Available online at www.sciencedirect.com

ScienceDirect

ANNALES
DE LINSTITUT
HENRI
POINCARE

PROBABILITES
ET STATISTIQUES

Ann. I. H. Poincaré — PR 43 (2007) 417-440

www.elsevier.com/locate/anihpb

On tails of stationary measures on a class of solvable groups

Dariusz Buraczewski '

Institute of Mathematics, Wroclaw University, 50-384 Wroclaw, pl. Grunwaldzki 2/4, Poland
Received 13 December 2005; received in revised form 30 May 2006; accepted 4 July 2006
Available online 14 December 2006

Abstract

Let G be a subgroup of GL(R, d) and let (Q,,, M) be a sequence of i.i.d. random variables with values in RY x G and law .
Under some natural conditions there exists a unique stationary measure v on RY of the process X, = MpX,,_1 + Q. Its tail
properties, i.e. behavior of v{x: |x| > ¢} as ¢ tends to infinity, were described some over thirty years ago by H. Kesten, whose
results were recently improved by B. de Saporta, Y. Guivarc’h and E. Le Page. In the present paper we study the tail of v in the
situation when the group G is Abelian and RY is replaced by a more general nilpotent Lie group N. Thus the tail behavior of v is
described for a class of solvable groups of type N A, i.e. being semi-direct extension of a simply connected nilpotent Lie group N
by an Abelian group isomorphic to RY. Then, due to A. Raugi, (N, v) can be interpreted as the Poisson boundary of (NA, w).
© 2006 Elsevier Masson SAS. All rights reserved.

Résumé

Soit G un sous groupe de GL(R, d) et soit (Q,, My) € R? x G une suite de variables aléatoires indépendantes de loi .
Sous des hypothéses convenables il y a une unique mesure stationnaire v sur R4 pour le processus auto-régressif linéaire X, =
My, X, -1+ QOn. Les propriétés asymptotiques de la queue v{x: |x| > t}, t — oo, ont été étudiées par H. Kesten il y a 30 ans et
plus récemment de nouveaux résultats ont été obtenus par B. de Saporta, Y. Guivarc’h and E. Le Page. Dans cet article on étudie le
cas ol G est abélien et RY est remplacé par un groupe de Lie nilpotent N. On obtient alors le comportement a I’infini de la queue
de v pour une classe particuliere de groupes de tyle N A produits semi-direct d’un groupe N simplement connexe N avec G = RY,
Dans ce cas pariculier (N, v) est un bord de Poisson au sens de A. Raugi.
© 2006 Elsevier Masson SAS. All rights reserved.
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1. Introduction

We study random recursions on solvable Lie groups S, which satisfy the following assumptions

e S is the semi-direct product of an Abelian group A, isomorphic to R, acting on a simply connected nilpotent Lie
group N,
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e there exists a contracting element ag € A, i.e. forevery x € N: limg_, 850 (x) =0, where §,, stands for the action
of ap on N, and O is the unit element in N.

Various classical objects like symmetric spaces, bounded homogeneous domains in C" and manifolds of negative
curvature admit simply transitive actions of such groups and therefore they are of considerable interest from many
points of view [1,16,20].

Given a probability measure p on S we define a random walk

Sp=Xn-- X1,

where {X;}7° is a sequence of independent identically distributed (i.i.d.) random variables with law .
We write

X1=0M,

with Q =y (X1) € N, M = m4(X1) € A, where my and w4 denote canonical projections of S onto N and A,
respectively. We shall assume that

e 1 is mean-contracting, that is the element of the group corresponding to the vector |, glogM du(Q, M) is con-
tracting;
° fS(| log |M||| +1og™ |Q|)du(Q, M) < oo, for convenient norms on A and N that will be defined in Section 2.

Under these hypotheses the limit R of  (S,,) exists in law (A. Raugi [21]) and gives rise to the measure v that is the
only stationary measure for the Markov chain 7y (S,) i.e.

WLk v=v. (1.1)

This means that for every positive, Borel measurable function f on N, we have

M*v(f)=/f(ﬂN(g~X))M(dg)V(dX)=V(f)-

Moreover, if u is spread out (i.e. some power of u is nonsingular with respect to the Haar measure on S) and its

support generates the group S, A. Raugi [21] proved that (N, v) is the Poisson boundary of this process, i.e. using the

stationary measure v one can reconstruct bounded p-harmonic functions on §, knowing their boundary value on N.
Our aim is to study behavior of

v{x: |x] > t} =IP’[|R| > t]

as t tends to infinity, provided some further hypothesis on p.

When the Abelian group is one dimensional, i.e. A =R, the tail behavior is well understood. If N = R, it was
observed by H. Kesten [17] that the tail behavior of v is strictly related to properties of the Laplace transform of 4 (1)
and that under natural conditions there exists « > 0 such that

lim 1*P[|R| > t]=C,
11— 00

for some positive constant C. His proof was later essentially simplified by A.K. Grincevicius [12] and Ch. Goldie [11].
The general situation of solvable groups being extensions of nilpotent groups by one-dimensional Abelian group of
automorphisms was studied in [2], where similar results were obtained. Much more can be said about v when the
measure 1 comes from a second-order, subelliptic, left-invariant differential operator £ on S, i.e. when instead of u
we consider a semigroup of measures p,;, whose infinitesimal generator is £, and the measure v satisfies

s xv=v foreveryt.

Then, the measure v has a density and its behavior along some rays tending to infinity has been described in [6]
and [3].

The situation when the group A acting on N is multidimensional is much more complicated. In the context of
general solvable groups, the only results we know, concerning behavior at infinity of the stationary measure, were
obtained in some particular cases when the measure p is connected with an subelliptic operator on S (compare above).
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If X = G/K is a noncompact symmetric space, S is the solvable part of the Iwasawa decomposition of G = SK and £
is the Laplace-Beltrami operator, v has a smooth density m, called Poisson kernel, which can be explicitly computed
(see e.g. [8]). The formulas however are not very transparent as far as the pointwise decay at 0o is concerned.

More general situation was studied by E. Damek and A. Hulanicki [4,5]. They considered on solvable groups
S = NA, with diagonal action of A on N, a large class of left-invariant second order, degenerate elliptic operators
L and identified the Poisson boundary of (S, £) with (N1, v), where N; is some normal subgroup of N. Then the
stationary measure v on N has again smooth density m and they proved, without knowing an explicit formula for m
that

/TNI x)¥m(x)dx < o0,
Ny

for some positive &, where 7y, is the Riemannian distance of x from the identity, and dx is the Haar measure on N.

