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Abstract

If X C P" is a smooth complete intersection, its cohomology modulo the of#8 &f supported in middle dimension. If the
complete intersection is singular, it might also carry exotic cohomology beyond the middle dimension. We show that for this
exotic cohomology, one can improve the known bound for the Hodge type of its de Rham cohorfiolegg.this article:

H. Esnault, D. Wan, C. R. Acad. Sci. Paris, Ser. | 336 (2003).
0 2003 Académie des sciences/Editions scientifiques et médicales Elsevier SAS. All rights reserved.

Résumé

Si X c P" est une intersection compléte lisse, sa cohomologie modulo cell @st supportée en dimension moitié. Si
I'intersection compléte est singuliere, elle peut aussi avoir de la cohomologie exotique en dimension supérieure. Nous montron:s
gu’ on peut améliorer le type de Hodge de cette cohomologie de de Rham exBtqueiter cet article: H. Esnault, D. Wan,
C. R. Acad. Sci. Paris, Ser. | 336 (2003).
O 2003 Académie des sciences/Editions scientifiques et médicales Elsevier SAS. Tous droits réservés.

Version francaise abr égée

Si X ¢ P" est une intersection compléte lisse sur un cérpsa cohomologie modulo celle @& est supportée
en dimension moitié. Si I'intersection compléte est singuliére, elle peut aussi avoir de la cohomologie exotique en
dimension supérieure. Si le degré Mevérified1 >do > --- > d, etsiO<k < (n —dz2 — --- — d,)/d1, alors nous
disposons du théoreme de Ax—Katz [7] paue IF, qui affirme que les zéros et poles réciproques de la fonction
zéta deP" \ X sont divisibles pag* en tant que nombres algébriques. Son pendant en théorie de Hodge dit que
le type de Hodge est alots « [1,3,5,6]. Ces valeurs sont optimales.X8in’est plus lisse, aprés normalisation
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convenable de la fonction z&ta, on peut améliorer la divisibilité [8]. Dans cette Note, nous utilisons la méthode de
[5] pour montrer I'amélioration correspondante du cété Hodge.

1. Introduction

Let X C P" be a complete intersection of multi-degree
dizdy>--->d>1 1)
over a fieldk of characteristic zero, wherelr < n. Itis well known that

H (X)/H (P") ~ HTY(P"\ X), fori <2(n—r),

H{(P"\ X)~H'(P"), fori>2mn—r)+2. @)
Furthermore, one has the following vanishing

H (X)/H(P") ~ HTY(P"\ X) =0, fori <(n—r). (3)
If X is also smooth, one has the further vanishing

H'(X)/H (P") ~ HTY(P"\ X) =0, for2(n—r)>i>(n—r), (4)

and so the cohomolog’ (X)/H' (P") is concentrated in the middle dimensioa dim(X) = n — r in the smooth
case [1]. If the complete intersection is singular, it may have exotic cohomology=fatim(X). That is, some
of the groupsH!*1(P" \ X) = H'(X)/H' (P") might not vanish for somewith dim(X) =n —r <i < 2(n —r).
The Hodge type on“(IP" \ X), that is the largest non-negative integefor which the Hodge filtration fulfills
FrHTYP\ X) = HTY(P" \ X), is closely related to the first slope of the zeta functiofPdf, X over a finite
field.

Letx =maxO0, [(n —d2> — - -- —d,)/d1]}, where[x] denotes the integer part of If k =F, is the finite field
with ¢ elements of characteristpg, the theorem of Ax and Katz [7] says
|(P"\ X)(F,)| =0 modg*. (5)
The zeta function
[P\ X)(Fym
2\ X, T);exp(zwfm ©
m=1 m

is a rational function ove®, by Dwork’s rationality theorem [4]. We factor the zeta function over the algebraic
closure of thep-adic rational number fiel@@,:
_qpynr ¢ A—oT
Z(Pn \ X, T)( 1) — Hl}):l( (04} )7 (7)
[[I=1X=BT)
where thew; and thes; are the reciprocal zeros and poles, respectivelyZ @" \ X, 7)Y, The Ax—Katz
theorem is equivalent to the following lower bound for the first slope of the zeta function:

ord, (a;) >k, ord;(B;) = «. (8)
This result has a Hodge theoretical analogué.hfis characteristic 0, theti has Hodge typél T
HT(H.(P"\ X)) >« foralli. 9)

