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Abstract

We consider a symmetric, positive definite matrix field of order two and a symmetric matrix field of order two that together
satisfy the Gauss and Codazzi—-Mainardi equations in a connected and simply connected open BAbsethese fields are
of classC? andC? respectively, the fundamental theorem of surface theory asserts that there exists a surface immersed in the
three-dimensional Euclidean space with the given matrix fields as its first and second fundamental forms. The purpose of this

Note is to prove that this theorem still holds true under the weaker regularity assumptions that these fields arewdjgﬂass
and Ly, respectively, the Gauss and Codazzi-Mainardi equations being then understood in a distribution#@ibstesidis
article: S. Mardare, C. R. Acad. Sci. Paris, Ser. | 338 (2004).
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Résumé

Sur le théoreme fondamental de la théorie des surfaces sous des hypotheses faibles de régularité. On considére un
champ de matrices symétriques définies positives d’ordre deux et un champ de matrices symétriques d’'ordre deux qui satisfon
ensemble les équations de Gauss et de Codazzi—Mainardi dans un ouvert connexe et simplement d@ﬁn@keedechamps
sont respectivement de clagg@etCl, alors le théoréme fondamental de la théorie des surfaces affirme gu'il existe une surface
plongée dans I'espace Euclidean tridimensionnel dont ces champs sont les premiéere et deuxiéme formes fondamentales. L'obj
de cette Note est d'établir que ce théoréme reste vrai sous les hypothéses de régularités affaiblies selon lesquelles ces cham
sont respectivement de clasw%é’o et L%’C, les équations the Gauss et de Codazzi—Mainardi étant alors satisfaites aux sens
des distributionsPour citer cet article: S. Mardare, C. R. Acad. Sci. Paris, Ser. | 338 (2004).
0 2003 Académie des sciences. Published by Elsevier SAS. All rights reserved.

Version francaise abr égée

On considere un chamf,g) de matrices symetriques définies positives d’ordre deux et un cliggppde
matrices symétriques d’ordre deux définis dans un ouvert connexe et simplement cordeRé. On suppose
que les fonctionsi,g et byg sont respectivement de classé et C1 dansw et qu’elles satisfont ensemble les
équations de Gauss et de Codazzi—Mainardi, a savoir
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Byl"ufﬂ - 3/31";}, + (fﬁ er - Fagyl";ﬂ zbaﬂb; - bayb/g,
0y bap — 0pbgy + F;ﬂbo'y — F;ybgﬁ =0.

Les symboles de Christoffdl‘;ﬂ associes a la metriqueg), ainsi que d’autre notations, sont définis dans la
version anglaise.

Sous ces hypothéses, le théoréme fondamental de la théorie des surfaces (voir, e.g., [1,3,4]) affirme qu’il existe
une applicatiord : w — R3 de classa® telle que les premiére et deuxiéme formes fondamentales de la surface
S = 0 (w) sont respectivement données par les champs des matigast (bug), i.€.,

010 A 020
|016 A 020 |

L'objet de cette Note est d’établir que le théoreme fondamental de la théorie des surfaces reste vrai sous de
hypothéses de régularité plus faibles. Le résultat principal (voir Théoréeme 2.1 dans la version anglaise) s’énonce
ainsi : si les champs de matric@g,g) et (bog) sont respectivement de clasﬁe})fo et L. dansw et satisfont
ensemble les équations de Gauss et de Codazzi—Mainardi au sens des distributions, alors il existe une applicatic
0:0— R3de classeWIf;COo telle que les premiére et deuxieme formes fondamentales de la sSrfaééw) sont
respectivement données par les champs de matiggs et (bqg). De plus, si le diamétre géodésique de I'ouvert
w est fini,aus € WH®(w), bep € L (w), €t (agp) "L € L®(w, M?), alors I'applicationd appartient & I'espace
W22 (0, R3).

La démonstration complete de ce théoreme, esquissée dans la version anglaise, se trouve dans [6].

040 - 00 =anp €t 0,80 - =beg dansw.

1. Preliminaries

All functions and fields appearing in this paper are real valued and the summation convention with respect to
repeated indices and exponents is used.

For any integew > 2, the d-dimensional Euclidean space will be identified wit{. Let u - v denote the
Euclidean inner product af, v € R and let|v| denote the Euclidean norm efe R<.

