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Abstract

Among all W-spaces (i.e. spaces with nonvanishing Wronskjaxtended Cheyshev spaces can be characterised by the
existence of either Bernstein bases, or B-spline bases, or Bézier points, or blossoms in the spaces obtained by ihtegration.
citethisarticle: M.-L. Mazure, C. R. Acad. Sci. Paris, Ser. | 339 (2004).
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Résumé

Quelques caractérisations des espaces de Chebyshev généralisés liées a la notion de florami les W-espaces
(espaces a Wronskiens sans zéro), les espaces de Chebysbmligs se caractérisent par I'existence de bases de Bern-
stein, ou de points de Bézier, ou de floraisons, ou de bases de B-splines, dans I'espace obtenu par irRégratitan. cet
article: M.-L. Mazure, C. R. Acad. Sci. Paris, Ser. | 339 (2004).
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Version frangaise abrégée

Points de Bézier et bases de Bernstein, pdles d’une spline et bases de B-splines, sont des notions fondamental
en Design Géométrique, qui toutes s’articulent de fagon naturelle autour de la notiorag®mn Mettant & profit
quelques résultats obtenus récemment, nous faisons ici le point sur les liens qui unissent ces notions, et comme
elles sont reliées aux espaces de Chebyshev généralisfisgpermettent de caractériser de la maniére suivante.

Théoréme 0.1.Soitl/ un espace de dimensiarformé de fonction€”~* sur un intervallel, et le sous-espace
de dimensiorin + 1) de C" (1) défini par€ := {U € C"(I) | U’ € U4}. Les propriétés suivantes sont équivalentes

(i) U estun espace de Chebyshev généralisd sur
(i) &€ estun W-espace suir(au sens ou le Wronskien d’'une base ne s’annule en aucun paljiedées floraisons
existent dang’;
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(i) tout élément de I'espackadmet des points de Bézier par rapport & n'importe quel couple de points distincts
del;

(v) 'espace€ admet une base de Bernstein par rapport a n'importe quel couple de points distinkts de

(vi) tout espace de splines basé suposséde une base de B-splines.

Les définitions précises des différentes notions seront données dans les paragraphes suivants. Les preuves c
équivalences précédentes reposent essentiellement sysrdguiétés : d’'une part la caractérisation des espaces de
Chebyshev généralisés en termes de bdsdgpe Bernstein.e., de bases ayant des zéros prescrits en deux points
distincts donnés a I'avance; d’autre part la pseuddtdfides floraisons en chaque variable. De cette derniere
propriété découle aussi automatiquement la totale positivité et I'optimalité des bases en question.

1. The tools

We denote byl a real interval with a nonempty interior. We assume ti&, ..., U,) is a basis of a given
(n + 1)-dimensional spacé of C" functions ¢ > 1), and we setl(x) := (Uo(x), ..., U,(x))" forall x € I.

1.1. Some interesting bases

Writing a functionF € F¢ (d > 1) asF (x) = Y 1o Ui(x) P;, the pointsPy, ..., P, € R? are calleche control
points of F relative to the basigUy, ..., U,), and the polygoi Py, ..., P,] its control polygon In geometric
design it is usual to use a certain type of bases as recalled below.

Definition 1.1. A basis(Up, .. ., U,) of F is said to benormalisedf " ,U; = 1. Itis said to beotally positive
(on 1) if, for any sequence of pointg) < x1 < --- < x,, in 7, the matrix(U; (x;))o<i, j<» iS totally positive (i.e., all
its minors are nonnegative).

Relative to a Normalised Totally Positive (NTP) basis, the control polygon of a curve provides interesting
information on the curve. Firstly, the curve is contained in the convex hull of its control polygon. Secondly, no
affine line can intersect the curve more times than it intersects its control polygon. It follows that the curve inherits
properties from its control polygon: this is knownssape preservatioproperties of NTP bases. This is the reason
why such bases are of so fundamental importance in geometric design.

Theorem 1.2[1]. If the spaceF possesses an NTP basis, then it possesses an optimal one, that is, the maximum
element of the set of its NTP bases, relative to the orddiifg. . ., V,,) < (Uy, ..., U,) if there exists a stochastic
totally positive matrixA such that(Vp, ..., V,,) = (Up, ..., Uy)A.

