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SMOOTHNESS OF ITO MAPS AND
DIFFUSION PROCESSES ON PATH SPACES (I)

BY X1IANG-DONG LI AND TERRY J. LYONS

ABSTRACT. — Let p € [1,2) and a, € > 0 be such that « € (p — 1,1 — €). Let V, W be two Euclidean
spaces. Let Q,(V) be the space of continuous paths taking values in V' and with finite p-variation. Let
keNand f:W — Hom(V,W) be a Lip(k + o+ €) map in the sense of E.M. Stein [Stein E.M., Singular
integrals and differentiability properties of functions, Princeton Mathematical Series, vol. 30, Princeton
University Press, Princeton, NJ, 1970]. In this paper we prove that the 1td map, defined by I(z) =y, is
a local CF 7= map (in the sense of Fréchet) between Q,(V') and 2, (W), where y is the solution to the
differential equation

dy: = f(y:) dzs, Yo = a.

This result strengthens the continuity results and Lipschitz continuity results in [Lyons T., Differential
equations driven by rough signals. I. An extension of an inequality of L.C. Young, Math. Res. Lett. 1 (4)
(1994) 451-464; Lyons T., Qian Z., System Control and Rough Paths, Oxford Mathematical Monographs,
Clarendon Press, Oxford, 2002] particularly to the non-integer case. It allows us to construct the fractional
like Brownian motion and infinite dimensional Brownian motions on the space of paths with finite
p-variation. As a corollary in the particular case where p = 1, we obtain that the development from the
space of finite 1-variation paths on R? to the space of finite 1-variation paths on a d-dimensional compact
Riemannian manifold is a smooth bijection.
© 2006 Elsevier Masson SAS

RESUME. — Soient p € [1,2), et a tel que o € (p — 1,1 — €). Soient V et W deux espaces euclidiens.
On désigne par €,(V') I’espace des chemins continus a valeurs dans V et de p-variation finie. Soit
f:W — Hom(V,W) une application de classe Lip(k + c« + €) au sens de E.M. Stein, avec k € N et
k > 1. Dans cet article, nous montrons que 1’application de Itd 1 : Q, (V') — Q, (W), définie par I(z) =y,

ou y est la solution de 1’équation différentielle suivante :
dyt :f(yi)dxh Yo = a,

est localement de classe C* T7= au sens de Fréchet. Cela nous permet de construire des processus de type
mouvement brownien fractionnaire ainsi que des mouvements browniens de dimension infinie sur 1’espace
des chemins de p-variation finie. Comme corollaire, nous obtenons, dans le cas particulier ou p = 1, que
I’application de développement de 1’espace des chemins de 1-variation finie sur R? dans 1’espace des
chemins de 1-variation finie sur une variété riemannienne compacte d-dimensionnelle est une bijection
réguliere.

© 2006 Elsevier Masson SAS
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650 X.-D. LI AND T.J. LYONS

1. Introduction

Differential equations model the evolution of systems; they can be classified in a number of
ways, and fall loosely into two basic classes:
(1) The deterministic or autonomous ones: these are specified in terms of a locally Lipschitz
vector field f which defines a differential equation

dy:

dt :f(yt)v Yo = a.

(2) The controlled or non-autonomous ones: the essential feature that distinguishes these from
the former is that one vector field defined the autonomous evolution, while the non-
autonomous evolution is tangential to one of a collection of vector fields according to
the choice of the controller, chance etc. Choosing a local basis, one might express these
non-autonomous equations in the form

dy; o da _
(L.1) E—Xijf(yt) 5 W=a

The former setting embraces the classical theory of dynamical systems where today most
interest revolves around long term behaviour, attractors, etc. In the latter setting there is a much
richer local theory, with classical concrete examples giving considerable insight. The Cartan
development of a smooth path from the tangent space or Lie algebra into the frame bundle or Lie
group using the canonical vector fields provides an excellent example. See [2—4].

Note that Eq. (1.1) has an invariance: time re-parameterisation of x and y produces a new
solution pair. Moreover one can simplify the expression by assuming vector notation and it is
now commonplace to write

(1.2) dys = f(yt) dwy, Yo=a

and refer to the contact transformation taking the control z to the response of the system y as the
It6 functional Ty [11].

The mathematics of this second class of objects is rich and spans from Hopf algebras to
technical aspects of analysis. One area of current research aims to understand the ‘microlocal’
structure and extend classical analysis to allow such equations to make sense when x is not
smooth. It is now understood that the Ito functional is defined for any rough ! path providing the
vector fields f are correspondingly smooth.

Interesting evolving systems are not necessarily finite dimensional. For example, there are
many examples of real world dynamics where the state of the system is represented by a path or
“a thread” that evolves or changes shape. Sometimes the evolution is parabolic in nature and can
be dealt with via the techniques of PDE, where the path is regarded as a function and the “vector
field” is the Laplace operator. But there are examples of a more hyperbolic nature where it seems
that it is better to use modern mathematical methods to understand the vector fields and then use
classical techniques to get solutions.

This paper is in the second direction. The aim of this paper is to develop a machinery allowing
one to smoothly regard It6 functionals as the vector fields on path spaces. Our goal is to get
sufficient control on the vector fields to allow one to apply the rough path theory to differential
equations on path spaces.

I'A technical term.
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SMOOTHNESS OF ITO MAPS AND DIFFUSION PROCESSES ON PATH SPACES (I) 651

The Itd functional x — y produces one path from another; suppose that y takes its values in
a space M and the control x takes its values in a Banach space E and that F': M — FE is a smooth
map, then F'(y) is a path in E. The path F'(y) can be regarded formally as a vector field on the
space of paths in F and one has a differential equation on path space

X = (1)),

When correctly interpreted, Driver flows [7], as such equations are often called, have proved
very natural and useful in probability theory, the classical Jacobi fields [21] and the geodesic
equations on path and loop spaces [13—15] provide other examples with a similar flavour.

The analysis of such equations is not so straightforward. The basic Itd functional makes no
sense for general continuous paths x. Even for bounded variation paths it is not so easy to
establish the existence of the flow (which corresponds to a nonlinear hyperbolic PDE). Spaces of
rough paths seem to provide the correct domain for these vector fields as I () exists; it is proved
in [20] that an evolution or flow does exist even for rough initial conditions. The solution may
explode, but exists at least for a finite period of time; the existence of a flow makes it clear that the
functional F'(I f(x)) really is a vector field, and is not just a formal object; we can differentiate
functions on rough path space in these directions. However, not much else is known, and for
example the Lie Brackets of these fields, as well as the smoothness of these vector fields have
remained obscure. This is a pity, as smoothness results might allow the direct construction of
higher order differential operators, diffusions etc. on these spaces of paths.

The finite dimensional approach to solving a differential equation would have been to check
that Iy was Lipschitz, and then use the Picard theorem to get a solution. There is an understanding
that this does not work in infinite dimensions because the interesting examples do not have this
sort of smoothness; however we show carefully here that this is not correct. We prove that, as the
vector fields f get smoother, and for 1 < p < 2, the 1td map is appropriately differentiable in the
Lipschitz sense. In this way we get very good control over the errors in system response as one
varies a control, and in addition we are able to solve differential equations. Taking matters further
we can even use the rough path theory again to solve stochastic differential equations on these
spaces directly and so construct interesting and non-trivial flows and diffusions on path space.

These methods can be developed to discuss the Itd functional on the rough paths of any degree
p = 1 and we expect to publish a paper on this second case. However, we believe that even in the
bounded variation case p = 1, our results are interesting as the differentiability of the control map
as a function on paths of bounded variation already seems quite useful in engineering contexts.
There is a phase transition of understanding between what happens for 1 < p < 2 and for rougher
paths with many new concepts. The case 1 < p < 2 already exposes some of the essential ideas,
and so it makes sense to separate out these ideas and to present this case out in detail.

