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Abstract We use A.S. Sznitman ideas of probabilistic phenomenon of propagation of chaos for
Burgers equation, and we derive the existence and uniqueness of a weak solution of the
following system of pressureless gas equations with viscosity:

B B a2
S0+ 2 up) =350,
h h n2
S) 4 Fwp)+ £ WPp) =57 (wp),
p(dx, 1) = p(dx, 0), u(x, H)p(dx, 1) > ug(x)p(dx,0) weakly ag — 0T.
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Propagation du chaos pour un systéme de gaz sans pression avec
viscosité

Résumé Dans cette Note on utilise les idées de A.S. Sznitman dans son étude de la propagation du
chaos probabiliste pour I'équation de Burgers, et on obtient I'existence et 'unicité d’'une
solution faible au systéemg) de gaz sans pression avec viscosité cité dans I'absfaat.
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Version francaise abrégée

On considére un systeme departicules qui satisfait :
i uo(XHVIN (X — X7)) N
> VINX] = X))

ol (B’ : 1< i < N) sontN-mouvement browniens standards indépendanest une densité de probabilité
continue, positive et paire. La fonctiafy est donnée et elle est continue et bornée. Les positions initiales
(X%, e X{)V) desN-particules sont des variables aléatoires indépendantes et équidistribuées suivant une

dx! =dB! + , i=1...,N, 1)

E-mail address: Azzouz.Dermoune@univ-lillel.fr (A. Dermoune).

0 2002 Académie des sciences/Editions scientifiques et médicales Elsevier SAS. Tous droits réservés
S1631-073X(02)02602-X/FLA 935



A. Dermoune/ C. R. Acad. Sci. Paris, Ser. | 335 (2002) 935-940

loi de probabilité p(dx, 0) et indépendantes div-mouvement brownieng?!, ..., BY. En imitant la
propagation du chaos probabiliste pour I'équation de Burgers [6], on montre I'existence de solutions de
la diffusion nonlinéaire

t
X,=X0+B,+/O E[uo(Xo0) | X;]ds, L(Xo) = p(dx,0). )

Nous obtenons un résultat d’existence et d'unicité d’une solution faible au syst&met nous en
déduisons I'unicité de la loi (notée p&) des solutions a (2). Il en découle que la suite des Rais(sur
C(R4,R)N des processust’, 1 <i < N) solution de (1)) esP-chaotique.

1. Introduction

In Dermoune and Djehiche [2,3], the local existence and uniqueness, and the global existence of weak
solution of (S) were established via (2). In this Note we mimic a work of Sznitman [6] for the Burgers
equation in order to get the solutions of (2) by the propagation of chaos phenomenon. For the definition and
more details concerning the propagation of chaos see [7] and the references herein.

Let us first explain some notation, which is needed later. We denote by

H=H x Hx Cd (R4, R),
whereCy (R4, R) is the set of continuous increasing functionsRip with values 0 at time 0, and

— d(X — B
H= {(X, B) e C(R+,R) x C(R4+,R), %
The spaced is endowed with the topology defined ky,,, B,) — (X, B) iffforall T > 0,
d(Xy — By) _d(X -~ B)
dr dr

eC(Ry, R)}.

sup| X, (1) — X (1)|, sup|B,(t) — B(1)| and su%
t<T t<T t<T
go to 0 as1 — +o00. We will denote the canonical coordinatesBrby (X1, B, X2, B2, A). The spaceéd
endowed with the product topology, is a complete metric space. We dengte, by > 0) the canonical
filtration on H, andM (H) is the space of probability measures Bnendowed with the topology of weak
convergence.

Now we come back to the system (1), its drift is continuous and bounded. It follows that the latter system
of stochastic differential equation has a unique weak solution (see [5]).

Let us consider the lawy of the empirical process

Xy =g L '
N = NN —1) oy (xi,Bi,x.f,Bf,foNV(N(x;—xg))ds)’

which takes its values i (H). Now we can announce our main results.

THEOREM 1. —Thelaws (Py) aretight. Let Py, be a limit of a subsequence of (Py). We have Py, a.e.
m e M(H), (X%, BY) and (X?, B%) are m-independent with the same law, (B, B?) is a two-dimensional
G;-Brownian motion. Moreover for i =1, 2,

X, =Xo+ B, +/ Enm[uo(Xp) | Xi]ds, £(Xp) = p(dx,0).
0

Let S(p(dx, 0), uo) be the set of laws of processes satisfying (2) in some probability space.
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COROLLARY 2. —Thesystem (S) hasa uniqueweak solution (u, p) intheclassifj, ., X C(R+, M(R)),
of measurable velocity u bounded by ||ugllcc and (¢t € R+ — p(dx,?)) € C(Ry, M(R)). The set
S(p(dx, 0), ug) isasingleton { P}. Thereexistsm € M (H) suchthat { Py : P isalimit of subsequence of
(Py)} = {8}, and under m the distribution of (X1) (or X?) isequal to P.