Let M denote the set of all matrices withrows and columns and leb? := M¢“-¢. The notation§? andS?
respectively designate the set of all symmetric matrices, and of all positive definite symmetric matrices, @f order
The notation(a;;) (or (a;'.)) designates the matrix whose entries are the elemgn{(®r a;'.), where the first (or
upper) index is the row index and the second (or lower) index is the column index.

Let x = (x1, x2, ..., xq) denote a generic point iR and letd; := 3/dx;. The open ball centered ate R?
of radiusR > 0 is denotedB(x, R) and|B(x, R)| denotes théR?-Lebesgue measure @&(x, R). The distance
between two subsets and B of R? is defined by

dist(A, B) = inf —yl.
1 ) xeA,yele vl

The geodesic diameter of an open suls3aif R? is the numbeDg, € [0, oo] defined by

Dg := sup infL(y),
x,yes2

wherey € €9([0, 1]; £2) is any path joining: to y andL(y) designates the length of the path
Let D’'(£2) denote the space of distributions defined aRetet W7 (§2; M?'!) denote the usual Sobolev space,
and let
Wiol (2; M) := {v e D'(2; M?'); v e W™P(U; M?') for all open seU e 2},

C

where the notatio/ € 2 means that the closure 6f in R? is a compact subset ¢?. For real-valued function
spaces we shall use the notatidt’:? (£2) instead of W™ (2, R), D’'($2) instead ofD’(£2, R), etc.
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In what follows, we make the following convention for classes of functions with respect to the equality almost
everywhere: iff € LlOC(Q), we will always use the representatifeof f given by

£ =limint B( / Fody,
B(x €)

where f is any representative of the clagse L Li5.(£2) (this definition is clearly independent of the choice of the
representativef). This choice of the representative insures llhﬁ.ﬂLoo(U) = sup,cy | f(x)| for all open subset/

of £2. Also, forany f WI *(£2), we will choose the continuous representativef f. For simplicity, we will
use the same notation for a class of functions and its representative chosen as before, the distinction between the
being made according to the context.

The following result constitutes a key step towards establishing the main result of this Note, viz., Theorem 2.1.

Theorem 1.1. Let 2 be a connected and simply connected open sub&4 ahd let a pointr® € £2 and a matrix
€ M4/ be fixed. Let the matrix fields, € LX.($2; M) and B, € L{%.(£2; M) be given such that
daAp+ AaAp=dpAs + AgAy InD'(2;M') foralle, pe(l,2,...,d},
daBp + ByAp = dpBo + BgA, InD'(2;M?) foralle, pe{l,2,...,d).

(i) Then there exists a unique solutigne WI > (£2; M4!) to the system

0.Y=YAq+B, forallae{l,2,...,d}, Q)
Y (x%) =y°. 2)

(i) If in addition the geodesic diameter of the s2ts finite and the matrix fieldd, and B, respectively belong
to L°°(£2; M) and L°°(£2; M?'!), then the solutiorY to the above system belongsitd->° (£2; M),

Sketch of proof. The proof of part (i) is based on techniques similar to those used for establishing Theorem 2.1
of [5], but generalized to systems of the form (1) with coefficiefits B, in L7, over 2 (in [5], we considered
systems of the form (1) with coefficients, € L*° over 2 and B, = 0, the elements of the matrix fieldl, being
the Christoffel symbols associated with a Riemannian metrie)n

(ii) Let c1, c2 > 0 be two constants such that
lAall Loy <c1 and || Byl poo(o:mady < €2

Let x € £2 be a fixed, but otherwise arbitrary, pointdh. Givene > 0, the definition of the geodesic diamef@y,
shows that there exists a pathoining x° to x such thatL(5) < Dg +«.

Letr =3 drst(y([o 1]), £2¢) > 0, where2¢ = R?\ 2. Slncey is uniformly continuous ove0, 1], there exists
numbersg, 11,12, ..., ty € [0,1] suchthatG=rp<t1 <tr <--- <ty =1 and

|7(t) —p(ti—p)| <r forallie{1,2,...,N}.

