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Abstract

We consider a symmetric, positive definite matrix field of order two and a symmetric matrix field of order two that to
satisfy the Gauss and Codazzi–Mainardi equations in a connected and simply connected open subset ofR

2. If these fields are
of classC2 andC1 respectively, the fundamental theorem of surface theory asserts that there exists a surface immers
three-dimensional Euclidean space with the given matrix fields as its first and second fundamental forms. The purpo
Note is to prove that this theorem still holds true under the weaker regularity assumptions that these fields are of claW

1,∞
loc

andL∞
loc respectively, the Gauss and Codazzi–Mainardi equations being then understood in a distributional sense.To cite this

article: S. Mardare, C. R. Acad. Sci. Paris, Ser. I 338 (2004).
 2003 Académie des sciences. Published by Elsevier SAS. All rights reserved.

Résumé

Sur le théorème fondamental de la théorie des surfaces sous des hypothèses faibles de régularité. On considère un
champ de matrices symétriques définies positives d’ordre deux et un champ de matrices symétriques d’ordre deux qu
ensemble les équations de Gauss et de Codazzi–Mainardi dans un ouvert connexe et simplement connexe deR

2. Si ces champs
sont respectivement de classeC2 etC1, alors le théorème fondamental de la théorie des surfaces affirme qu’il existe une s
plongée dans l’espace Euclidean tridimensionnel dont ces champs sont les première et deuxième formes fondamenta
de cette Note est d’établir que ce théorème reste vrai sous les hypothèses de régularités affaiblies selon lesquelles
sont respectivement de classeW1,∞

loc etL∞
loc, les équations the Gauss et de Codazzi–Mainardi étant alors satisfaites au

des distributions.Pour citer cet article : S. Mardare, C. R. Acad. Sci. Paris, Ser. I 338 (2004).
 2003 Académie des sciences. Published by Elsevier SAS. All rights reserved.

Version française abrégée

On considère un champ(aαβ) de matrices symétriques définies positives d’ordre deux et un champ(bαβ) de
matrices symétriques d’ordre deux définis dans un ouvert connexe et simplement connexeω de R

2. On suppose
que les fonctionsaαβ et bαβ sont respectivement de classeC2 et C1 dansω et qu’elles satisfont ensemble l
équations de Gauss et de Codazzi–Mainardi, à savoir

E-mail address:Sorin.Mardare@math.jussieu.fr (S. Mardare).
1631-073X/$ – see front matter 2003 Académie des sciences. Published by Elsevier SAS. All rights reserved.
doi:10.1016/j.crma.2003.10.027
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τ
αβ − ∂βΓ ταγ + Γ σαβΓ τσγ − Γ σαγ Γ τσβ = bαβbτγ − bαγ bτβ,

∂γ bαβ − ∂βbαγ + Γ σαβbσγ − Γ σαγ bσβ = 0.

Les symboles de ChristoffelΓ ταβ associés à la métrique(aαβ), ainsi que d’autre notations, sont définis dans
version anglaise.

Sous ces hypothèses, le théorème fondamental de la théorie des surfaces (voir, e.g., [1,3,4]) affirme qu
une applicationθ :ω→ R

3 de classeC3 telle que les première et deuxième formes fondamentales de la su
S = θ(ω) sont respectivement données par les champs des matrices(aαβ) et (bαβ), i.e.,

∂αθ · ∂βθ = aαβ et ∂αβθ · ∂1θ ∧ ∂2θ
|∂1θ ∧ ∂2θ | = bαβ dansω.

L’objet de cette Note est d’établir que le théorème fondamental de la théorie des surfaces reste vrai
hypothèses de régularité plus faibles. Le résultat principal (voir Théorème 2.1 dans la version anglaise)
ainsi : si les champs de matrices(aαβ) et (bαβ) sont respectivement de classeW1,∞

loc et L∞
loc dansω et satisfont

ensemble les équations de Gauss et de Codazzi–Mainardi au sens des distributions, alors il existe une a
θ :ω→ R

3 de classeW2,∞
loc telle que les première et deuxième formes fondamentales de la surfaceS = θ(ω) sont

respectivement données par les champs de matrices(aαβ) et (bαβ). De plus, si le diamètre géodésique de l’ouv
ω est fini, aαβ ∈ W1,∞(ω), bαβ ∈ L∞(ω), et (aαβ)−1 ∈ L∞(ω,M2), alors l’applicationθ appartient à l’espac
W2,∞(ω,R3).