The case when N is an Euclidean space, but the measure is general (not coming from a differential operator) was
studied by many authors. Assume N = R™ and there exists a group of matrices G (not necessarily Abelian) acting
on R"™. Consider the stochastic recursion

Rn+] = Mn+an + Qn+1,

where (Q,, M) is a sequence of i.i.d., R™ x G valued random variables distributed according to the given probability
measure u. Then under suitable assumptions R, converges to a random variable R, whose distribution v is p-invariant.
Asymptotic properties of R were studied by several authors [17-19,7,14]. Their main assumptions (except mean-
contractivity and finiteness of some exponential moments) were proximality and (or) irreducibility. Let i be the
canonical projection of u onto G. Then proximality means that the semigroup generated by the support of & contains
a proximal element, i.e. a matrix having a unique real dominant eigenvalue (i.e. the corresponding eigenspace is one-
dimensional). The action is called irreducible if there does not exist a finite union of proper subspaces of R”, which
is invariant under the action of the support of [.

In this paper we study the reducible situation on general solvable groups. Our assumptions are natural generaliza-
tion of one-dimensional situation, i.e. first of all we require finiteness of some exponential moments of w4 (1). The
main results of the paper are presented in Section 3.4 as Main Theorem A and Main Theorem B. In full generality we
prove that there exists a constant o such that for any ¢ > 0

Cit™20 <P[|R| > 1] < Cot~X078),

where C1 and C, are positive constants, and C, depends on €. Notice that the result is new even in the case when
an Abelian group of matrices A = G acts on N = R"” and the measure u does not satisfies to the assumptions of
proximality and irreducibility required by the papers mentioned above.

We obtain more detailed description of the tail of the measure v, when the action of A is fully reducible, i.e. A
acts diagonally on N. This corresponds to the classical situations of symmetric spaces and bounded homogeneous
domains. Then we prove, without assuming proximality of w, the existence of positive constants xo and C, such that

Cit7 %0 L ]P’[|R| > t] < Cot™%0,

If we assume existence of a dominant root (see Section 3 for precise definitions), that in some sense substitutes the
notion of proximality, we show

tl_i)IgOtXOP[|R| >1t]=Cs,

for some C3 > 0.

The outline of the paper is as follows. In Section 2 we introduce a class of solvable Lie groups for which our results
holds and describe precisely their structure. In Section 3 we include a brief account of random walks on solvable
groups: existence of an invariant measure and its properties in the case when the group A is one-dimensional. Then
we describe our assumptions and state the main results of the article. Their proofs are contained in Sections 4 and 5,
respectively.

The author is grateful to the referee for helpful comments and corrections, improving the presentation of this paper
and some arguments in the proof.
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2. A class of solvable Lie groups
Let A be an Abelian group isomorphic to R?, acting on a nilpotent, connected and simply connected Lie group N,
ie.
Sa(xy) =68,(x)8,(y), a€A, x,yeN, 2.1

where §, denotes the action of « € A on N.
The semi-direct product N x A is a solvable Lie group denoted by S. We shall denote by o the action of the group
SonN,i.e.

(x,a)oy=x-84(y), for(x,a)eSandyeN.
Then the group multiplication in § is given by
(x,a)-(y,b) = ((x, a)o y,ab).

Let e (0, I respectively) be the neutral element of S (N, A respectively).
Our main assumption on S is that the action of A on N is contractive i.e. that there exists an element a € A such
that

klim 8’;()5) =0, foreveryxeN. 2.2)
—00
The Lie algebras of A, N, S are denoted by A, N/ and S respectively. Then S = N @ A and of course for every

H € A, ad H preserves N. The exponential maps are global diffeomorphisms both between A" and N, and between
A and A. Their inverse will be denoted by log. Then for any X € N’

8a (exp(X)) = exp(ead(lOg“)X). (2.3)

We shall denote the foregoing action of the group A on the Lie algebra A/, using the same symbol §,(X). Let N ¢
(NC) be the complexification of N (N respectively). For any A in the set (A*)C of continuous homomorphisms from
Ato (C, +) define

NC= {Z € N'C: there exists k such that (ad H — AI)kZ =0, forany H € .A}. 2.4)
Then, it is known that for A1, A, € (A*)C

NS NSNS L. (2.5)
Moreover any space N g is preserved by the action of the group A, i.e.

8.(2)eNE, forzeNE. (2.6)

We shall say that A is a root if the appropriate space N f is nonempty. The set of all roots will be denoted by A. Then,
of course, if L € A then also A € A and

NE=@PNE.
reA

Let i; = dim¢ NE. For any A choose a basis {Z; 1,..., Zy ;,} of N%, such that with respect to this basis A acts
triangularly, i.e. for any H € A

adH(Z, j) =M MH)Z) j + Wy j-1, (2.7
for some Wy j_1 € span{Z 1, ..., Z; j—1}. Then iy = i3, moreover may assume that Z; ; = ZX,j and if X is real then
all the vectors Z;, ; are real.

For a chosen basis {Hj, ..., H;} of A introduce coordinates in A: any element H of A can be uniquely written as

H =) 1;(H)H,. Notice that one can compute the action of A on C, taking (2.3) and (2.7) into account, we obtain

Sexp i (Zox) =" Pk j(H)Z 2.8)

J<k
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where Py x =1, and P i ; for j smaller that k are some polynomials of #; (H). One can easily see that the polyno-
mials depend on #; (H) only if A(H;) # 0.
Thus, the assumption that the action of A is contractive implies that the negative Weyl chamber

A™" ={H e A: Rr(H) <Oforall A € A} (2.9)

is not empty. Let AT = — 4~ be the positive Weyl chamber.
Forany ze N Clet Z5.; denotes its A, i component, i.e.

7= CXP(Z ZA,iZ)»,i)~

A root Ao will be called simple if it cannot be written as a sum of other roots, i.e. for all possible choices of
nonnegative integer numbers {c; }xea, such that > ¢, > 1,

ro # Z Coh.
A€EA

The set of all simple roots will be denoted by A;.

For instance, let A = Rz, choose two vector fields H;, H, forming a basis of A, and denote by 11, Ay two function-
als on A such that A;(H;) = §;;. Then, if A = {X1,11/2, (A1 + A2)/2, A1 4 2X3, A2}, the set of simple roots consists
of three elements: Ay = {A1/2, (A1 + A2)/2, A2}.

