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Abstract

A classification of homogeneous quaternionic Kähler structures by real tensors is given and related to Fino’s repre
theoretic decomposition. A relationship between the modules whose dimension grows linearly and quaternionic hy
space is found.To cite this article: M. Castrillón López et al., C. R. Acad. Sci. Paris, Ser. I 338 (2004).
 2003 Académie des sciences. Published by Elsevier SAS. All rights reserved.

Résumé

Structures quaternion-kählériennes homogènes de type linéaire.Nous donnons une classification des structu
kählériennes quaternioniennes homogènes en termes de tenseurs réels, ainsi qu’une rélation avec la décomposition
Fino en utilisant la théorie des représentations. Nous donnons aussi une rélation entre les modules ayant dimension à
linéaire et l’espace hyperbolique quaternionien.Pour citer cet article : M. Castrillón López et al., C. R. Acad. Sci. Paris, Ser. I
338 (2004).
 2003 Académie des sciences. Published by Elsevier SAS. All rights reserved.

Version française abrégée

Classification des structures kählériennes quaternioniennes homogènes en termes de tenseurs réels

Soit (M,g,υ) une variété presque-hermitienne quaternionienne, c’est-à-dire [9] telle que le groupe str
du fibré tangent admet une réduction au groupeSp(n)Sp(1). Une base standardJ1, J2, J3 quelconque définit le
2-formesωa(X,Y ) = g(X,JaY ) et la 4-forme globaleΩ = ∑3

a=1ωa ∧ ωa . On dit que la variété est quaternio
kählérienne si et seulement si∇Ω = 0, où∇ est la connexion de Levi-Civita. Une telle variété est dite une va
quaternion-kählérienne homogène si elle admet un groupe transitif d’isométries préservant le sous-fibυ. Le
théorème de Kirǐcenko [10] donne le corollaire suivant (cf. [5]) :Une variété quaternion-kählérienne, connexe,
simplement connexe et complète (M,g,υ), est homogène si et seulement s’il existe un champ de tenseurs S de
type (1,2) sur M satisfaisant les equations d’Ambrose–Singer [2] : ∇̃g = 0, ∇̃R = 0, ∇̃S = 0, avec l’équation

E-mail addresses: mcastri@mat.ucm.es (M. Castrillón López), pmgadea@iec.csic.es (P.M. Gadea), swann@imada.sdu.dk (A. S
1631-073X/$ – see front matter 2003 Académie des sciences. Published by Elsevier SAS. All rights reserved.
doi:10.1016/j.crma.2003.10.035
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∇̃Ω = 0, où ∇̃ = ∇ − S. Alors, S est ditestructure quaternion-kählérienne homogène surM. Puisquẽ∇g = 0,
l’équation ∇̃Ω = 0 est équivalente à l’existence de certaines 1-formes différentielles localesp̃a telles que
∇̃XJ1 = p̃3(X)J2 − p̃2(X)J3, etc., et on montre queSXYZ = g(SXY,Z) satisfait les équationsSXYZ = −SXZY

et

SX,J1Y,J1Z − SXYZ = π3(X)g(J2Y,J1Z)− π2(X)g(J3Y,J1Z), etc., (1)

pour d’autres 1-formes localesπa . DoncSX agit comme un élément de l’algèbre de Liesp(1) ⊕ sp(n) surTpM.
On a le théorème suivant [5, Lemma 5.1] :

Théorème 0.1(Fino). L’espace T (V )+ de structures kählériennes quaternioniennes homogènes se décompose
comme T (V )+ = [EH ] ⊗ (sp(1)⊕ sp(n)) ∼= [EH ] ⊕ [ES3H ] ⊕ [EH ] ⊕ [S3EH ] ⊕ [KH ].