(See [1] for the smooth case, [3] for the hypersurface case, [5] for the complete intersection case and [6] for the
general case.)
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The above bounds are sharp [7,5] among all ¥helefined byr equations of degree$ > do > --- > d,.
However, it is proven in [8], Theorem 1.3, that ¥ is a complete intersection, then the above slope bound

can be improved for thg;’s. More precisely, ifcy = max0, [(n — 1 —do — --- — d,)/d1l}, then for complete
intersectionsy, one has

ord, (8;) = «k1+ 1. (10)
If n —do—---—d, > 0andd; divides(n —d> — - - - — d,), then this bound1 + 1 = « does not improve the one by
Ax and Katz. However, if eithet —do — --- — d, <0 ordy does not dividgn — d» — - - - — d,), then one obtains
the strict improvement:

ord,(Bj) 2 k1+1=k+1 (12)

The purpose of this note is to show the corresponding Hodge theoretical improvement, which then concerns
only the exotic cohomology. One has

Theorem 1.1. Let X C P" be a complete intersection of multi-degreeds > --- > d, > 1. Let

o [—=—"]]
K1 =max| 0, .
d1

Thenfor i > 1, one has
HT(H (P X)) > k1 + 1. (12)

Note that ifi < 0, the cohomologyH 1"+ (P" \ X) vanishes. Ifi = 0, Ax—Katz' bound (9) cannot be
improved in general as noted aboveXlfis not assumed to be a complete intersection, for example thirk of
being defined by times the same equation, then the theorem, obviously, cannot be true. Remark 2.2 shows that
our bound on the Hodge type cannot be improvechte- 2.

Finally let us observe that, in the singular case, we do not know whether (5) implies that the eigenvalues of
Frobenius acting od-adic cohomology are divisible by, due to possible cancellations in the representation of
the zeta function as a rational function. While we know that the Hodge type is aklé&astll conomology groups,
that is for alli in (9). Theorem 1.3 of [8] concerns only the slope improvement for the reciprocal poles, while
Theorem 1.1 concerns all cohomology groups beyond the middle dimension, whether of odd or of even dimension.

We shall use the method of [5], Proposition 1.2, to reduce the theorem to a vanishing theorem which is a more
precise version than the one shown in loc. cit, Proposition 2.1.

2. The proof of the theorem

LetZ denote the ideal sheéfi, ..., f) in P*. We know by [5], Proposition 1.2, that it is enough to show
HrH et s Mg el 5 TR 24) =0, i>1l (13)

This is of course implied by the vanishing

Proposition 2.1. Let (X, d;, k1, n,i) beasin Theorem 1.1 Then one has
Hn+l—r+i—s (]P)n,IKlJ’_l_S ® Qv) — 0’ 0 <s <ki. (14)

Proof. We give here a simplification of our original proof due to Pierre Deligne.
By the standard resolution @2,

0~ 24— P Ori (=) > PO (— (s = 1) = -+ > P Opr — 0 (15)

ng ng—1 no
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for some positive integers, we are reduced to showing

grtlorti=s—a (]P’", I’(l"’l_s( — (s — a))) =0, 0<a<s<«k1. (16)
Fors = 0, this reduces to

grti-r+i (e, IK1+1) —0, i>1 (17)
The exact sequence

0— 7% & Opn — Opn /71 5 0 (18)
induces the exact sequence

H'H (P, Opn JTHY) — grtiorti(pn patly o gntl=rti(pn Op,). (19)

Sincen — r +i > dim(X), the term on the left vanishes by cohomological reasons, while the term on the right
vanishes since + 1 —r +i > 1. This shows Proposition 2.1 fer= 0.
Assume now that > 1. In particulanc; > 1 and thuscidi <n—1—do—--- —d,. For 0< a < s < «1, one has

k1i+1—=s)di+(s—a) < (ki+1—-s)di+s=k1di—(s—Dd1—-D+1
<kd1i+1<n—-do—---—d,. (20)
Thus Proposition 2.1 of [5] allows us to conclude
Hm(]P’",I’(Hl_S( — (s — a))) =0, 0<a<s<«ki, m=0. (21)