2. Part I — The linear case

2.1. Smoothness of Itd6 maps between path spaces

Let 1 < p <2 Let V,WW be two real separable Banach spaces. We denote by Q,(V) the
collection of continuous paths from [0, 1] into V' with finite p-variation:

2.1) Vary(x) :=sup Z lxe, — ¢, ||P < 00,
D t1€D
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652 X.-D. LI AND T.J. LYONS

where D ={0<t; <--- <t, =1}ty =0, and D ranges over all finite partitions of [0, 1]. Then
Wiener showed that €2,,(V) is a Banach space with the norm

1/
Hx||p:[\/arp(x)] p+ sup qull
u€[0,1]

It is straightforward that (1.2) has a solution in the classical sense whenever x has bounded
variation. The paths of bounded variation are dense in 2,,(V') for every p’ > p (see footnote ).
By [17,18,22], this mapping = — y extends uniquely to a Lipschitz continuous functional
I:Q,(V) — Q,(W) provided that f €Lip(y) with v > p. If y = I(z), then y solves the
obvious integral equation and can be recovered as the limit in p-variation of the associated Picard
iterations. Indeed, the uniform convergence of the Picard iteration process and the continuity of
the iteration step ensure that I : 2,(V') — Q,(W) is a continuous and in fact a Lipschitz function
in . We refer to this map as the Itd map or It6 functional I : 2,(V') — €,(1¥) and denote by y
the solution to the differential equation when driven by the rough path x € Q, (V). In summary,
we have the following

THEOREM 2.1 [17,22].— Let 1 < p <2 and f:W —Hom(V,W) be Lip(~y) with v > p.
There exists a R > 0 depending only on || f|| Lip(~) such that the differential equation

dy, = f(yt) dxy, To=a

has a unique solution y € Q,(W) for any x that has p-variation less than R. Any path
x€ Q,([0,1], V) can be partitioned into finitely many pieces each of whose p-variation is less
than R and so a solution is available for all x € Q,(]0,1],V).

The case of a general x can then be treated by a careful chaining together of these pieces of x.
Moreover, the Ito map I :$2,([0,1], V) — Q,([0, 1], W) is continuous and 1-Lipschitz continuous
with respect to the p-variation norms on bounded sets of paths.

Regarding I:Q,(V) — Q,(W) as a map between two Banach spaces, we can then ask
whether there is a regularity condition on f that forces the 1t6 map I to be smooth in the sense
of Fréchet.

Recall that for two real separable Banach spaces Fy and Fs, a map F': Ey — Fj5 is called
Fréchet differentiable if for all = € E there exists a bounded linear map denoted by dF(z) €
L(FE4, E3) such that for some e > 0 and all v € Bg, (0,¢) ={v € Ey: ||[v||g, <&} we have

HF(m—i—v) —F(z)— dF(a:)vHE2 = O(HUHEl)-

By induction, we can define the twice differentiability and k-times differentiability in the sense
of Fréchet of a map f:FE; — Es. For this, see e.g. [6, Section 12, Chapter VIII]. As usual, we
call F': Ey — F, a smooth map in the sense of Fréchet if F' is k-times differentiable in the sense
of Fréchet for all k£ € N.

Before stating the main results of this paper, let us recall that for all 0 < o < 1 the space
Lip(«) of Lipschitz continuous functions on R™ can be identified as C%%(R",R), and for any
non-integer number o € RT, if we let [ be the integer part of « and {a} = o — [«], then the
space Lip(a) can be identified as C'l*}:{@} (R™ R). For this, we refer the reader to E.M. Stein
[25, Section 4, Chapter V, pp. 141-150]. Here we follow Stein in calling a “Holder continuous

2 Precisely, the dyadic linear interpolations of a path z have a p-variation at most 4P~ times that of = and converge
to z in p’-variation for every p’ > p.
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function” a Lipschitz function. We also mention that an essential part of the definition in Stein is
that f and all its derivatives of order less than « are bounded—in particular linear functions are
not globally Lipschitz! This will also explain to some readers why the estimates in Theorem 2.1
do depend on a.

Now we are ready to state the main results of this paper as follows.

THEOREM 2.2. — Suppose that V and W are finite dimensional Banach spaces. Let p € [1,2),
a,e>0,a€(p—1,1—¢). Suppose that f: W — Hom(V,W) isin Lip(k+ a+¢) where k € N
and k > 1. Then the 1t6 map I :Q,(V) — Q,(W) is locally k-times Fréchet-differentiable. More
precisely, if we work in the Euclidean norms on V,W there exists a constant K depending only
onp, o, k, € and || f||k+a+e such that for all x € Q, with ||z||, < K, there exists a bounded
k-linear operator, denoted by I™®) (z) € L,,(Q,(V),Q,(W)), such that for vy, ...,v € Q,(V)
with ||v1lp, ..., |vkllp < K, and fori=1,. .., k, we have the Gdteaux derivatives

ID(@) (v, ... v5) == {3518 o (HZEJUJ)}

exist in Q, (W) with respect to the p-variation norm, and I is Fréchet differentiable

g1=--=¢g;=0

k+1+s

k I(Z
I(z +v) )= > ———|| <Clollp

=1

P

Here C' is a constant depending only on p,

allp < K and |[oll, < K

The proof of Theorem 2.2 is based on the Fréchet differentiability of the Picard iteration
I,:Q,(V) = Q,(W), yn = I,(z), of the differential equation (1.2) given by

2.2) ynia(t)=a+ / £ (yn(s)) dex(s).
0

We shall prove that I,, : (V') — Q, (W) is locally k-times differentiable in the sense of Fréchet
and satisfies the estimate
o k+1 1+s

L0
I(x+v)— ZI(

=1

<Clvllp

p

with a uniform constant C' that does not depend on n. To this end, we shall first prove that the

Young integral
(z,y) = [ f(y(s)) da(s)
/

is k-times Fréchet differentiable from Q,(V) x Q,(W) into Q,(W) under the assumption
f € Lip(k + o + ). By the chain rule and induction, we need only to prove that the map
Py :02(V) — Q2 (W) defined by

(2.3) Qy(z) = f(z)
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654 X.-D. LI AND T.J. LYONS

is smooth in the sense of Fréchet. The complete proof of Theorem 2.2 will be given in
Sections 2.3 and 2.4. Moreover, we can further prove that if f € Chtla with p—l<a<l,
then
k .
1(1) ®1
I(x+v) Z v

=1

< Cllollpt.

p

Here C is a constant depending only on p, «, &, || f|lk+1,a- [|Z|l, < K and ||Jv]|, < K.

We emphasise that our techniques establish a rigorous machinery for considering many
concrete problems on path space. The space €21 (M) comprises bounded variation paths on a
compact Riemannian manifold. Many interesting computational problems arising in variational
calculus on Riemannian manifolds aim to approximate (or identify) the global minimum or
global maximum of a smooth functional F':Q;(M) — R. The smoothness of the It6 map
I:Q,(R%) — Q, (M) allows us to study the optimisation problems on path spaces by transferring
the optimisation problem of a smooth F': ,(M) — R to a corresponding problem for the map
F=Fol:xz— F(z)=F(I(z)).

In the last section we point out that we have developed an infinite dimensional framework
where the classical finite dimensional numerical tools (from steepest descent to simulated
annealing) can be used. Of course, each specific example has essential features that would have
to be addressed before real progress could be claimed (e.g. is the minimum attained). We cannot
begin to answer these within this paper and would be delighted if we stimulate others to take up
the challenges.

2.2. Smoothness of the Young integral

To prove the Fréchet smoothness of the Young integral ( fo y)dx under the
assumption f € Lip(1 + a + ¢), where o € (0,1), € > O we ﬁrst prove that the map
O4:Q,(V) — Qo (W) defined by

(2.4) yp(r) = f(x)

is smooth in the sense of Fréchet. It is interesting to note that our proof is essentially
finite dimensional and exploits basic harmonic analysis, for example, Lemmas 2.9, 2.11 and
Lemma 2.12 take the advantage of the Poisson integral formula and the characterisation of
Lipschitz functions in terms of the partial derivatives of their harmonic extension.