We have the following simple lemma

Lemma 2.10. Any root Ao can be written in the form

ho = Z Coh, (2.11)

reAy

where c; are nonnegative integer numbers.

Proof. Suppose H € A*™" and let us number all the roots A1, A2, . . ., At in the following way
RA(H) <R\ (H) < -+ S RA(H).

We shall proceed by induction. Of course, A is a simple root and (2.11) holds with ¢;; = 1. Assume the lemma holds

for A1,...,A;j—1. If the root A; is simple then it satisfies (2.11). Otherwise, A; can be written as
)\-i = Z C)L)\.,
reA

where ¢, are positive integer and Y _ ¢, > 1. Therefore RA; (H) > SRA(H) for any A such that ¢, is nonzero. But this
set contains either simple roots or other roots satisfying already (2.11). Therefore (2.11) also holds for A;. O
The group multiplication in N is given by the Campbell-Hausdorf formula:
exp(X) -exp(Y) =exp(X +Y +[X,Y]/2+---), forX,YeN. (2.12)

Since the Lie algebra A is nilpotent, the sum above is finite. In particular if we fix a simple root Ag, then in view
of (2.5)

(X - Yng,i = Xag,i T Yaguis (2.13)
for x, y € N and i <ij,. We shall describe the Campbell-Hausdorf formula more precisely later in Section 5.

2.1. Normson N and A

Now we are going to construct a norm on N adapted to the action of A. In the case A is one-dimensional and
diagonalizable W. Hebisch and A. Sikora [15] have built on N a smooth outside zero norm, homogeneous on the
action of one-dimensional group of dilations, i.e. satisfying |§,(x)| = a|x|. Their ideas were used later in [2] to
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construct a homogeneous norm with respect to general one-dimensional group of dilations A. Here we shall adopt the

construction for our purpose. Since we will need some further properties of the norm we give some details.

Fix Hy € AT such that RA(Hp) > 1 for all roots A and let Ag = {exptHp, t € R} be an one parameter subgroup

of A. We change coordinates in Ao, identifying
ApsexptHy~e eR".
For b € Rt and z € NC define

op(x) = 3exp(10g b)Hy (2).

(2.14)

Then o defines the action of Rt on NC, preserving N, and the semi-direct product N x Rt is a solvable group,
belonging to the class of solvable Lie groups studied in [2]. A key step of the construction is the following lemma:

Lemma 2.15. ([15,2]) There exists an open rectangle
C.
2= {Z = sz,izk,i eN™: |zl < Cx,i},
hi
where c) ;i are some positive constants, such that

if log(z), log(w) € 2, forz,we NCand 0 <b < 1 then log(op(2)o1-p(w)) € £2.

We define the norm on NC:

|z| = inf{b: log(0}-1(2)) € 2} =inf{e': log((S;LtHO(z)) € 2}.

One can easily check that this norm is continuous and satisfies to the following properties

|- | is symmetric: |z~ = |z];

|z] =0 if and only if z = 0;

| - | is subadditive, i.e. |z - w| < |z| + |w];
lop(z)| = b|z|, for any b € RT.

Finally, we define a norm on A:

llall = max |8, (z)|.
lz]=1

Observe that

18.2)| < llalllz] and [lajazll < [laillllaz]l.

We shall often use the following constants being closely related to properties of the foregoing norms

d, =RA(Hp), r€A,

and their simple property

if Ao = ZC}L)», then dk() = chd)"

A crucial step in the proof of our main results will be the following lemma:

Lemma 2.19. There exist constants C and D such that
RA(H) D
lall < C max{e < }~(1\/max|l‘i(H)| )
rEA i

forany a = exp H € A, where t;(H) denotes ith coordinate of H in the fixed basis of A.

(2.16)

(2.17)

(2.18)
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Proof. First, we shall prove that

lall <max  sup  [84(zn)]- (2.20)

{zaeN$: |zal=1)

In fact, every space N § is invariant under the action of A (2.6), and writing any element of NC as z =
exp(_; ;zr.iZx,;) and using the fact that the action of A on N € is linear we have

llall = sup |8a(z)| = sup inf{b: 0p,-104 <ZZMZAJ> € .Q}
=1 "

lz=1

= sup inf{b: 0p-104 (ZZKJZM) € 2 for all roots A}
i

lzl=1

<max - sup [3a(z)
€2 {meNE: lul=1)

)

which proves desired inequality (2.20).
Define the function g(H) = max; |t;(H)]|. In view of (2.20) it is enough to justify that for any root X there exist
constants C;, D, such that if g(H) > C,, then

Ubilaepo(Z)u) € R

for b = exp{mﬁl—(f’)} S(1Vg(H)P ) andany Z; =Y, 22, Zs.; € 2 NN S, In view of (2.8)

8a(Z3) =™ sz,k(z Pok.j(H)Zs, ,~>,

k j<k
where P, ;. ; are some polynomials of #; (H) and Py x x = 1.
Next we have
(71:1 84(Zy) = Sexp(— log b)HOSa (Zy)
= oeP T N ", (Z Py k. j(H,log b)ZA,j),
k J

where P; 1. ;j are some polynomials of #; (H) and log b. Substituting b in the formula above we obtain

)—Dmx(Ho) . o IIHHO) (s +Dalog ™ g(H)) i (H)

0, '84(Z3) = (1 v g(H)

x Z(Z Py i (1 (H), Dy log" g(H), RA(H))z3. j)zx,k,

k J

where P .k,j are polynomials coming from appropriately modified polynomials P k. ; and degrees of these polyno-
mials depends only on the structure of the solvable group S. Finally, choosing D, large enough, there exists C; such
that if g(H) > C, then for all k

— D) RA(H =
(1v g(H) TN PP,k (6:(H), Dilog™ g(H), Ra(H)) ||z j] < crke
J
which proves the lemma. 0O

3. Random walks on N A groups and main theorems
3.1. Random walks

Given a probability measure p on S we define a random walk:

Sn = (an Mn) Tt (le Ml)s
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where (Q,, M) is a sequence of i.i.d. S-valued random variables with a distribution @. The law of S, is the nth-
convolution u*" of u.
Our aim is to study the N-component of S, i.e. the Markov chain on N generated by the random walk on S:

Ry =7aN(Sp) = (Qn, Myp) o Ry,
Ro = o, 3.1

where my denotes the canonical projection my : S — S/A. By w4 we shall denote the analogous projection of S
onto A.
It was proved by A. Raugi [21] that when u is mean-contracting, i.e.