Ici, EH = E ⊗ H , oùE et H dénotent les représentations standard deSp(n) et deSp(1) sur C2n et C2 res-
pectivement, etK la représentation de plus haut poids(2,1,0, . . . ,0). Les crochets indiquent la représentat
réelle induite. SoitV = TpM l’espace tangent sur un pointp ∈ M quelconque, muni de la métrique〈 , 〉 = gp
et d’une base standard fixe surp, J1|p, J2|p, J3|p. On considére les espacesT (V ) = {S ∈ ⊗3V ∗: SXYZ =
−SXZY } et V = {S ∈ T (V ): S satisfait (1) pour quelquesπa ∈ V ∗}. Alors V = T (V )+ dans la notation de
Fino. Pour étudier la décomposition deV , d’abord nous écrivonsV comme la somme directeV = V̂ ⊕ V̌ , où
V̂ = {T ∈ T (V ): TX,J1Y,J1Z = TXYZ , etc.} et V̌ = {Θ ∈ ⊗3V ∗: 2ΘXYZ = ∑3

a=1πa(X)〈JaY,Z〉, πa ∈ V ∗}. Plus
précisément, pourS ∈ V nous écrivonsS = T S + ΘS , où ΘS ∈ V̌ est determiné par lesπa de S, et 4T S

XYZ =
SXYZ + ∑3

a=1SX,JaY,JaZ . Cette décomposition deV est orthogonale par rapport au produit interieur induit
〈 , 〉 sur ⊗3V ∗ et invariant sous l’action deSp(n)Sp(1) ⊂ SO(4n) donnée par(A(S))XYZ = SA−1X,A−1Y,A−1Z .

L’espaceV̌ se décompose en plus commeV̌ = QK1 ⊕ QK2, où QK1,QK2 ⊂ ⊗3V ∗ sont, respectivemen
{ΘXYZ = ∑3

a=1 θ(JaX)〈JaY,Z〉, θ ∈ V ∗} et {ΘXYZ = ∑3
a=1 θa(X)〈JaY,Z〉, θa ∈ V ∗,

∑3
a=1 θa ◦ Ja = 0}.

Pour décomposer̂V , nous considérons l’applicationL : V̂ → V̂ définie par L(T )XYZ = TZXY + TYZX +∑3
a=1(TJaZ,X,JaY +TJaY,JaZ,X). Il est facile de voir queL est bien définie, linéaire, auto-adjointe et qu’elle satis

L(A(T )) = A(L(T )) etL ◦ L = 8 Id−2L. DoncL est diagonalisable avec deux espaces propresV̂2 etQK5 avec
valeurs propres respectives 2 et−4. Des calculs ultérieurs montrent queQK5 = {T ∈ V̂ :SXYZTXYZ = 0} et
que V̂2 est l’ensemble desT ∈ ⊗3V ∗ tels que 6TXYZ = SXYZTXYZ + ∑3

a=1 SX,JaY,JaZTX,JaY,JaZ . On définit
maintenant(c12T )(X) = ∑4n

i=1Tei,ei ,X , pour une base orthonormale{ei}i=1,...,4n deV quelconque. Si l’on écri
QK4 = kerc12 ∩ V̂2, QK3 = {T θ : θ ∈ V ∗} et T θ

XYZ = 〈X,Y 〉θ(Z) − 〈X,Z〉θ(Y ) + ∑3
a=1(〈X,JaY 〉θ(JaZ) −

〈X,JaZ〉θ(JaY )), on a quec12T
θ = 4(n+1)θ et V̂2 =QK3 ⊕QK4. De plus, cette décomposition est orthogon

et invariante par rapport a l’action deSp(n)Sp(1). Nous avons le théorème suivant.

Théorème 0.2.Pour n � 2, la décomposition T (V )+ = V = QK1 ⊕ QK2 ⊕ QK3 ⊕ QK4 ⊕ QK5 est une
décomposition en représentations irréductibles orthogonales de Sp(n)Sp(1).

Démonstration. Il suffit de montrer l’irréductibilité des cinq sous-espaces. Pour ceci, il est suffisant d’ide
les modulesQKi avec ceux de la décomposition de Fino et appliquer le Lemme de Schur.✷
Sp(n)Sp(1)-modules à croissance linéaire et l’espace hyperbolique quaternionien

Nous trouvons que dim[EH ] = 4n, dim[ES3H ] = 8n, dim[S3EH ] = 2n(2n + 1)(2n + 2)/3, dim[KH ] =
16n(n2 − 1)/3. DoncQK1, QK2 etQK3 sont les modules dansT (V )+ ayant des dimensions croissant de faç
linéaire avec dimM.
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Théorème 0.3. Une variété quaternion-kählérienne connexe, simplement connexe et complète de dimension
4n � 8, qui admet une structure quaternion-kählérienne homogène S ∈QK1 ⊕QK2 ⊕QK3 avec projection non-
zero sur QK3 est isométrique à l’espace hyperbolique quaternionien.