Below we collect some elementary facts and results on the p-variation norm and the Young
integral. Some proofs are easy and will be omitted. The reader can consult [9,17,18,22] for the
definition of the Young integral. Theorem 2.17 is our main result in this section.

PROPOSITION 2.3.— Let z € Q,(V), y € Qy(W), p > q. Then zy € Q,(V @ W). Moreover,
there exists a constant C = Cp, > 0 such that

stlp < Cllzlloolyllg + Cliylloo|2lp-

|lvew is any compatible normon V@ W.

COROLLARY 2.4.— Forany 1 <p < 2, there exists a constant C, such that

12yl < Collzllpllyll»-

For any s,t € [0,00), s < t, we denote by ||z||(s 4., the p-variation norm of z: [s,t] — V. We
now recall the so-called Young—Love inequality. For a proof, see [9,17].
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PROPOSITION 2.5.—Let z € Q,(V), y € Qu(W). If [l) + % > 1, then the Young integral

fd Ys ® dx s exists and is a finite p-variation path. Moreover,

/y@dx

0

< (E/p+1/D)llis.q + 1lloo) 12l s,
[s,t].p

PROPOSITION 2.6.—Let x € Q,(V), y € Qu(W). Then F:(z,y) — [,y ® dz is a C>-
smooth map from Q, (V') x Qu(W) — Q,(V ® W). Moreover, theﬁrst order derivative of I at

(x,y) is given by
(U,w)—>/wda:+/ydv

0 0

PROPOSITION 2.7.—Let x € Q,(V), a € (0,1), and f € C¥(V,W). Then y = f(x) €
Qy (W), for ¢ = £. Moreover

@5) 1£@) e < IFlomallelf

Proof. — Let || f||co.« be the Holder norm of f. Then

Hf ‘T& (xsb 1 HW X ||f||CO"‘||$Sz xsi—l”%'

By a standard argument, it is easy to see that f () is a finite g-variation path for all ¢ > £ and so
(2.5)holds. O

Combining Proposition 2.7 and the Young—Love inequality, we have the following

COROLLARY 28.— Let z € Q,(V1), y € Q,(V), « € (0,1), and for all
f e (Vy, L(Vy,W)). If + 9> 1, then z = [ f(y) dz € Q,(W). Moreover,

/f

We need two technical lemmas. For a function f € Lip(a), & > 0 and defined on R™ we
introduce the Poisson integral of f by

< [€(/p+a/a)lIfllcoallyllg + 1 fllso] Iz ls,e0

[s,t],p

(=Y 1 fa -yt
2.6) =2 / ——dy, t>0.
( ft(x) ﬂ_T+ (t2+|y\ ) mil Yy

LEMMA 2.9. - Forany 0 < 8 < o, we have

I fella < Caplfllat”™®, V>0

Proof. — By [25, Section 4.3, p. 145], we see that f € Lip(3) with the norm || f|| 3 if and only
if for k = [8] + 1,

<|fllgy®F, vy >o.

ak
Ha—ykfy
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Hence for all ¢ > 0 and y > 0, we have

< fllsly +6)7*+7,

o0

ak
o

and therefore

yhe k+
< sup | ————— [y~ "
<Ufllssup| s |

ok
[ 5

k—a
Now it is easy to see that sup, - [(yitm] is attained at y = %t. Thus

yk—a 5
su 5 | = C t _a.
y>18 {(Z/ + t)k_ﬂ} wok

Hence

< Capat” | fllpy™ >, vy >0,

o0

ak:
o

which is equivalent to

Ifella < Caplfllst’ O

PROPOSITION 2.10.-Let 3 >0, € >0, 8+ & < 1. Then there exists a constant C = Cg .
such that

yorel — (y+h)PrETt <oy hE, Wy >0, h>0.
Proof. — Let h = zy. Then the desired inequality is equivalent to

1—(142)P+71 <028, vz>o0.

Let
Fo(2)=Cz 4+ (1+2)PT71 2>0
Then
Fc(0)=0
We need only to prove that for any 3 € (0,1), € € (0,1 — 3) there exists a constant C' = Cjg .
such that
FL(2) >0, Vz>0.
Note that

FL(2)=eC2" ' + (B+e—1)(1+2)PT2
Moreover, the inequality F;(z) > 0 holding for all z > 0 is equivalent to

e—1

~:= inf log > —00.

2>0 (1 + Z)B+672
Indeed, if v > —o0, then for all
1-0—¢

> 7 =
= P

4° SERIE — TOME 39 — 2006 — N° 4



SMOOTHNESS OF ITO MAPS AND DIFFUSION PROCESSES ON PATH SPACES (I)

we have F(.(z) > 0 forall z > 0.
Below we prove v > —oo. Set

Za—l

Gpe(z) =log s z>0.
Then
Gge=(c—1)logz— (B+¢c—2)log(z+1),
and
Gpe(2)=Gep(z7"), z>0.
Moreover,

zl—l%l Gpe(2) = zl—i>%l+ Ge p(2) = +o0.

Combining this with the continuity of Gg (%) with respect to z € (0, 4+00), we get

v:=1inf Gg(z) > —o0. O

LEMMA 2.11. - For any h > 0, we have

1 £n = flla < Clfllatehs.

657

Proof. — Using the same argument as used in the proof of Lemma 2.9, for sufficiently small

€ > 0 we have

i

1
ok 0
e on =0 = 35 [ vanna]

8k+1
/Ha 1 yron

< flla+e /(y+0h)7(k+1)+a+shd0
0

hdo

= (k—a &) H|fllase [y = (y+ R)TFrrE]

By Proposition 2.10, for all y > 0 and ~ > 0, we have
y—k+a+e o (y + h)—k—i—a—l—e < Ck,a,[jy_k+ah5o

Hence

alc
| o =5

< Ck,oz,s ||fHa+5h6y_k+a'

which is equivalent to

1fn = flla SClfllasehs. O
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LEMMA 2.12.— Let f € Lip(1 + «), 0 < o < 1. Then for any K > 0 and for any
x,y € Qp (V) with ||z||, < K and ||y, < K, we have

Hf(x) - f(y)Hg <Coxllfli+allz = yllp-

Proof. — By the mean value theorem we have

)~ ) = / P+ 00— ) (o — y) db.

Hence
1@ = F @), < max [1£(y + 6 ) ()|,

< max [ (y +0@ = 9))| o o ~yllz

< a1 ally + 0 = )b = o,

<o llylly + llz = ylI] e = .
Thus

[£@) = F W2 <Cllf ol =yl
with
Ca,K =3K“. O
THEOREM 2.13. — Let f € Lip(a +¢) and o € (0,1 — €). Then x — f(x) is 157-Lipschitz

continuous from ), into Q e. More precisely,
&

2.7 1£@) = F Wl > < Cpealfllatelz—ylly o

Proof. — Let fj, be the Poisson integral of f on R™ x R*, h > 0. By Lemmas 2.9, 2.11 and
Lemma 2.12, we have

[£@) = F@)[o <If = Fulla (215 +1915) + [ fallsalz =yl

IIfHa

<O || fllate + Co==— ||x7pr

Hence

1) = 50l < jut [0 e+ Ca 21 o —

. Collz =yl
< o f|C1hf + ———22 |,
(! +s}1£0[ 1+ h
It is easy to show that the infimum of the right-hand side is attained at

h=Cille -yl
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Substituting this into the previous inequality, we get

Hf(x)_f(y)Hg <Cp76,oz”f||a+8H$ y”HE' |

The following lemma holds even for infinite dimensional Banach spaces V' and is used in
the proof of our main theorem. This representation of differences as integrals seems critical and
appears in slight different forms in

LEMMA 2.14.— Let f € Lip(2 + «) with 0 < a < 1. Then for any K > 0 and for any
z,y € Qp (V) with ||x||, < K and ||y, < K, there exists a constant Cc such that

[£@) = f) = F (@)@ =) <Cxlfll2ralle =y}

Proof. — Let R(x,y) = f(x) — f(y) — f'(x)(z — y). By the mean value theorem,

/ y+9(x— ))(:v—yw—y)d@.
0

Hence

[Rs @l < mece £ (y+ 0 =) | = —wl%

<Ml e fly -+ z—y)|>llz —yll;

< fllarallylly + llz = ylg ]z =yl
Thus for C'x = 3K“, we have

[Rs(z,9)][» < Ckllfl2tallz —ylz O

The following result uses our estimates that depended on the Poisson extension and plays a
crucial role in the proof of our main theorem.