ElogM:/logM/LA(dM)eA__, (3.2)

where us = w4 (1), and under the following integrability condition
E|log||M]| +1log™ | Q]| < o0

(the norms used by A. Raugi were different, but his proof gives the result also in our case) R, converges in law to a
random variable R, whose distribution will be denoted by v, and R does not depend on the choice of Ry. Moreover,
v is a unique stationary solution of the stochastic equation

V=K,
where
pev() = [ flgonutdzvian.
The above equation can be also written in the form
R=4(Q,M)oR,

where R and (Q, M) are independent distributed according to v and u, respectively.
The random variable R is constructed as a pointwise limit of the “backward” process:

RE =0,
Ry =7n((Q1. M1) -+ (Qu. My)) = Q1 - 811, (Q2) +++ 811, (Q), (3.3)

where IT,, = M;---M,,.
Our aim is to study, under some additional hypothesis, behavior of

v{x: |x] > t} :IP’[|R| > t]

as ¢ tends to infinity.
3.2. Asymptotic behavior of R when dim A = 1

When the Abelian group A is one-dimensional, the behavior of the above sequence is well-known. The simplest
example of a solvable group is the “ax + b” group, i.e. semi-direct product of N = R and A = R™, with the group
action

(x,a)-(y,b) = (x+ay,ab), x,yeR, a,beRT.
Then, Kesten [17] proved (under some further assumptions) that there exist positive constants « and C such that

lim 1*P[|R| > t]=C.

11— 00
His proof was later essentially simplified by Grincevicius [12] and Goldie [11]. Their ideas were used in [2] to handle
with general situation of homogeneous groups, when the group S is a semi-direct product of a nilpotent group N and

of an one-dimensional group of dilations A = R™. In this case the norm | - | is homogeneous for the action of RT, i.e.
|84(x)| = a|x| for every a € RT, x € N, and we have the following theorem:
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Theorem 3.4. ([2]) Let S = N x R and assume that

ElogM <0,

there exists o > 0, such that EM* =1,

the law of X1og M is non-arithmetic, i.e. there does not exist a > 0 such that >log M € aZ,
EM*logM < oo,

E|Q]* < o0.

Then
lim t“P[|R| > t] =C. (3.5)
=00
for some constant C. Moreover, if the action of R on N is diagonalizable then the constant C is nonzero if and only
if for every x € N,
P[(Q,M)ox=x]<1.
If the action is not diagonalizable, the constant C is positive under the additional hypothesis that |Q| is bounded

almost surely.

We shall often use description of asymptotic behavior of
P[max{Ml M) > t],
n

where M; arei.i.d. real valued random variables satisfying the assumptions of Theorem 3.4. It was observed by Kesten,
that the sequence is strictly connected with asymptotic behavior of R. Then it is well known that there exists a positive
constant C such that

lim t“IP’[max{Ml My} > t] —cC (3.6)
11— 00 n
(see [9] for more details).

3.3. Laplace transform

In order to describe the tail of R we shall need some further assumptions on . Consider the Laplace transform of
the measure g = mwa(u):

L(Ol) Z/ea(lOgM)MA(dM) ZE[e(x(lOgM)]
A

where o € A*. We assume that
X, RA(log M)
d

RA
for any A € A there exists x; > 0 such that L(X);i ) = E[e A ] =1. 3.7
A

Then it is known that the Laplace transform is well defined for all functionals on A belonging to the convex hull
V of 0 and x;RA/d,, for all roots A € A. Furthermore L is convex on V and because of (3.2) and (3.7) it is strictly
smaller than 1 on the set

RA
Vo= {a eA*: a= Z Cy+ L, for nonnegative numbers c;, satisfying 0 < ch <1 },
dy,
reA
ie.
ifa € Vg then L(x) < 1. 3.8)
Define

=min ,
X0 AeA{Xx}

then the following holds
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Lemma 3.9. Let Ay = Y_ ¢ A for some nonnegative numbers c;. Assume that for some root A| the constant c,, is
nonzero and Xy, > xo. Then x,, > Xo.

Proof. Let us write
dy, — dig 0. d,
and notice that because of our assumptions and (2.18) we have
xodpc, 1
XA: Dot < d_xo -dec,\ =1.
Therefore by (3.8)

RA
L<M) <1
dy,

which implies xo < x3,. O

Corollary 3.10. There exists a simple root Ly such that xy, = Xo.

We conclude that to compute g it suffices to consider only simple roots:

= mi . 3.11
X0 = min {0 (3.11)
3.4. Main theorems

For any root A and j < iy, let V}_ ; be the real subspace on NV spanned by Z,_; if A is real and by RZ,,_; and IZ, ;,
otherwise. Then for X € \/, by X|y, ; we shall denote the projection of X on V) ;.
Now we can state the main results of the paper

Main Theorem A. Assume

(A1) ElogM € A~
X, R (log M)
(A2) for any root ) there exists a positive number x; such that E[e 4% ]=1;

(A3) the Laplace transform of the measure w4 is finite in some neighborhood U of 0 in A* i.e. if « € U, then
L(a) < o0;
(A4) E|Q|*0 < oo, for xo defined in (3.11).

Assume moreover that there exists a simple root Lo such that x;, = xo satisfying

(AS5) the law of RArg(log M) is non-arithmetic;

X)LO‘.R)LO(logM)
(A6) E[e %0 [Rig(log M)[] < oo;
(A7) forany X € Vi,

IP’[log((Q,M)oepr)|VA :X]<l.

0+i50)
Then there exists a positive constant C| and for any € > 0 there exists C, such that

Cit7%0 <P[|R| > t] < Cot X079,

A simple root Ag is called dominant if

Xro = X0
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and if x, = xo for some other root A, then there exists a constant ¢, larger than 1 such that A = ¢ Ag.
Of course it may happen that dominant root does not exists, i.e. for two different simple roots A, Az, such that
A1 # cAy for any constant ¢, we have xo = xi;, = Xx,-

Main Theorem B. Assume that the action of A on N is diagonalizable and

(B1) ElogM € A~
X A(log M)
(B2) for any root A there exists a positive number x; such that Ele 4 =1,
xpA(log M)

(B3) forany root A,E[e 4  |A(logM)|] < o0;
(B4) E|Q[* < o0;

where xo was defined in (3.11). Assume moreover that there exists a simple root Ay such that x,, = xo satisfying

(B5) the law of Lo(log M) is non-arithmetic;
(B6) there exists i < iy, such that for every X € Vy, i, P[log((Q, M) o exp X)|V"A0J. =X]<1.

