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Abstract

Let E be an ample vector bundle over a smooth projective curve defined over an algebraically closed field of positive char-
acteristic. We construct a family of curves in the total spacg gbarametrized by an affine space, that surjects onto the total
space off and give a deformation of (nonreduced) zero sectiof .ofo citethisarticle: |. Biswas, A.J. Parameswaran, C. R.

Acad. Sci. Paris, Ser. | 339 (2004).
0 2004 Académie des sciences. Published by Elsevier SAS. All rights reserved.

Résumé

A propos des fibrés vectoriels amples sur les courbes en caractéristique positi@ait E un fibré vectoriel ample sur une
courbe projective et lisse définie sur un corps algébriquement clos de caractéristique positive. Nous construisons une famille
de courbes dans I'espace total He paramétrisée par un espace affine, qui domine I'espace total elequi fournit une
déformation de la section nulle (non réduite) du fiBrdPour citer cet article: |. Biswas, A.J. Parameswaran, C. R. Acad. Sci.
Paris, Ser. | 339 (2004).
0 2004 Académie des sciences. Published by Elsevier SAS. All rights reserved.

1. Introduction

We begin by recalling a theorem proved in [1]. LEtbe an ample vector bundle of rank two over a smooth
projective curveX defined over the field of complex numbers. Then there is an infegand an analytic family
of curves{C;};cr in the total space of:, parametrized by an irreducible variety, such that the family domi-
nates the total space & and there is a base poirte T with C;, = koOx, where & is the zero section of.
(See [1, Theorem 1.1].)

Recently Langer has proved the following theorem. Ydie a smooth projective variety over an algebraically
closed field of positive characteristic. LEt denote the Frobenius morphismiofFor any vector bundl& overY,
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there is an integétp such that thép-fold iterated puIIbacI(F’;C’)*V has the property that each subsequent quotient
of the Harder—Narasimhan filtration OF{;O)*V is strongly semistable (see [3, Theorem 2.7]).

Our aim here is to show that the positive characteristic version of the earlier mentioned result of [1] can be
deduced from the above result of [3]. In fact, the condition (&)k= 2 in [1, Theorem 1.1] can be removed in the
positive characteristic version.

Let X be a smooth projective curve over a fiéldf positive characteristic anfl an ample vector bundle ovér.

In Theorem 2.2 we prove that there is an integgsuch that the vector bund(év‘;o)*E is generated by its global
sections, wheré'y as before is the Frobenius morphismof

The family of curves, parametrized #°(X, (F;")*E), in the total space of surjects onto the total space of
E and give a deformation of (nonreduced) zero sectiof ¢Corollary 2.3).

2. Pullback of ample bundle

Let £ be an algebraically closed field of characterigtic 0. Let X be an irreducible smooth projective curve
overk. Let

Fx: X — X

be the Frobenius morphism &f. For anym > 1, by F we will mean then-fold composition ofF’y, andF)? will
denote the identity morphism of.
We recall that a vector bundig over X is calledstrongly semistablé (Fy)*E is semistable for alt: € N.
The following proposition is proved using Theorem 2.7 of [3].

Proposition 2.1.Let E be a vector bundle oveX. There isn € N such that

!
(FR)'E =P W,
i=1
where eachV;, i € [1,1], is a strongly semistable vector bundle over

Proof. Theorem 2.7 of [3] says that therekig € N such that the Harder—Narasimhan filtration
0=VoCViCVaC---CVi=(F)“E

of (F§°)*E has the property that each subsequent quolighv;_1, j € [1,1], is strongly semistable (see [3, §2.6]
for the definition of fdHN in [3, Theorem 2.7]).

For any; e [1,]] definey; := degre¢V;/V;_1)/rankV;/V;_1), and sefu to be the minimum of theé — 1
positive numbergy: ; — uj+1}’j‘=1l.

Takek; € Nsuchthate-k1- p > 2gx, wheregy is the genus ok andp is the characteristic df. Setn = kok1.
We will show that this: satisfies the condition the proposition.

