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Abstract

A classification of homogeneous quaternionic Kahler structures by real tensors is given and related to Fino’s representation
theoretic decomposition. A relationship between the modules whose dimension grows linearly and quaternionic hyperbolic
space is foundTo citethisarticle: M. Castrillon Lopez et al., C. R. Acad. Sci. Paris, Ser. | 338 (2004).
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Résumé

Structures quaternion-kéhlériennes homogénes de type linéaireNous donnons une classification des structures
kahlériennes quaternioniennes homogenes en termes de tenseurs réels, ainsi qu’une rélation avec la décomposition donnée |
Fino en utilisant la théorie des représentations. Nous donnons aussi une rélation entre les modules ayant dimension a croissan
linéaire et I'espace hyperbolique quaternioniour citer cet article: M. Castrillon Lépez et al., C. R. Acad. Sci. Paris, Ser. |
338 (2004).
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Version frangaise abrégée
Classification des structures kahl ériennes quater nioniennes homogenes en termes de tenseurs réels

Soit (M, g, v) une variété presque-hermitienne quaternionienne, c’est-a-dire [9] telle que le groupe structural
du fibré tangent admet une réduction au grospé:) Sp(1). Une base standatt, J», J3 quelconque définit les
2-formesw, (X, Y) = g(X, J,Y) et la 4-forme globale? = Zlewa A wg. On dit que la variété est quaternion-
kéhlérienne si et seulement8i2 = 0, ouV est la connexion de Levi-Civita. Une telle variété est dite une variété
quaternion-kahlérienne homogene si elle admet un groupe transitif d'isométries préservant le sauskfioré
théoreme de KiGenko [10] donne le corollaire suivant (cf. [5]Une variété quaternion-kahlérienne, connexe,
simplement connexe et compléte (M, g, v), est homogéne si et seulement S'il existe un champ de tenseurs S de
type (1,2) sur M satisfaisant les equations o Ambrose-Singer [2] : Vg =0, VR =0, VS = 0, avec I’ équation
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V2 =0,00V =V — 5. Alors, § est ditestructure quaternion-kahlérienne homogene sur M. PuisqueVg =0,

I'équation V2 = 0 est équivalente a I'existence de certaines 1-formes différentielles logaléslles que
VxJ1 = p3(X)Jo — p2(X) J3, etc., et on montre quBxyz = g(SxY, Z) satisfait les équationSyyz = —Sxzy

et

Sx,ny,nz — Sxyz =nm3(X)g(J2Y, J1Z) — m2(X)g(J3Y, J1Z), etc, (1)

pour d’autres 1-formes locales,. Donc Sy agit comme un élément de I'algebre de kig1) @ sp(n) surT,M.
On a le théoréme suivant [5, Lemma 5.1] :

Théoréme 0.1(Fino). L' espace 7 (V). de structures kahlériennes quater nioniennes homogenes se décompose
comme 7 (V)4 = [EH]® (sp(1) @ sp(n)) = [EH] ® [ES*H] ® [EH] @ [SEH] & [K H].

Ici, EH = E ® H, ou E et H dénotent les représentations standar@pi@) et deSp(1) surC%* et C? res-
pectivement, ek la représentation de plus haut poi® 1,0, ..., 0). Les crochets indiquent la représentation
réelle induite. SoitV = T, M I'espace tangent sur un poipte M quelcongque, muni de la métrigye ) = g,
et d’'une base standard fixe spt Jy),, J2/p, J3/,- On considére les espac@qV) = (S € ®3V*: Sxyz =
—Sxzy} etV ={S € T(V): § satisfait (1) pour quelques, € V*}. Alors V =7 (V), dans la notatlon de
F|no Pour étudier la décomposition d& d’ abord nous écrivony comme la somme directé =V & V, ol