Then there exists a positive number C such that
| _
C—t X0 § ]P)[|R| > t] § C]t X0,
1

Moreover if there exists in A1 a dominant root Ag satisfying both (B5) and (B6), then
lim tXP[|R| > t] = Cs,
—00

for some positive number C».
4. Proof of Main Theorem A
4.1. Upper estimates

In order to prove the upper bound of the tail of R, we shall use Lemma 2.19 and prove existence of x th moment of
R for any x satisfying O < x < xo and then the estimates follows immediately (Corollary 4.9).
Lemma 4.1. Under the hypothesis (A1)—(A4) the stationary measure of R has all moments smaller than xy, i.e.
EIR|* < o0
for all x satisfying 0 < x < xo.

Proof. Fix x’ such that x < x’ < xo, then by definition of xq
"R
L(X > <1, reA.
dy,
For any root X let us define a positive number
RA "RA
x, ifL X >L £ ,
a, = dy dy

x’, otherwise.

Then, since the Laplace transform is convex

RA RA
(B2 Z (@ (4.2)
d;, dj,
for any root A and B8 € (x, x’). We may choose positive § satisfying
1
0<6< 1, forany A€ A. 4.3)

L(@Rr/dy)
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Consider the function
f(s) = E[es 2 liGog M,

For any sequence o of 0 and 1’s having the length d define the element of 4* by the formula

d
ae(H) =) (=1)°D5(H), HeA,
i=1

and notice that f can be dominated by the sum
f&)< Y Lisa).
oef0,1}4

By (A3) for small values of s the Laplace transform L (s?;) is well-defined, moreover it is continuous as a function of
s and tends to 1 as ¢ goes to 0. Therefore also f is continuous and tends to 1. So, there exists 8, such that

f(s) <1446, fors<90. 4.4)
Next, choose a positive number ¢ satisfying
0(x' — 0
8<min{(X7,X),—}. 4.5)
XX 2x
Finally, define
0 0
g=—, p= : (4.6)
ex 0 —ex
Then notice that % + é =1, by (4.5)
g>2 and p<2 4.7)
and moreover
x<px<x'. (4.8)

Recall that R was constructed as the limit in distribution of R,,. Therefore it is enough to estimate x th moment of
R, independently on n. We have

(EIRy %)% = [E| Qn - 834, (Qut) - 811y..0, (Q0)[*]*

n—1 X XL
S(E[leMkH'“MnHlQH} ) + (E[Qnl¥)
k=0
n—1

< (B[ Micsr - Myl 04IT) * + (EIQu1F) ©

k=0
< (BIQI")* (1 + 3 (EIM, ---MkuX)%).
k=1

Thus, we have to prove that the series

=

]

S (EIM; - M%) 7

k=1

is convergent.
For this purpose, observe that by Lemma 2.19, the Holder inequality and (4.6)
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xRAr(log ITy,)

EM; - Mi||* < CE[mflx{e o} (1 Vm?x|ti(10g17k)|XD)]

pxRr(log ITy)

< C(]E[mflx{e A }])% . (E[l v m?x|ti(log17k)|qXD]>é

1
( [Zepxmx;lognk)}>p ) <E|:l—[egqx Zj<k|t,»(logMj)|:|>
i

oy (e
A

Therefore, applying (4.6), (4.8) and (4.2) we obtain

T

]); - (B[esox |t,-(logM>|])§.

SO (EIM - M 1) < CZ(Z (”Xm) f(eqxﬁ)
k=1

C’ZZ[ (mm) (1+5)5}X

L k=1
ﬁk
)'(14—8)) ]

e (7

A k=1

where for the last inequality we used (4.7).
Finally by (4.3)

(L(akm)-(wa))ﬂ -1,
dy,

therefore the series above converges. O

Corollary 4.9. For any ¢ there exists C¢ such that

P[IR] > 1] < Cpt ™00~
Proof. We have

O~ P[|R| > 1] < / |x|X0~¢y(dx) < E|R|¥0~¢
{x: |x|>t}

and by the lemma above the value is finite. O
4.2. Lower estimates

To prove the lower estimate we choose a simple root A such that x,, = xo, satisfying (A5)—(A7), and then study
projection of the random walk R, on a suitable one or two dimensional linear subspace of N, or N/ ﬁ) eoN %},
respectively, depending whether Aq is real or complex. In both cases the projected random walk can be explicitly
computed. If A is real we obtain just a random walk on R generated by the action of “ax 4+ b”” group on R, described
in Section 3.2, and we conclude the result from Theorem 3.4. The case when A is complex is more complicated. Then
we obtain a random walk on R? generated by the action of Rt x O(2) on R?, as studied in [2]. But our assumptions
are different and we cannot apply the results proved there, so we shall give here a complete proof based on some ideas
of A K. Grincevicius [13] and Ch. Goldie [11].

Fix a simple root Aq satisfying all the assumptions (A1)—(A7). We shall consider two cases.

Case 1. g is real.
Then we have the following lemma.
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Lemma 4.10. If Ao is real then there exists a positive constant C such that

P[|R| > t] > Ct™ 70,

Proof. Notice that by (2.8)
— ?o(loga) .
(8“ (x))ko,ixo =e Hho.iig »
for x = exp(}_ x;.; Z,. ;). We shall prove that
1
%3020 1\ Bg
M>Giﬂ>oﬁmeN @11
Chouizg
Note that if for some x € N
|x;x0,%| > i 11%0
then
—d
|(‘7t—1 (x))xo,%| = i(S(eXP(—logt)Ho)(x))xo,%| =1 [X0.i5 | 2 Choai

hence |x| > ¢, which gives (4.11).
Thus, we have

PRI > t] > P[| Ry, | >cko’ik0t%]. (4.12)
But notice that because A is simple, in view of (2.13), we have

(Rn)ig.irg = Ma(Ru—1)1g,iny + O
where

M, = erolog M)

0, = (On)ig.ing -

The foregoing formula defines a random walk on R, generated by the action of the “ax + b” group on R, which is a
special case of the situation described in Section 3.2. Moreover all the assumptions of Theorem (3.4) are satisfied for
X = X0/dxy:

XA (log M)

EM*=E[e % ]=1

and by (4.11)
E|Q|* < CE|Q® < oo.