THEOREM 2.15.— Let f € Lip(1+a+¢), a € (p—1,1—¢). Then Oy :x — f(z) is smooth in
the sense of Fréchet from Q,(R™) into Q » (RY). Moreover, there exists a constant C = C(p, a, €)
such that

[@5() = @4(2) = @ (2)(y — 2)||[ o < Cl fll1rarell = wlly g

Proof. — By definition, we need to prove

[f@) = f(@) = F' @)y — )|, <ClIflhsatellz =yl il

Let f5, be the harmonic extension of f on R™ x R*. Using Lemmas 2.12 and 2.14, we have
1B @)l o <[ By—p (@ 0)]| o + [[Rp (2,9)]]
<|[#@) — fa x)—(f(y)—fh(y))ug

+ ||(f - fh)/(x)(x - y)”g + ||th(x,y)||£
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<Cullf = fallirallz = yllp + || (f = fh),(x)Hg |z —yllz
+ o fullo+allz = yll3

<ol frllogallz — y||f, +Cillf = fullivallz = yllp
= ) el = il

< Coll fullotallr = yll2
+ [Cullf = fulliva + || (F = )| Mg ] 1z =yl

< Callfullavallz =yl + Csllf = fullivallz = yllp-
Now by Lemmas 2.9 and 2.11, we have

| fnll2ta <C4Hf||%7

If = fallire < Osl| fll1+ateh®
Hence for all h > 0,
1Ry (z.9)]| 2 < Colle = yl5l fllval™ + Crllz = yllp | ll1aseh®
< lhtasellz = yllp[Collz —yllph™ + C7h7].
Taking the infimum over h we get
1i2e
1B (@.9)]| 2 < Csllflhasellz—yl™. D

By repeating the argument as set out above, we can prove a general result as follows

THEOREM 2.16. - Let f € Lip(k + a+¢), a € (p — 1,1 — €). Then there exists a constant
C = C(k,a,¢€) such that

k o (@) (z —y)®?
Byy) — ) - Y T

i=1

ket 5=
<Ol fllk+atellz —yllp 7,

ya

il

where ® ;i) (z) := f()(x), i=0,... .k = € Qy(R").

Now we are ready to prove the main result of this section. Let V3 and Va be two finite
dimensional Banach spaces.

THEOREM 2.17.—Let © € Q,(V1), y € Qq(Va), f € Lip(1 + a + &, Vo, L(V1,W)). If
1—17 + G > 1 then ®:(z,y) — [, fy)dx is differentiable in the sense of Fréchet from
Q,(V1) x Q4(Va) into Q,(W). Moreover, the Gateaux derivative of ® at (x,y) is given by

&' (2,y) (v,w) = / F(gs)ws day + / F(ys) o,
0 0

Moreover,

/f(y) dv

0

< [6(1/p+a/g)llfllcosyl

[s:t].p

et T 1 loo 11Vl
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<[e/p+a/lf lcoallylly +11F o]
[s,t],p

O/f’(y)wdfv

x [€/p+1/@) w514 + [wlloo] 2 ]fs,11,-
Proof. — Let F be as in Proposition 2.6, i.e., F(z,y) = [,y dz. Then
@(x,y) = F(z, f(y))-

Combining Theorem 2.15 with Proposition 2.6 and using the chain rule, we can conclude that
the Young integral ® is Fréchet differentiable from Q,(V1) x Q4(V2) into Q,(W'). Moreover,
for (z,y), (v,w) € Qp(V1) x Q,(V2), we have

(I)/('r’y)(vaw) = F/<l‘,f(y)) © (Idvf/(y))(v7w)'
Hence

' (z,y)(v,w) = F'(z, f(y)) (v, f'(y)w)
=F(x, f'(y)w) + F (v, f(y))

_O/f’(ys)wsdszr/f(ys)dvs-

0

The estimate on || [, f(y) dvl|(s,,, , follows from Corollary 2.8. By the Young-Love inequality,

we have
/ wdx

0

<[@/p+a/a)llf coallylla + I1Flloc]

[s:t],p

<[@/p+a/glf lcoallyllg + 11/ lloc]
< [£/p+1/@lwllg + [wllc]lllsgp O

O/f’(y)wdx

[s:t],p

2.3. Uniform convergence of the derivatives of the Picard iterates

Recall that our goal is to prove the Fréchet differentiability of the Itd6 map I:Q,(V) —
Q, (W) with a quantitative control. The It6 map is the limit of Picard iterates in the same way

that the exponential function e” is the limit of a sequence of polynomials >, _, zk—l,c Every
undergraduate knows that, as each of these polynomials is differentiable and their derivatives
converge uniformly (to e”), the exponential function e is differentiable (with derivative e”).
In Section 2.2 we proved that the Picard iterates are Fréchet differentiable. If we can prove
their derivatives converge uniformly on bounded sets we will have our main result on the
differentiability of the Itd map.

Let I, :Q,(V) — Q,(W) be the n-th Picard iterate, given by Io(z) = yo = a, I,(z) = yn,
where y,, is defined recursively:

2.8) Ynia(£) = a+ / £ (yn(s)) dex(s).
0
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THEOREM 2.18.— Let f € Lip(l1+a+¢) witha € (p —1,1 —¢). Then I,,:Q, — 2, is
Fréchet differentiable. For any v € Q,(V'), let z,, := I, (x)v. Then

t

(2.9) znﬂ:/f’(yn(s))zn(s)dx(s)+/f(yn(s)) dv(s),
0

0
with

< [6/p+a/p)llfllcoelynllfs.p + 1 o] 110llis,0,0-
[s,t],p

/ f(yn) dv

0

< [6@/p+a/p)f lcoallynlly +1F 1]

O/f’(yn)zn dx

[s,t],p
x [€(2/p)]12a]

Moreover, if for some constant A € (0,1), one has the inequality

[s,8]..p T Hzn”m] ”l'”[s,tLp-

@100 €@/p)[€Q/p+ /D) leoe sup lynllf g + 1 oo Il 5.0 < A,
then there is a constant C = C(|| f||co.«, p, v, A) such that one has the uniform a priori bound

sup ||Zn||[s,t],p < CHUH[SJ]J"
neN

Proof. — By definition, I, 1(z) = a + ®(z, I,(x)), where ®(z,y) = [; f(y) dz. By induction
and by Theorem 2.17, I, is differentiable in the sense of Fréchet and z,, = I/ (z)v satisfies the
recursive formula (2.9). The first and the second a priori estimates follow from the Young—Love
inequality. Moreover, by (2.9) and these estimates, we obtain

||Zn+1 ”[s,t],p < An”ZnH[s,t]m + B,

where

A =62/p) [€/p+ a/P)f lcoe ynllfsp + 1 Toc] 125,01,
By = [¢(1/p+ /D) fllcoallynlfy.qp + 1 Fllsc] I0ll(s,0,-

By [17], we see that y,, converges in €2, to y, which is the solution of the differential equation
dys = f(yt)dx with the initial condition yo = a. Thus ||y, ||+, is bounded by a constant
M =M(||fllco.«,p, e, K) for all 2 with p-variation less than K

sup ”yn”[S,t],p <M.
neN

This also yields that B,, < C||v||,, for some constant C' = C(|| f||co.«, p, o, A). Hence under the
condition (2.10) we have A,, < A < 1, therefore

||Zn+1 ”[s,t],p < A”ZTL”[S,t],p + OHUHP
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By induction, and since zp = 0 we have

1zl i1.0 < A" |20l 15,00 + Y A'Cllol,

i=0
n .
< ZAlC”UHp'
i=0
Therefore
< — . O
iggnzn”[s,t],p Syl

Now we are ready to state our main result in this section.