={T € T(V): Tx.jy.nz = Txvz, etc} etV ={0 € @3V*: 20xy; = Y 3_, 1, (X)(J.Y, Z), 74 € V*}. Plus
précisément, pous € V nous écrivonss = 75 + ©5, ot ©S € V¥ est determiné par les, de S, et 475, , =
Sxyz + 2321 Sx.1,v.7,z- Cette décomposition dg est orthogonale par rapport au produit interieur induit par
(,) sur®3V* et invariant sous I'action dep(n) Sp(1) C SO(4n) donnée parA(S))xyz = SA-1x.A-1y.a-17-
L’espacef/ se décompose en plus commie= QK1 @ QK>, oll QK1, OK, C ®3V* sont, respectivement,
(Oxyz=Y2_100JX)(JY,Z), 0 €V*}) et (Oxyz = Yo 10.X)(JuY, Z), 64 € V¥, Y 3_ 16,0 J, = O}
Pour décomposed), nous considérons I'applicatiod:V — V définie par L(T)xyz = Tzxy + Tyzx +
Za 1(Tr.z.x,0,vy +T1,v,7,2 x). Il estfacile de voir quéd. est bien définie, linéaire, auto- adjomte et qu’elle satisfait
L(A(T))=A(L(T)) etLo L =8Ild—2L. DoncL est diagonalisable avec deux espaces pro}z)?&s QK5 avec
valeurs propres respectives 2 -efl. Des calculs ultérieurs montrent q@Cs = {T € V:6xyzTxyz = 0} et
que V2 est 'ensemble de§ € ®3V* tels que @xyz = SxyzTxrz + Y oe1 Sx.1uv.s0zTx Jov.70z- ON définit
maintenam(clzT)(X) Z 21 Te;.¢;,x, POUr une base orthonormdle };—1... 4, de V quelconque. Si I'on écrit
QK4 = kere1p N V2, QK3 = {T?:0 € V*} et TS, , = (X, Y)0(Z) — (X, Z)0(Y) + Y2_1((X, J.Y)0(Ju Z) —

(X, J,2)0(J.Y)), onaque1T? = 4(n+1)0 et)? = QK3 @ QK4. De plus, cette décomposition est orthogonale
et invariante par rapport a I'action &p(n) Sp(1). Nous avons le théoréme suivant.

Théoréme 0.2.Pour n > 2, la décomposition 7(V), =V = OK1 @ OK2 @ OK3 @ QK4 @ OKs est une
décomposition en représentations irréductibles orthogonales de Sp(n) Sp(1).

Démonstration. Il suffit de montrer l'irréductibilité des cing sous-espaces. Pour ceci, il est suffisant d’'identifier
les moduleQK; avec ceux de la décomposition de Fino et appliquer le Lemme de Sahur.

Sp(n) Sp(1)-modules a croissance linéaire et I’ espace hyperbolique quaternionien
Nous trouvons que diff H] = 4n, dim[ES3H] = 8n, dim[S2EH] = 2n(2n + 1)(2n + 2)/3, diMK H] =

16n(n% — 1)/3. DoncQK 1, OK> et QK3 sont les modules dars(V).. ayant des dimensions croissant de fagon
linéaire avec dini/.
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Théoreme 0.3. Une variété quaternion-kahlérienne connexe, simplement connexe et compléte de dimension
4n > 8, qui admet une structure quater nion-kahlérienne homogene S € QK1 & QK2 & QK3 avec projection non-
zero sur QK3 est isométrique a I’ espace hyperboligque quaternionien.

Démonstration. Une variété quaternion-kahlérienne de dimensian>48 est d’Einstein et on a une formule
bien connue pouRyyj,zw + Rxyzjw @ travers du tenseur de Rioci Puisqueg est d’Einstein nous avons

r =v(n+ 2)g pour une certaine constantequi est la courbure scalaire réduite. Si I'on écrit un élément générique
S € QK1 & QK2 ® QK3 comme SxY = g(X,Y)§ — g(§, V)X + Zgzl(g(é, Ja¥)JaX — (X, JaY)Ju§ +

g(X, ) J.Y), ol & = 6*, en utilisant la 2éme et la 3éme équations d’Ambrose—Singer et les deux identités de
Bianchi, on a la formule & 6 A {Rwy — 3v[W’ AU + 3, (JaW)® A (JaU)’ + 23, 0a(W, U)w,1}, de laquelle

on déduit facilement quéM, g, v) est un espace de courbure quaternionienne constafeur déterminer la
valeur dev, nous calculon®Ryy £ directement d’aprés sa définition, d’abord aved e (HE)* puis avecX = &,