The optimal NTP basis is the basis which guarantees the best shape preserving properties. As an instance, tf
Bernstein basis

B} (x):= (?)(1—x)"_ixi, 0<i<n,

is the optimal NTP basis of the polynomial space of degreestricted tq0, 1]. Inspired by the latter example, it
is natural to introduce more generally Bernstein bases as follows.

Definition 1.3. Givena,b € I, a # b, we say that(Uo, ..., U,) is the Bernstein basis relative t@, b) if the
functions following properties are satisfied:
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(BB)1 for 0<i < n, U; vanishes exactly times ata and exactlyn — i) times atb;
(BB)2 (Uy,...,U,) is normalised;
(BB)3 for 0 < i < n, B; is positive strictly between andb.

If (Uo,...,U,) satisfies onlyBB)1 we say that it is 8ernstein-like basis relative @, b).
1.2. W-spaces, EC-spaces

Definition 1.4. The spacef is said to be &V-space o if the WronskianW (Uy, ..., U,)(x) := det(U(x), U'(x),
..., U=D(x)) never vanishes oi. It is said to bean Extended Chebyshev spacelofEC-space), if for any
r > 1, any positive numbergy, ..., u, with Y_;_; u; = n, any pairwise distincty, ..., 7. € I, the determinant
detU(ry), ..., U=V (zy), ... U(z,), ..., U=V (g,)) is different from zero.

In any space o€” functions, multiple zeros can be counted up to or@e+ 1). The spaceF is an EC-space
on [ iff any nonzero element af vanishes at most times on/, counting multiplicities. This makes EC-spaces
the natural generalisations of polynomial spaces [@d®)] for a thorough presentation of these spaces).
Obviously, if 7 is an EC-space o#, it possesses a Bernstein-like basis relative to any pair of distinct points
of I. We proved the converse in [7], so that

Theorem 1.5.The spaceF is an EC-space o if and only if it possesses a Bernstein-like basis relative to any
pair of distinct points of .

If the spaceF is an EC-space oh, supposed to contain constants, accaydmthe latter theorem, it possesses
Bernstein-like bases relative to any pairs of distinct points, @fut not necessarily normalised ones (e.g., the space
spanned by JIcosx, sinx over[0, ]). Hence it does not necessarily possesses Bernstein bases. It may also occur
that a normalised Bernstein-like basis does exist, but without satisfying the positivity requirement (e.g., the same
space ovef0, o] with 7 < a < 27).

1.3. Spline spaces and B-spline bases

Subsequently, given a real numbeand a positive integer, we use the notation*! with the meaning of
repeated: times.

Given a sequence of poinfs< 11 < --- < t; < t,41 in the intervall, to eachy; we allocate a multiplicityn;,
with mg =myy1 =n+ 1 and 1< m; <n for 1 <i < g. We then define the correspondikgot vectoras the
(m 4+ 2n + 2)-tuple (withm := Z?:lmi)

IC = (‘i'-—m ceey %-m-l-n—i—l) = (IO[mO]7 tl[ml]7 ceey tq [mq]5 tq+1[mq+1])' (1)

Associated with the latter knot vector, consider fipdine space based af, defined as the se&f(F, K) of all
functionsS : [, t;+1] — R such that

(@) forl<i<gq,SisC"™ aty;
(b) for 0< i < ¢, there exists a functioh; € F such that

S(x)=Fi(x), x¢€lt,tip1]. (2

Note that the spacé is automatically contained in any spline spag€F, K). On the other hand, due t6
being (n + 1)-dimensional and to the continuity conditions (a), the spline spade K) is of dimension at least
@+DHn+1) — Z?:l(n —m; +1) =m+n + 1. Itis exactly of dimensiofim + n + 1) for instance as soon as
F is a W-space oi.
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Definition 1.6. WhenS(F, K) is (m + n + 1)-dimensional, we say_,,, ..., N, € S(F, K) form aB-spline basis
if they satisfy the following properties:

(BSB)1 support property: for alf € {—n, ..., m}, N; has supports;, &j1n+1l;

(BSB)2 end points property: for alf € {—n, ..., m}, the function\; vanishes exactlyn — my + p + 1) times
at the left end poing; = # of its support, and exactlyn — my + p’ + 1) times at its right end point
&j+n+1= 17, Where

pi=tll<jlé=¢),  p=g{l>j+n+11& =6

(BSB)3 normalisation propertyZ;f’:_nN'j(x) =1forallx eI;
(BSB)4 positivity property: for allj € {—n, ..., m}, N/; is positive on the interior of its support.