Since eactV;/V;_1, j € [1,1], is strongly semistable, the filtration

0C (FRY* VL C (FRY Vo C - C(FEY* Vi = (FR)*E (1)

coincides with the Harder—Narasimhan filtration(6% )* E'.
Sincep - k1 - p > 2gx, we have

degree(Fy')"V;/(Fy)*V;—1) _ degre(Fy")*Vis1/(Fy)*V))
rank (Fy')*Vi/(Fy)*Vie)  rank(Fy)* Visa /(F)*V))

pkip > 2gx
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for all j € [1,1 — 1]. On the other hand, /1 and U2 are two strongly semistable vector bundles with
degre¢U1)/ rankUy) — degre€Uz)/ rankUz) > 2(gx — 1), then HonU1, U>) is semistable [4, Theorem 3.23],
and degregHom(U1, U2) ® Kx) < 0, whereKy is the canonical line bundle; therefore,

HO(X,Hom(U1, U2) ® Kx) =0
which in turn implies thatf 1 (X, Hom(Us, U1)) = 0 (Serre duality). In other worddére is no nontrivial extension
of Uz by Us.
These immediately imply that the filtration in (1) splits completely; fi(rﬁtfx‘l)*vz splits as(F}l?)*Vl &)

((F§1)*V2/(F§1)*V1), and then, by induction, up t(ov)l?)*vjﬂ splits completely given that up (d«‘)';l)*vj splits
completely. In other words,

l

(F)*Vj
(FIY'E =
. ,@(F"l)*vj 1

This completes the proof of the propositiona

We recall that a vector bundlE over X is calledampleif the tautological line bundl€®p£)(1) overP(E) is
ample (see [2, Chapter Ill, 81] for variomguivalent formuldons of amplitude).
Let E be an ample vector bundle ovEr Taken as in Proposition 2.1 such that

!
(FR*E=P W )
i=1
with eachW; strongly semistable. Sincg is ample, the pullbackFy)*E is ample [2, page 84, Proposition 1.6].
Therefore, each; is ample [2, p. 84, Proposition 1.7]. In particular, we have degdVee> 0 for alli € [1,1].
Setv to be the minimum of the positive number$degreeWi)/ranI(Wi)}f.:l. Takek’ € N such thatt’vp >
2gx. Setng = nk’, wheren is as in Proposition 2.1.

Theorem 2.2.The vector bundIeF;O)*E is globally generatedi.e., it is generated by global sectigng/hereng
is defined above.

Proof. From (2) we have
I
(FOE = DFEH*W,;.
i=1
So it suffices to show that eacﬁ)"(’)*W,» is globally generated.
The vector bundIeFJ’{)*Wi is strongly semistable d§; is so. Also,
degree(Fy )" Wi) _ , degreeWw,)
rank (FK)*w;) rank(W;)

Therefore, we have

degre€Ox (—x) ®o, (FX)*W;)  degre€(FK)*w;) 15 2y — 2
7 = 7 - X —
rank Ox (—x) ®o, (F&)*W;) rank((F§)*W;)

for each closed point € X. Consequently, we have

HO(X, (Ox(—x) ®0y (FE)*Wi)" ® Kx) =0

>k pv>2gx — 1.
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(as(Ox(—x) ®oy (F)’g/)*Wl-)v ® K is semistable of negative degree). Now Serre duality gives
HY(X, Ox(—x) ®0, (FK)*W;) =0.
Therefore, using the long exact sequence of cohomologies for the exact sequence of sheaves
0—> Ox(—x) ®0y (FX)*W; —> (FK)*W; — ((F¥)*W;), — 0

we conclude that the vector bundlé)’}')*Wi is globally generated. This completes the proof of the theorem.

There is a natural map of total spaces of vector bundles
Y (FY)*E — E
which projects to the self-malﬁ;0 of X. This mapy is clearly surjective. For a sectione H2(X, (F;o)*E), let
Z(s) C (F;")*E be the curve in the total space(df;")*E defined by the image of Soy (Z(s)) is a curve in the
total space of.

ConsiderH?(X, (F)’ZO)*E) x X as a (trivial) family of curves parametrized by the affine spafex, (F;O)*E).
Theorem 2.2 says that the natural map

HO(X, (F{)*E) x X —> (FYO)*E
defined by(s, x) — s(x) is surjective. Therefore, Theare2.2 has the following corollary.
Corollary 2.3. Let E be an ample vector bundle over the cuXeThen there is a family of curves in the total space
of E, parametrized byH%(X, (F;O)*E), such that the family surjects onto the total spacé ofThe curve in the

total space of associated t® € HO(X, (F;O)*E) is nonreduced and the corresponding reduced curve coincides
with the image of the zero section Bf

Fork = C, Corollary 2.3 was proved in [1] under the assumption that (Enk= 2 (see [1, Theorem 1.1]).
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