La démonstration complète de ce théorème, esquissée dans la version anglaise, se trouve dans [6].

1. Preliminaries

All functions and fields appearing in this paper are real valued and the summation convention with re
repeated indices and exponents is used.

For any integerd � 2, thed-dimensional Euclidean space will be identified withR
d . Let u · v denote the

Euclidean inner product ofu,v ∈ R
d and let|v| denote the Euclidean norm ofv ∈ R

d .
Let M

q,l denote the set of all matrices withq rows andl columns and letMd := M
d,d . The notationsSd andS

d
>

respectively designate the set of all symmetric matrices, and of all positive definite symmetric matrices, ofd .
The notation(aij ) (or (aij )) designates the matrix whose entries are the elementsaij (or aij ), where the first (or
upper) index is the row index and the second (or lower) index is the column index.

Let x = (x1, x2, . . . , xd) denote a generic point inRd and let∂i := ∂/∂xi . The open ball centered atx ∈ R
d

of radiusR > 0 is denotedB(x,R) and |B(x,R)| denotes theRd -Lebesgue measure ofB(x,R). The distance
between two subsetsA andB of R

d is defined by

dist(A,B)= inf
x∈A,y∈B |x − y|.

The geodesic diameter of an open subsetΩ of R
d is the numberDΩ ∈ [0,∞] defined by

DΩ := sup
x,y∈Ω

inf
γ
L(γ ),

whereγ ∈ C0([0,1];Ω) is any path joiningx to y andL(γ ) designates the length of the pathγ .
LetD′(Ω) denote the space of distributions defined overΩ , letWm,p(Ω;M

q,l) denote the usual Sobolev spac
and let

W
m,p
loc

(
Ω;M

q,l
) := {

v ∈D′(Ω;M
q,l

); v ∈Wm,p
(
U ;M

q,l
)

for all open setU �Ω
}
,

where the notationU �Ω means that the closure ofU in R
d is a compact subset ofΩ . For real-valued function

spaces we shall use the notationWm,p(Ω) instead ofWm,p(Ω,R), D′(Ω) instead ofD′(Ω,R), etc.
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In what follows, we make the following convention for classes of functions with respect to the equality a
everywhere: ifḟ ∈ L∞

loc(Ω), we will always use the representativef of ḟ given by

f (x) := lim inf
ε→0

1

|B(x, ε)|
∫

B(x,ε)

f̃ (y)dy,

wheref̃ is any representative of the classḟ ∈ L∞
loc(Ω) (this definition is clearly independent of the choice of

representativef̃ ). This choice of the representative insures that‖ḟ ‖L∞(U) = supx∈U |f (x)| for all open subsetU
of Ω . Also, for anyḟ ∈W1,∞

loc (Ω), we will choose the continuous representativef of ḟ . For simplicity, we will
use the same notation for a class of functions and its representative chosen as before, the distinction betw
being made according to the context.

The following result constitutes a key step towards establishing the main result of this Note, viz., Theor

Theorem 1.1. LetΩ be a connected and simply connected open subset ofR
d and let a pointx0 ∈Ω and a matrix

Y 0 ∈ M
q,l be fixed. Let the matrix fieldsAα ∈L∞

loc(Ω;M
l) andBα ∈L∞

loc(Ω;M
q,l) be given such that

∂αAβ +AαAβ = ∂βAα +AβAα in D′(Ω;M
l
)

for all α,β ∈ {1,2, . . . , d},
∂αBβ +BαAβ = ∂βBα +BβAα in D′(Ω;M

q,l
)

for all α,β ∈ {1,2, . . . , d}.

(i) Then there exists a unique solutionY ∈W1,∞
loc (Ω;M

q,l) to the system

∂αY = YAα +Bα for all α ∈ {1,2, . . . , d}, (1)

Y
(
x0) = Y 0. (2)

(ii) If in addition the geodesic diameter of the setΩ is finite and the matrix fieldsAα andBα respectively belong
to L∞(Ω;M

l) andL∞(Ω;M
q,l), then the solutionY to the above system belongs toW1,∞(Ω;M

q,l).