Y € (Hg)*. Ces expressions donnent finalement que—4g (£, £). O

1. Introduction and preliminaries

Representation theory has been applied with success to the classification of several geometric structures o
differentiable manifolds, beginning with the almost-Hermitian structures (Gray and Hervella [8]). In [5], Fino gave
an abstract representation theoretic decomposition of the space of tensors determining homogeneous quaternion
Kahler structures (see Theorem 1.2 below). The first purpose of this note is to give a concrete description of the
modules in Fino’s classification. It is seen that three of these mod@ks,(QX 2, QK3) have dimensions that
are linear functions of the dimension of the manifold. The second aim of this note is to show that if a quaternionic
Kéahler manifold has a homogeneous structure determined by a generic elergiét & QK2 & O3, then that
manifold is quaternionic hyperbolic space. We conclude with some remarks about the expected detailed behaviou
of these structures.

Let M be aC* manifold. An almost quaternionic structure o is a rank 3 subbundle of the bundle of
(1, 1) tensors, which locally admitssiandard basisJi, J2, Ja, i.e.,J? = J2=J2=—] andJ1Jo = —JoJ1 = J3,
etc. [Here and in the sequel ‘etc.’ denotes the equations obtained by cyclically permuting the indices.] Such an
(M, v) is called an almost quaternionic manifold, and has dimensio(m4> 1). If (M, v) has a Riemannian
metric g such thatg(oX,Y) + g(X,0Y) = 0, for each sectiow of v, then (M, g,v) is called an almost
quaternion-Hermitian manifold. A manifolf admits such a structure if and only if the structure grouf of is
reducible toSp(n) Sp(1) C SO(4n). Here a choice of standard basis giigg/ the structure of afil-module and
(B, q) € Sp(n) x Sp(1) acts onv € H" via (B, q)v = Bvg*. Different choices of standard basis give isomorphic
representations. We writeM = [E H], whereE is the standard representatiorSp(n) onC?*, H is the standard
representation o6p(1) = SU(2) on C?, and [E H] indicates the vector bundle associated to the real module
underlying the complex representatire H. For (M, g, v) almost quaternion-Hermitian, a standard basis gives
two-formsw, (X, Y) = g(X, J,Y), locally, but the four-form2 = 2321 wq A wy is globally defined. The manifold
is said to be quaternionic Kahler if and oniywif2 = 0, whereV is the Levi-Civita connection. Ishihara [9] showed
that this is equivalent to the conditioRs J1 = p3(X)J2 — p2(X) J3, etc., for some local differential 1-forms,.

A quaternionic Kahler manifold is said to be a homogeneous quaternionic Kahler manifold if it admits a transitive
group of isometries preserving the subbundl&iri Cenko’s theorem [10] has the following corollary (cf. [5]):

Theorem 1.1.A connected, simply connected and complete quaternionic Kéhler manifold (M, g, v) is homoge-
neousif and only if there exists a tensor field S of type (1, 2) on M satisfying the Ambrose-Singer equations[2]

Vg=0, VR=0, Vs=0, 2)
together with the equation V2 = 0, where V =V — .
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_ The tensor fieldS is called ahomogeneous quaternionic Kahler structure on M. Since%g =0, the equation
V2 =0 is equivalent to the existence of local differential 1-forppssuch thaVy J1 = p3(X)J2 — p2(X) J3, etc.,
and one may show thaly,z = g(SxY, Z) satisfies bottsxyz = —Sxzy and

Sx,nv,51z — Sxyz =m3(X)g(J2Y, J1Z) — m2(X)g(J3Y, 1Z), etc,, (3)

for some local one-forms, . This implies thatSy acts an element of the Lie algels#(1) @ sp(n) onT, M, which
leads to [5, Lemma 5.1]:

Theorem 1.2(Fino). The space 7 (V). of quaternionic Kéhler homogeneous structures decomposesas7 (V) =
[EH]® (sp(1) @ sp(n)) = [EH] @ [ES*H]© [EH] & [SEH] & [K H].

Here SE andS3H are the third symmetric powers & and H, andK denotes the irreducible representation
of Sp(n) of highest weight2, 1,0, ..., 0) (zero forn =1).

