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SHEAVES OF BOUNDED p-ADIC LOGARITHMIC
DIFFERENTIAL FORMS

BY ELMAR GROSSE-KLONNE

ABSTRACT. — Let K be a local field, X the Drinfel’d symmetric space of dimension d over K and X
the natural formal O k-scheme underlying X; thus G = GLg41(K) acts on X and X. Given a K -rational
G-representation M we construct a G-equivariant subsheaf M2,  of Ok -lattices in the constant sheaf M
on X. We study the cohomology of sheaves of logarithmic differential forms on X (or X) with coefficients
in M%K' In the second part we give general criteria for two conjectures of P. Schneider on p-adic Hodge
decompositions of the cohomology of p-adic local systems on projective varieties uniformized by X.
Applying the results of the first part we prove the conjectures in certain cases.
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RESUME. — Soient K un corps local, X I’espace symétrique de Drinfel’d de dimension d sur K
et X le Ox-schéma formel canonique sous-jacent a X ; le groupe G = GLg4+1(K) agit sur X et X.
Soit M une représentation K -rationnelle. Dans le faisceau constant M sur X, on construit un sous-
faisceau G-équivariant M%k des O -réseaux. On s’intéresse a la cohomologie des faisceaux des formes
différentielles logarithmiques a coefficients dans M%K. Dans la deuxieme partie, on donne des criteres
généraux pour deux conjectures de P. Schneider sur des décompositions de Hodge p-adiques de la
cohomologie des systemes locaux p-adiques sur des variétés projectives uniformisées par X . En appliquant
les résultats de la premiere partie, on démontre ces conjectures dans certains cas.
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0. Introduction

Let p be prime number and d € N, let K/Q,, be a finite extension. In connection with the search
for a Langlands type correspondence between suitable p-adically continuous representations
of the group GL441(K) on p-adic vector spaces on the one hand, and suitable p-adic Galois
representations on the other hand, the p-adic cohomology (de Rham, crystalline, coherent, p-adic
étale) of Drinfel’d’s symmetric space X over K and its projective quotients X = I"\ X, with
coefficients in rational representations M of GLg411(K), has recently found increasing interest.
We mention the first spectacular results due to Breuil [2] who uses the cohomology of X and
Xr with coefficients in M = Sym]C (Qi) (some k € N) to establish a partial correspondence
in case d =1, K = Qp, and the work of Schneider and Teitelbaum [17] where (for any d
and K) the GL41(K)-representation on the space Q% (X)) of top differential forms on X is
determined. Substantial as these works are, they call for generalizations. On the one hand one
hopes to generalize the constructions from [2] to cases where d > 1. Since a decisive ingredient
in [2] is the work with p-adic integral structures in equivariant sheaf complexes on X, the
investigation of such integral structures should be a starting point. On the other hand one hopes
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to generalize the analysis of [17] to more general equivariant vector bundles on X (instead of the
line bundle Qf}(), e.g. to the vector bundles Q. , oreven M @ Q. , for any ¢; this would be done
best by finding and analysing equivariant subsheaves in M ® %, e.g. those of exact, closed or
logarithmic differential forms. All this motivates the main objective of the first part of this paper,
the study of equivariant integral structures in the vector bundles M ® Q% and in their subsheaves
of logarithmic differential forms. The central question concerning the de Rham cohomology with
coefficients in M of a projective quotient X1 of X is that for the position of its Hodge filtration
(e.g. due to p-adic Hodge theory its knowledge in case d = 1 is another crucial point in [2]); the
second part of this paper is devoted to this question.

We discuss the content in more detail. Let now more generally K be a non-Archimedean local
field with ring of integers Ok, uniformizer m € O and residue field k. Let M be a rational
representation of G = GLg41(K), i.e. a finite-dimensional K -vector space M together with a
morphism of K-group varieties GL41 — GL(M). It is well known that for any compact open
subgroup H of G there exists an H-stable free O x-module lattice in M ; we fix one such choice
M? for H = GL441(Ok). We choose a totally ramified extension K of K of degree d + 1
and twist the action of G on M ® K unramified by a suitable K -valued character of G. We
show that the choice of M° determines for any other maximal open compact subgroup H C G
a distinguished H-stable O -lattice in M @y K and the collection of these lattices can be
assembled into a G-equivariant coefficient system on the Bruhat-Tits building 57" of PGLg4 1.
In fact this is only a reinterpretation of our Proposition 3.1. We do not mention BT at all, we
rather work with the G-equivariant semistable formal Og-scheme X underlying Drinfel’d’s
symmetric space X over K of dimension d + 1, as constructed in [14]. It is well known that the
intersections of the irreducible components of X ® k are in natural bijection with the simplices of
BT . Thus what we do is to construct from M? a constructible G-equivariant subsheaf M%K of

the constant sheaf with value M @ K on X such that M%K (U) for quasicompact open U C %
is an O -lattice in M ® K.

We then consider the coherent Ox ®o, Of-module sheaf MOOR ®o, Ox and compute
explicitly its reduction (M%K ®oy Ox) ®o, k. See Theorem 3.3 for our result. Similarly,
let % be the logarithmic de Rham complex of X and let Log® (M%K) be the m-adic completion
of the subsheaf of M%R ®ox % consisting of logarithmic differential s-forms; we compute
explicitly Log® (Mg, ) ®o,. k. See Theorem 4.4 for our result.

As an application, assume now that M|gr,, L1 (K) 1s the trivial representation K, the standard
representation M = K9+ or its dual (K?*1)*. We show (Proposition 4.5)

(1) H’ (X, Log® (M%K)) =¥:g (%’M%K ®ox %)

for any j and any s. Using the above computations the proof of (1) is reduced to the statement
that for any irreducible component Y of X ® k—such a Y is the successive blowing up of IP’%
in all k-linear subspaces—with logarithmic de Rham complex 23 we have H’(Y,Q5.) = 0 if
j#0,and H°(Y,Q3) consists of global logarithmic differential s-forms on Y.

In the second part of this paper (Sections 5 and 6) we develop general criteria for conjectures
of Schneider raised in [16]. Let ' C SLg41 (K) be a cocompact discrete (torsion-free) subgroup;
thus the quotient Xt = I'\ X of X is a projective K -scheme [14]. Let M be a K [I']-module with
dimg (M) < oo. Using the I'-action (induced from the I'-action on M) on the constant local
system on X generated by M we get a local system M' on Xt. The Hodge spectral sequence

) E7® = H* (Xp,M" @k Q%, ) = H " (Xp, M" @k Q%,)
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gives rise to the Hodge filtration
H'=H(Xp, M @k Q% )=F) D Fy > D Ft =0.

If char(K) = 0 Schneider [16] conjectures that a splitting of F'; is given by the covering
filtration F7 of H @ arising from the expression of H? through the I'-group cohomology of
M ®g H};r(X). Concretely, he expects HY = F}IH <) Fflii for0<i<d—1.

If M underlies a K-rational representation of G (and char(K) = 0), Schneider defines
another sheaf complex, quasiisomorphic with M! @5 QS .» hence again a corresponding
Hodge filtration F%; on H ¢, He then conjectures F? 4 = Fpp, thus in particular he conjectures

. (51 T
He= Ff“ e F I‘fﬂ. The particular interest in this last decomposition is that combined with yet

ed
another conjecture from [16]—the degeneration of the ‘reduced’ Hodge spectral sequence—it
would allow the computation of I'-group cohomology spaces H* (T, D) for certain ‘holomorphic
discrete series representations’ D of G.

For the trivial representation M = K the conjectures were proven first by Iovita and Spiess
[10], later proofs were given by Alon and de Shalit ([1], using harmonic analysis) and the
author ([6], using p-adic Hodge theory). The main tool in the approach of Iovita and Spiess
is a certain subcomplex of % (X) consisting of bounded logarithmic differential forms on X.
For more general M this complex does not seem to generalize well, essentially because there is
no integral structure in the complex M ®x Q% (X) of global forms. This led us to consider
a K-vector space subsheaf complex L*(M) of M @k Q% on X which should replace the
global logarithmic differential forms. We show that the filtration F can be redefined in terms of
IL* (M) and obtain criteria for the above splitting conjectures and the degeneration of (2) which
avoid I"-group cohomology of global objects. A certain variant of IL* (M), the K -vector space
sheaf complex L$, (M), leads to a similar criterion for the splitting H? = F:e'til & Flii_i’ and
the degeneration of the ‘reduced’ Hodge spectral sequence. The general hope is that, working
as indicated with integral (or bounded) structures inside L.*(M) or L}, (M), we can reduce to
problems in characteristic p and work locally on the reduction of the natural formal scheme
underlying X. This approach worked out in [7] in dimension d = 1 where we used integral
structures inside LY,(M) to prove H' = F | & F}} and the degeneration conjecture. Here, as
suggested above, we use integral structures inside IL® (M) provided by the first part of this paper
to prove (for arbitrary dimension d):

THEOREM (see Corollary 5.1, Theorem 6.4 and the remarks given there). — Suppose that
M|5Ld+1(K) =K, M‘SLCH»I(K) =K% or M|SLd+1(K) = (Kd+l)*'
(a) For arbitrary char(K) the Hodge spectral sequence (2) degenerates in E,. The Hodge
filtration F'g; has a canonical splitting defined through logarithmic differential forms.
(b) If char(K') =0 we have F, = F% , and the splitting in (a) is given by the filtration F:

HY(Xr, MV @k Q%) =Fi e Ff" (0<i<d-1).

It seems that even for M = K the degeneration in (a) in case char(X) > 0 was unknown
before.

Notations. — We fix d € N and enumerate the rows and columns of GLgy1-elements by
0,...,d. We denote by U the subgroup of GL4;1 consisting of unipotent upper triangular
matrices,

U = {(aij)o<i,j<d € GLas1 | az; =1 forall i, a;; =0if i > j}.
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For r € R define |r],[r] € Z by requiring |r| <r < |r] +1and [r] =1 <r < [r]. Fora
divisor D on an integral scheme X we denote by Lx (D) the associated line bundle on X; we
will always consider it as a subsheaf of the constant sheaf with value the function field of X.

K denotes a non-Archimedean local field, O its ring of integers, m € Ok a fixed prime
element and & the residue field with ¢ elements, ¢ € p". Let w: K* — Q be the extension of
the discrete valuation w : K* — Z normalized by w(7) = 1. We fix a totally ramified extension
K = K (7) of K with ring of integers O such that 7 € O satisfies 7%+ = .

We write G = GLg41(K). Let T be the torus of diagonal matrices in G and let X, (T"), resp.
X*(T), denote the group of algebraic cocharacters, resp. characters, of T'. For 0 < @ < d define
the obvious cocharacter e; : G,;, — GLg4+1, i.e. the one which sends ¢ to the diagonal matrix
(e;(t))s; with e;(t);; =t, e;(t);; =1 for i # j and e;(t);,;, = 0 for j1 # jo. The e; form a
R-basis of X, (T') @ R. The pairing X, (T") x X*(T') — Z which sends (z, 1) to the integer p(x)
such that u(z(y)) = y**) for any y € G,, extends to a duality between the R-vector spaces
X.(T)®Rand X*(T) ® R. Let €g, ..., eq4 € X*(T) denote the basis dual to ey, ..., eq. Let

®={e;—¢€;; 0<i,j<dandi#j} C X*(T).