Sketch of proof. The proof of part (i) is based on techniques similar to those used for establishing Theor
of [5], but generalized to systems of the form (1) with coefficientsAα , Bα in L∞

loc overΩ (in [5], we considered
systems of the form (1) with coefficientsAα ∈ L∞ overΩ andBα = 0, the elements of the matrix fieldAα being
the Christoffel symbols associated with a Riemannian metric inΩ).

(ii) Let c1, c2 � 0 be two constants such that

‖Aα‖L∞(Ω;Ml ) � c1 and ‖Bα‖L∞(Ω;Mq,l ) � c2.

Let x ∈Ω be a fixed, but otherwise arbitrary, point inΩ . Givenε > 0, the definition of the geodesic diameterDΩ
shows that there exists a pathγ̃ joining x0 to x such thatL(γ̃ )�DΩ + ε.

Let r = 1
4 dist(γ̃ ([0,1]),Ωc) > 0, whereΩc = R

d \Ω . Sinceγ̃ is uniformly continuous over[0,1], there exists
numberst0, t1, t2, . . . , tN ∈ [0,1] such that 0= t0< t1< t2< · · ·< tN = 1 and∣∣γ̃ (ti)− γ̃ (ti−1)

∣∣< r for all i ∈ {1,2, . . . ,N}.
Let δ := min(r, ε2N ). Then there exist pointsx1, x2, . . . , xN ∈Ω ∩B(γ̃ (ti ), δ) such that

Y
(
γ (t)

) = Y (
γ (0)

) +
t∫ {
(YAα)

(
γ (s)

) +Bα
(
γ (s)

)}
γ ′
α(s)ds for all t ∈ [0,N],
0
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whereγ = (γα) : [0,N] → Ω maps the interval[i − 1, i] onto the segment[xi−1, xi] for all i ∈ {1,2, . . . ,N}.
Consequently,

∣∣Y (
γ (t)

)∣∣ �
(∣∣Y 0

∣∣ + c2
√
dL(γ )

) + c1
√
d

t∫
0

∣∣γ ′(s)
∣∣∣∣Y (

γ (s)
)∣∣ds for all t ∈ [0,N],

which next implies, by Gronwall inequality, that∣∣Y (
xN

)∣∣ �
(∣∣Y 0

∣∣ + c2
√
dL(γ )

)
ec1

√
dL(γ ).

But the length of the pathγ satisfiesL(γ )� L(γ̃ )+ ε �DΩ + 2ε thanks to the triangular inequality. Letting the
ε go to zero, we deduce from the above inequality (where the termsxN andL(γ ) depend onε) that∣∣Y (x)∣∣ �

(∣∣Y 0
∣∣ + c2

√
dDΩ

)
ec1

√
dDΩ ,

sincexN goes tox whenε goes to zero. This implies that the matrix fieldY belongs to the spaceL∞(Ω,Mq,l)

and, since the derivatives of the fieldY are given by∂αY = YAα + Bα , the fieldY also belongs to the spac
W1,∞(Ω,Mq,l). ✷
2. The fundamental theorem of surface theory revisited

Throughout this section, Greek indices vary in the set{1,2}, Latin indices vary in the set{1,2,3} and the
summation convention with respect to repeted indices is used in conjunction with these rules.

Let ω be a connected and simply-connected open subset ofR
2 and lety = (y1, y2) denote a generic poin

in ω. Let there be given two matrix fields(aαβ) ∈W1,∞
loc (ω;S

2
>) and(bαβ) ∈L∞

loc(ω;S
2) and define the Christoffe

symbols associated with(aαβ) by letting

Γ ταβ = 1

2
aτσ (∂αaβσ + ∂βaσα − ∂σ aαβ),

where(aτσ (y)) is the inverse of the matrix(aαβ(y)) and∂α = ∂/∂yα . We recall that, according to the conventio
made in Section 1, the field(aαβ) is the continuous representative of the class, still denoted by,(aαβ). Therefore,
(aαβ(y)) ∈ S

2
> for all y ∈ ω. This implies that the inverse matrix(aτσ ) is continuous overω and that the Christoffe

symbolsΓ ταβ belong to the spaceL∞
loc(ω).