2. A classification in terms of real tensors

We wish to identify the tensors lying in each component of Fino’s decompositiof. ke, M, write (, ) = g,
and fix a standard basig, J», J3 at p. Put

T(V)={Se R3V*: Sxyz = —Sxzv}s V={SeT(V): S satisfies (3) for some, € V*}.
ThusV =7 (V)4 in Fino’s notation. We begin by splitting as a direct suny = V&V, where

V={T e T(V): Tx ny.nz=Txvz, etc}, V={0 c@®v* 20xyz =) ma(X)(JaY. Z). 74 € V*}.
a

For S € V we haveS = TS + @5, where®® € V is the determined by the, for S, and 45, , = Sxyz +
Zzzl Sx.1,v.1,z- This decomposition o¥ is orthogonal with respect to the inner product induced{ by on
®3V* and is invariant for the action &p(n) Sp(1) C SO(4n) given by(A(S))xyz = Sp-1x a-1y,a-1z- The space
V decomposes further as= QK1 ® QK 2, where

3
QK = {@ e @V* Oxrz =Y 0(JX)(JY. Z), 0 € V*},
a=1

3 3
Qo = {@ €@ Oxrz =) 0.X) Y. Z), b€ V", Y buo o =0}.
a=1 a=1

To decomposé/, consider the mag.:V — V defined byL(T)xyz = Tzxy + Trzx + Yoy (Thz.x. 0,7 +
Ty,v.1,z.x). Itis easily proved thaL is well defined, linear, self-adjoint and satisfie6A(7)) = A(L(T)) and
LoL =8ld—2L. ThusL is diagonalizable with two elgenspac\é% and QK’s with respective eigenvalues 2 and
—4. One seeRKs = {T € V: GxyzTxyz = 0}, and further calculations show th\t is the set ofT € @3V*
such that

6Txyz = 6 Txyz + Z TX,0,Y,J,7-
1X, JaY J.Z

Define(c12T)(X) = Zj‘il T, e x, for{e;}i=1,.. 4, an orthonormal basis df. Put

.....
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QK4 =kerci2N 172, QK3 = {Tei 0e V*},
3
Ty, =(X,Y)0(Z) — (X, Z)6(Y) + Z((X, JoY)0(JaZ) — (X, JaZ)0(J.Y)).
a=1
Thenc12T? = 4(n + 1) andy? = QK3 @ QK4 is an invariant orthogonal decomposition.

Theorem 2.1.For n > 2, thedecomposition7 (V). =V = QK1 QK2 ® QK3 QK4 ® QK5 isadecomposition
into orthogonal irreducible representations of Sp(n) Sp(1).

Proof. It only remains to prove the irreducibility of the five subspaces. For this, it suffices to identify the
modulesQ/C; with those in Fino’s decomposition. It is clear th@iC; = [EH] = QK3, with QK1 being the
copy in [EH] ® [S?H], and QK3 the copy in[EH] ® [S?E]. The definition of QK» shows that it is the
complement of EH] = QK1 in [EH] ® [S?H], so QK> = [ES3H]. Now we haveQKz & QK4 & QK5 =
[EH]® [S?E1= [EH]|® [S]EH] @ [K H], and know thatQK3 = [E H]. Using Schur’'s Lemma one may now
show thatOKs = [K H] and hence&Ks = [SSEH]. O

3. Modules of linear growth and quaternionic hyperbolic space

Computing dimensions of modules, e.g., via Young diagrams, one findsEdim= 4n, dim[ES3H] = 8n,
dim[SBEH] =2n(2n + 1)(2n + 2)/3, dim K H] = 16n(n? — 1)/3. ThusQK1, QK> and QK3 are the modules in
T (V)4 whose dimensions grow linearly with dibi. For Riemannian homogeneous spaces, Tricerri and Vanhecke
[11, p. 39] showed that a homogeneous structure in the module with linear growth occurs only on manifolds of
constant negative sectional curvature. Similar results have been proved for pseudo Riemannian manifolds [6, p. 19
and for Kéhler manifolds [7], where the distinguished class has constant negative holomorphic sectional curvature

Theorem 3.1.A connected, simply connected and complete quaternionic Kéhler manifold of dimension 4n > 8
admitting a homogeneous quaternionic Kahler structure S € QK1 @& QK2 & QK3 with non-zero projection to
QK 3, isisometric to quaternionic hyperbolic space.