1. Differential forms on rational varieties in characteristic p > 0

The action of GLgy1(k) = GL(k%!) on (k?*!)* = Homy,(k%*!, k) defines an action of
GLg41(k) on the affine k-scheme associated with (k%*1)*, and this action passes to an action of
GLg41(k) on the projective space

Yo =P((k*)") 2Py

ForO0<j<d—1let Vg be the set of all k-rational linear subvarieties Z of Yy with dim(Z) = j,
and let Vy = U?;é VJ. The sequence of projective k-varieties

Y=Y 1—=Y30—- =Y

is defined inductively by letting Y;; — Y; be the blowing up of Y; in the strict transforms
(in Y;) of all Z € V. The set

VY = the set of all strict transforms in Y of elements of V)

is a set of divisors on Y. The action of GLg441 (k) on Yp naturally lifts to an action of GLg11 (k)
on Y. Let =,...,=4 be the standard projective coordinate functions on Y and hence on Y
corresponding to the canonical basis of (k9*1)*; hence Yy = Proj(k[Z;; 0 < i < d]). Denote
by 3, the de Rham complex on Y with logarithmic poles along the normal crossings divisor
YveyVonY.Fori,je{0,...,d} and g € GLgy1 (k) we call

gdlog (f)
=
a logarithmic differential 1-form on Y. We call an exterior product of logarithmic differential
1-forms on Y a logarithmic differential form on Y.
PROPOSITION 1.1.— For each 0 < s < d we have H'(Y, Q%) =0forall t > 0. The k-vector

space HO(Y,Q5) is the one generated by all logarithmic differential forms.
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Proof. —In [5] we derive this from a general vanishing theorem for higher cohomology of
a certain class of line bundles on Y. Note that a corresponding statement over a field F' of
characteristic zero is shown in [10] Section 3: the de Rham cohomology of the complement of a
finite set of F-rational hyperplanes in P4 is generated by (global) logarithmic differential forms.
And the analogous statement for the Monsky—Washnitzer cohomology of Y° =Y — UverV
was shown in [3]. O

Remark. —In [5] we give a k-basis for H(Y,€)3-) consisting of logarithmic differential forms
as follows. For a subset 7 C {1,...,d} let

U(k‘)(T) = {(aij)ogi,jgd S U(k) ‘ Q5 = 0 lf] ¢ {Z} U 7’}.

For 0 < s < d denote by P, the set of subsets of {1,...,d} consisting of s elements. The
following set is a k-basis of H°(Y,Q3.):

{A./\dlog(i—é) ‘TEPS, AeU(k)(T)}-

ter

Let D be a divisor on Y of the type

D=> bV

vey

with certain by € Z. We view Ly (D) as a subsheaf of the constant sheaf k(YY) with value the
function field k(Y") of Y'; hence we view Q) ®p, Ly (D) as a subsheaf of the constant sheaf
with value the de Rham complex of k(Y")/k. The differential on the latter provides us with a
differential on QY ®o, Ly (D).

Consider the open and GL 1 (k)-stable subscheme

Yo=y-JV
vey
of Y'; let us write
Y'Y

for the embedding and Q.. = Q3 [yo.

For 0 < s < d let L3, be the k-vector subspace of 25, (Y?) generated by all s-forms 7 of the
type
3) n=yi" -yt dlog(yy) A--- Adlog(ys)

with m; € Z and yi,...,yq € O (Y") such that y; = 6;/6, for a suitable (adapted to 7)
isomorphism of k-varieties Yy = Proj(k[f;]ogj<q). From Proposition 1.1 it follows that
HO(Y,Q3) is the k-vector subspace of LL§- generated by all s-forms 7 of type (3) with m; =0
forall 1 <j<s.

Let L3, resp. L;;O, be the constant sheaf on Y with value L, resp. with value H°(Y,Q53.).
For a divisor D as above we define

L*(D) =L N Ly (D) © 9%,
L*(D) =Ly N Ly (D) ® %,

the intersections taking place inside the push forward ¢.€23,,.
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THEOREM 1.2.— (a) Suppose by € {—1,0} for all V. Then the inclusions L*°(D) —
L*(D) — Ly (D) ® Q3 induce for all j isomorphisms

H’(Y,L*>°(D)) = H’ (Y,L*(D)) 2 H’ (Y, Ly (D) ® Q).

(b) Let S be a non-empty subset of V such that E = (1, g V' is non-empty. Define the subsheaf
L5(0) of 3 Qo, Og as the image of the composite L*(0) — Q3 — Q3 Qo, Og. Then the
inclusion induces for all j an isomorphism

HY(Y,L3(0)) 2 HY (Y,Q% ®o, OF).

Proof. — (a) First we consider the case D = 0, i.e. byy = 0 for all V. The sheaf L59(0) is
constant with value H°(Y,€3 ), hence we get H’(Y,L*°(0)) = H’(Y,Q5 ) for all j from
Proposition 1.1. In order to also compare with H7(Y,IL*(0)) choose a sequence (7, )n>1 of
elements of L§. of the form (3) such that {n,; n > 1} is a k-basis of L§./H°(Y,Q3,). For
n > 0 let L3" be the constant subsheaf of L§ on Y generated over k by H°(Y,Q5) and
{ni; n>1>1}. Letting

L*"(0)=Ly" N Qs
we have
L*(0) = [ L>"(0)
n>0
and since Y is quasicompact (so that taking cohomology commutes with direct limits) it suffices
to show
: HY(Y,Q%): j=
HY (K Ls,n(o)) —_ ( ’ Y) J 07
0: >0

for all n > 0. For n = 0 we already did this, for n > 0 it suffices, by induction, to show

for all j. Let W C Y be the maximal open subscheme on which the class of 7, as a section
of L#™(0)/L*"~1(0) is defined. Thus if £:W — Y denotes the open embedding and k- the
constant sheaf on Y with value k then sending 1 € k to 7,, defines an isomorphism

L*"(0)

f!f_lky = m

If we had W =Y then the induction hypothesis H!(Y,L*>"~1(0)) = 0 and the long exact
cohomology sequence associated with

L*"(0)

Ls,n—l (0) —0

0— Ls,nfl(o) N Ls,n(o) N

would imply that there existed a1, ...,a,—1 € k such that n,, + Z?:_ll a;1; s a global section of

L#™(0), in particular of €23,. But this would contradict the fact that {n,; n > 1} is a k-basis of

4° SERIE — TOME 40 — 2007 —N° 3



SHEAVES OF BOUNDED p-ADIC LOGARITHMIC DIFFERENTIAL FORMS 357

L3, /HO(Y,Q% ). Hence W # Y. On the other hand we may write 7,, = ;" - y™=dlog(y1) A
-+~ Ndlog(ys) with y; = 0;/6p as in (3) and it is clear that C' =Y — W is the pull back under
Y — Y} of a union of some hyperplanes V(6;) C Y. In particular C' is connected. Denote by
v:C — 'Y the closed embedding. The long exact cohomology sequence associated with

0— g!f_lﬁy — ky — '7*7_1@}/ —0

shows HI (Y, &€&k, ) = 0 for all j because C' is non-empty and connected. The induction and
thus the discussion of the case D = 0 is finished.

To treat arbitrary D with by € {—1,0} for all V' we induct on dim(Y") and on (D) =
> vey |bv]. We will only show HY (Y,1L#(D)) = H (Y, Ly (D) ®0, Q3 ) (which is the relevant
statement for the subsequent sections), the proof of H’(Y,L*°(D)) = H/ (Y, Ly (D) ®0, Q%)
is literally the same (replace each occurrence of L¥(D) with L.59(D)).

Assume by = —1 for some V. Let D’ = D + V. We want to compare the exact sequences

0—L*(D)—L%D")—L;(D')—0
(the sheaf L, (D’) being defined such that this is an exact sequence) and
0= Ly(D)®@Q — Ly(D) 20 — Ly (D) 2025 @ Oy — 0.

Since r(D’) < r(D) the induction hypothesis says that the map between the respective second
terms induces isomorphisms in cohomology. It will be enough to prove the same for the
respective third terms. From [11] (see also [5]) it follows that V' decomposes as

V=Y!'xY?

such that both Y'* are successive blowing ups of projective spaces of dimensions smaller than d
in all k-rational linear subvarieties, just as Y is the successive blowing up of projective space of
dimension d in all k-rational linear subvarieties. Denote by V¢ the corresponding set of divisors
on Y (like the set V of divisors on Y) and let 23, denote the logarithmic de Rham complex on
Y with logarithmic poles along V*. Let 2}, denote the logarithmic de Rham complex on V' with
logarithmic poles along all divisors which are pullbacks of elements of V! or V2. Then

‘./ - Q;fl ®k- Q;/z

Let Dy be the divisor on V induced by D. More precisely, Dy = > by (W N'V), the sum
ranging over all W € V which intersect V transversally. It also follows from [11] (and [5]) that
Dy is of the form DY, + Dy, where Dy, for t = 1,2 is the pullback to V, via the projection
V — Y, of a divisor Dy« on Y which is the sum, with multiplicities in {0,—1}, of elements
of V. The above then generalizes as

“4) Cv(Dv) R0 = (ﬁyl (Dyl) ® Q;/l) Rk (ﬁyQ (Dy2) ® Q;/2)
Choose an isomorphism Y = Proj(k[f;]o<j<a) and elements 0 < j; # jo < d such that
y=10;,/0;, € Oy (U) is an equation for VN U in a suitable open subset U of Y with VN U # (.