If the basis(V_,, ..., N,,) satisfies only (BSB)and (BSB}), we say that it is &-spline-like basi®f S(F, K).

The previous properties ensure the linear independence of tise hence the fact they form a basis. Observe
that, forg = 0, the (n + 1) functions(NV_,, ..., No) form a B-spline-like basis (resp. the B-spline basis) of the
spaceS(F, K) iff the functionsBy, . . ., B,,, defined by3; := N;_,, form a Bernstein-like basis (resp. the Bernstein
basis) relative tdro, r1) in the spaceF restricted tdzo, #1].

2. Bernstein bases, B-splinedises: existence, optimality

From now on, we denote kiy a givenn-dimensional space @~ functions ¢ > 1) defined on/. Associated
with U/ we consider the spackobtained by integration, namely
E={UeC"()|U eUU}. 3)

Obviously,€ is (n + 1)-dimensional and it contains constants. Moreover, from the equ&lity, U1, ..., U,) =
W(Uj,...,U,) and from Rolle’s theorem, we have

U is a W-space ot & £is aW-space oi;
Uisan EC-spaceoh = £ is an EC-space oh

We shall see in Subsection 2.2 how intimately Bernimsteses, B-spline bases, and EC-spaces are connected.
Blossomgsee [9,8]) are the most efficient and elegant tools to clearly establish the links between them.

2.1. Blossoms

Selectn functions @1,...,®, € £ so that(1, ®@4,...,®,) form a basis of€, or, equivalently, so that
(@1, ..., P,) form a basis ot/. We consider the functio® : I — R”" defined by

B(x) = (P1(x), ..., Dp(x)), xel 4)

The function® is the mother-functiorfrom which any functionF € £ can be obtained via affine maps. All
notions introduced below are independent of the selected mother-function. The osculating flat of anyotder
at a pointx € I is the affine flat going througtb (x) and the direction of which is the linear space spanned by
@'(x),..., D (x). We denote it by Oseb (x).
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Definition 2.1. We say that blossoms exist in the spatef, for any positive integersus, ..., u, such that
Y i_ami =n, and anyry < --- < 7, in I, the osculating flats Ogc,, @(7;), 1 <i < r, intersect at a single
point. Theblossonof @ is then the symmetric functiop:= (¢1, ..., ¢,) : I" — R" such that:

-
{o@ll, ... 5} = (") 086y, @ (x). (5)
i=1
For any affine map : R” — R, the blossony of F :=ho @ is then defined ag := o ¢. Equalities involving
blossoms can be derived by taking images under affingsrofthe corresponding editees on the blossom of the
mother-function. This is the reason why we can limit ourselves to working vigndg.

We say that am-tuple (x1, ..., x,) € I" is admissible relative tehe knot vectorC defined in (1) if, whenever
min(x1, ..., x,) <ty < max(xi, ..., x,) for some integer, 1< ¢ < ¢, at leastm; among the pointsy, ..., x,
are equal ta,. We denote byA(K) the subset of” composed of all admissible-tuples relative taoC. In the
particular caseg = 0, A(K) = I"". Suppose that blossoms exist in the spéc# £ remains(n 4 1)-dimensional
by restriction to any nontrivial subinterval df (e.g., if £ is a W-space of), then the spline spacg(&, K) is
(n +m + 1)-dimensional. Selecting a basits, X1, ..., X,+m) € S(€, K), we consider the mother-spline function
¥ :=(%1,..., Zuym) . Existence of blossoms in the spagémplies existence of blossoms in the spline space
S(&, K), not defined on the whole df”, but only on the setA(K) [5]. The blossony of X' is the symmetric
function such that, whenever thetuple (111, . .., .l 1) is admissible, withr; < - - - < 7, and positiveu;’s,

{a(rl["l], o, rr[”’])} = ﬂOSGL—m (7). (6)
i=1
Due to the admissibility, all osculating flats Qsg, X' (;) involved in (6) are well defined, except possibly for the
first and last ones, which, if necessary, must be interpreted a,&QsE(rl*) and Osg_,, X (t,7), respectively.