Proof. Let RxyZ = Vix,y1Z — VxVyZ + VyVxZ andRxyzw = g(Rxy Z, W) be the curvature tensors gf
A quaternionic Kahler manifold with dimensiom 4 8 is Einstein [1,3], and one has

1
Rxynzw + Rxyznw = n—+2(r(J2X’ Y)g(J3Z, W) —1(J3X,Y)g(J2Z, W)), etc, (4)

wherer is the Ricci tensor (see, for instance, [9, formula 2.13], with a different curvature convention, or note the
minor misprint in [4, p. 404]). Ag is Einstein we have = v(n + 2)g for some constant. A generic element
S € QK1 @ QK2 @ QK3 is given by

3

SxY =g(X,Y)§ —g(§, V)X + Z(g(‘i:’ JoY)Ja X — g(X, JaY)Ja§ + g(X, é-a)JaY)s (5)

a=1

whereé, ¢, are vector fields oM. The ¢, are the metric duals of the one-formsg, from V= 0K1® 9K,
and ¢ is dual to0 in the definition of QK3. As this latter component is non-zero, we have: 0. First we
computeVé and V¢, using the third Ambrose-Singer equation (@Y (SxY) = Sg,xY + SxVzY. Taking the
covariant derivative of (5) with respect #and recalllnng J1= p3(X)Jz2 — p2(X)J3, we get 0= g(X, Y)Vzg -
g(VZE X+, (8(VzE, Ja¥)JuX + 8(X, Ju¥)JaV2E) + G1238(X, Vi1 — P3(Z2)s2+ p2(Z)¢3) 1Y, for all
X, Y, Z. This is the original expression for an element@t; ® QK> & QK3, with & replaced byvzg and ¢
replaced byWz¢1 — p3(Z)e2 + pa(Z)¢3, etc. SoVzE =0 andVze1 = p3(Z)e2 — p2(Z)¢s, ete. The first relation
givesVz& = Sz& and thatg (€, &) is a constant function. The second Ambrose—Singer equation can be written as
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(VxR)yzwu = —Rsyvyzwu — Rysyzwu — Ryzsywu — Ryzwsyu- (6)

Substituting (5) in (6), one sees from (4) that for eaghhe terms containing, sum to zero. The differential
Bianchi identity shows that the cyclic sum with respecktdy, Z of (6) is zero. Writing this out, applying the two
Bianchi identities and the relation (4), we get

Rxy§ = %{g(X, E)Y — (Y. )X + ) (eUaX, 6)JaY — g(JaY. £)Ju X + 28(Ju X, Y)Jaé)}v (7

which is the expression of the curvature tengqty Z, for Z = &, of a space of constant quaternionic curvature
(see [1,9]). We only need to prove that the expression similar to (7) is true for arbtr&gyr this, we successively
apply the second Bianchi identity to the second Ambrose—Singer equaftoa 0 and expand the tern$ that
appear. Applying formulas (5), (4) and (7) one gets that®A {Rwy — 3v[W> AU + 3, (Ju W)’ A (J,U)" +
23", wa(W,U)w,]}. Contracting withé, by virtue of formula (4) we obtain thaiV/, g, v) is a space of constant
quaternionic curvature. To determine the specific value of we computeRxy& directly from its definition,
obtaining that

Rxy§ =—g(Y,Vx§)§ —g(Y,§)VxE + g(Y, Vx Jo§)Ja§ + 8(Y, Ja§)Vx Jaé
—g(Y,Vxta)Jaé —g(Y,80)Vx Ju§ + (X, VyE)E — g(X, Vy Jué) J&
—8(X, Ja8)Vy JaE + 8(X,8)VyE + g(X, Vya)Ja§ + 8(X, La)Vy Ja§. 8)

Then, we first takeX, Y e (HE)* in (8); after some calculations we deduce thae HE, for anya = 1,2, 3.
Taking thenX = & andY e (Hg)*, from (7), (8), and sincg (&, £) has constant modulus, one obtains after some
computations that the quaternionic curvature is equal4g(¢, &), thus concluding. O

Homogeneous structures of tygdCsz may be constructed on quaternionic hyperbolic space, either by using
a generalisation of the Cayley transform technique in [7], or by computing directly the homogeneous structure,
where one sees that has holonomysp(1). In the case that =0, i.e.,S € QK1 ® OK>, one may show thay/
is a quaternionic symmetric space (of non-compact type). From preliminary calculations we conjecture that in this
cases is zero and no non-trivial homogeneous structures of @fig ® QK2 exist. This and other questions will
be pursued in future work.
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