We have an exact sequence

(5) 0— Ly(Dyv) @ Qi "5 £0(D) 2 Q3 @ Oy — Ly (Dy) @05 —0

ANNALES SCIENTIFIQUES DE L’ECOLE NORMALE SUPERIEURE



358 E. GROSSE-KLONNE

where by (4) the extreme terms (take s’ = s and s’ = s — 1) decompose as

(6) Ly(Dy)® Q5 = @ (Ly1(Dy1) @ Q34) @y (Ly2(Dy2) ® Q2).

s1+s2=s’

On the other hand, define for ¢ = 1,2 the sheaves I.* (Dy) on Y just as we defined the sheaves
L*(.) on Y (and use the same name for their push forward to Y'). Then using the decomposition
(6) we may view the sheaf

P L (Dyr) @k L2 (Dy-)

S1 +82 =s’

as a subsheaf of Ly (Dy) ® Qf// and a local consideration shows that (5) restricts to an exact
sequence
%) 0— @D L*(Dy1)@rL?(Dys) " Ly (D)
S1+s2=s—1
— @ L*(Dyr) @k L (Dy2)—0.
S1+S2=s

Comparing the long exact cohomology sequences associated with (5) and (8) we conclude that
to show that

HI (Y, Ly, (D)) — H (Y, Ly (D) ® Q5 ® Oy)
is an isomorphism for any 7, it suffices to show that

Hj(Ya o, L31(DY1)®kL32(DY2)>

S1+82=s’
— HI <Y, @ (ﬁyl(Dyl) ® Q‘;,ll) Rk (ﬁyz (Dy2) ® Q;,Zz)>
s1+s2=s’

is an isomorphism, for s’ = s and s’ = s — 1. By the Kiinneth formula this reduces to showing
that

HI (YL (Dy)) — H? (Y, (Lyt(Dy+) @ Q50))

is an isomorphism, for any s’ and ¢ € {1,2}. But this follows from our induction hypothesis
since the dimension of Y is smaller than that of Y.
(b) We have an exact sequence

1-o(-3v) - @ a(-Tv)- e @e
ves TCS VET ves
IT|=|S|-1
— 0Oy -0 —0
which yields a similar exact sequence by tensoring with 5.. A local consideration shows that
the latter exact sequence restricts to an exact sequence

—1L°(0) — L%(0) — 0.
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It follows that it is enough to show that for all subsets 7" C S and any j the map

(Y Lg( > V)> — HY (Y,/_’,y(— > V) R0y QY>
Ver Ver
is an isomorphism. But this follows from part (a). O
Remark (not needed in the sequel). —If —1 < by < p — 1 for all V' then the inclusion
L*9%(D) — Ly (D) ® Q% induces isomorphisms

H’(Y,L*%(D)) =2 H?(Y,Ly (D) ® Q%).

To see this let D' =, ., by, V with b, = min{0, by }. Then Theorem 1.2 applies to D’. Now
note that on the one hand .*°(D’) = .*:°(D) (logarithmic differential forms have pole orders
at most one) and on the other hand Ly (D) ® 5, — Ly (D) ® Q% is a quasiisomorphism (use
that any by > 0 is invertible in k).

2. Reduction of rational G-representations

LetT =T/K*.For = Z?:o aje; € X*(T) let

T s 2k

j=0

an element of the subspace X*(T) ® d+1 Z of X*(T) Z. If for 0 < j < d welet

® d+1

(Z#]‘ a;) — da

©) @) = =

then

d
o= Z aj(p)e;
j=0
Let M be an irreducible K -rational representation of G. For a weight © € X*(T') let M,, be

the maximal subspace of M on which 7" acts through .

LEMMA 2.1.— The number

d
IM|=>"a;
=0

for = ZLO a;e; € X* (T') such that M,, # 0 is independent of the choice of such a ji; for such
wwe have t € X*(T) if and only if M| € (d+ 1).Z, if and only if there is a h € Z such that the
center of G acts trivially on M ® ¢ det”.

Proof. — This is clear since all y with M, # 0 differ by linear combinations of elements of ¢
(see [12]11.2.2). O

We fix a GLg41/Ox-invariant O -lattice MO in M (see [12] 1.10.4).
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LEMMA 2.2. — We have M° = ®MEX*(T) M/(L] with Mg =MNM,.

Proof. — We reproduce a proof from notes of Schneider and Teitelbaum. Fix p € X* (7).
It suffices to construct an element II, in the algebra of distributions Dist(GLg41/Z) (i.e.
defined over Z) which on M acts as a projector onto M,,. For 0 <i < d let H; = (de;)(1) €
Lie(GLg+1/Z); then dp/(H;) € Z (inside Lie(G,,,/Z)) for any p' € X*(T'). According to
[8] Lemma 27.1 we therefore find a polynomial IT € Q[Xy, ..., X,] such that [I(Z4+1) C Z,
I(dp(Ho),...,du(Hy)) =1 and (dy'(Hy),...,dp' (Hg)) = 0 for any ' € X*(T') such that
p' # p and M, # 0. Moreover [8] Lemma 26.1 says that II is a Z-linear combination of
polynomials of the form

Xo) .. (Xa)  witm integers by, ..., bq > 0.
bo bd

Thus [12] I1.1.12 implies that
Hu = H(HO7 ) Hd)
lies in Dist(GLg41/Z). By construction it acts on A as a projector onto M,,. O

We return to the setting from Section 1. For ) # o C {0,...,d} denote by V¥ the common
zero set in Yy of all 5; with j € o, and let V,, € V be its strict transform under Y — Y{. Denote
by Y’ the open subscheme of Y obtained by deleting all divisors V' € V which are not of the
particular form V =V, for some () # o0 C {0,...,d}. Then Y° C Y’ C Y and U(k) acts on Y
and on Y and moreover U(k).Y’ =Y (the U(k)-translates of Y’ cover Y). For each V € V
there is a unique ) # o C {0, ..., d} such that there exists a g € U (k) with gV, =V, see [5].

Let M = M° /m.MP°. The decomposition from Lemma 2.2 induces a corresponding decom-
position

M- @ .
REX™(T)
Denote again by M the constant sheaf on Y with value M. We define a subsheaf M [Oy] of
M@k t+Oyoly, on Y’ by

(10) Moy]= P J\Afumﬁy,( > —{Zﬁj(u)W(VaﬂY’))

neX*(T) 0#0C{0,...,d} j€Eo

LEMMA 2.3.-— MV[OY/] extends uniquely to a GLgy1(k)-stable subsheaf M[Oy] ofﬁé%
Ly Oyo.

Proof. — This can be checked directly, an easier variant of the proof of Theorem 3.3 below.
However, it is even a consequence of Theorem 3.3: explicitly,

— MY ®o, Ox) ®0, O
M[Oy]z( 0, ®ox Oz) ®o, Oy

Oy -torsion

in the notations used there. O
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DEFINITION. — We say that the weights of M are small if for any p € X*(T) with M,, # 0
and for any ) # o C {0,...,d} we have

a1 0< {Zaj(u)w <1

JjEOo

LEMMA 2.4.— The weights of M are small if and only if, when regarded as a representation
of SLgy1(K), it is one of the following: the trivial representation, the standard representation
K41, or the dual (K*+1)* of the standard representation of SLg1(K).

Proof. — One easily checks that p = ch'l:o a;e; € X*(T) satisfies inequality (11) for all o if
and only if all coefficients a; are the same (case (i)) or if there is precisely one 0 < ¢ < d with
a; = aj+1forall j # i (case (ii)) or with a; = a; — 1 forall j # i (case (iii)). If M|gp,,, (x) = K
the only weight occurring is as in case (i), if M\SLd+1(K) = K91 the weights occurring are as
in case (ii), if M|sy,,,, (x) = (K?*1)* the weights occurring are as in case (iii). O

For 0 < s < d consider the following sheaf M [L3]onY:
MILY] = M @, L N M[Oy] ®oy O,

the intersection taking place inside ¢. (M ®r Q3 |yo).

THEOREM 2.5. - [f the weights of M are small then the inclusion M[L‘;] — M[Oy] ®0,
Q3 of sheaves on'Y induces isomorphisms

H* (Y, M[L}]) = H* (Y, M[Oy] ®0, Q5 ).
Proof. — Consider the following ordering on X *(7"): define
d d
(12) Zaiq > Zaiei
i=0 i=0

if and only if there exists a 0 < 49 < d such that a; = o for all ¢ < i, and a;, > ago. By [12]
I1.1.19 the filtration (F'** M) ,c x~ (1) of M defined by

(13) FHM = Z
weX (T)
WZpnmy,

is stable for the action of U (K). Hence the filtration (F*M?"),c x+ (1) of M defined by

FeMO= > Mj, =FrMnM°
W' EeX™(T)
w'zp

is stable for the action of U(Of), and the induced filtrations (F“Mv [Ov])pex=(r) of M [Oy]
and (F* M[L3]) e x- () of M[L3 ] are U(k)-stable. We denote by

()
s ()
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the respective graded pieces. To prove Theorem 2.5 it is enough to show that for all y € X*(T)
the maps

H*(Y,Gr* MILY)) — H*(Y,Gr* M[Oy] @0, Q5)
are isomorphisms. By definition (10), the restriction of M [Oy] to Y’ comes with a canonical
splitting of the filtration (F* M[Oy]),c x+ (). and this splitting shows

G MOy] @0y Ulys = M, o1 cy,( > [Zajm)} W, nY’)) S0y Uy

0#0C{0,...,d} j€o

Moreover, the subsheaf Gr* M[L$ ]|y of Gr* M[Oy] ® o, 5|y~ can be identified with

M, ®y, LS( > }— {Z%‘(u)-‘ Va)

0#£05C{0,....d jeo

Y/’

Thus, by U(k)-equivariance and since U(k)Y’ = Y, the inclusion GrtM L] —
Gr* M[Oy] ®0, Q3 is of the form considered in Theorem 1.2, tensored with (the constant
sheaf generated by) M,,. Hence we may conclude by Theorem 1.2. O

3. Sheaves of integral structures in X [G]-modules

The action of G = GLg411(K) = GL(K%*!) on (K9*1)* = Homg (K9t K) defines an
action of G on the affine K -scheme associated with (K91)*, and this action passes to an action
of G on the projective space P((K?*1)*). Drinfel’d’s symmetric space X is the K-rigid space

X=P((K d+1) *) — (the union of all K -rational hyperplanes).

Clearly X is stable for the action of G. Let X be the strictly semistable formal Oy -scheme
with generic fibre X introduced in [14]. Instead of recalling its formal definition here we recall
its basic properties relevant for us. X is covered by Zariski open subschemes which admit open
immersions into the 7-adic formal completion of Spec(Ok [Xo, ..., Xa]/(Xo ... Xq—)). Each
irreducible component of the reduction X ® £ of X is isomorphic to the k-scheme Y studied in
the previous sections. The set of all irreducible components of X ® k is in natural bijection with
the set of vertices of the Bruhat-Tits building of PGL41/K. More generally, if for j > 0 we
let F7 denote the set of non-empty intersections of (j + 1)-many pairwise distinct irreducible
components of X ® k, then F7 is in natural bijection with the set of j-simplices of the Bruhat—Tits
building of PGL44 /K. This bijection is G-equivariant for the natural extension of the action
of G on X to an action of G on X. We denote by Y the central irreducible component of X ® k,
i.e. the irreducible component of X ® k which is characterized by the fact that the subgroup
K*.GL441(Of) of G is the stabilizer of Y (for the action of G on the set F of irreducible
components of X ® k). We identify this k-scheme Y (with its GL 441 (O )-action) with the one
from the previous sections. We define the subset

FQ=TY

of FY, the orbit of Y € FO for the action of T on F°. (This set corresponds to the set of vertices in
the standard apartment of the Bruhat-Tits building of PGL441/K.) For Z € F§ and u € X*(T)
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weletme X*(T)® #Z as before and define i(Z) € d%_l.Z as

A(Z)=—w(p(t)) witht € T such that t.Y = Z.

For Z € FO let {4 be the maximal open formal subscheme of X such that {7 ®¢ « Kk is contained
in Z. For example, the indicated identification of the central irreducible component Y of X ® k
with the k-scheme Y from the previous sections restricts to an identification of open subschemes
Uy ®o, k=Y (with Y? C Y as defined in the previous sections). Also note that the union
Uzcpo Yz is disjoint in X and that the closed points of | J, o 4z ® k are exactly the non-
singular closed points of the k-scheme X ® k.