Let§ := min(r, »5). Then there exist points', x2, ..., xV € 2 N B(7(;), §) such that

t

Y(y(t))=Y(y(0))+/{(YAa)(y(s))+Ba(y(s))}y,;(s)ds forall 7 € [0, N1,

0
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wherey = (y,):[0, N] — £2 maps the intervali — 1, i] onto the segmenitc’~1, x’] for all i € {1,2,..., N}.
Consequently,

Y (y)| < (|Y0|+02\/_L(y))+01«/—/|y(s)||Y(y(s))|ds forall 7 € [0, N1,

which next implies, by Gronwall inequality, that
¥ (xN)] < (|Y0] + c2V/dL(p)) €YD,

But the length of the patp satisfiesl.(y) < L(p) + ¢ < Dg + 2¢ thanks to the triangular inequality. Letting then
¢ go to zero, we deduce from the above inequality (where the teffrend L (y) depend or) that

Y ()| < (|YO] + cov/d D) &1V4P2,

sincex™ goes tox whene goes to zero. This implies that the matrix figfdbelongs to the space™ (§2, M)
and, since the derivatives of the field are given byd, Y = YA, + By, the fieldY also belongs to the space
wleo@ M. o

2. Thefundamental theorem of surface theory revisited

Throughout this section, Greek indices vary in the {ggP}, Latin indices vary in the seftl, 2, 3} and the
summation convention with respect to repeted indices is used in conjunction with these rules.

Let w be a connected and simply- connected open subsBf aind lety = (y1, y2) denote a generic point
in w. Let there be given two matrix fieldg.g) € WI *(w; SZ) and(bgg) € Lig (w; S?) and define the Christoffel
symbols associated wittaqg) by letting

1
;ﬁ = Eara (8aaﬁ0 + 8ﬁaaa - aaaaﬁ)s
where(a™ (y)) is the inverse of the matrifa.s(y)) andd, = 9/dy.. We recall that, according to the conventions
made in Section 1, the field.g) is the continuous representative of the class, still denotetipy). Therefore,
(agp(y)) € 82 forall y € w. This implies that the inverse matrix ) is continuous ovew and that the Christoffel
symbolsl"fﬂ belong to the space5 (w).
Assume that the Gauss and Codazzi—Mainardi equations,
Oy Tog — 0p T, + T If, — I, Ty = baphl, — bay b,
0y bap — 0pbgy + F bg’y aybgﬂ =0,

are satisfied irD’'(w) (these equations make senséifjw) sinceFofﬁ, «p anda’® belong toL . (w)).

Our aim is to prove the existence of a surface immersed in the three-dimensional Euclidean space whose firs
and second fundamental forms are given by the matrix figlgs) and(byp), respectively. Our main result is the
following:

Theorem 2 1. Assume thab is a connected and simply-connected open subsBfafnd that the matrix fields
(aup) € WI *®(w; S%) and (baﬁ) € LY (w; S?) satisfy the Gauss and Codazzi-Mainardi equatior®iw). Then
there exists a mappingje WI *(w, R3), unique up to proper isometries &, such that

010 A 020 )
af = 0q0 - 050 and byp =0yl - ————— a.e.inw.
fap = 0a7 " 0P b = 0BV 1510 A 0,0 @
If the geodesic diameter of the setis finite, (agg) € WL (w; S2), (byg) € L®(w; S?), and (aqp)~t €
L>®(w, M?), then the mapping belongs toW? > (w, R3).
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Sketch of proof. The proof is broken into six steps numbered (i) to (vi). Throughout the proof, we fix a point

y0 € w, avectom® e R3, and two vectora? e R3 such thau? ~a2 = aq5(y%). We also define a unit normal vector

to ad by lettinga$ := (a9 A ad)/1ad A ad). Finally, we define the matrix fields, : @ — M2 by letting
1 1 1
T w2 s
Ly:=|\r3 1 -p|. (3)
ber be2 O

(i) The Gauss and Codazzi—Mainardi equations are satisfied if and only if the following matrix equation is
satisfied

dolp+ Tlp =0T+ sl inD'(w; M), o, B (1,2}

Note that this equation make sense sifiges L5 (w; M?3) ¢ D' (w; M3). It suffices to prove that the Gauss and
Codazzi—Mainardi equations imply the relation

dabp + Iy, by = by, + g, by

From the definition of the Christoffel symbols, we deduce that,; = Fayaafy + Fayraay. Using this relation
and the identityp}a., = by, in the Codazzi-Mainardi equations, we obtain that

aoedabf +bpy Iy +bp T aoy + Ty bay = aocdpby +bay [y +by Ty agy + T, bpy.
Multiplying the previous relation witli®V gives the desired relation.
(ii) There exists a solutiof € Wlﬁfo(w, M?3) to the system
WwF=FI, inD(o;M% and F(y°) =F°, (4)

where FO € M2 is the matrix whose-th column isa? € R3.