THEOREM 2.19. — Under the same assumptions as in Theorem 2.18, for any A € (0,1), and
for all x with

A -
lellsnp < 5 [E@/PEA/P+a/f To.ad® + 11 1x)]

the sequence (z,,) converges in Sy, with respect to || - ||(s.4),p- If 2 is the limit
(2.11) z=lim 2z, inQ,
then
¢ ¢

(2.12) z= / F(y(s))2(s) da(s) + / Fly(s)) dv(s)

0 0
and for the some constant C' = C((|| f||c1.a+<,p, o, A)
(2.13) 2], < Cllvllp-
Moreover,

/f(y) dv

0

0

<[ /p+a/p) fllcowly]
[s,t],p

et T 1 o] 105,000

< [E/p+ /D) f lcoa Yl p + 1 1loo]
[s,t].p

x [£@2/D)|2Mis.1.0 + 12 lloo] 25,11
Proof. — By (2.9), we have 2,41 — 2z, = I; + I3 + I3, where

Li= [ [f(yn(r) = f(yn-1(r))] du(r),

I, = f/(yn—l(r» [Zn(’l“) - Zn—l(r)] dl‘(’/‘),

S O~
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f3=/[f’(yn(r)) — ' (Yn-1(r))] 2a(r) da(7).

By the Young-Love inequality, Corollary 2.8 and Theorem 2.13, we have

115,51, = /[f(yn(r)) — f(yn-1(r))] dv(r)

0
< f(l/p + a/p)Hf(yn) - f(yn—l)”[S,t],p/aHvH[S,t],p
+ Hf(yn) - f(yn—l)HooH'UH[s,t],p
S CiEQ/p+ /D) fllarellyn = yn—1ll55 o allollis, 0.0
+ 1 Noollyn = Yn—1llocllVll(s,11,p3

[s,t],p

112 1l(s,.p =

/ £ (n(r)) [2n(r) — 2n1(r)] dax(r)
0

[s:t],p

< [e(t/p+a/p)f oo

il 17 ]| [ Fonr) = 20a (] o)
0

[Sﬂf],p
< [6(/p+ /D) loallynllfsnp + 11F loo]
X [5(2/p)||zn — Zn-1 ”[s,t],p + ”Zn - Zn*1||00] Hm”[s,t],p;

113l (s,1.p =

/ [ (40 (7)) = ' (s (1)) ] 2 () ()

0

[s:t].p

<€+ /D1 W) = F o)y [ 20000

[s:,t],p

1 ) = £ ()| / 2n(r) da(r)

0

[s:t].p
< [C 1 / B e/(1+e) / _ a
< [0 /p+ /D Natellyn = yn—1llly ™ + 1 Nallyn — yn-11lS]
X [5(2/p)||zn||[s,t],p + ”anOO] ||x||[s’t],p'
Hence
Hzn+1 - ZnH[s,t],p < An [”Zn - anlll[s,t],p + ||Zn - Zn71||oo] + Bn

<245 |20 — Zn—l“[s,t]ap + Bn.

Here

£2/p) [£(1/p+ a/P)IF llo.allynllfe .p + [1f o] 2]

f(l/p + a/p)cl||f||a+6||yn — Yn—-1 H[IST;LPHUH[S,t],p
1 Moo lyn — Yn—1lloollvllis, .

[s,t],p>

An
B,
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+ 1/ + /D) s lyn = 155, + 17 Tl — v lI%]

x [6(2/P)|2nllis,1,6 + l12nlloo] 1121l s,61,-

Since

Sup ||y ||[s,4,» < M,
neN

we have

A <€2/p) [€A/p+a/p)f o.aM™ + [1f o] 2l s,01-
1

Thus, for any A € (0,1) and for all  such that

A -
2l < 5 [€2/P)EQ/P+ /D) o0 + (1S [lo0)] '

we have
201 = 2alls,60,p < Allzn — 2n-1ll[s,60,p + 2Bn-

By induction, and since zo = 0,

(2.14) Izn+1 = 2nlls.g0 < A" 21 lls0p +2 > A Bn_i.
=0

Hence

0o A c© n .
Z Hzn+1 - Zn”[s,t],p < m”zln[s,t]m +2 Z ZA Bnl
n=0

n=0 =0

A 0o >
1—A HZl”[s,t],p +2 ZAlan
n=0 =0

A 24 &
—-T:jznﬁ“p+“f:i12£%Bn.

To show that (z,,) converges in €2, we need only to show that > | B,, < +0c.
By Theorem 2.18, we have sup,,cy ||2n||[s,4],p,00 < C2l|v||p. Moreover, from the explicit
expression for B,,, we have

B, < Cillyn — yn—1||§7p\|v||p + Collyn — Yn—1llocllvllp + C3llyn — yn—1llcollv]lp,
where C1 = C|| f|l1+a+e» C2 = C|| f|[1+a> C3 = C|| f]|1 and

C= C(Hf||1+a+€7a7€ap7 A)

Let § = min{«a }. Then

£

) T+e
B, < OHf”l-i-a-i-EHU”p[Hyn - yn—IHF + Hyn - yn—1||f§ + [|yn — yn—lHP]
a——— _

SOl lhitatrellvn = Yn—tlZ 1+ lyn — yn-1llp = + 40 — yn-1ll, "]

a—1 _
SOl flhsarelyn —yn-ally [1 +sup lyr —yr—1llp 7 +sup llyk — yr—1ll, ’3]
keN keN
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Following [17, p. 461], there exists a constant C such that

n—1 _n n Hx”%t, 7”"17“76787 Y/p
S R CY/) e 1 [ R ORI

Hence, there exists a constant C’s such that

By < Cslfllvsare([1+ /D] Call Fllrallallifs )" () =272,

Therefore for an appropriate constant C' we have

o0 > Ccn
> By <Csllfllitate Y (n)8/v
n=0 .

n=1

1 p
< C5||fH1+(¥+E (C+ _> BeCB

since (n!)%/? > [nB3/p]!

Now we come back to the proof of Theorem 2.19. The convergence of (z,,) in (2, || - [/[s,4],p)
follows from Zf;o B,, < 4o00. Using the continuity of the Young integral (see [18,22]) and
(2.9), it is easy to see that z = lim,,_, o, 2,, satisfies (2.12). The lower-semi-continuity of the
norm || - ||, and the last inequality in Theorem 2.18 yield the uniform bound ||z||, < C||v||,. The
a priori estimates in Theorem 2.18 follow from the Young-Love inequality. O

2.4. Lipschitz continuity of the derivatives of the It6 map

In this section we shall prove the Lipschitz continuity of the derivative of the Itd6 map under
the appropriate smoothness assumption on f.

THEOREM 2.20.— Let f € Lip(l1+a+¢e)witha € (p—1,1—¢) and M (the same constant
appeared in the proof of Theorem 2.18, see [17]) be such that sup,,¢ v ||yn|l[s,¢,p < M. Let K
be chosen so that

K <A[(€/p+a/p)If loaM® +]Ifl=)] ", 0<A<1.