Let again M be an irreducible K -rational representation of GLg11 and fix a GLg41/Ok-
invariant O -lattice M° in M. Define the character

X:G _ KX7 g 7;(_—z.u(det(g))

and let G acton M @ K by multiplying with !/ the (scalar extension K — K of the) already
given action of G on M. The point of this twisting is that the O, -submodule M° ®¢, O of
M @ K is now stable not just for GLg .1 (O ) but even for the full stabilizer K *.GLg,1(Ox)
of Y in X. Of course, if |M| € (d 4 1).Z then we could replace the above twisting by a twisting
with a suitable power of the determinant character of GG, and the base extension K — K here
and in the whole construction below could be avoided.

Let M . be the constant sheaf on X with value M ® K. The above action of G on M ® K K
makes M ;. into a G-equivariant sheaf on X. Define M 3 as in Lemma 2.2. For p € X*(T') let

M&Ok be the constant subsheaf of M ;- with value Mg ®oy Of . For Z € F§ let

(14) My, = € #HTIEOM o |y,
HEX*(T)

PROPOSITION 3.1.— Formula (14) (for all Z € FY) defines a subsheaf
M, |UZEF;; u, C MK\UZEFE‘ -
It extends to a G-stable subsheaf M%K of M g in finitely generated O j.-modules such that
MY ®o, K =M.

Proof. — (Here we benefited from notes of Schneider and Teitelbaum.) We need some more
notations. For 0 < 4,7 < d and 7 # j consider the morphism of algebraic groups over Z

(15) &'ij:Ga_)GLd_A'_l, UHId+1 + u.e;5,

where Ig41 + u.e;; is the matrix (u,s) with u,, =1 (all r), with u;; = u and with u,s = 0 for
all other pairs (r, s). For the root a« = ¢; — ¢; € ® and r € R let

Ugr = &ij({u e K; w(u) > r}) CcG.
For z € X,.(T) ® R let

U, = the subgroup of G' generated by all U, _ () for a € .
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Let W be the subgroup of permutation matrices in G and let N =T x W be the normalizer of
TinG.

Let now g € G and Z € FY such that also g.Z € F. We claim that g: M ;. [s, = M|y, ,
restricts to an isomorphism

g:M%K |uz = M%K |>.1g_z'
We may identify X,.(T) ® R with the standard apartment in the Bruhat-Tits building of
PGLg11/K. Let 2 € X.(T) ® R denote the vertex corresponding to Z € F9. (In the above
mentioned correspondence between F§ and vertices in the standard apartment.) By the Bruhat
decomposition, there exist hy, € Uy, hg, € Uy and n € N such that g = hg,nh,. Therefore we
may split up our task into the following cases (i)—(iii):
@ geT,

(ii) g€ W,

(ili) * =gz and g € U,, for some x € X,.(T) @ R.

(1) Suppose g € T'. We claim that in this case g even respects weight spaces: we prove that g
induces for any p € X*(T") with M, # 0 an isomorphism

e 7'T(d+1)ﬁ(Z)M3 @0, Of = 7'r(d+1)ﬁ(9-Z)M3 R0, Of-
Indeed, g induces an isomorphism
g: MS o~ ww(“(g))Mg.

Thus, according to our conventions regarding the action of G on M ®g K, it induces an
isomorphism

9: M0 @0y, O = IS —IMEo) 10 g O
But
(d+Dw(p(9)) — IMlw(det(g)) = (d+1)(~w(7lg)) = (d+1)(Elg-2) - 7(2))
and the claim follows.
(ii) Now g € W. The isomorphisms g: M,, = M, , restrict to isomorphisms g: M) = M},

since M C M is stable under GLg41(Ok). On the other hand p(Z) = (g.xt)(g.Z) and hence
(Z) = (g.u)(g.Z) for p € X*(T). It follows that g induces isomorphisms

A HVED MO 96, O 2 #(d+1)(g.1)(9.2) M, ®0, Ok

for any € X*(T') and we are done for such g.

(iii) Now consider the case x = g.x and g € U,, for some x € X, (T) @ R. Then also Z = g.Z
and fi(z) = f1(Z). We may assume g € U, _q(y) for some o = ¢; — ¢; € ®. Thus g = a5 (u) for
some v € K with w(u) > —a(x). It suffices to show that the automorphism g of M induces an
automorphism

g @ AHRONOx () F IR 0.
pEX*(T) peX=(T)
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Now w(u) > —a(z) implies p+ na(x) < f(x) + nw(uw) for all p € X*(T), all n € Ny.
Therefore it is enough to prove

(16) a;;(u)(m) C Z“n-M3+n(ei—ej) (mEMg).

To see this define X, = (d&;;)(1) € Lie(GLgy1/Z) for o = €; — €; and then

n

X
Xan = —?‘ € Dist(GLg11/Z) forn>=0
n!
(compare [12] II.1.11 and 1.12). By [12] II.1.19 we have

XonM, C Myine and  a;j(u)(m) =Y u"Xon(m).

n=0

Since X, is defined over Z we in turn have X, , M) C M), and formula (16) follows.
The above claim is established. It follows that on the dense open formal subscheme | J ;¢ 0 447
of X (the union is disjoint) there is a unique G-stable subsheaf

0 .
MOK‘UZEFOLLZ CMK'U Mz

ZeF0

whose restriction to iy for Z € Fg is M%K |si, as defined by (14). We define M%K on all of

. . ) . . O
X as the maximal O, -module subsheaf of M ;- restricting to MOK |UZEF0 g, O

We now wish to compute the reduction modulo 7 of ./\/l%k ®0og Ox in terms of our sheaves

MOy living on the central irreducible component Y.

For open formal subschemes i of X we write Oy = Oy ®0, O . Recall that in Section 2
we defined the open subscheme Y’ of Y with U(k)Y’ =Y, defined the T'(k)-equivariant sheaf
M][Oy] on Y’ with a T(k)-equivariant X* (T')-indexed grading and extended it to a GLg 1 (k)-
equivariant sheaf M[Oy] with a U (k)-equivariant X*(T)-indexed filtration on Y. We now
perform a similar construction in our present global setting. Here the role of Y’ is played by
): by definition, ) is the open formal subscheme of X such that for the open subscheme ) ® k&
of X @ k we have

X@k-9Qk= U Z.
ZeFO—F§

We have U (K).9) = X. Moreover observe Y/ =9 NY.

For Z € F§ let Jz C Oy be the ideal defining the closed subscheme Z N'Q) inside Q).
Note that [Jz is invertible inside Oy ®o, K: indeed, small open formal subschemes of J)
admit open embeddings into the m-adic completion of Spec(Ok [Xo, ..., Xa]/(Xo ... Xq— 1)),
and for an appropriate numbering of Xj,..., X, the element X is a generator of Jz; in
K[Xo,...,X4)/(Xo...Xq — ) its inverse is 71 X7 ... X4. Thus we may speak of negative
integral powers of Jz as Og-submodules of Oy ®o, K. Also note that on small open formal
subschemes of ) we have Jz = Oy for almost all Z, therefore the following infinite products
of Oy-submodules in Oy ®o K make sense. For any 1 € X* (T") we define the sheaf

d 17 S

s=0  ZeF§
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. g [R(2) -]
on 2), the Oy -submodule of Oy ®o,, K generated by the submodules 7 [, Fo T o

fors=0,...,d.Let (O4)" be the unique U (K )-equivariant O ;-module subsheaf of Ox ®0 K

(with its U (K)-action induced by that of G on X) whose restriction to 9) is (Og ). To describe

the reduction of (O )" we need to parametrize the set ' in terms of the action of U (k) on it. For
o C{0,...,d} let

U, = {(aij)ogi’jgd ceU | Qi = 0if 2 75] and [j ¢ o or {Z,]} C O‘] }
Let
N={(ou)|0#05<C{0,....d},ucUs(k)}.
We have a bijection (see [5])
N2V, (o,u)—u.V,

and the set of orbits of U(k) acting on the set V is in bijection with the set of all ¢ with
0#0C{0,...,d}.

We will need the sheaves (Ok)ﬁ only for those p with M, # 0. For such y consider the
partition of F9, indexed by the ¢ € {0,1,...,d}, into the subsets

FO(t) = {Zng |7(z) - # ez}.

It provides the partition of F* into the subsets
FOt) = U(K).F(t).

Since M is irreducible, all p with M, # 0 differ by linear combinations of elements of ® (see
[12] I1.2.2). For each such p, if we write 1 = 25:0 @;(p)e; (cf. formula (9)), we have

M
(18) aj(u)—%ez

for all 0 < j < d. It follows that F'{(¢) and hence F°(¢) does not depend on p and moreover that
FO(t) is non-empty if and only if ¢ = n|M| modulo (d + 1) for some n € Z, or in other words:
we have defined a partition of F indexed by the multiples of (the class of) [M|in Z/(d + 1).
This partition is stable for the action of SLyy1(K) on F O (this again follows from Eq. (18))
while the action of the full group G on F'° can be used to cycle through the parts of this partition.
Endow

= U 2
ZEeFO(t)

with its structure of reduced closed subscheme of X ® k.

LEMMA 3.2. — We have natural isomorphisms

B (04 ®0. O=—
" (O3) o, k= g & - x(t)
te{0,...,d} m—tora()n
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~ (Ojg)ﬁ®ox OY
(20) Ey( Z {Z% l > “'VU):W'

0#oA{0,..., j€Eo weU, (k)

Proof. — Let 2)(t) denote the maximal open formal subscheme of %) such that the open
subscheme () ® k of P ® k is contained in UZng(t)(Z N9). Let

20)= |J znY)

ZEFO(t)

with its reduced structure, or equivalently: 2)(¢) is the schematic closure of (t) @ k in P ® k.
By formula (17) the restriction of (O )“ to (¢) is the line bundle

H [M(Z d+1—‘ H P'(Z) d+1 |
D(t)

ZeF§ ZeF§(t)

on Y(t) (@ll Tzly s for Z € Fj — F{(t) are trivial). We obtain: the reduction (Og) )" ®o,. k of
(O@)ﬁ decomposes into a direct sum, indexed by the set {0, ...,d}, whose direct summand for
t €{0,...,d} is the image of the map

fA(Z) =1 n *
# IL 7777 = (09)" = (09" 50, Og
ZeF§

This is a line bundle on 2)(t) that maps isomorphically to the quotient of (O & ®oy Oz
divided by its O -t0r510n Thus

D(t)

(O‘ )H®0, O—

te{0,...,d} Og{)(t) tOl“Slon

(21 (Og)F @0, k=
and the direct summand for ¢ € {0,...,d} is an invertible (9 module Hence formula (19) by

U (K)-equivariance. We also see

(03)F ®o, 9%0) (01)F ®0, Oy

Oi(o) -torsion x(0) Oy -torsion

and that this is the unique U (k)-equivariant subsheaf of the constant sheaf k(Y") on Y whose
restrictionto Y/ =Y NQ is

(0g))F @0, Oy
Oy -torsion
(for the uniqueness note that U (k).Y’ =Y. If we define the divisor D on Y’ by requiring
Oy -torsion

=Ly:(D)
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(as subsheaves of the constant sheaf £(Y") on Y”), then by U (k)-equivariance of its both sides
and U(k).Y' =Y, to prove formula (20) we only need to prove the identity of divisors

p- ¥ }—[Zam] Vil

0#0C{0,...,d j€o

on Y'. To see this, note that for ) # o C {0,...,d} we have V, = Z, NY on Y € FY; here
we write Z, =t,Y € FQ with t, € T C G defined as t, = diag(t,.0,...,ts.q) With loj=1
if j ¢ o and ¢, ; =7 if j € 0. Now we only need to see that for () # o C {0,...,d} the prime
divisor V,, = Z, N'Y occurs in D with multiplicity

~[a(Za)] - - @wﬂ .

