Find., defined byu, int in 2int andu,, ext in
2§, satisfying the equations

aAute int = fint in Qint,

Aue ext=0 in Qéxtv

Ue,int — Ue, ext=0 onr, (2)
QOpUe int — Oplle, ext=0 oONT,

Ug ext="0 onl gy

whered, denotes the normal derivative (outer @, inner for£25,,). The right-hand sid¢i,: does not depend
on the parameter and is assumed sufficiently smooth. The real numbés positive: Egs. (2) define a well-
posed elliptic problem in I"-(ngt) (the special case = 1 is not a genuine interface problem, but rather a domain
perturbation).

From a numerical point of view, this interface problem requires the discretisation of the layer, which becomes
a difficulty for very small thickness. For this reason, many mathematical works have been carried out, reveal-
ing approximate boundary problems only posed in the interior do®gi) but involvinge-dependent boundary
conditions onl” (see e.g. [5,1]). For problem (2), the second-order approximate boundary problem reads

{aAvg = fint in Qint,

Q-+ 82%),‘))1)5 +agd,ve =0 onr, (3)

wherec(x) stands for the curvature df at the pointx. In the previous works, estimates of the convergenag of
towardsu,, int are given (for exterior problems), under smoothness assumptions on the bolihdérg authors
make use of a variational method, involving low-order polynomial test functions of the transversal coordinate in
the layer. They prove the estimate; int — ve [|1, 2, < C&>/2.

This result can be improved using the tools of multi-scale asymptotic expansion:

Theorem 1.1. In the ‘smooth case’, the solutiong int andv,, defined in problem&) and(3), admit the following
asymptotic expansions

N N
N N
Ue,int = E i +re e and v = E e"" +pp (4)
n=0 n=0

with the(generically optima) remainder estimates, with a constait= C (N, 2int):

N N+1 N N+1
I il 2m < Ce¥ T fintllv.2ne @nd 1102 11,2 < Ce™ 2 fintll v, 21ne- 5)
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The detailed construction of the asymptotic expansiomfgr: is based on a dilation of the layer in the normal
direction, it can be found in [8] or [3]. Far,, the termv” is simply defined byAv" = 0 in £2int with Dirichlet
boundary condition orf™: v = —ad,v" ! — <521"~2; the process being initialized with € H3(2iny) satisfying
a A0 = finy andv! harmonic ing2i such thav! = —«9,v% on I".

A precise look at the first terms shows thg}, = v" for n =0, 1, 2. A direct consequence is

Corollary 1.2. In the ‘smooth case’, the solutions int andv,, defined in problem@) and(3), satisfy the following
(generically optima) estimate, with a constaiit = C(£2jnt):
lite, int = vell1. 2 < CE3| fintll2. 2 6)

The main goal of this note is to investigate the ‘corner case’: we show that the approximation (6) no longer
holds. A limitation due to the opening of the corner angle appears.

Theorem 1.3. In the ‘corner case’, the solutions int andv,, defined in problem@&) and (3), satisfy the following
(generically optima) estimate, with a constaiit = C (2int):
lite, int — Ve ll1, @ < CP0gE)e™" S| finell2 21 (7)

whereP is a polynomial of degree at mo3t

Remark 1. Problem (3) involves the curvatuté€x): in the ‘corner case’, it can still be defined as a discontinu-
ous function on” almost everywhere. For polygdrdomains, the approximatsoundary condition simply reads
v +agd,ve =0.

2. Toolsfor the proof of Theorem 1.3

The expansions (4) are no longer valid whejp; presents a corner point. They have to be corrected to take into
account the contribution of the singularities around the cquoent (see [2] or [4] for similar issues). Since the sin-
gular functions are localised near the corner, the correctors involve a cut-off fupctemual to 1 in the neighbour-
hood of the origin and 0 away from this point. Non-integer exponentssto appear in the asymptotic expansion.