2.2. Theresult
Theorem 2.2.The two spaced and & being linked by(3), the following six properties are equivalent

(i) the spaceé/ is an EC-space of;
(i) & is a W-space ot and blossoms exist ifi;
(iii) for any distincta, b € I, and any integer, 0 < i < n, the functiond possesseg: + 1) Bézier points relative
to (a, b), defined by

{Mi(a,b)} :=0s¢ ®(a) N OsG—; ®(b), 0<i<n. (7)

(iv) € is a W-space ol and for any distincia, b € I and any integefi, 1 < i < n — 1, the osculating flats
OsG @ (a) andOsg,—; @ (b) have a unique common pojnt

(v) the space& possesses a normalised Bernstein-like basis relative to any pair of distinct points of

(vi) for any knot vectoiC, the space (€, K) possesses a normalised B-spline-like basis.

Moreover, when the latter properties are satisfied, then

(vii) relative to any givena, b) € 12, a # b, the normalised Bernstein-like basi8o, ..., B,) automatically
satisfies the positivity propert{BB)z, i.e., it is the Bernstein basis. The control pointsdfrelative to
(Bo, ..., B,) are its Bézier points, i.e.,

D(x) = ZB{(X)(D(CI[”_”, by, xel (8)
i=0
If a <b, (By,...,B,) is the optimal NTP basis of the spa€eestricted to[a, b].
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(viii) for any knot vectorC, the normalised B-spline-like basis automatically satisfies the positivity property
(BSB), i.e., it is the B-spline basis of the spaSé&, K). It is also its optimal NTP basis. Relative to it,
the control points o are its poles, that is, the points(§; 11, ..., &4n), —n <i <m,i.e.,

T =) Ni@oGirt, - sEign)s X €0, 1g11]. 9)

i=—n

Sketch of the proof. First, note that (ii}= (iv) is obvious, and that (v) can be considered a particular case of (vi)
(see comments following Definition 1.6) and (vii) a particular case of (viii).

e (i) = (ii). With no loss of generality, one can assuth& be closed and bounded. A classical result on EC-
spaces says that is the kernel of a differential operator of orderassociated withveight functionsUsing these
weight functions, existence of blossoms can then be derived as in [4].

e (iii) < (iv) We just want to explain the slight défence between the two statements. The ¢asé in
(iii) means that, for any € I, thenth order osculating flat Oga (b) contains all pointsb(a), a € I. Due to
(1, &1, ..., d,) being a basis of, this just means that, for arye I, Osg, @ (b) is ann-dimensional affine flat,
or, equivalently, that/ is a W-space ori. The converse part is obvious.

e (i) « (iv). Property (iv) is satisfied iff, for all distinctz,b € I, and for 0< i < n, the n vectors
®'(a),...,2D(a), &' (b),..., 2" (b) are linearly independent. Clearly, this is also equivalent to existence
of a Bernstein-like basis in the spaderelative to any pair of distinct points df Hence, the equivalence between
(i) and (iv) follows from Theorem 1.5.

e (V) = (iv). From a normalised Bernstein-like basis relative(@¢ob) in the spacef, it is easy to derive a
Bernstein-like basis in the spabérelative to the samé, b) (see [7]).

e (i) = (vi) and (viii). Suppose that (i) holds and consider the knot vektgiven by (1). Not only do blossoms
exist in the spacé, but they areseudoaffinén each variable, in the sense that, for amy, ..., x,_1) € I 1, the
pointg(x1, ..., x,—1, Xx) Moves in a strictly monotone way on an affine linevasoves in/ (see [7] for a proof of
this). Along with symmetry and with the fact thatgives® by restriction to the diagonal df*, pseudoaffinity is
fundamental to develop all geometric design algorithm. In the spline sp@teC), blossoms also exist and they
are pseudoaffine in each variable, but on the&@t). This makes possible to develop=istepde Boor algorithm
to evaluate all values of’ as convex combinations of tlie +m + 1) poles of X (defined in (viii)). This classically
leads to (9), where thd/;'s, —n < j < m, form a basis 0fS(€, K) and satisfy(BSB);, i = 1, 3,4. Itis an NTP
basis because it emerges from the de Boor algorithm which is a so-calledr cuttingalgorithm. The fact that
they also satisffBSB), is due to the geometric meaning of the palesugh (6) [3]. In addition, this guarantee
that it is the optimal one [6]. O
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