(05)"®o

) ) Oy
But our discussion shows that o :

2

~torsion — can be identified with the image of the map

H jfo(Zoﬂ R (Oi))ﬁ N (@@)ﬁ ®OQ-J Oy
Q#Ug{ovn-?d}

and we can read off the correct multiplicity. O

THEOREM 3.3.— Let 1y :Y — X denote the closed embedding. We have natural isomor-
phisms

0
(Mo, ®o, Ox) ®o, O%w

7 0 k=
(22) Mo, ®ox Ox)®o, k @ O~—-torsion
te{0,...,d} x(t)

)

(Mo, ®oy Ox) ®o, Oy .
s >y (M[OY)).

Oy -torsion

Proof. — To prove Theorem 3.3 it suffices by U(K)-equivariance (resp. by U(Ok)-equi-
variance for the isomorphism (22)) to prove the statements on the sheaves restricted to ) (resp.
to Y’ for the isomorphism (22)). There, by construction, MOOK ®o, Ox decomposes into a
direct sum indexed by the weights ;2 of M. A small computation in local coordinates shows that
formula (14) implies that the summand for p is of the form M, 3 R0k (Ox)ﬁ so that Lemma 3.2
proves the first isomorphism. The isomorphism (22) now follows from formula (10) (in view of
Lemma3.2). O

Remark. —If |M| € (d + 1).Z, or equivalently if 7 € X*(T") for all o with M, # 0, then
FO = F°(0) and (O%)" is a line bundle on X for each such 4, and Mg, ®0, Ox is a locally
free Ox-module sheaf on X.

4. Coherent cohomology via logarithmic differential forms

Let S be a strictly semistable formal Og-scheme. Endow & and Spf(Og) with the log
structure defined by the respective special fibre and let Q2% denote the logarithmic de Rham
complex for the log smooth morphism of formal log schemes & — Spf(Ok). Let Q% denote
the push forward to & of the de Rham complex on S = 6 ®p, K (a K-rigid space). Let T’
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be an irreducible component of the special fibre & ® k of &, let T° denote the maximal open
subscheme of & ® k which is contained in 7. Then 7' — T is a normal crossings divisor on the
smooth k-scheme 7. Let 2. denote the de Rham complex on 7" with logarithmic poles along
T—1T°.

LEMMA 4.1.— There are canonical isomorphisms of sheaf complexes
Qég .G®OK K, Q;“g .G®OG Or.

Proof. — The first isomorphism is clear. To prove the second one let 7’ (resp. Spec(k)’) denote
the log scheme whose underlying scheme is T (resp. Spec(k)) and whose log structure is the pull
back of that of & (resp. that of Spf(Ok)). In other words, 77 — & and Spec(k)’ — Spf(Ok)
are exact closed immersions of log schemes. Then 7" is a log scheme over the base Spec(k)’ (in
general not log smooth). Let Q1. be the logarithmic differential module of 77 — Spec(k)’. We
have a morphism of log schemes 7" — T'. By functoriality we get natural morphisms of sheaves

Q%w — Q%/ — Ql@ KOs Or.

We claim that both are isomorphisms. To see this we may assume that & is the formal
m-adic completion of Spec(Ok[Xo, ..., X4]/(Xo- -+ Xs — m)) for some 0 < s < d and that the
kernel of Og — Or is generated by X. Then these sheaves are canonically identified with
the free Op-module with basis {dlog(X3),...,dlog(X5),d(Xs41),...,d(Xq)}. The lemma
follows. O

LEMMA 4.2.— Let A be a discrete valuation ring with uniformizer \ € A, residue field k and
fraction field F'. Let M be a A-torsion free A-module.
(a) The A-module

M’ = lim M/\" M
n
is A-torsion free. For each r > 1 the map M /\"M — M'/\"M’ induced by the natural
map M — M’ is bijective; in particular we have

M’ =1im M’ /A" M.

n

(b) Let N be a subvector space of M ® 4 F andlet N = M N N (intersection inside M Q@ 5 F).
The map N ® 4 k — M ® 4 k induced by the natural map N — M is injective.

Proof. — (a) Suppose we are given (my, ), € M’ and s > 1 such that A*(m,,), = 0 in M’. Let
n > 1 and choose x € M such that T = m, s € M/A\"t*M (where T denotes the image of
x in M/A"$M). Then A*m,, s = 0 in M/A\"T5M implies A\*x € A" "M, hence = € A" M
since M is A-torsion free, hence m,, = 0 in M /A" M and we see that M’ is A-torsion free.
Next let 7 > 1 and suppose we are given (my), € M'. Let m € M be an arbitrary lift of
m, € M/X\"M. We find an element (b,), € M’ such that \"b,, =m — m,, € M/\"M for
all n (here ™ denotes the class of m). Indeed, we know ™ — my, 1, € A" M /A" M. Choose
bl € M with A"b, =T — my, 4, € M/X"T"M and let b,, be the image of b/, in M /A" M. Then
(bn)n € M’ because (my,), € M’ implies A" (b, ., — b;,) € \**"M, hence b;, . — b}, € \" M
since M is A-torsion free. Now A" ((by,)) = (0 — my, )y, in M’, thus m € M and (my,), € M’
map to the same element in M’ /A" M’. We have shown that M /\"M — M’ /A" M’ is surjective;
the injectivity is clear.
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(b) This is very easy. O

In the sequel, for sheaves G on X we write G also for the push forward sheaf on X under
the specialization map sp: X — X; we use tacitly and repeatedly Kiehl’s result [13] that if G is
coherent on X we have Rtsp,G = 0 for all ¢ > 0.

Denote by 2% the logarithmic de Rham complex of the log smooth morphism of formal log
schemes X — Spf(Of ), where we give the source and the target the respective log structures
defined by the special fibres. Note that by Lemma 4.1 we have canonical identifications

.X®OKK:QB(» Q.X RO OyZQ;/.

Recall that we view X as a subspace of ]P"}{. For 0 < s < d let Log® be the K-vector subspace
of Q% (X) generated by logarithmic differential s-forms on P% with logarithmic poles along
K -rational hyperplanes. In other words, Log® is generated by s-forms 7 of the type

(23) n=dlog(y1) A--- A dlog(ys)

for which there exists a suitable (adapted to 1) choice of projective coordinate system 6y, ..., 0,
on P% (i.e. a suitable (adapted to 7)) isomorphism of K -varieties P% = Proj(K [0y, ..., 04]))
suchthaty; =6,;/6p € O%(X) forall 1 < j < s.Clearly Log® is a G-stable subspace of 5 (X).

Let M%R be the G-equivariant integral structure in the constant sheaf M . defined in
Section 3. For an open quasi-compact subscheme U of X ® k we have M ® K ®xk 0% U) =
(M%K ®o, 2%)(U) ® K, hence for such U we may view M ®@x K ®k Q%(X) and

consequently also M @ x K @ i Log® as being contained in (M%k ®0, 2%)(U)® K. Therefore
we may define

Eogjlg(M?gk)(U) =M ok K @k Log®N (M%K ®ox Q%) (U),

the intersection taking place inside (M OOK ®ox %)(U) ® K. Since the restriction maps of the
sheaf M%R ®oy % are injective we have thus defined a G-stable subsheaf Eogjlg(M%k) of
Mo, ®o, Q5. Foropen U C X ® k we further let

Log* (M, )(U) =lim — =& 2.
9* (Mo, )(U) W wLogh (Mg ) (U)

This defines a sheaf Log®(M?$, ) with G-action which by Lemma 4.2 is 7r-adically complete
K

and 7r-torsion free. Since also M%k ®0y 1% is -adically complete and 7-torsion free we have
a G-equivariant map

(24) Log® (M%K) — MOOK ®ox N%.

Recall that we view the k-scheme Y from Section 1 as (the central) irreducible component of
X ® k; in this way the open subscheme Y° C Y is also open in X ® k.

LEMMA 4.3.- Log*® (M%K) ® k is a G-equivariant subsheaf of (M%k Qo %) ®o, k
which on Y° restricts to M ® L3 |yo.

Proof. — From Lemma 4.2(b) we know that the inclusion Logy), (M%K) — M%K ®ox %
induces an injective map of sheaves

(25) Logn, (Mo, ) ®o, k— (Mo, ®o, %) ®o, k.
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From Lemma 4.2(a) we know that the map
Logag (M%K) ®o, k— Log® (M%K) ®o, k
is an epimorphism of sheaves. Together we conclude that the natural map
Log® (MO )®o k— (M QO Q;) ®o, k

is injective and that its image is the same as that of (25). We now prove our statement concerning
the restriction to Y'¥ of this image sheaf. Since M%k |yo is the constant sheaf generated by the

free O -module M° ®0, O with reduction M = MO /m.MPY, it is clear that we may assume
M = K, the trivial representation. What we must show then is

(Log®*NT(YY,Q%)) ® k=L

for all s > 0. For s = 0 both sides are identified with &, and the case s > 1 is reduced to the case
s = 1 by taking exterior products. Thus we assume s = 1. The containment of the left-hand side
in the right-hand side is clear. Let now 2"dlog(z) be a typical generator of L1 as in equation
(3); we need to show that it lies in (Log' NT'(Y?, QL)) ® k (here z = y; for yi,...,yq as in
Eq. (3)). The case n = 0 is clear, and the case n < 0 is reduced to the case n > 0 observing
dlog(z) = —dlog(z71)), thus we assume n > 0. We lift the system y1,...,y4 on Y to a system
Y1,---,Ya on X as in Eq. (23), and we also write z = y; for the lifted y;. Choose pairwise
distinct ag, . .., a, € Ok. Since the matrix (ag )0@7 j<n 18 invertible over K (Vandermonde) we

may find zo,...,z, € Ok such that, if we set ¢; = > " x;al, then ¢; =0 for 0 < j <n
and ¢, # 0 (possibly a very small ¢,, since (a7 )o<;,j<n may not be invertible over O ). Write
cj =Y gx;a) forany j > 0. For m € N we have

n oo

> T ars Z s,
1-— ammz

=0

Now fix m € N such that |7™¢;| < |c,| for all j > n with |c;| > |c,,|. Then |¢;7™ | < |c,m™™
for all 5 > n. Hence

(cnm™™) - Z z;dlog(1 — a;m"z) € Log* N r(y° a%)
i=0
lifts the form z"dlog(z) € Li.. O
For j,t € {0,...,d} let

Fit)y={Z€eF|Z=2yN---NZ; with Z; € F°(t) forall 0 <i < j}.