Rxo,% is the limit in law of (R;,) hoving > therefore there exists a positive constant C such that
P[IRag.izg | > cko’ikotdko] > Cr X =,

Combining the inequality above with (4.12) we obtain the lemma. O

Case 1. Ay is complex. B
To simplify our notation we shall write Z instead of Zj ;, . then Z =Z Rovisg” Define

1 -
X=-(2+2),
2
i _
Y=—=(Z-2Z).
[z-2)
For any x € N let x|y denotes the projection of logx onto the real space V, spanned by X and Y. Let | - |p be the
usual Euclidean norm on V, ie. [v|g=+a? + B2 forv=aX +BY € V.
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Lemma 4.13. We have
P[IRI > 1] 2 B[IR|vlo > 2¢5,i, 1% ].

Proof. It is enough to prove that for any x € N
1
x T
x| > (M) " (4.14)
2C30,iz,
Assume
[x|vio = ZCAO,% 1% and x|ly =aX + BY.

By (2.8) we have

8a(exp Z) = exp(e* 1€V Z 4+ W),

8a(exp Z) = exp(e"129 Z 4+ W), (4.15)
where W € span{Z,,, 1, ..., ZAO,%A}-
Then
0-1(x) = 0,1 <eXp(a _zlﬂ z+2 J;lﬁ Z+ W/>>

_ exp<_“ —2iﬁ oo 7 4 @ Ziﬂ L PotHo) 7 W//>.

Notice that

@ —if o)
2

therefore logo,-1(x) ¢ §2, which implies |x| > ¢ and proves (4.14). O

lxlvio 4
= T -t *0 2 C)\Oyi)»()’

The lemma reduces the problem to prove existence of a positive constant C such that

X0

P[|RIvlo>1t]=Ct %o, (4.16)

Let us restrict the random walk R,, to the linear space V, defining R,=R, |v . Then the following holds

Lemma 4.17. The random variables R, satisfy the following stochastic recursion
Ry =My Ry—1 + O,

where Q, = Qv and M, = r(M,)) O (M,,), where
r(M,,) — Mho(log My)

is an element of one parameter group of dilations of R?, and

0(M,) = cos(Trp(logM,))  sin(Trg(log M,,))
"\ =sin(Oro(log My))  cos(Tro(log My,))

belongs to the orthogonal group O (2).
Proof. By (4.15)

8a(exp X) +18,(exp¥) = 8,(exp Z) = exp(e*0 1€V Z + W)
=exp (em’\oaog”) (cos(Tro(loga)) X — sin(Trg(loga))Y)
+ je”irologa) (cos (Jko(log a))Y + Sin(ﬁko(log a))X) + W).
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Since the action of A is real we have

8a(exp X)|y = e”rologa) (COS(j)»o (log a))X — sin(ﬁ)»o (log a)) Y),
Sa(exp )|y = eTolloga) (cos(Tnro(loga))Y + sin(Trg(loga)) X).

which, in view of (2.13), implies the lemma. O

Denote S =V x (RT x 0(2)) to be the semi-direct product of V and R* x O(2), then R, define a random walk
on V analogous to (3.1) i.e. R, is a projection onto V of (Qn, Mn) e (Ql, Ml) where (Qn, 1\71,,) are i.i.d. S-valued
random variables.

Projecting our assumptions (A1)—(A7) onto V we obtain

Elogr(M) <0,

Er(M)* =1, for x = %,
_ o _ *0

E[r(M)*[logr(M)|] < oo,

E|QIf < oc.

Moreover R = R|y is the limit in distribution of R,,. Random walks of this type were studied in [2], where asymptotic
of their tails has been described:

tl_i)rgotXIP’[Hﬂo >t]=C.

In order to prove positivity of the constant C the authors needed some additional hypothesis: boundedness of | Q| and
larger moments of r(M). The argument used there, based on a theorem of Landau, cannot be applied here. To prove
positivity of C we shall apply to our settings an approach of Grincevicius [13] and Goldie [11], who considered the
problem on the “ax 4+ b” group.

Define the “backward” process R’

Rt =0,

R:ZJTV((QI’MI)"'(Qn»Mn)) = Ql +ﬁ1 Q2+"‘+1:[n—1Qn,
where

Ty =M - My.

Recall that Ié;{ converges pointwise to R, and

R =R!+ M,R*", (4.18)
where
0
R*" = 3" (Myy1-- Mi_1) O
k=n+1

hence for any n, R*" and R have the same distribution.

Lemma 4.19. There exists a positive constant C such that
P[|R|,>t] > Ct %
Proof. Fix two positive numbers 7 and 6. There exists a ball U in V centered at some point u# of radius § such that

e =P[R € U] is positive. Then by (4.18) we have

i<n xeU

]P’[xlglf]|R;k —+—17,1x|O > t for some n] = Xn:IP’[max inf|R;“ —+—17,-x|0 <t and Xlg(f]|R:f + 17,,)c|0 > t]
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:lZP[maxmﬂR +1'[x|0 t and 1nf|R + 1T, x|0>t] [R*’"GU]
& - i<n xeU

1 _ _ _
== P[max inf | R} —}—Hx’o t and inf’R,’:+H,,x|0>tand|R|o>t]
xeU

& i<n xeU
1 _
<EIP[|R|O>I].
Define
Un = Ry + Myu — (Ry_y + My—1u) = [Ty (Qn + (My — I)u).

Then we have
P[|Rlo > t] > &P lnf’R +I_7nx|0>tf0rsomen]

E
eP[|R} + 10, u}o r(I1,)8 > t for some n]
eP[|Unlo — (r(ITy) + r(ITy—1))8 > 2t for some n]
[
[

ARV

eP[r(Mu=1)(|Qn + (My — Du|, — (r(My) + 1)8) > 2t for some n]

P[0 + (M = D)uly — (r(¥) +1)8 > n]P[maxr () > 2¢/n]

CP{|Q + (¥ = 1)ul, — (r(¥1) +1)3 > ] %,

where the last inequality follows from (3.6). Finally we have to justify that for sufficiently small  and § the constant

above is positive.
By (A7) there exist positive numbers 1, € such that

[P’HQ—i— (M— I)u|0 > 217] =0.
Moreover by (A2) there is a large number N such that

WV

WV

b

P[r(M) > N] <

NSRS

hence taking § = x we obtain

P[’Q—F(M—I)u‘o— (r(]\_l)—i- 1)5 > n]

which finishes the proof. O

Finally, in view of Lemma 4.13, the foregoing result implies the lower estimate of the tail of R when ¢ is complex.
5. Proof of Main Theorem B
5.1. Diagonal action of A on N

In this section we shall change slightly our notation. From now we shall assume that the action of A on N is
diagonalizable. Then all the roots are real and the real vectors {Zj_ j}irea form a basis of N . Let us denote these
J<iy
vectors by X1, ..., X,, (nop =dim N), then forany H € A
ad(H)X;=A;(H)X;, j=1,...,n0,

for some root A ;. In this notation it may of course happen that A; = A ; for i # j.