Démonstration. Une variété quaternion-kählérienne de dimension 4n � 8 est d’Einstein et on a une formu
bien connue pourRXYJ1ZW + RXYZJ1W à travers du tenseur de Riccir . Puisqueg est d’Einstein nous avon
r = ν(n+ 2)g pour une certaine constanteν, qui est la courbure scalaire réduite. Si l’on écrit un élément géné
S ∈ QK1 ⊕ QK2 ⊕ QK3 commeSXY = g(X,Y )ξ − g(ξ,Y )X + ∑3

a=1(g(ξ, JaY )JaX − g(X,JaY )Jaξ +
g(X, ζa)JaY ), où ξ = θ%, en utilisant la 2ème et la 3ème équations d’Ambrose–Singer et les deux ident
Bianchi, on a la formule 0= θ ∧ {RWU − 1

4ν[W' ∧U' + ∑
a(JaW)' ∧ (JaU)' + 2

∑
a ωa(W,U)ωa]}, de laquelle

on déduit facilement que(M,g,υ) est un espace de courbure quaternionienne constanteν. Pour déterminer la
valeur deν, nous calculonsRXY ξ directement d’après sa définition, d’abord avecX,Y ∈ (Hξ)⊥ puis avecX = ξ ,
Y ∈ (Hξ)⊥. Ces expressions donnent finalement queν = −4g(ξ, ξ). ✷

1. Introduction and preliminaries

Representation theory has been applied with success to the classification of several geometric stru
differentiable manifolds, beginning with the almost-Hermitian structures (Gray and Hervella [8]). In [5], Fino
an abstract representation theoretic decomposition of the space of tensors determining homogeneous qu
Kähler structures (see Theorem 1.2 below). The first purpose of this note is to give a concrete descriptio
modules in Fino’s classification. It is seen that three of these modules (QK1, QK2, QK3) have dimensions tha
are linear functions of the dimension of the manifold. The second aim of this note is to show that if a quate
Kähler manifold has a homogeneous structure determined by a generic element inQK1 ⊕QK2 ⊕QK3, then that
manifold is quaternionic hyperbolic space. We conclude with some remarks about the expected detailed b
of these structures.

Let M be aC∞ manifold. An almost quaternionic structure onM is a rank 3 subbundleυ of the bundle of
(1,1) tensors, which locally admits astandard basisJ1, J2, J3, i.e.,J 2

1 = J 2
2 = J 2

3 = −I andJ1J2 = −J2J1 = J3,
etc. [Here and in the sequel ‘etc.’ denotes the equations obtained by cyclically permuting the indices.] S
(M,υ) is called an almost quaternionic manifold, and has dimension 4n (n � 1). If (M,υ) has a Riemannia
metric g such thatg(σX,Y ) + g(X,σY ) = 0, for each sectionσ of υ, then (M,g,υ) is called an almos
quaternion-Hermitian manifold. A manifoldM admits such a structure if and only if the structure group ofTM is
reducible toSp(n)Sp(1) ⊂ SO(4n). Here a choice of standard basis givesTpM the structure of anH-module and
(B,q) ∈ Sp(n) × Sp(1) acts onv ∈ Hn via (B,q)v = Bvq∗. Different choices of standard basis give isomorp
representations. We writeTM = [EH ], whereE is the standard representation ofSp(n) onC2n, H is the standard
representation ofSp(1) = SU(2) on C2, and [EH ] indicates the vector bundle associated to the real mo
underlying the complex representationE ⊗H . For (M,g,υ) almost quaternion-Hermitian, a standard basis g
two-formsωa(X,Y ) = g(X,JaY ), locally, but the four-formΩ = ∑3

a=1ωa ∧ωa is globally defined. The manifol
is said to be quaternionic Kähler if and only if∇Ω = 0, where∇ is the Levi-Civita connection. Ishihara [9] show
that this is equivalent to the conditions∇XJ1 = p3(X)J2 − p2(X)J3, etc., for some local differential 1-formspa .
A quaternionic Kähler manifold is said to be a homogeneous quaternionic Kähler manifold if it admits a tra
group of isometries preserving the subbundleυ. Kiri čenko’s theorem [10] has the following corollary (cf. [5]):