Assume that the Gauss and Codazzi–Mainardi equations,

∂γ Γ
τ
αβ − ∂βΓ ταγ + Γ σαβΓ τσγ − Γ σαγ Γ τσβ = bαβbτγ − bαγ bτβ,

∂γ bαβ − ∂βbαγ + Γ σαβbσγ − Γ σαγ bσβ = 0,

are satisfied inD′(ω) (these equations make sense inD′(ω) sinceΓ ταβ , bαβ andaστ belong toL∞
loc(ω)).

Our aim is to prove the existence of a surface immersed in the three-dimensional Euclidean space wh
and second fundamental forms are given by the matrix fields(aαβ) and(bαβ), respectively. Our main result is th
following:

Theorem 2.1. Assume thatω is a connected and simply-connected open subset ofR
2 and that the matrix fields

(aαβ) ∈W1,∞
loc (ω;S

2
>) and(bαβ) ∈L∞

loc(ω;S
2) satisfy the Gauss and Codazzi–Mainardi equations inD′(ω). Then

there exists a mappingθ ∈W2,∞
loc (ω,R

3), unique up to proper isometries inR3, such that

aαβ = ∂αθ · ∂βθ and bαβ = ∂αβθ · ∂1θ ∧ ∂2θ
|∂1θ ∧ ∂2θ | a.e. inω.

If the geodesic diameter of the setω is finite, (aαβ) ∈ W1,∞(ω;S
2
>), (bαβ) ∈ L∞(ω;S

2), and (aαβ)−1 ∈
L∞(ω,M2), then the mappingθ belongs toW2,∞(ω,R3).
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Sketch of proof. The proof is broken into six steps numbered (i) to (vi). Throughout the proof, we fix a
y0 ∈ ω, a vectorθ0 ∈ R

3, and two vectorsa0
α ∈ R

3 such thata0
α ·a0

β = aαβ(y0). We also define a unit normal vect

to a0
α by lettinga0

3 := (a0
1 ∧ a0

2)/|a0
1 ∧ a0

2|. Finally, we define the matrix fieldsΓα :ω→ M
3 by letting

Γα :=

Γ 1

α1 Γ 1
α2 −b1

α

Γ 2
α1 Γ 2

α2 −b2
α

bα1 bα2 0


 . (3)

(i) The Gauss and Codazzi–Mainardi equations are satisfied if and only if the following matrix equa
satisfied:

∂αΓβ + ΓαΓβ = ∂βΓα + ΓβΓα in D′(ω;M
3), α,β ∈ {1,2}.

Note that this equation make sense sinceΓα ∈L∞
loc(ω;M

3)⊂D′(ω;M
3). It suffices to prove that the Gauss a

Codazzi–Mainardi equations imply the relation

∂αb
τ
β + Γ ταγ bγβ = ∂βbτα + Γ τβγ bγα .

From the definition of the Christoffel symbols, we deduce that∂αaστ = Γ γασaτγ + Γ γατaσγ . Using this relation
and the identitybταaτγ = bαγ in the Codazzi–Mainardi equations, we obtain that

aστ ∂αb
τ
β + bβγ Γ γασ + bτβΓ γατaσγ + Γ γβσbαγ = aστ ∂βbτα + bαγ Γ γβσ + bταΓ γβτ aσγ +Γ γασ bβγ .

Multiplying the previous relation withaσψ gives the desired relation.
(ii) There exists a solutionF ∈W1,∞

loc (ω,M
3) to the system

∂αF = FΓα in D′(ω;M
3) and F

(
y0) = F 0, (4)

whereF 0 ∈ M
3 is the matrix whosei-th column isa0

i ∈ R
3.

It suffices to apply Theorem 1.1 to the above system, the assumptions of this theorem being satisfied t
the previous step.

(iii) Let ai denote thei-th column of the matrix fieldF . Then there exists a solutionθ ∈W2,∞
loc (ω;R

3) to the
system

∂αθ = aα in ω and θ
(
y0) = θ0. (5)

Since the fieldF satisfies the system (4), one can see that

∂αaβ = Γ σαβaσ + bαβa3 = Γ σβαaσ + bβαa3 = ∂βaα in D′(ω;R
3).