434 D. Buraczewski / Ann. I. H. Poincaré — PR 43 (2007) 417-440

Then the action of A on N is given by

5a(x)=exp<2ek.f<”>xjxj>, (5.1)
J
for x =exp(D_x; X ;).
We change also numeration of constants defined in previous chapters. If X ; = X ; then we define

Xj = X
Cj=Cais
dj=d.

Notice that in this case both norms, on N and on A, can be explicitly computed:

x| = inf{b: log(o}-1(x)) € 2NN} = inf{b: Zb—wﬂoujxj e m\f}
j

1
dj

=inf{b: |x;| < cjb% for j=1,. | =inf{b: |xj|1

7
J

1
<b} = max{c;|x;| % } (5.2)
J
C

1
- Ty
for ¢ =c; 7, and next

Aj (loga)
d

T, (5:3)

lall = max |8, (x)| = max{e
lx|=1 J

Let us define the lower central sequence in N
No=WN,
Nip1=[N;, N,
fori=1,...,mpand Nmo+1 = {0}. Then we may assume that there is a sequence 0 =ip < iy < -+ <ip, =np such
that X;; 11, ..., X;,,, are a basis of Nj/Njt1.
Define
L={1,...,i1}

and notice the set of indices of simple roots is a subset of /;.
We shall use the lower central sequence to obtain a better description of the Campbell-Hausdorf formula [10]. If
(x - y); denotes ith coordinate of x - y, for x = exp(>_ x; X;), y = exp(>_ y; X;) elements of N, then

(x-y)i=xi+y foriel,

(x-y)i=xi+y + Pi(x,y) foriel,, forp>1, (5.4)
where P; are polynomials depending on x, .. Xip s V1w Vipy and they can be written as
b
Pi(x.y) =Y capPP?(x.3) =Y capr®® (5.5)
ab ab

b .
where ¢, are some real constants (most of them are zero, then we assume Pja =~ =0, but for at least one pair (a, b)
the constant c, p is nonzero), a and b are multi-indexes of natural numbers of the length i, 1, and we have used the
notation (which will be used also in the rest of the paper without any saying):

o 00=1;
e if ¢ is a multi-index of the length i and z is a vector of length at least i (usually it will be longer than i) then

c_ £
=14

J<i
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Moreover, we shall strongly rely on the following properties of the Campbell-Hausdorf formula: if ¢, j, is nonzero
then:

both a and b are nonzero and Z(gj +hj))\j =A. (5.6)

j<i
In order to prove the last equation we shall use (5.1). Fix H € A, then for any x, y € N we have
(5epo(Xy)),' = e (x -y,
but on the other side, by (2.1) we write
(5epo(xy)),- = ((Sepo(x) : Sepo(x)) ;

= Ca,h((sepo(x)) aepo()’) Z Ca b€ 2 <@ +h_,'))~j(H)xﬂyh.

I
1=

Comparing last two equations we obtain (5.6).
5.2. Proof of the first part of Main Theorem B

To prove the theorem we shall compute explicitly R. Recall that R is the pointwise limit of the “backward”
process R, by definition (3.3) and the Campbell-Hausdorf formula (5.4) we have

(Ris1); = (Ry - 8m,(Qusn)
= (R:), +eM11 M (Q, 1)+ can(RD(51, (Qnt1))"

a,b
= Zekf Pl (Qpy1)j + an b Z RY) Snk(QkH))
k=0
Hence
T for jel
(R::-H) .= nj’ n *\a b Or]' o o7
J Ty + > apCab 2 k=o(RD*@Em (Qk+1))?,  forj ¢ I,
where
n
T = Ze)\j(lOgnk)(QkJrl)j-

k=0

Notice that Tn] is the “backward” process for a random walk generated by i.i.d. random variables (e A j (log My) (01 ),

which converges pointwise to some random variable 7/. We shall later estimate Tn/ by
n
T, = Ze J
k=0

then T,,j i_s glso the “backward process” generated by (e A j (log My) Q)5 1). T] converges monotonously to a random
variable T/, which by Theorem 3.4 satisfies

P[T/ > 1] < Ct%i. (5.8)

Lemma 5.9. For any i

IP’H(RZ‘)Z’ > 1% for some k] < Crx0
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Proof. For j € I; we have
P[|(Ry),| > 1% for some n] = P[| T/ | > 1% for some n] < P[T > 1% for some n]
=P[T/ >l <Ct™% < Ct 7, (5.10)
Fix j ¢ I and assume that the lemma holds for i < j. Then by (5.7), for C =" |cap| + 1, we have
B[ (Rp41); | > 1% for some ]

_ . 4 14
<]P’|:TJ > ?:| + Z |:Z| Rk 517k(Qk+1)) | > vl for some n:|

{a.b: cap#0} Lk=0

n dj
<C't7% + Z P|:<rkn<azlg|(RZ)a—|> . (Z |(5nk(Qk+1))h|) > % for some n:|

{a,b: ca b 70} k=0
< C/t—Xj + P Ai (log(ITy)) v f
Z |:<]g11:1<xoo 1_[ ) (Zl—[ |(Qk+1) |) > or some n
{a,b: ca p#0} i<j k=0i<j

d.
a; —\b; 1
<l P (( R} ) (T ‘lt) — . 5.11
o2 [l_[ Jmax (RO, ) (7)) > & (5.11)
{a,b: cap#0} Ti<)
If ca p is nonzero, then by (5.6) and (2.18)
dj=Y (a;+b)d:. (5.12)
i<j
Therefore the above expression can be dominated by
1di 1di
Sy _
C't™% + Z Z( |:max| Rk \ C”:|+]P|: >E:|)<Ct X0,
{a.b: cap#0} i<j

by the induction assumption and (5.8). O
Corollary 5.13. There exists a positive constant C such that

%I_XO <P[IR| > 1] < Ct7 70,

Proof. By the lemma above we have

P[IR| > 1] ZIP’ IR;| > cjt J] < ZIP’[|(RZ)/| > cjtdf for some n] < Ct~70.
J
On the other hand, choose jy such that A j; is a simple root, xj, = xo and satisfies (A3) and (A4). Then by (5.2) and
Theorem 3.4

P[|R| > t] > P[|Rj)| = cjyt™0] = P[|T*| > c;t%] > Cr7%. 0O
5.3. Dominant root

Now, we shall assume that there exists in Al; a dominant root. Let us denote it by A¢ and let jy be an index such
that A j, = Ao. Define
Io={j: X; is a multiple of Ao}.
Then by Lemma 3.9
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Xoh j (log M)
E[e 4 ]:l, for j € Iy
X0k j (log M)
Ele % <1, forj¢l. (5.14)
Let A be the Lie algebra defined by
No =Lie span{X }es, = @ Ni.