Theorem 1.1.A connected, simply connected and complete quaternionic Kähler manifold (M,g,υ) is homoge-
neous if and only if there exists a tensor field S of type (1,2) on M satisfying the Ambrose–Singer equations [2]

∇̃g = 0, ∇̃R = 0, ∇̃S = 0, (2)

together with the equation ∇̃Ω = 0, where ∇̃ = ∇ − S.
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The tensor fieldS is called ahomogeneous quaternionic Kähler structure on M. Since∇̃g = 0, the equation
∇̃Ω = 0 is equivalent to the existence of local differential 1-formsp̃a such that̃∇XJ1 = p̃3(X)J2 − p̃2(X)J3, etc.,
and one may show thatSXYZ = g(SXY,Z) satisfies bothSXYZ = −SXZY and

SX,J1Y,J1Z − SXYZ = π3(X)g(J2Y,J1Z)− π2(X)g(J3Y,J1Z), etc., (3)

for some local one-formsπa . This implies thatSX acts an element of the Lie algebrasp(1)⊕ sp(n) onTpM, which
leads to [5, Lemma 5.1]:

Theorem 1.2(Fino). The space T (V )+ of quaternionic Kähler homogeneous structures decomposes as T (V )+ =
[EH ] ⊗ (sp(1)⊕ sp(n)) ∼= [EH ] ⊕ [ES3H ] ⊕ [EH ] ⊕ [S3EH ] ⊕ [KH ].

HereS3E andS3H are the third symmetric powers ofE andH , andK denotes the irreducible representat
of Sp(n) of highest weight(2,1,0, . . . ,0) (zero forn = 1).

2. A classification in terms of real tensors

We wish to identify the tensors lying in each component of Fino’s decomposition. LetV = TpM, write 〈 , 〉 = gp
and fix a standard basisJ1, J2, J3 atp. Put

T (V ) = {
S ∈ ⊗3V ∗: SXYZ = −SXZY

}
, V = {

S ∈ T (V ): S satisfies (3) for someπa ∈ V ∗}.
ThusV = T (V )+ in Fino’s notation. We begin by splittingV as a direct sumV = V̂ ⊕ V̌ , where

V̂ = {
T ∈ T (V ): TX,J1Y,J1Z = TXYZ, etc.

}
, V̌ = {

Θ ∈ ⊗3V ∗: 2ΘXYZ =
∑
a

πa(X)〈JaY,Z〉,πa ∈ V ∗}.
For S ∈ V we haveS = T S + ΘS , whereΘS ∈ V̌ is the determined by theπa for S, and 4T S

XYZ = SXYZ +∑3
a=1SX,JaY,JaZ . This decomposition ofV is orthogonal with respect to the inner product induced by〈 , 〉 on

⊗3V ∗ and is invariant for the action ofSp(n)Sp(1) ⊂ SO(4n) given by(A(S))XYZ = SA−1X,A−1Y,A−1Z . The space

V̌ decomposes further ašV =QK1 ⊕QK2, where

QK1 =
{
Θ ∈ ⊗3V ∗: ΘXYZ =

3∑
a=1

θ(JaX)〈JaY,Z〉, θ ∈ V ∗
}
,

QK2 =
{
Θ ∈ ⊗3V ∗: ΘXYZ =

3∑
a=1

θa(X)〈JaY,Z〉, θa ∈ V ∗,
3∑

a=1

θa ◦ Ja = 0

}
.

To decomposêV , consider the mapL : V̂ → V̂ defined byL(T )XYZ = TZXY + TYZX + ∑3
a=1(TJaZ,X,JaY +

TJaY,JaZ,X). It is easily proved thatL is well defined, linear, self-adjoint and satisfiesL(A(T )) = A(L(T )) and
L ◦L = 8 Id−2L. ThusL is diagonalizable with two eigenspacesV̂2 andQK5 with respective eigenvalues 2 an
−4. One seesQK5 = {T ∈ V̂ : SXYZTXYZ = 0}, and further calculations show that̂V2 is the set ofT ∈ ⊗3V ∗
such that

6TXYZ = S
XYZ

TXYZ +
3∑

a=1

S
X,JaY,JaZ

TX,JaY,JaZ.