Then for all x,% € Q,(V) with ||z||, < K and ||Z||, < K and for all v € Q,(V),

Iz = 2l < Cllz =zl [lv]l,
where z =1I'(z)v, z=1I'(Z)v.
Proof. —Lety = I(x), § = I(Z). By Theorem 2.19, we have

dz= f'(y)zdz + f(y)dv, Zo =,
dz

I
I
—~
<
N2

N
QU
ISH
+
~
—
<
S—
<
\_@
I3
=)
|
4

Hence
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[z — 2st = /tf’(y)[z—5]d$+/tf'(?1)5d($—i“)

+ [0 - 5@l v+ [[76) - £@)zda.

Using the Young—Love inequality, we can obtain

lz = Zll, < [§1/p + a/p) [ lan® + £ llsc] 12 = Zllp [l 5
+ Cl NallyliZlzllplle = 2l + Cllfllrally = dllplvll,

e

+ Clf Natelly = gl N21p N2,
where we have used Theorem 2.13 for the estimate of || f'(y) — f/(9)]| 2. Therefore

Iz =2l < Allz = Zllp + B.

Here

A= [€(/p+a/Df lan® + 1 lloo] 125,

e

B =Cllflh+a+e[lzlplZllplly = gl + lylip Izlp 12 = 2l + lvllplly — 3ll,)

< Ollflhrate l2lly + IylI] [z = 2llp + lly = gllp + 1y = gllo ™ Jl1v]l,-
Using the Lipschitz continuity of the Itd map, cf. [18,22], we have

Iy = 3llp < Cllz = Z[lp.

Modifying the proof of Theorem 2.18, we can also prove that for ||z||, < K and ||Z||, < K, we
have
Iz = Zllp < Cx I l1+asellz = 2l ol O
Now we are ready to prove Theorem 2.2 concerning the Fréchet differentiability of the Itd
map.

Proof of Theorem 2.2. — By the main result of [17], I,, converges uniformly to I and I is con-
tinuous from the p-variation ball B, (0, K') C £,(V) into ,(W'). Moreover, Theorem 2.19 says
that the derivatives z,, = I}, (x)v converge uniformly to z = z(z) in ©,(W), and Theorem 2.20
says that x — 2(z) is y5-Holder continuous on B, (0, K) = {z € V: ||z, < K}. We conclude
that I is locally Fréchet differentiable * from the ball B, (0, K) C £2,,(V) into ,(W). Moreover,

its derivative is given by

I'(z)v==z.

Furthermore, Theorem 2.20 can be reformulated as
|17'(@) - I'®)]| < Ol — 277

31f f,:E1 — F3 is a sequence of continuously Fréchet differentiable (in the sense of) functions between two
Banach spaces such that f,, — f and their derivatives f,, € L(E1, E2) are uniformly convergent with continuous limit
g € L(E1, E2), then f is Fréchet differentiable and f’ = g.

ANNALES SCIENTIFIQUES DE L’ECOLE NORMALE SUPERIEURE



668 X.-D. LI AND T.J. LYONS
This proves the ﬁ-Hélder continuity of the derivative of the Itd map. O

THEOREM 2.21.— Let f € Lip(1 4+ a+¢€) with a € (p — 1,1 — €). Then, defining K as in
Theorem 2.20, one has that for any x,v € Q,(V) with ||z||, < K and |jv||, < K:

Li2e
(2.15) |1 (z+v) = I(z) - I’(m)v“p <Ol flhitatellvllp ™,
where C = C(K,a,p, || fll1+a) is a constant.

Proof. — Denote & = x 4+ v. Then

dy: = f(ye) d, Yo =a,

dge = f(t) d+, Yo = a,

dzi = f'(ys)ze doy + f(ye) dog, 29 = 0.
Note that

xy — f'(ye)ze dwy — fye) d(ZTe — 1)
— ['(ye) 2 day

= f'(ye)ze dve + f
+ [£ (@) = Fye) = ' (ye) (G — )] ds.
Therefore
9=y —2lls0p <1+ J2+ J3,
where

)
[s:t],p

Ji = /f/(yu)zudvu

)

Jo = /f/(yu)[gu_yu_zu]di'u
[s,t],p

0
J3= /[f(@;) - f(yu) - f/(yu)(gu - yu)] dy,
0

[s,t].p
Using the Young—Love inequality, Theorem 2.15 and the Lipschitz continuity theorem of the Itd
map [17,22], we have

/ 2y AUy,

0
< [6/p+ /D) fl+allylifes p + 1 Moo 2l s.00.0 1% = 25,5

J<[W/p+ /D) F W)y, 17 W]

[s,t].p

Ja < [g(l/p"i'O‘/p)Hf,(y)H[s’t]’a/p + Hf/(y)Hoo]

/[gu — Yu — zu] dz,,
0

[s,t].p

<[s/p+ /D) F Ol o sy.0pp T 1T @]
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< €2/ —y — 2l + 117 =y = 2lloo] 1251,
< # s, (1 +E(2/p))
< [(1/p+ /D) fllrallyllfsgp + 1 ] 17 =y = 25,00
T3 <[1+€/p+a/D]IF@) = F) = F WG =9l 1 E 5,00

1toe
< C(a7p7 Hf||1+a+5) ly —ylly ||5CH[S,t],p

142e
< Oo(ap, | fllitate) K7 — 2l 5

Note that by Theorem 2.18 and the lower-semi-continuity of the norm | - ||,, we have

[s,t],p°

”Z”[s,t],p < CBHUH[s,t],p = C3||‘% - x”[s,t],p-
Thus
19—y = 2ls.0.0 <2600 [EQ/2+ /D Fllisallyllfy, g p + 117 loo]

1f2e
i+ Co(p, Il npare K) 13 — 2ll,

x[lg—y—=|
+ C4(Ol,p, Hf”l-‘rOHK)”i‘ - x”[QS,t],p'
Hence, for z, % € ,(R™) with ||z||, < K, ||Z||, < K, we have

1t2e
19—y =2l SAIT =y = 25,00 + CollZ — 2]l 55, + CallZ =2l .-

Hence

142¢

159 lep < (1= A7 Callfllisaselld — 2l 5,

+ 1= A7 Cull fllirallE = 2lIf 4
<Cs(K,aup | flrase) Iflsaselli —al 5. ©
In the special case where f € Lip(2 + «) we have the following estimate.
THEOREM 2.22.— Let f € Lip(2+ «). Then for x,& € B(0, K), we have
11 () = I'(@)]],, < Co (e, | fll24as K) 1z — 2|,
[1(2) = I(z) = I'(x)(@ — )|, < Cr (e, || fllz,0, K) |z — 2[5

Proof. — By Lemma 2.12 and the Young-Love inequality we have

/ /(W) - F'5))2da

0

p

< [€Q/p+a/p)|F @) = F@DI,,0+ 1 @) = £ @I NI,

< [€(/p+a/p)C (o, K |1 1) lly = Gllp + 11 lsolly — Flloo] 21|l
< C(a, K, [Ifll2+a) [0llplly — dllp-

From this and the proof of Theorem 2.20 we have
Iz = Zllp < Allz = Zllp + C (0, K, | fll24a) [z = &l + Iy = dllp] [10]l,-
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Hence for ||z||, < K and ||Z||, < K we have
Iz = Zllp < Cllf l2+allvlly [llz = Zllp + ly = 3ll,]
Using the Lipschitz continuity of the Itd map, we obtain
Iz = Zllp < Cll fllztallvllplle = Zllp-
This is equivalent to
[7'@) = T'@)]|, < C o K | fllara) 12 = 21l

Similarly, using Lemma 2.14 and the Young—Love inequality we can prove

Jo <EA/p+a/p)|[f@) — fy) = W)@ =) Izl
Hf@) — @) = F W@ =) Nzl

[C (s, 1 fllz+a) € /p+a/p)lly = Gl5 + 1L loclly = G132l 5,00

<
<C(a,p, K, || fll2+a) Klly — 3l
<CO(a,p, K, | fllz4a) 2 — 215,

From this and the proof of Theorem 2.21 we deduce that

15—y = 2llis0.0 < AT =y = 2llsa.p + ClT = @I, 4-
Hence for ||z|| < K and ||Z||, < K we get

17—y = 200 <C(K,.p, [ flz4a) [E =2l O

2.5. Higher order differentiability of the It6 map

By induction, for any £ € N, a map f: E; — E5 between two Banach spaces F4 and Es is
k-times differentiable at zo € E in the sense of Fréchet if there exist a constant X > 0 and a
bounded linear map f*) (o) € Ly(Fy, Ey) := L(Fy, Li,_1(E1, E)) such that for v € B(0, K),

1£% (@ +0) = F5 V(o) = F ¥ wo)oll,, sy ) =0(0]lE:)-

If there exists a bounded open subset O C FE; such that f is k-times differentiable at z( for
all g € O, we call f alocally k-times Fréchet differentiable function in O. We now prove the

higher order Fréchet differentiability of the It6 map.