This finishes the proof. O

Remark 2.2. If X is the union of two planeB? c P, thenk; =1 < 4 = 3, andX is a normal crossing divisor
to which one can apply directly [2]. One h&g (P3\ X) = H' (P3, £2*(log X)(—X)). However2?(log X)(— X) =
O(=3)®O(—3)d O(—4). Since the Hodge to de Rham spectral sequence degenerates, oneHB(E*rﬁ$X) =
H3(O(—4) #0,k1+ 1= 2, and the Hodge type ¢f>(P3\ X) is 2 but not 3, which can also be checked by writing
thatP®\ X is isomorphic taG,, x A2. In contrast to this, i1 =0 < 7= % and X is the union of three planes
P2 c IP3 in general position, one hagl(log X)(—X) = O(—3) ® O(—3) & O(—4), thus by the degeneration of the
Hodge to de Rham spectral sequence again, onel&@s \ X) = H* (P2, 2°(log X)(—X)) = H3(O(—4)) #0.
Thus théa Ho?ge type dff#(P3\ X) is 1 but not 2, which can also be checked by writing X X is isomorphic

to (Gp)e x A+,

We conclude the note by a remark which shows the pattern of Theorem 1.1.

Theorem 2.3. Let X C P" be a complete intersection of multi-degreed1 > --- > d, > 1. Let £ be an integer such
that0<e<n+1—r.Let

n—Z—dz—---—dr“

=max] 0,
“ { [ d1

Thenfor i > ¢, one has

HT(H2 (P \ X)) > ke + L. (22)

Proof. Fori >n—r+1,wehaver +1—r+i>2(n—r)+ 2, thus
HCn+1—r+i (]P)n \ X) — Hn+l—r+i (Pn) (23)
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Thisis 0ifn +1—r +i is odd. Otherwise, it has Hodge type+ 1 —r +i)/2. The last number is at leassince

i>¢andn+1—r > ¢. Thus, we may assume that> 0, in which casey + ¢ <n—do—---—d, and

#>n+1—r>n—d2—--~—dr>w+6. (24)

It remains to consider the casel n — r. The proof goes as before. By loc. cit. it suffices to show

H S (P TS @ 25) =0, s < (ke + 0). (25)
Considering the exact sequence

0> I @ 2% - 2 - QTS @ 25 - 0 (26)
one obtains

HrorHE S (pr Tt @ @5) =0, fori>s, n—r+1+4i—s#s. 27)

Onthe otherhand,i—r+1—i=2sands <i—1,0onehas —r+1—i <2 —1)thatisn —r + 3 <i which
contradicts <n —r.

Let nows >i > £. Sinces < k¢ + £, we must have:, > 0. By the standard resolution (15) ¢&f*, we are
reduced to showing

Hn+1—r+i—s—a (Pn’z-l(£+€—s — (s — a)) =0, 0<a<s< Kp. (28)
One checks that far > ¢ and 0< a <5 < «y,

(ke+L—s)di+do+---+d+5s—a =kd1+do+---+d — (s =01 -1+ ({ —a)
< kedi+do+ - +d+€<n. (29)

The last inequality holds becaugg> 0. The desired vanishing follows from Proposition 2.1 of [5]. This finishes
the proof. O

Remark 2.4. The case = 0 of Theorem 2.3 is the main result of [5]. The cdse 1 of Theorem 2.3 reduces to
Theorem 1.1 in the above.

Acknowledgements

We thank the Morningside Center of Mathematics in Beijing for its hospitality. We thank Pierre Deligne for his
precise and kind comments. He proposed a simplification of our original proof, which made transparent the proof
of the generalization (15) of Theorem 1.1. Since our proof would have been too combinatorial, we had not included
Theorem 2.3 in our original manuscript.

References

[1] P. Deligne, Cohomologie des intersections completes, in: SGA 7 Xl, in: Lect. Notes in Math., Vol. 340, Springer, Berlin, 1973, pp. 39-61.

[2] P. Deligne, Théorie de Hodge I, Publ. Math. IHES 40 (1972) 5-57.

[3] P. Deligne, A. Dimca, Filtrations de Hodge et par l'ordre du pdle pour les hypersurfaces singuliéres, Ann. Sci. Ecole Norm. Sup. (4) 23
(1990) 645-656.

[4] B. Dwork, On the rationality of the zeta function of an algebraic variety, Amer. J. Math. 82 (1960) 631-648.

[5] H. Esnault, Hodge type of subvarietiesI®f of small degrees, Math. Ann. 288 (3) (1990) 549-551.

[6] H. Esnault, M. Nori, V. Srinivas, Hodge type of projective varieties of low degree, Math. Ann. 293 (1) (1992) 1-6.

[7] N. Katz, On a theorem of Ax, Amer. J. Math. 93 (1971) 485-499.

[8] D. Wan, Poles of zeta functions of complete intersections, Chinese Ann. Math. 21B (2) (2000) 187-200.