Define(c12T )(X) = ∑4n
i=1Tei ,ei ,X , for {ei}i=1,...,4n an orthonormal basis ofV . Put
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QK4 = kerc12 ∩ V̂2, QK3 = {
T θ : θ ∈ V ∗},

T θ
XYZ = 〈X,Y 〉θ(Z)− 〈X,Z〉θ(Y ) +

3∑
a=1

(〈X,JaY 〉θ(JaZ)− 〈X,JaZ〉θ(JaY )
)
.

Thenc12T
θ = 4(n+ 1)θ andV̂2 =QK3 ⊕QK4 is an invariant orthogonal decomposition.

Theorem 2.1.For n � 2, the decomposition T (V )+ = V =QK1⊕QK2⊕QK3⊕QK4⊕QK5 is a decomposition
into orthogonal irreducible representations of Sp(n)Sp(1).

Proof. It only remains to prove the irreducibility of the five subspaces. For this, it suffices to identif
modulesQKi with those in Fino’s decomposition. It is clear thatQK1 ∼= [EH ] ∼= QK3, with QK1 being the
copy in [EH ] ⊗ [S2H ], and QK3 the copy in [EH ] ⊗ [S2E]. The definition ofQK2 shows that it is the
complement of[EH ] ∼= QK1 in [EH ] ⊗ [S2H ], so QK2 ∼= [ES3H ]. Now we haveQK3 ⊕ QK4 ⊕ QK5 ∼=
[EH ] ⊗ [S2E] ∼= [EH ] ⊕ [S3EH ] ⊕ [KH ], and know thatQK3 ∼= [EH ]. Using Schur’s Lemma one may no
show thatQK5 ∼= [KH ] and henceQK4 ∼= [S3EH ]. ✷
3. Modules of linear growth and quaternionic hyperbolic space

Computing dimensions of modules, e.g., via Young diagrams, one finds dim[EH ] = 4n, dim[ES3H ] = 8n,
dim[S3EH ] = 2n(2n+ 1)(2n+ 2)/3, dim[KH ] = 16n(n2 − 1)/3. ThusQK1, QK2 andQK3 are the modules in
T (V )+ whose dimensions grow linearly with dimM. For Riemannian homogeneous spaces, Tricerri and Vanh
[11, p. 39] showed that a homogeneous structure in the module with linear growth occurs only on mani
constant negative sectional curvature. Similar results have been proved for pseudo Riemannian manifolds
and for Kähler manifolds [7], where the distinguished class has constant negative holomorphic sectional cu

Theorem 3.1.A connected, simply connected and complete quaternionic Kähler manifold of dimension 4n � 8
admitting a homogeneous quaternionic Kähler structure S ∈ QK1 ⊕ QK2 ⊕ QK3 with non-zero projection to
QK3, is isometric to quaternionic hyperbolic space.

Proof. Let RXYZ = ∇[X,Y ]Z − ∇X∇YZ + ∇Y∇XZ andRXYZW = g(RXYZ,W) be the curvature tensors ofg.
A quaternionic Kähler manifold with dimension 4n � 8 is Einstein [1,3], and one has

RXYJ1ZW +RXYZJ1W = 1

n+ 2

(
r (J2X,Y )g(J3Z,W) − r (J3X,Y )g(J2Z,W)

)
, etc., (4)

wherer is the Ricci tensor (see, for instance, [9, formula 2.13], with a different curvature convention, or no
minor misprint in [4, p. 404]). Asg is Einstein we haver = ν(n + 2)g for some constantν. A generic elemen
S ∈ QK1 ⊕QK2 ⊕QK3 is given by

SXY = g(X,Y )ξ − g(ξ,Y )X +
3∑

a=1

(
g(ξ, JaY )JaX − g(X,JaY )Jaξ + g(X, ζa)JaY

)
, (5)

whereξ, ζa are vector fields onM. The ζa are the metric duals of the one-formsπa , from V̌ = QK1 ⊕ QK2,
and ξ is dual to θ in the definition ofQK3. As this latter component is non-zero, we haveξ �= 0. First we
compute∇̃ξ and ∇̃ζa using the third Ambrose–Singer equation (2):∇̃Z(SXY ) = S∇̃ZX