THEOREM 2.23.— Let f € Lip(k + o +¢) with a € (p — 1,1 — ¢). Then the It0 map
I:Q,(V) — Q,(W) is locally k-times Fréchet differentiable. More precisely, there exists
a constant K depended on ||f|ikt+ate such that for z,Z,v € Q,(V) with ||z|, < K,
1Z]ll, < K, and ||v||, < K, there exist bounded multilinear maps denoted by 1) (x):Q,, —

Li(Q(V),Q,(W)), i =1,...,k, such that

1t2e
15D (@ +0) = 1%7D(x) — [(k)(x)vHLk,l(Qp(V),Qp(W)) S C(Iflkrare) lvllp ™,
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and

119@) ~ 1D gy 092,007 < O pacse) 12 =l

Moreover, in the case where f € Lip(k + 1+ «) witha € (p — 1,1), one has
k—1 k—1 k 2
||I( )(:E +v)— I )(l’> — I )(x)”||Lk,1(Qp(v),QP(W)) < C(||f|‘k+1+a) ||'U||p,
and

HI(k) (53) - I(k) (‘/I;)HLR(QP(V),QP(W)) < C(”fHkJrlJra) ”i. - xHP

Proof. — Since the proofs for all k are similar we will only give a proof for £ = 2. Let
zi(x,t) = (I'(x)v;)(t), i =1,2. Then

dzi = f'(y)zidz + f(y) dvi, z(0) =0.

Thus
t t
1(x + evs) /f’ (x +evy )Zl(CL‘+EU2 (x +evy) +/f (x + evy) dvl.
0 0

Using the same argument as used in Section 2.3, we can prove that for any ||z||, < K,

W(z) = tim 2T E2) = 2(@)
e—0 £

exists in €2, (V) and satisfies the following linear differential equation
AW = f'(y)W dz + f"(y)(22 ® z1) dw + f'(y)z1 dvz + f'(y) z2 dvy,

with the initial condition W (0) = 0. Repeating the same argument used in the proof of
Theorem 2.15, we can prove that for ||z||, < K, ||v1]|, < K, and [jva]], < K

W ()], < Cllotlpllvzlp,

142

[21(2 +v2) = 21 () = W ()|, Ouvlllpnvgu N
W (@)~ W()||, < ClIF -]l

Hence, the It map I :Q,(V) — Q,(W) is locally C* 7= -differentiable in the sense of Fréchet
with
I"(z)(v1,v2) =W (x), Vaz,v1,v2 € By(0,K).
The proof for the latter case where f € Lip(k + 1 + «) is easy so we omitit. O
The following Taylor formula holds for the Itd map I : Q,(V) — Q,(W).

THEOREM 2.24.— Let f € Lip(k+ a+¢) with € (p — 1,1 — €). Then, for z,v € Q,(V)
with ||z, < K and ||v||, < K, we have

k_ll' ' 1I(k)aj+sv 1—s)k-t
I(x +v) - Z (/ ( (k—)(l)! ) ds>v®k,
0

=1
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and

v‘g” k=
C(II1flkrare)llvllp e

on
I(x+v) — Z

i=1

p

Moreover; in the case where f € Lip(k + 1+ o) with a € (p — 1,1) one has

MO (2)(3 — 2) @
B ()(Z_! )

i=1

<C(pks o K, | fllns14a) 17 — x5+

p

Proof. —Let g(t) = I(x + tv), t € (=1 — 6,1 + J), 6 > 0. By the chain rule, we have
g€ C* 7= (—1,1). Applying the Taylor formula to f, we have

t
1 —s k_l
(k)
+/g 1)! ds.
0

g(t) =g(0) + ¢'(0)t + g”(o)f + -+ g®(0)

2

Now
gD (t) =19 (x + to)®i, i=1,... k.
Substituting this to the previous formula, we prove Taylor’s formula with an integral remainder.
Obtaining the stated estimates on this remainder is very easy. 0O
3. Part II — The nonlinear case
3.1. Path spaces on manifolds
In this section let M be a d-dimensional compact Riemannian manifold endowed with the

Levi-Civita connection, let my € M be a fixed point and let O(M) be the orthonormal frame
bundle over M. For 1 <p < 2, let Q,,(M) be the collection of p-variation paths on M:

(M) = {7 € C([0,1], M): Vary(3) < o0}

where

n 1/p
Varp(’}/) = S%p < Z d(Ys; Vsita )p) )

i=1

and the supremum is taken over all finite partitions
D:{O:So<$1<"'<Sn<8n+1:1}.

We now extend Theorem 2.2 to the nonlinear case where the driving signal x and the response y
take values in compact Riemannian manifolds M and N.

THEOREM 3.1.— Let M and N be two compact Riemannian manifolds, f:TM — T'(TN)
be a Lip(k + o+ €) bundle map*, a € (p — 1,1 —¢), e € (0,1). Let 1:Q,(M) — Q,(N) be

4 That is to say, for all (x,v) € TM, f(z,v): N — TN is a vector field, moreover, v — f(x,v) is linear:
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the Itd map defined by I(x) =y, where y solves the differential equation on M driven by a finite
p-variational path x € Q,(M):

dy; = f(y:) dxy, Yo =mng € N.

Then I:Q,(M) — Q,(N) is C¥' 75 in the sense of Fréchet.

Proof. — Following the Nash isometric embedding theorem, we regard M and N as closed
sub-manifolds of some Euclidean space R!. Using the Whitney extension theorem for Lipschitz
functions (see [25, p. 177]), we can extend the Lip(k +a+¢)-function f: M — End(TM,TN)
to a Lip(k + a + ¢)-function f:R! — End(TR',TR'). Let iy : M — R' be our Nash
embedding. Then iy, € C>°(M,RY). Let I:Q,(R!) — Q,(R") be the 1td map associated to the
differential equation

dj=f(y)dz,  go=a€M.
By Theorem 2.2, we have I € C* 75 (€2, (R!), Q,(RY)). By the chain rule and the uniqueness of
solutions to differential equations

1= T o iM,
we can easily conclude Theorem 3.1. O

Remark 3.2. — By E.M. Stein [25] the extension of the vector fields from M to R! increases the
Lip(k 4+ o + €) norm in a bounded way that is independent of the manifold M, i.e., for some
constant C; which only depends on M through [, we have

||fHLip(k+oz+5) g Cl“f”Lip(k-‘r(x-‘re)'

The compactness of IV ensures the extrinsic and intrinsic distances on N are equivalent and
so also ensures that the induced p-variation metrics on paths in [V are also equivalent.