Note that F(t) is stable under SLy1(K) (because FO(t) is stable under SL41(K)). For any
t€{0,...,d} with FO(t) # () (i.e. with t = n|M| modulo (d + 1) for some n € Z), the minimal
number j with F7(t) = () is the quotient of d + 1 divided by the order of (the class of) |[M| in
Z/(d+ 1) (we set F4T1(t) = ).

THEOREM 4.4. — There is a canonical assignment whichto j,t,s € {0, ... ,d} and Z € Fi(t)
assigns a sheaf L5 (M) z on X ® k with the following properties. L5 (M) z is supported on Z.
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For Z =Y € F°(0) we have L*(M)y = vy, .M[L3/] (as defined earlier). There is a SLq41(K)-
stable direct sum decomposition

Log® (M )ok= B (Log® (M )@k)(t)
te{0,...,d}

and for each t € {0, ...,d} a SLy+1(K)-equivariant long exact sequence

26)  0— (Log* (M, )@k) (1)~ P L*M),— P L(M),—

ZEFO(t) ZeF1(t)

Proof. — The direct sum decomposition of (M%K ®ox Ox) ®o,. k from Theorem 3.3 yields
the analogous decomposition

(MY ®0, Q%) ®o, Oz

0 s ~ i + Yz

Q k=

(Mok Doy V) Boy @ O=——-torsion
te{0,...,d} x(t)

where the summand for ¢ € {0,...,d} is locally free on X(t). We have

(M, G0, 04) S0, Oz v
Ok x x T X(0) RO— Oy = LY, x (M [OY] X0y QSY) :

. 1 x(0
036(0) torsion (0)

Now 1y M[LS] C 1y (M[Oy] ®o, Q%) by the definition of MLS]. We let L (M)y =

ty,«MJL3] and then we move this definition around by means of the action of G to obtain for
each Z € FO(t) (any t) a subsheaf

Le (M) c (M%K ®0K st) ®(93-E Om

®o—0Oz.

Z . i x(t)
Ox O] torsion

We have L*(M)z|znz = L* (Mv) yi|znze for all Z,Z' € FO(t) (because of G-equivariance:
there are g € G which interchange Z and Z’). This means that also for 7 > 0 we obtain
subsheaves

Le(M), © (Mo, ®ox %) ®o, Oy
z

Oz

- Ro——
Om-torsmn O5®

for each Z € F7(t) and SL441 (K )-stable subsheaves

(M%K ®(9K Q;) ®O§s Om

Om-torsion

F(t) C

such that there are long exact sequences
0— )~ @ VM), B L),
ZEFO(t) ZEF1(t)

The restriction of L*(M)y = ty .M][L$| and hence of F(0) to the open subscheme Y is
just M ® L3 |yo. In view of Lemma 4.3 and G-equivariance we conclude that the subsheaves
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Log® (M%K) ®k and @;cqo, gy F(¢) of (M%K ®oy %) ®o,. k coincide when restricted
to Y9 and to each G-translate of Y in X ® k. By their construction both these subsheaves are
maximal inside (M%K ®oy %) ®o,, k with this given restriction to Y and its G-translates,
hence they coincide. O

PROPOSITION 4.5. — If the weights of M are small then the map (24) induces for any i an
isomorphism

H'(X,Log® (M) = H' (X, M} ®0, O%).

Proof. — For the sheaves F = Log® (M%r«) and F = M%K R0y 2% we have the spectral
sequences

EY = RP lim (H(X, ) = HPH (3€ @fm) — HPH(X, F)

m

where (.),,, denotes reduction modulo 7. The map (24) induces a map between these spectral
sequences and we see that it is enough to show

e H (X, (Cog (MY, )),,) 2 H' (X, (M, €0, 93),,)

forany m > 1, any i > 0. Since F = Log*(Mp, ) and F = My, - @0, Q% are O -flat we get
exact sequences of sheaves

-m—1
s
0—Fpmo1 — Fpp— F1 —0.

Comparing the associated long exact cohomology sequences we reduce our task to proving the
isomorphism (27) in the case m = 1, i.e. to proving

H*(X,Log® (M) ) @ k) = H* (X, M} R0, V% @F).

First suppose | M| ¢ (d + 1).Z. Then our hypothesis that the weights of M be small implies that
the order of (the class of) |M|in Z/(d+1) is d+ 1, cf. the proof of Lemma 2.4. Then comparing
Theorem 4.4 with the result from Theorem 3.3 and using G-equivariance we reduce to proving

H (Y, M[LY)) = H (Y, M[Oy] ®0, %)

for any . But this we did in Theorem 2.5. Now suppose | M| € (d + 1).Z. Under our hypothesis
that the weights of A/ be small this means Mgy, L1 (k) 18 trivial, hence M%K is the constant
sheaf with value O . Since {15 ® k is locally free over Oxgx We have an exact sequence

0-030k— P %0, P B0z

ZeFo ZeF?!

On the other hand the exact sequence (26) becomes

0— Log*(Og) @k — P L (k)2 — P L (k)z -
T ZeFo0 ZeF1!
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with each IL*(k) z the push forward to X of a constant sheaf on Z (which we denote by L* (k) 7,
too). Comparing we reduce to proving

H*(Z,L%(k)z) = H*(Z,Q% ® Oz)

for any Z € FJ, any j. By G-equivariance we may assume Z C Y. Let 1Z:Z — Y denote
the closed embedding. The proof of Theorem 4.4 shows (:Z).L%(k)z = L (0) as defined in
Theorem 1.2(b). Hence we may conclude by that theorem. O

Remarks. — (1) From Proposition 4.5 it follows (take M = K) that every bounded differential
s-form on X, i.e. every element of HY(X,Q%) ® K, is in fact logarithmic, in particular it is
closed. Thus H?(X, Q%) ® K must be the space of bounded logarithmic differential s-forms on
X studied in [10] (if char(K) = 0).

(2) Suppose M = K, the trivial G-representation. Let W w3, denote the logarithmic de Rham
complex of the special fibre of X. The same proof as for 4.5 provides isomorphisms

HY (X, Log* (Mo, )) = H? (X, Ww})
for any 7, hence altogether isomorphisms
H7(%,9%) = H (X, Wwy).
Similarly, for the quotients Xr of X as in Section 5 we get by the same proof isomorphisms
(28) HY (%Xp,Q%,) 2 H (Xr, Ww},).

These isomorphisms (28) are those constructed by Hyodo (see [9]) by means of p-adic étale
sheaves of vanishing cycles for general projective semistable schemes with ordinary reduction.
They must not be confused with the Hyodo—Kato isomorphisms which are used to define the
filtered (¢, N)-modules which recover the p-adic étale cohomology of the generic fibre of Xr.

5. The Hodge spectral sequence

Let ' C SLg41(K) be a discrete torsion-free and cocompact subgroup. It is proved in [14]
that the quotient X = I'\ X is the 7-adic formal completion of a projective O i -scheme. Passing
to a smaller I' if necessary we may assume that X has strictly semistable reduction, i.e. all
irreducible components of Xr are smooth. Let Xr = I'\ X = X1 ® K, the analytification of a
smooth projective K -scheme. Let M be a K [I']-module with dim g M < co; we write M = M
for the constant sheaf on X, resp. on X, generated by M.

For a I'-equivariant sheaf 7 on X or X we write F T for the descended sheaf on X1 or Xp. For
example, the constant local system A/ = M on X or X gives rise to a (non-constant in general!)
descended local system M' on Xr or Xt. We are interested in the cohomology of the sheaf
complex M @ 0%, = (M @K QE()F on Xr or Xr. The Hodge spectral sequence

(29) EY* = H*(Xp, MY @k Q%) = H™ (X, M" @k Q%,)
gives rise to the Hodge filtration

HY(Xp, M @k Q%) =Fg D Fy > D Fitt =0.
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COROLLARY 5.1.— If M is a K-rational G-representation with small weights then the
Hodge spectral sequence (29) degenerates in Ey. The Hodge filtration Fy has a canonical
splitting defined through logarithmic differential forms (at least after base extension K — K).

Proof. — We may extend scalars K — K. We continue to use the same names for coherent
sheaves on X1 and for their push forward to Xr. We have an inclusion of sheaf complexes
Eog'(/\/l%K)F ®o, K-> M @k 0%, ®k K on Xr with trivial differentials on the former.
Therefore it is enough to prove that for any 0 < s < d the natural maps

H* (r. Log* (Mb,)" G0, K) = H* (X0, M" 0k 0%, O K)
are isomorphisms. Now
MF RK Q;(F ®KK: (M%K ®OK Q?{)F ®0K K

Since Xr is quasicompact, taking cohomology commutes with applying (.) ®o . K. Therefore
it will be enough to show

H*(aeF7£098(M%K)F) =~ H*(Xr, (Mo, ®oy a3)").
For both F = Log® (M%K) and F = M%K ®oy €15 we have the spectral sequence
Ey' =H"(T,H"(X,F)) = H*"(%r,F7").

We conclude by Proposition 4.5 (alternatively we could repeat the proof of Proposition 4.5). O

Let again M be an arbitrary K[I'l-module with dimx M < oo. From now on we suppose
char(K') = 0. For an open subscheme U of X ® k we denote by U the Zariski closure of U in

X ®k, and by |U[=]U[x= sp~}(U) its tube in X, the preimage under the specialization map
sp: X — X ® k. For i > 0 we define the sheaf L!(M) on X ® k (or equivalently: on X) by
setting !

L'(M)(U) = Ker[M @ Q% (|U[) - M@ Q3 (]U])]

for open U C X ® k. We get a sheaf complex L* (M) on X with trivial differentials. For ¢ > 0 let
T (M @ Q%) be the subsheaf complex of M ® Q% on X ® k whose value 7;(M @ Q% )(U) for
open U C X ® k is the complex

M (U])— =M (JU]) - LY(M)U)—=0—---.

We write 7;(M" @k Q%) = 7i(M @ Q%)" for the descended sheaf complex on Xp or Xp.

For a complex C* = (C° Lorderd .. -) (of abstract groups, or sheaves) we put

tiC*=(C°% ... Lot L Ker(d) L0,

! Logically the notation IL as used here has nothing to do with the notation L as used in the previous sections; however,
the IL’s play the same role in their respective contexts.
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PROPOSITION 5.2. — We have

H'(X,7(M ok Q%)) =

M@ Hip(X): 0<t<i,
: t> .