{x: X is a multiple of Ao}

For any j € Iy let s; be the unique number such that A; = s;Ag. Put No = expNo. Notice that for x € Ny and any
ac A, by(5.2)

Sa(x) = exp(z e)‘f(log“)xj Xj> = exp(Z bsf’\‘)(HO)ijj> =o0p(x), (5.15)
Jj€lo jely

Ap(loga)
where b = e 00 _ hence the action of A on Ny depends only on the value of Ag(loga).

Let So = Ny x R™ be the semi-direct product of Ny and R™ with the group multiplication
(x,b)-(x',b) = (x cop(x), bb’), x,x € Ny, b,b' eR™T.

Denote by | - |o the restriction of | - | to Ny, i.e. |x|o = |x| for x € Ny, by (5.2)
1
~ a:
xlo =max{c;|x;|% }.
vlo=max{ela; %
For any x =exp(}_x;, ;X j) € N let x|y, denotes its restriction to N, i.e.

x|N0 =exp(2ijj>.

Jjelo

We shall prove two lemmas

Lemma 5.16. We have

lim XP[|R|, > t0] = C4,

—00

for some positive constant Cy., where R = R| No-
Lemma 5.17. For any j not being an element of Iy
tli%lozXOPURﬂd]T >1]=0.
Notice, that the lemmas imply the second part of Main Theorem B.
Proof of Main Theorem B. We have
P[IR] > 1] < P[%ﬁ{qmﬂ%} > t] +P[r]y;a}§{5j|1ej|‘}_'} > t]
<P[R|, > 1]+ 3P 1R;1 7 > 1]

Jj¢lo

hence
lim tX"]P’[|R| > t] < Ch.
=00

On the other hand

1 _
P[IR| > 1] > P[malx{e,-mﬂ"f b> z] =P[|Rlo > 1],
J€lp
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which gives

lim X°P[|R| > t] > Cy. O
—>0o0
5.4. Proofs of Lemmas 5.16 and 5.17

Lemma 5.18. For any x,y € N

.X'|N0 'le() = ()C 'y)|N0~

Proof. Suppose j € Iy, then by the Campbell-Hausdorf formula (5.4)

(x-y)j=xj+y; +Zc§,hx3yh.

To prove the Lemma we have to justify that in the formula above do not appear coordinates x; and y; for i ¢ Ip. In
other word we should infer that if ¢, p is not zero and a; +b; # 0 for some index i, then i belongs to the set Ip.
Assume ¢, p # 0. Then by (5.6)

A=Y (a;+bh.
i<j
Aj is a multiple of A9, therefore x; = xo. By Lemma 3.9, this implies thatif a; +b; # 0 then x; = xo, but (5.14) says
that then y; is a multiple of Ao and we conclude the proof. 0O

Proof of Lemma 5.16. For random variable (Q;, M) as in (3.1) define
Q;=Qjlny

_ ko(logMj)
M;=e "W

Then (Q i M j) are i.i.d. Sp-valued random variables and satisfy assumptions of Theorem 3.4. Consider the random
walk on Sp

S}’l - (Qna M}’l) oo (Q]? M])a
by Lemma (5.18) and (5.15)
Rj =7Nny(S1) = Rl

therefore R j converges in law to R, and we may apply Theorem 3.4, which finishes the proof. [

Lemma 5.19. If j does not belong to Iy, then there exists ¢ > 0 such that
IP>[|(RIT)]| > 14 for some k] < Cr~(ote),

Proof. The idea of the proof is the same as of Lemma 5.9, but now we shall proceed more delicate.
If j € I1, then by (5.10)
IP[|(R,’§)]| > t4i for some k] <Cr 7.
Next assume that j ¢ I U Ip and the Lemma holds for i < j. Then arguing as in (5.11) we obtain
d .
d; . a; ~i\b; t
]P’[|(R:l‘+1)j| > t% for some n] <Ct X + Z P[H((mI?XKR;)’D . (T’) ) > F]
{ab: cap#0} “i<j
By (5.14) x; > xo, therefore it is enough to estimate, for any nonzero cy p, the appropriate factor in the sum above.
The root 2 ; is not a multiple of Ag, therefore, if ¢, p # 0, then by (5.6) there exists an index ip < j such that A;, is
not a multiple of A9 and a i, T, > 0. We shall consider two cases

Casel.a; > 0.
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By the induction hypothesis there exists x’ > xo such that

P[|(R}),, | > 1o for some k] < C1 ™% (5.20)
Then take any positive number § satisfying

5 < w (5.21)
and define

§ = 2

Zi;éio,i<j(§i +b;) +hi0.
Then, in view of (5.12)
di=a,(d,—8+ Y (@, +b)d+8)+b, (dy+8)
iig,i<j
and by Lemma 5.9 and (5.20)
d.
a; ~i\b; 1
| TT((manl R0, ) (7)) = 2 |
i<j

ldio_a . tdi+6’
<P|:mlflx|(R,f)iO| > T] + ' Z P[m]?x|(RZ)l.| > Ti| +ZIP’|:T’ > el i|

d; —8

_X/.’dO_ _ .dl-+5’
<C<t o4y T )gCt—X

i<j

for some x > xo.
Case2.b; >0.
Then take § as in (5.21) and define
s = 3hl~0

Yizigi<j@;Th) +a;

Arguing as above we obtain

P[H((m/flx“le)iDgi (1)) > %}

i<j

dig—3

_. t . td,'+5” .y td,-—HS”
11
< IP’|:T 0> T] + i2<jIP’|:ml?x’(Rk)i| > Ti| + E IP’|:T > Yol ]

i, i<j

r, dig =8 d;+8"

<C<Z—X-W+Zt—m- e ><Ctx

i<j

for some x > xo. O
Proof of Lemma 5.17. The lemma is an immediate consequence of the above lemma. O
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