Theorem 2.1. In the ‘corner case’, the solutions  int andv,, defined in problem@&) and(3), admit the following
asymptotic expansions

X
ueim= Y ehuli +x@x) > s”“cMﬁA(—)‘f"”gA,Iintv (8)
n<N+1 nHr<N+1 €
X
ve= Y el x) Y s““d,LaA(—)eréV, 9)
n<N+1 nHr<N+1 €

with the remainder estimatg$). The sum ovek is extended tq%, g € N*} and the indiceg: cover the set
NU{B +p; p=0.0>2).

The proof of this result makes usetbk splitting of the success terms into regular and singular part (see [6]
for instance); th@rofiles&* (respectively3*) are constructed in the infinite sectorial dom@airfrespectivelyQint),
see Fig. 1. We give a few ideas for the constructiordbf(for the details of the proof, see [8]): far= %, the
profile 3* satisfies

aA3 =0 inQnt. 3*+@d3*=0 onG and 3*~s* as|X|— oo, (10)
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wheres” is the singular function given in polar coordinates around the cornegttsin(16); it solvesAs* =0

in Qint With homogeneous Diridat boundary conditions ofF. The existence of such a profig follows from

an algorithmic determination of the main terms at infinity, and a variational framework for problem (10) with
non-zero date. The behaviour at infinity can be fully ddsatiusing the Mellin transform, and compared with the
counterpar®” for the transmission problem. Precisely, we have for the difference of the profiles at infinity:

f(X) = 3700 = O(|X|M¥C377/9) - as|X| - oo, (11)

and for the inner terms (arising from a cut-off error)
2
ulp =v* forp < min<3, —n> (12)
w

Altogether, we obtain the estimate i #iorm stated in Theorem 1.3.

3. Numerical results

In this section, we present numerical computations for the convergengeafvardsu, int ase goes to zero,
which illustrate the optirality of the result stated in Theorem 1The domain is a polygon, with only two edges
covered by a thin layer (this allows to concentrate around the common vertex, i.e. only one corner point); an
example is given in Fig. 2. No singularity will appear around the other two vertices, thanks to a reflection principle
(we impose Neumann boundary conditions Gf). We choose the transmission coefficienequal to 10, and
fint(x, y) =11if x < —0.5, 0 elsewhere (this data is not infinitely smooth, but the results still hold). According to
Theorem 1.3, the expected convergence rate of the quéntity: — vqll1, o, iS: Min(3, %).

Since a high accuracy is needed, we used a mesh redimamear the corner pointpmbined with high order
quadrangular element®§). Moreover, only one layer of anisotropic elements is use@Jg (this is justified by
the fact that the corner layer in the exterior domain is polynomial in the transversal variable).

On the left of Fig. 2, the errofug,int — ve ll1, 2, 1S graphed against (log—log axes) for various values of the
anglew. After a pre-asymptotic behaviour, the curves become close to straight lines, whose slopes are estimatec
to produce the graph on the right. The latter shows a pecfacespondence between the theoretical convergence
rate (solid line) and the estimated convergence rate (dots).

The computations have been carried out using the finite element libracyNv, see [7].

Fig. 2. Computational domain (example fer< 7) and mesh (example fas = 37”). Domaine de calcul (exemple powr< ) et maillage
(exemple pouw = 37”).
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Fig. 3. On the left, each curve corresponds to a value.oDn the right, the dots represent the estimated convergence rate of the quantity
lue,int — vell1, 2, @nd the solid line corresponds to the theoretical estimafgheorem 1.3. A gauche; chaque courbe correspond & une
valeur dew. A droite, les points représentent le taux de convergence estimé de la quantite — ve ll1, 2;,,, €t la ligne continue correspond a
I'estimation théorique du Théoreme 1.3.

4. Conclusion

The classical approximate boundary citimhs loose of their efficiency in presence of corners in the domain.
We have given a precise quantification of this efficiency, depending of the opening angle at the corner point. Our
result shows the deterioration of the approximation foydeangles, whereas we recover the same convergence rate
for small angles than for a smooth domain. The use of multi-scale asymptotic expansions has allowed our obtaining
sharp results and can also be applied in more complicated geometries, and for more elaborate boundary probler
(in particular, Neumann external boundagnditions can be handled the same way).
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