In particular,
H (X, i (MT @k Q%)) = HY(D, M @k t<;,Q% (X)).
Proof. — We first deduce the second statement from the first one. Since X is a Stein space we
have H*(X,Q% ) =0 forall r > 0, all s > 0 (see [13]), hence

t<tQ% (X)

Hin(X) = H' (X, 9%) = =00 -1l

for all ¢ (the last term is a complex concentrated in degree 0). Together with the first statement
we deduce that the natural map of sheaf complexes 7, (M ®x Q%) — M Q@ t<; Q2% induces an
isomorphism

R (X, 7 (M @k Q%)) = M @k t<iQ%(X).

This gives the second statement. The first one will be deduced from de Shalit’s acyclicity
theorem. We may of course assume M = K. It will be enough to show

H<3€ % ) {Hz;R(X): t=i,

Ti—10% 0: t#£1i
where we set 7_1 (M ® Q%) =0. For T' € F* (any s) let
Z(T)={ZecF°|TCZ}

and T = Uzez (1) £ For all sufficiently small open neighbourhoods U C X ® k of a given closed
point of X ® k we have U = T for some T Then |U[=]T[ is a Stein space, hence

(101 255 ) = i (0.

Therefore, if H’,;; denotes the sheaf associated with the presheaf
U~ Har(JU])
on X, then we must show

; Hi(X): t=0,
Ht(%,HdR)={OdR( : i20

For T' € F* (any s) let T° denote the maximal open subscheme of X ® k which is contained
in 7. We compute H(X,H’,) as Cech cohomology with respect to the open covering X =
Urera T°. Note that for any collection (T1,...,T,41) € (F%)™*! the intersection 77 N --- N
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TO,, is empty or equals 7° for some 7 € F*, some s. In the latter case it follows that

79N ---NTY,, =T. From the definition of H’,, we know on the other hand that for all T € F*,

all s, we have H" (JT[, H} ) = 0 for all r > 0. Together we get
H (TP n--NTY, Hig) =0
for all > 0. Therefore it will be enough to show that the complex

[T #ir(i)—~ I Hi(TinT) -

Terd (T, T2)e(F4)?

is a resolution of H jl R(X ). By de Shalit’s acyclicity theorem [3] (see also [4]) we know that the
complex

H HéR(]TD - H H{i’,R(]TD o
TeF° TeF!

is aresolution of H (X ). Both these complexes map to the total complex of the double complex

K= [ Hix(T')

where the product is taken over all (77,...,T41) € (F9)™! and all 7’ € F* such that
Ty N---NT.yq CT. It will be enough to show that these maps are quasiisomorphisms. It is
clear that for fixed s the complex K ** is a resolution of [] ¢ . Hr(]T[). On the other hand it
follows from Lemma 5.3 below that for fixed r the complex K"* is a resolution of

11 Hin(1T1 0N Tria])
(T s, Try1) E(FA)THL

and this completes the proof of 5.2. O
LEMMA 5.3 (see [4] Corollary 2.9(1)). — For any T € F'® (any s) the sequence

0— Hip(7[x) — H)H;R(]Z[x)a 11 H};RGQZLJ—%--

ZEZ(T RCZ(T) Z€eR
|R|=2
is exact.
We have the covering spectral sequence
(30) Ey*=H"(D,M @k Hip(X)) = H™ (Xp, M" @k Q%)

which degenerates in Es, as is shown in [16]. Denote by
HY(Xp, M@k Q% )=F2D>F > D Ft =0

the filtration on H*(Xp, M" @k Q%) induced by (30) (it turns out that the cohomology in
other degrees is not interesting). By [16] Theorem 2 and Proposition 2, Section 1, we have for
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1=0,...,d+1
, (d+1—9)p(, M): dis odd or 2i > d,
(31) dimg Ff =
(d+1—i)u(T, M) +dimg M": disevenand 2i < d,
(32) (T, M) = p(T, M”).

Here ;(T', M) = dimyx H%(T', M) and M* = Homg (M, K) and we must assume d > 2.
CONIJECTURE (Schneider). —
33) HY(Xp, M' @k Q%) =Fii ' e Fi

forall0<i<d—1.

THEOREM 5.4. — The following (i) and (ii) are equivalent:
(1) The map

(34) H(Xp,mi(M" 0K Q%) @ M" @k Q% 5i1) — H (X0, M" @k Q%)

and the analogous map for M* and d — i (instead of M and i + 1) are surjective.
(ii) We have the decomposition

(35) HY(Xr, M @ Q%) =Fjt @ Fi

and the analogous decomposition for M* and d — 1 (instead of M and i + 1).
Proof. — By definition we have
Fi' =im[HY(Xp, M" @k Q%, 5i11) — HY(Xp, M" @k Q%,)]
FFi=im[HY (T, M @k t<;Q% (X)) = HY (T, M @k Q% (X))]
=im[HY (I, M @k t<;Q% (X)) — H*(Xp, M" @k Q%,)]

(the last equality holds since X is a Stein space). From 5.2 it then follows that
(36) Fi=im[HY(Xp, (M @k Q%)) — HY (X, M" @k Q%,)].
This shows that (ii) implies (i). Conversely, if (34) is surjective then (36) shows

37) HY(Xp,M' @K Q%) =Fii + F

and similarly, if the analog of (34) with M * and d — ¢ (instead of M and 7 + 1) is surjective then
the analog of (36) with M* and d — i (instead of M and i + 1) shows the analog of (37) with M*
and d — ¢ (instead of M and 7 + 1). By a formal duality argument one then concludes that the
sum in (37) is in fact direct. This argument is easily extracted from the proof of [10] Theorem
5.4 and is worked out in a completely analogous situation in the proof of 6.2 below. It rests on
Serre duality on the smooth projective K -scheme underlying X and the computations (31) and

(32) of dimg FL. O

4° SERIE — TOME 40 — 2007 —N° 3



SHEAVES OF BOUNDED p-ADIC LOGARITHMIC DIFFERENTIAL FORMS 379

Remark. — As we just saw, the surjectivity of (34) alone implies (36). This is the sheaf
cohomology analog of [16] p. 631, Lemma 2(ii). To ask in addition for the surjectivity of the
analog of (34) for M* and d — 7 for obtaining F}IH N Flil*i = 0 is the strategy of [10], an
alternative to the strategy [16] p. 631, Lemma 2(i).

The inclusion of sheaf complexes L* (M) — M @ %, induces a map
V(M) :H(%p,L*(M)") — H (Xp, M" @k Q%, ).

COROLLARY 5.5.— If V(M) and V (M*) are surjective then (35) holds for all 0 < i < d—1.

Proof. — The differential in the complex L*(M)T is zero, consequently the inclusion
H".(M)F — T (MF e Q;(F) @MF ©K Q}F’EiJrl

is a morphism of complexes and 5.4 proves the corollary. O

By [14] we know that X is the analytification of a projective K-scheme Xr 1. Similarly
it follows from GAGA-theorems that the de Rham complex M! ®x 0%, on Xr is the

analytification of a complex (M! ®@x Q}F)alg on Xr .g. Consider the conjugate spectral
sequence

57 = HP (X g 0 (MT @ 9%,)™))
= HPT1 (XF,a1g7 (MF Ok Q;{F)alg) — HPta (XF,MF QK Q;(F)

It gives rise to the conjugate filtration

HY(Xp, M 0k Q%) = HY (Xr ag, (M" 0k Q%)) = FO, D FL, D --- D F4 =0,

con con con

PROPOSITION 5.6. — Assume

(38) HY (Xr, MV @k Q%) =Fi; T + FL

con

and the analogous decomposition for M* and d — i (instead of M and i + 1). Then (35) holds.
Conversely, if (35) holds then F}j‘l NEd—t =0.

con

Proof. — In general we have
Féo! = im [H (Xr g, 1o (M @5 25,)™) = H(Xr.atg, (M ©x 0%,)™)].

Let Xr . denote the Og-scheme (constructed in [14]) of which Xr is the w-adic formal
completion and Xt ., the generic fibre. If ¢: Xt — Xr a1z and j: Xt a1 — X1 a1, denote the
natural maps then we have a canonical transformation

]Rj*tgi (MF QK Q}F)alg — 1T (MF RK QB(F)

From (36) it then follows that F.%-% C Flfl*". Therefore our hypothesis implies (37) and we may

conclude as in the proof of 5.4. O

Remarks. — (1) Observe that 5.6 formulates a purely algebraic approach to the splitting
conjecture. In particular it invites trying to find a non-p-adic proof of the splitting conjecture.
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This remark may in particular be relevant in cases where Xt .1, is the base change to K of
a Shimura variety defined over a global number field, see [15]. In these cases the complexes
M@k 2%, occur in the de Rham complexes of the relative de Rham cohomology (with Gauss—
Manin connection) of powers of the universal abelian scheme. Using the criterion 5.6 one may
hope to prove the splitting conjecture with global methods!

(2) From the point of view of p-adic Hodge theory the relevance comes from the following
fact: in [6] it is shown that if M is endowed with a structure of isoclinic F-isocrystal, then
HYXp, M @K Q%) receives a Frobenius structure and F* is its corresponding (renumbered)
slope filtration.

6. The reduced Hodge spectral sequence

For general M the Hodge spectral sequence (29) does not degenerate in E;. For rational
representations M Schneider constructs a new (‘reduced’) Hodge spectral sequence computing
H*(Xp, M' @k QS{F) which he conjectures to degenerate in E;. We discuss his conjecture in
this section.

If =, ...,E4 denote the standard projective coordinate functions on }P"}{, then z; = £, /= for
7 =1,...,d are holomorphic functions on X. Let

ﬂ(z):((l] A Id _Zd)GSLdH(OX(X)).

Let now M be an irreducible K -rational representation of GL,1. Suppose it has highest weight
(Ao = A1 = -+ = A\g). By this we mean that there exists a non-zero vector m € M such that
K.m is stable under upper triangular matrices and generates M as a G-representation, and such

that gm = Hj:o a?im for all diagonal matrices g = eg(ag) - - - eq(aq) € G. Assume Ag = 0. We
grade M by setting

gr" M ={me M |ey(ag)m = ay°~"m for all ag € K}

for r € Z, and we filter M by setting

M= e M.

r'>r

Then fA+1M =0 and f°M = M. We get a corresponding filtration of the constant sheaf M on
X and on X. We filter M ®x Q% by setting

fr(M ek Q) =0x.1(2)(f M) ®ox V.
We let
(39) Fre — [fr(M@)K Qg() N fr—l(M®K Q}X) —>fr_2(M®K Q%{) — }

It follows from [16] that this is a SLg1 (K)-stable filtration of M Q@ % by subcomplexes
(notations and normalizations in loc. cit. are different, but equivalent). We obtain the spectral
sequence

(40) ED? =R (FO FHL) = B (M @k Q%).
The following is [16] Lemma 9, Section 3 (observe that X is a Stein space).
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PROPOSITION 6.1 (Schneider). — The terms D’ (M) = Efo_)‘ﬁj’)"_)‘o for 0 < j<dare
the only non-vanishing E1-terms in (40).