Sinceaα ∈W1,∞
loc (ω;R

3) andω is simply connected, we can apply Theorem 1.1 to problem (5) to show t

possesses a solutionθ ∈W1,∞
loc (ω;R

3). Since∂αθ = aα , the mappingθ belongs in fact toW2,∞
loc (ω;R

3).
(iv) The mappingθ satisfies the relations

aαβ = ∂αθ · ∂βθ and bαβ = ∂αβθ · ∂1θ ∧ ∂2θ
|∂1θ ∧ ∂2θ | a.e. inω.

Defineaα3(y)= a3α(y)= 0 anda33(y)= 1 for all y ∈ ω and letΓ pαi denote the coefficients of the matrixΓα
defined by relation (3). Then one can see that∂αaij = Γ pαiapj +Γ pαj aip. This implies that the functionsXij :ω→ R

defined byXij (y) := ai (y) · aj (y)− aij (y) for all y ∈ ω satisfy the system

∂αXij = Γ pαiXpj + Γ pαjXip in L∞(ω),

Xij
(
y0) = 0.
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Let A := {y ∈ ω; Xij (y)= 0 ∈ M
3}. This subset ofω is non-empty (sincey0 ∈ A) and closed inω (since the

functionsXij :ω→ M
3 are continuous). But it is also open inω since an inequality of Poincaré type shows th

for all y ∈ ω, there exists an open ballB(x, r)� ω such thatXij = 0 over this ball. Since the setA is non-empty,
closed, and open inω, the conectedness ofω implies thatA = ω. Henceai · aj = aij in ω. These relations show
that the first relation announced in step (iv) holds. They also show that

eithera3(y)= a1 ∧ a2

|a1 ∧ a2| (y) or a3(y)= − a1 ∧ a2

|a1 ∧ a2| (y), y ∈ ω, andFTF = (aij ) in ω.

Therefore,(detF(y))2 > 0, which implies in particular that detF(y) �= 0 for all y ∈ ω. Since detF(y0) > 0 and
the function detF is continuous over the connected setω, we have detF > 0 overω. Hence

a3(y)= a1(y)∧ a2(y)

|a1(y)∧ a2(y)| for all y ∈ ω.
On the other hand, step (ii) implies that∂αaβ = Γ σαβaσ + bαβa3. Hence

bαβ = ∂αaβ · a3 = ∂αβθ · ∂1θ ∧ ∂2θ
|∂1θ ∧ ∂2θ | .

(v) The mappingθ is unique up to proper isometries ofR
3.

Let another mappingφ satisfy the conditions of the theorem. LetF0 ∈ M
3 be the matrix whosei-th column is

a0
i and letE0 ∈ M

3 be the matrix whose first, second, and third, column are respectively∂1φ(y
0), ∂2φ(y0), and

(∂1φ(y
0)∧ ∂2φ(y0))/|∂1φ(y0)∧ ∂2φ(y0)|. Define the mappinĝθ :ω→ R

3 by letting

θ̂(y)= θ0 +Q(
φ(y)− φ

(
y0)) for all y ∈ ω, (6)

whereQ := F0E
−1
0 . Then one can see that the matrixQ is a proper ortogonal matrix and that the mappin̂θ

satisfies the conditions of the theorem. Therefore

∂αF = FΓα and ∂αF̂ = F̂Γα in ω,

whereF (resp.F̂ ) is the matrix whosei-th column isai (resp.âi ), with self-explanatory notations.
On the other hand, relation (6) shows thatθ̂(y0) = θ0 and âi (y

0) = a0
i . HenceF(y0) = F̂ (y0) = F0. Then

Theorem 1.1 shows thatF = F̂ in Ω , which next implies that∂αθ = ∂α θ̂ . Sinceθ(y0) = θ̂(y0) = θ0 andω is
connected, we finally obtain thatθ = θ̂ , which means that the mappingθ satisfying the conditions of the theore
is unique up to proper isometries ofR

3.
(vi) The second part of the theorem is a consequence of part (ii) of Theorem 1.1.✷

Remark 1. In [2], Hartman and Wintner established the fundamental theorem of surface theory und
assumptions thataαβ ∈ C1(ω) andbαβ ∈ C0(ω) together satisfy the Gauss and Codazzi–Mainardi equatio
an integral form. Their assumptions are weaker than those used in the classical framework (whereaαβ ∈ C2(ω)

andbαβ ∈C1(ω)) but stronger than those of Theorem 2.1.
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