Y + SX∇̃ZY . Taking the
covariant derivative of (5) with respect toZ and recalling̃∇XJ1 = p̃3(X)J2 − p̃2(X)J3, we get 0= g(X,Y )∇̃Zξ −
g(∇̃Zξ,Y )X + ∑

a(g(∇̃Zξ, JaY )JaX + g(X,JaY )Ja∇̃Zξ)+ S1,2,3g(X, ∇̃Zζ1 − p̃3(Z)ζ2 + p̃2(Z)ζ3)J1Y , for all
X,Y,Z. This is the original expression for an element ofQK1 ⊕ QK2 ⊕ QK3, with ξ replaced bỹ∇Zξ andζ1
replaced bỹ∇Zζ1 − p̃3(Z)ζ2 + p̃2(Z)ζ3, etc. Sõ∇Zξ = 0 and∇̃Zζ1 = p̃3(Z)ζ2 − p̃2(Z)ζ3, etc. The first relation
gives∇Zξ = SZξ and thatg(ξ, ξ) is a constant function. The second Ambrose–Singer equation can be writt
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(∇XR)YZWU = −RSXYZWU −RYSXZWU −RYZSXWU −RYZWSXU . (6)

Substituting (5) in (6), one sees from (4) that for eacha, the terms containingζa sum to zero. The differentia
Bianchi identity shows that the cyclic sum with respect toX,Y,Z of (6) is zero. Writing this out, applying the tw
Bianchi identities and the relation (4), we get

RXY ξ = ν

4

{
g(X, ξ)Y − g(Y, ξ)X +

∑
a

(
g(JaX, ξ)JaY − g(JaY, ξ)JaX + 2g(JaX,Y )Jaξ

)}
, (7)

which is the expression of the curvature tensorRXYZ, for Z = ξ , of a space of constant quaternionic curvaturν

(see [1,9]). We only need to prove that the expression similar to (7) is true for arbitraryZ. For this, we successivel
apply the second Bianchi identity to the second Ambrose–Singer equation∇̃R = 0 and expand the termsSX that
appear. Applying formulas (5), (4) and (7) one gets that 0= θ ∧ {RWU − 1

4ν[W' ∧ U' + ∑
a(JaW)' ∧ (JaU)' +

2
∑

a ωa(W,U)ωa]}. Contracting withξ , by virtue of formula (4) we obtain that(M,g,υ) is a space of constan
quaternionic curvatureν. To determine the specific value ofν, we computeRXY ξ directly from its definition,
obtaining that

RXY ξ = −g(Y,∇Xξ)ξ − g(Y, ξ)∇Xξ + g(Y,∇XJaξ)Jaξ + g(Y,Jaξ)∇XJaξ

− g(Y,∇Xζa)Jaξ − g(Y, ζa)∇XJaξ + g(X,∇Y ξ)ξ − g(X,∇Y Jaξ)Jaξ

− g(X,Jaξ)∇Y Jaξ + g(X, ξ)∇Y ξ + g(X,∇Y ζa)Jaξ + g(X, ζa)∇Y Jaξ. (8)

Then, we first takeX,Y ∈ (Hξ)⊥ in (8); after some calculations we deduce thatζa ∈ Hξ , for any a = 1,2,3.
Taking thenX = ξ andY ∈ (Hξ)⊥, from (7), (8), and sinceg(ξ, ξ) has constant modulus, one obtains after so
computations that the quaternionic curvature is equal to−4g(ξ, ξ), thus concluding. ✷

Homogeneous structures of typeQK3 may be constructed on quaternionic hyperbolic space, either by
a generalisation of the Cayley transform technique in [7], or by computing directly the homogeneous st
where one sees that̃∇ has holonomySp(1). In the case thatξ = 0, i.e.,S ∈ QK1 ⊕ QK2, one may show thatM
is a quaternionic symmetric space (of non-compact type). From preliminary calculations we conjecture tha
caseS is zero and no non-trivial homogeneous structures of typeQK1 ⊕QK2 exist. This and other questions w
be pursued in future work.
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