We define SLg, 1 (K)-invariant subobjects B’ and Z7 of M ® QJX by requiring

PO (M ek k) € BT € 29 C P (M e ),

23/ (M e 9) =her(8, ). B (M e ) =] )

where 7 : Fro—td /| Fro=t+1j _, Fro—tj+1/Fro~t+1j+1 is the differential. Now 6.1 implies
(compare the proof of [16] Theorem 3, Section 3) that

41) 79 7' 4 dBY 22 4+ dB' — ... — Z29 4 qBi-!

is a subcomplex of M ®x Qg( such that the inclusion into M ®x QJX is a quasiisomorphism.
Moreover it implies that for any j the map

ZI4dB’~ - 77 /BY = DI(M)
z+db+ z mod BY
is well defined and that if we take via these maps the quotient complex
D°(M) — D'(M) — D*(M) — - — D*(M)
of (41), then this quotient map is a quasiisomorphism, too. Hence an SLg1 (K )-equivariant
isomorphism between M @k Q% and D*(M) in the derived category D(X¥) of abelian sheaves

on X.
Let again I' < SL441 (K) be as before. Consider the spectral sequences

42) Eft = B (Xp, (F2 /P ) ) = B (Xp, MT 9k Q%,),

43)  Ej'=H'(Xp,D*(M)") = H***(Xp, D*(M)") = H*" (Xp, M" @k Q%,.).

The latter is called the ‘reduced’ Hodge spectral sequence computing our object of interest
H*(Xp, M" @ Q%) Let

Hd(XF,MF RK QB(F) = FIO D) FIl DEEEED) FI/\O+d D) FI>\0+d+1 — (0)
be the filtration induced by (42), let
Hd(XF7MF QK Q;(F) = Fr%d D Frled DD Fr(id D Fligl = (0)

be the filtration induced by (43). These filtrations have the dame jumps; namely, from 6.1 it
follows that for all d > j > 1 we have

J _ pAo—Xj—1+j _ pro—Ajo1+j+l _ pAo—Ajti
(44) Fd*FI —FI —'“—FI .

re:
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The irreducible K -rational GL 44 1-representation
M* =Homg (M, K) @ det
has highest weight (A§ > --- > %) with X\ = 0, where A} = \g — A\g—; for 0 < i < d.

A straightforward computation shows that the filtration (f"M*),. of M* is dual to the filtration
(f"M), of M, in the sense that the canonical perfect pairing

MxM"—K
induces perfect pairings
g TIM x g/ M* — K

for any 0 < j < Ao = A§. These are not SLg; (K )-equivariant objects. However, applying the
SLg+1(K)-equivariance of the pairings

M@KQ% x M* ®KQSI{Z-~>Q§O

(m@n,m" @uw)—m*(m)nAw

to the action of the element %(z) one deduces perfect pairings

PIM e Q) | M Sk Q)

' ‘ . SNy o L
f)\(]f]Jrl(M@K QS() f]+1(M* RK Q?{‘l) X

Clearly they are compatible with the differential when ¢ varies, hence SLg4y1 (K )-equivariant
perfect pairings

D'(M) x D“HM*) — Q.

Passing to I'-invariant sheaves on X, resp. X1, we get the perfect pairing
D'(M)" x DT M) — 0%

In particular, Serre duality on the smooth projective K-scheme Xt gives us perfect pairings
(45) H*(Xr,D'(M)") x H=*(Xp, D"/ (M")") - K.

CONIJECTURE (Schneider). — For all 0 < i < d — 1 we have

HY(Xp, M @k Q%) =Fil e FE.

THEOREM 6.2. — If V(M) and NV (M*) are surjective then F2 ;= F3 and

(46) HY(Xp, M @k Q%) =Fil @ Fft (0<i<d-1).

Proof. — (i) We first claim that there exists a SLg1(K)-equivariant morphism of sheaf
complexes

v:L*(M)— D*(M)
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which in D(X) coincides with the inclusion of sheaf complexes L* (M) — M ®x Q%, via the
previous isomorphism between M ® Q% and D* (M) in D(X).
For any j denote by d/ : M ® QJX - MK Q];l the differential. By 6.1 we know that d*~!
induces a surjection
Ker(d?)
fro=A (M @ Q%) NKer(d?)

47 M® Q;l —

Now let w € L¥(M). Choose an element o € M ® Q% ' which maps under (47) to the class
represented by w. Then d'~!(a) — w lies in fA =i (M ® Q% ) NKer(d?) and we define v(w) as
its class in

Ao=Xi (M @ Q) N Ker(d ‘
No—Nit1 ! i(—®i_f) X _f.rJ(rl ) 1 CD'(M).
Jro (M @Oy ) + d (o7 AT (M e Q)

That v has the stated property follows from 6.1.
(i) Next we claim

(48) HY (X, M @k Q%) = Fot + F°.

The map v from (i) induces a surjective map
H(Xp,L*(M)") — H* (X7, D*(M)") = H(Xpr,M" @k Q%)
This follows from 5.5 and the stated property of v. Let

Fj_i = im[Hd(XntgiL.(M)F) - Hd<XF’MF O QB(F)]’

F]]i"’_l :im[Hd(Xl"a]L.(M)gi-‘rl) - Hd(erMF QK Q;(F):I

Then F/t'  F'1!, again by (i), and Fitt c F&=% by 5.2 (since t;L* (M) C 7i(M @5 Q%))
Since L* (M) = t;,L*(M) @ L*(M)>i41 we get (48).

(iii) (The remaining arguments are copied from the proof of [10] Theorem 5.4.) Let us denote
by F* and F2 the filtrations on H(Xp, M*T @k Q%) = H4(Xp, D*(M*)") analogous to

the filtrations Fi? and F%; on H*(Xp, M" @ Q%,.). Here we claim

dimg (H*(Xp, M*T @k Q%)) = dimg (H*(Xr, M" @k Q%))
= dimy (L") + dimge (F4).

From the perfect pairings (45) we get perfect pairings

Hd(Xp,Q°(M);;+1) X Hd<XF7Q.(M*)2d—i—1) — K

HY(Xp,D*(M)") x HY(Xr,D*(M*)") - K

which commute with each other in the obvious sense. Thus (Ffefll)l- = Fi&i and claim (iii)
follows.

(iv) The theorem is well known in case d = 1, thus we assume d > 2. From formula (31) we
get

dimg (FE) + dimg (Fi) = dimg (H(Xp, MT @k Q%,)).
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This formula together with (48) implies
49) dimg (FH!) > dimg (H(Xp, M" @k Q%)) — dimg (FF7) = dimg (FRH).
We compute
dimyc (Fiog') = dim (H* (Xp, M*T @5 0%,.)) = dimc (Fgg)
<dimg (FEH) = dimg (FF).

Here the first equality follows from claim (iii), the inequality uses formula (49) for M* instead
of M, and the last equality is a consequence of the formulae (31) and (32). Altogether we see
that in (49) we even have equality, which concludes the proof of (46) in view of (48).

(v) We have F*" C F/}! and F9=' C F™" (see (ii)) as well as F{™" C Fj;'. On the

other hand F~7 + F™" = H(Xp, M" ® x Q%) by the surjectivity of V(] ). Since we have

FA N =0=F;"nF wefind F¢ = F " and FL ' = /"' =Ff'. o

Denote by L%, (M) the subsheaf complex of D*(M) on X ® k defined by
Ly (M)(U) =Ker[D'(M)(JU[) — D" (M) (JU])]
for open U C X ® k. The inclusion L%, (M) — D*(M)! induces a map
O(M):H(Xr, Ly (M)F) — HY(Xr,D*(M)").
THEOREM 6.3. — (a) If0(M) and 6(M™*) are surjective then we have the decomposition (46).
(b) The following two statements (i) and (ii) are equivalent:
(1) Forany 1, j the following map is bijective:
HI (Xp, L (M)") — H? (Xp, D'(M)").
(ii)) We have (46), and the reduced Hodge spectral sequence (43) degenerates in E;.
Proof. — (a) Proposition 5.2 also holds if 7;(M @ Q%) is replaced by
RD* (M) = [DO(M) =+ = DL (M) = L (M) — -],

Indeed, in view of the quasiisomorphism of sheaf complexes D* (M) = M ® Q% this version is
in fact reduced to 5.2. As in 5.4 we therefore obtain

(50) F i =im[HY(Xp,:D*(M)") — H* (X, D*(M)")]

and we get claim (a) just as in 5.5 and/or 6.2. Claim (b) is then also clear, again using (50). O

Remark. —In [16] it is conjectured that (43) always degenerates in F;. Thus 6.3 (b)(i) should
be a sufficient and necessary condition to prove the decomposition (46)!

COROLLARY 6.4. — Suppose that M is a K -rational G-representation with small weights.
(a) The splitting in Corollary 5.1 is given by the filtration F7:

(51) HY(Xp, M@k Q%) =Fi '@ F" (0<i<d-1).

(b) We have Fg, = F,

©

ain HY(Xp, M" @k Q%)
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Proof. — This is the combination of Corollary 5.5 and Theorem 6.2 with Corollary 5.1. We
may pass to the base field extension K — K. Then we have inclusions of sheaf complexes

Log’(M%K)F@@@K K—L(Mox K - Mg Q% @k K

and similarly for M* instead of M. Thus Corollary 5.1 implies that V(M) and V(M*) are
surjective and (a) follows from 5.5 and (b) follows from 6.2. O

Remarks. — (1) The decomposition (51) was proven for the trivial representation M = K
for the first time by Iovita and Spiess [10]. Our present proof appears to provide a geometric
underpinning of the one given in [10].

(2) The degeneration of the Hodge spectral sequence (29) is of course well known for M = K
and char(K') = 0. On the other hand, for more general K -rational representations M than those
considered in 5.1 it cannot be expected to degenerate (see [16]).

(3) Let I be a K'[I']-module (with dimf I < co) which contains a I'-stable free O -lattice I°.
Let o € Gal(K/Q,), let M be a K -rational G-representation and let M, denote M but with the
K -vector space structure twisted by c—then G acts on M, again by K-linear automorphisms.
Everything we did in this paper with the local system defined by M carries over to the local
system defined by I ® i M,,: simply replace every occurrence of M%K by I° ®0,. M%m"'

(4) Let K denote the (completed) maximal unramified extension of K. The formal scheme
X x Spf(Oy;) carries a certain universal G-equivariant formal group G, see [15]. If K = Q,
the de Rham complex € ® Q;(® i of its relative Dieudonné module € (as a filtered convergent

F-isocrystal on X x Spf(O;)) can be identified with a sum of d+ 1 copies of K4 @ Q;@ i
K

filtered as in (39) and with isotypical Frobenius action of slope d/(d + 1). From our results in

[6] it follows that the filtration F{* on H d(Xp ® K el @ Q;(F® K) is the (renumbered) slope

filtration. Hence 6.4 states that the slope filtration on H%(Xr ® K. el'w Q;(F@) K) is opposite to

the Hodge filtration. By the comparison isomorphisms of p-adic Hodge theory this is a statement
on the cohomology of the relative Tate module of the I'-quotient of G.
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