3.2. Dynamics on path spaces

By [17], for any y € Q, (M), we can solve the parallel transport differential equation along :
(3.1 Viys)Us(v) =0, sel0,1].
Working in a local coordinate chart at y(s), it can be written as:
AU (7) = =Ti;(4(s) v’ (s)UL(7), s €[0,1],

with the initial condition Up(v) = Uy € O(M ), where I'}; denotes the Christoffel symbol of the
Levi-Civita connection, and Uy is a given initial orthonormal frame over (0). Since Uy (%) is
an isometry from T’ g)M to T4 M, we see that €2,(M) is a Banach manifold modelled on
Q,(R?) with a global chart U(7)(s) := Ug(7y) from Q, (T}, (M)) to Q,(M), s € [0,1].

Remark 3.3.— Any bounded variation path ~ is differentiable almost everywhere on [0, 1]. So
one can define J : Q, (M) — Q, (T, (M)) by

¢
3.2) x(t) :/U_l(s) dy(s), tel0,1].
0
J(v) ==x.
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Now, v — U is differentiable if Ffj is Lip(p + 1 + €). Using the smoothness of the Young
integral, we see that J is Fréchet differentiable. Conversely, if € Q, (T, (M)), then there are
unique U € Q,(O(M)) and v € Q,(M) satisfying (3.1) and such that

dyy =U(ve)dve, ~vo=m, Up=uo.
Then the Cartan—Itd development of paths in Q, (T, (M)) is defined by the map
1:Q, (Tm0 (M)) — Q,(M),

I(z):=~.

By Theorem 3.1, [ is Fréchet differentiable. Moreover, one can prove that I o J = Ide( M) and
Jol= ]de(TmO r)- Hence, one can deduce from the chain rule that the derivatives of I and J
are invertible at every point.

Remark 3.4.-Let h € Q,(T,,,M). For any y € Q,(M) with the initial condition v(0) = my,
we define a vector field along v by

3.3) Xn(y,8) = Us(y)h(s)-

By Theorem 2.2, the Itd map v — U(y) is a local C'-map (indeed it is a local C°°-smooth
map). Hence v — X}, (7) is a local C*-Lipschitz vector field on §2,,(M ). Therefore, applying the
classical results showing the existence and the uniqueness of solutions to differential equations
on Banach spaces, see e.g. [6], we have the following:

THEOREM 3.5. — The vector field X}, generates a flow on Q,(M). More precisely, there exist
some T >0 and a C'-curve ®:[—T,T] x Q,(M) — Q,(M) such that for every y € Q,(M)
andt e [-T,T),

0

aq’t(ﬂ =X, (®:(7)),

Do(y) =1.

In view of earlier work on the Brownian setting, see e.g. [7], we call ®; the Driver flow
generated by the vector field X}, on the finite p-variation path space §2,,(M). Here we would like
to point out that the vector fields X, and the corresponding Driver flows are the natural ways to
develop the variational calculus on the path space €,(A/) for the following reasons. First, the
parallel transport U : Q, (M) — TQ,(M) along a curve ~y provides with us a “moving frame”
which is global over ,(M) and preserves the p-variation metric. Second, the parallel transport
gives us a way to test whether a vector field along every vy € ,(M) is good or not. The most
important point is that, since for h € ,(T5,,, M), the vector field X, generates a local flow on
Q, (M), we can use this flow to introduce the variational calculus on Q, () in a usual way: for
every functional F' defined on (M), we say that F' is a differentiable functional on Q,, (M) if
the following limit exists

D () = i PO =F)

Remark 3.6. — In the case of smooth path spaces, the Cartan development map and its inverse,
i.e., the anti-development map, were introduced by E. Cartan [2—4]. In [10], Eells and Elworthy
proved that the Cartan development map and its inverse, when defined on finite energy path
spaces, are diffeomorphisms of infinite dimensional Hilbert manifolds. See also Andersson and
Driver [1] for a simplified proof. In [13,16], the first named author proved that the stochastic
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Cartan-1t6 development map and its inverse (i.e., the stochastic anti-development) are smooth in
the sense of stochastic variational calculus on infinite dimensional continuous path spaces. We
also point out that, strictly, to talk about smooth maps one needs charts on the target space.
In general charts around paths on a manifold are messy, however, one can instead use this
construction with a connection to construct a chart. It is clear that if we take two connections and
developing the paths out with one connection and back with the other one has a differentiable
functional and so provide a consistent family of (global) charts.

3.3. Fractional like motions on path spaces

As our first simple application we show how it is possible to construct fractional Brownian
motion type processes on path spaces. Let (h;)?_; be a family of elements of 2,(T,, M ). Take
wy to be n-dimensional fractional Brownian motion with the Hurst parameter H € (1/4,1); by
[5] we can consider w as a g-rough path for any ¢ > H~!. Consider the stochastic differential
equation on the path space €2,(M) driven by w and starting from a given p-path v in M as
follows:

(3.4) iy = X, (IT) o duy},
=1

(3.5) Ty = 1.

Since p € [1,2), we can apply our main theorems Theorem 2.2 and Theorem 3.1 to conclude
that the vector fields X, are locally C* on ,(M). Therefore, applying the standard theory
of differential equations driven by g-rough paths (which is infinite dimensional but requires
smoothness of the vector fields) [17], one sees that Eq. (3.4) has a unique solution II; which
is continuously dependent on the initial path v and the driving path w.

Of course II; is a nonlinear object and does not the scaling or invariance properties that
characterise true fractional Brownian motion and there is a great deal of arbitrariness in the
choices of h; in Q,(Ty,, M).

3.4. Infinite dimensional Brownian motions on path spaces

As a second application of our methods we specialise the above example to the case where
H = 1/2 but extend the analysis to the case where the dimension of the driving Brownian motion
is infinite. We construct an infinite dimensional Brownian motion on path spaces.

Fix a control w on the triangle A = {(s,t): 0 < s <t<1}.Takep € [1,2) and p’ € (p,2). Let
E be the completion of €, ,([0,1],R?) with respect to || - ||,». The smooth paths are dense in
E with respect to || - ||,» and so E is a separable Banach space. Let {e,,, n € N} be a countable
collection of linearly independent elements in the unit ball of E such that the vector space
spanned by (e,,) is dense in E. Let {z,(¢), n € N} be a sequence of independent Brownian
motions; then Y, n~2z,e, converges in probability to an E-valued Brownian denoted by
B; with law p, at time ¢. Then the support of = p; is dense in span(e,) and so is in E. Let
H:={h=3"" aney: |||z < oo} where ||h||% := > a?n*. Then

n=1

. o 1/2 / o 1/2
<Z|an|< (Zain4> (Zn_4>
n=1 n=1

E n=1

)
E An€n
n=1

and ||h||g < C||h||g. So H is densely embedded in E and (E, H, 1) is a Wiener space in the
sense of Leonard Gross.
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Let {h,,n € H} be an orthonormal basis of H. Then h,, € E C Q,([0,1],7,,,M). Using
Theorem 3.1 we can see that the vector fields X}, defined in (3.3) are C? in the injective tensor
product norm as a map

O, (M) 22 0 (T M),
Define
X :Qp(Tyy M) x (M) — Q,(TM)
by

(h,y) = Xn(7).

Then X is a bounded linear operator from E to the C? vector fields on ,(M). Since every
Brownian Motion on a Banach space is a rough path when one uses the injective tensor product
[19] we have the following

THEOREM 3.7.— Let p € [1,2). For any v € Q,(M) with v(0) = my, there exists a unique
diffusion process® {X;, t € [T, T|} such that

dZt = X(Et) 9] ch
20 =7.

Following [23,8], we call {¥;, ¢t € [0,T]} a Brownian motion on the path space 2,(}/) and
refer to the law X, as the heat kernel measure on 2, (M) and the law of ¥ as the associated
Wiener measure on C([0,7],€,(M)). Of course, the above construction only depends on the
reproducing Hilbert space H of the Gaussian space (F, H, 1) (and this was somewhat arbitrarily
chosen) but is at least independent of the choice of {h,, n € N}. It might be interesting to
investigate the construction for other Gaussian measures on .
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