It suffices to apply Theorem 1.1 to the above system, the assumptions of this theorem being satisfied thanks tc
the previous step.

(iif) Leta; denote the-th column of the matrix field". Then there exists a solutighe Wlf;coo(w; R3) to the
system

db=a, inw and 0(y°)=46° (5)
Since the fieldF satisfies the system (4), one can see that

duatp = Iygao + bapaz = I'§,as + bguaz=dgay in D' (w; R3).
Sinceay € Wlé’c"o(w; R3) andw is simply connected, we can apply Theorem 1.1 to problem (5) to show that it

possesses a solutiéne Wé’c"o (w; R®). Sinced, 0 = a,, the mappind belongs in fact tdivlf;coo (w: R3).
(iv) The mappin@ satisfies the relations
010 A 020 .
=040 -080 and by =040 - ———— a.e.inw.
dap = a7 0p of =SB 15.10 A 920] @

Defineay3(y) = azy(y) = 0 andazs(y) =1 for all y € w and IetFa’j. denote the coefficients of the matil,
defined by relation (3). Then one can see that; = I'/a,; + I’} aip. This implies that the functions;; :w — R
defined byX;; (y) :=a;(y) - a;(y) — a;; (y) for all y € w satisfy tﬁe system

8aXij=Fal;ij+Fal}Xip in Loo(a)),
Xij(»°) =0.
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LetA:={yew; X;j(y)=0¢ M3}. This subset of» is non-empty (since® € A) and closed inw (since the
functionsX;; 1w — M2 are continuous). But it is also opendnsince an inequality of Poincaré type shows that,
for all y € w, there exists an open ball(x, r) € w such thatX;; = 0 over this ball. Since the sgt is non-empty,
closed, and open iw, the conectedness afimplies thatA = w. Hencea; - a; = a;; in w. These relations show
that the first relation announced in step (iv) holds. They also show that
anaz DR )y ew, andFTF = (a;)) in o.
la1 A az|

eitheraz(y) = (y)oras(y) =

a1 nagl
Therefore,(detF (y))? > 0, which implies in particular that dét(y) # 0 for all y € w. Since def (y°) > 0 and
the function def is continuous over the connected egtwe have def > 0 overw. Hence
as(y) = ai(y) Aaz(y)

lar(y) A az(y)l
On the other hand, step (i) implies thlag = I'jya + bapas. Hence
010 A 020
|010 A 328|°

(v) The mappind is unique up to proper isometries BF.

Let another mapping satisfy the conditions of the theorem. L& € M be the matrix whosé-th column is
a? and letEq € M2 be the matrix whose first, second, and third, column are respectiygly?), d.¢(y°), and

(916 (7°) A 320(39) /1326 (3°) A d2(y°)]. Define the mapping : » — R3 by letting
0(y) =0+ Q(¢(y) —9(y%)) forallyew, (6)

where Q = FoEo‘l. Then one can see that the matgixis a proper ortogonal matrix and that the mapp@ng
satisfies the conditions of the theorem. Therefore
F=FI, and 3,F=FI, ino,
whereF (resp.f) is the matrix whose-th column isa; (resp.a;), with self-explanatory notations.
On the other hand, relation (6) shows ti#ay®) = 6° anda;(y°) = a?. HenceF (%) = F(y°) = Fo. Then
Theorem 1.1 shows that = F in £2, which next implies that,8 = ,6. Sinced(y°) = 6(»°) = 6° andw is
connected, we finally obtain thét= 8, which means that the mappifigsatisfying the conditions of the theorem

is unique up to proper isometries &f.
(vi) The second part of the theorem is a consequence of part (ii) of Theoremri.1.

forall y € w.

bog = 0qap - az = dup0 -

Remark 1. In [2], Hartman and Wintner established the fundamental theorem of surface theory under the
assumptions that.g € Cl(w) and bug € C%uw) together satisfy the Gauss and Codazzi-Mainardi equations in
an integral form. Their assumptions are weaker than those used in the classical frameworkagyre (o)

andbeg € Cl(w)) but stronger than those of Theorem 2.1.
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