COROLLARY 3.—Thelaws Py of (X1,..., X") solution of (1)is P-chaotic.

Proof of Corollary 2. — The existence of a weak solution is a consequence of Theorem 1 and the fact that
if (X, B) is a solution of (2), then by Itd’s formula we show that(dx, 1) = L£(X;), u(x, 1) = E[uo(Xo) |
X; = x]) is a weak solution of the syste(s).

Let us prove the unicity. First of all ifi is measurable and bounded, then any weak solutien
C(R4, M(R)) of the first equation ofS) has for any > 0 a continuous bounded density> p (x, t) with
respect to Lebesgue measure (see [4]). Now we write the systeas the following parabolic systems

3 (0, @)+ (f(p.q)) —Eaﬁx(p,qx t>0, xeR, ®)

wheref(p,q) = (¢, 9%/p). Let us consider the domain
D={(p.q) €eRy xR:|q| <|luollccp}

The mapf from D to R? is Lipschitz continuous, becaugé is bounded orD. We are interested in the
set S of solutions(p, ¢g) of (3) such that(p(x,t),q(x,1)) € D for all + > 0, x € R, with initial values
(p(dx, 0), g(dx, 0)) = (p(dx, 0), ug(x)p(dx, 0)) := (po(dx), go(dx)). We are going to show tha is a
singleton.

Let y(z,x) be the standard gaussian density gndt, x) denotes its derivative with respect %o
A solution of (3) with initial value(po(dx), go(dx)) then satisfies

t
(o). q(1)) =y @) * (po, 90) — /0 Yal(t =) % f(p(s), q(s)) ds

Let us consider two solutiong?, g1), (p2, ¢2) belonging toS. We setp = p! — p2, ¢ = g1 — ¢?, and we
get

t
(p(1),q(1) =— /0 ye(t —5) % [f(p2(), ¢ () — £ (0%(s), 4%(5))] ds

From the fact thatp’ (x, s), ¢’ (x,s)) € D, i =1, 2, for alls > 0, x € R, and thatf is Lipschitz continuous
on D, we have

t
(0. a) o <€ [ et =900 4]

o1
< C/o T 1 (P60 4(50)| o 51

1T st 1
< |l ol
o LJo (l—sl)(sl—sz)H(’O(SZ) q(s2)) || ds2| dsz

t 1 — 4
/ ds; = 2tanmt, /22 %2)
sp A/ (t —51)(s1 — 52) r—s1

52

We observe that

Hence

1(p®. a0 <n62/\| p(5).q(9)]|, ds.
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and from Gronwall’s inequality, we have

(o). q®)||, =0 Vi>O0.

The proof of the second part of Corollary 2 (respectively Corollary 3) is the same as in [8] (the end of
the proof of Proposition 4.4) (respectively is a consequence of a result of [8], Lemme 3.1). The proof of
Theorem 1 is given in many steps in the next section.

2. Proof of Theorem 1

Step 1. The proof of tightness afPy) is the same as in [6], Proposition 3.8.

Let P, be a limit of a subsequen¢#; : k > 1} € N. Since we shall be concerned with the properties of
the possible limitsP,,, we may assume for simplicity that, = & for all k > 1.

The proof of the following step is the same as in [6], Proposition 4.2.

Sep 2. For Py, a.eam € M(H), (X1, BY), (X2, B%) arem-independent with the same lapg?, B?) is a
two-dimensional, -Brownian motion and the law of§ or X2 underm is p(dx, 0).

We denote fori = 1,2, by Al = X! — X{ — B!. From the definition off we have for allz > 0,
Al = [5alds, wheres — a! is continuous.

Step 3. For Ps, a.e.m € M(H), forallt >0,

(i) lal| (ora?) is bounded byjjuol|, and (ii) for P, a.e.m € M(H),

t
1 2 1 2 1 2 142
H =|X; — X7| —|X5— X5| - /O sgn(Xy — X7)d(Ay — AZ) — A,
is a martingale, and the, = LO(X! — X?), is the symmetric local time in 0 ot — X2.

Proof. — (i) For each integen, let f,(x) =1 forx >0, f,(x) =0 forx < —1/n and linear in between.
The mapm — Eul fu(lluolloc — |a,1|)] is bounded continuous aif (H), and it equals to 1 undery, for
all N. It follows that P, a.e.m € M(H),

En [fn(”“O”oo - ‘atlm =1, Vn,
and then
m (lluolloo — |a;| >0) = 1.

(ii) The proof is based on (i), and it is nearly the same as in [6], Proposition 4.3.
Step 4. For Po a.e.m € M(H), [y aldAs —uo(X3)A, =0, forallz > 0.

J

Proof. — We mimic [6], Proposition 4.3, as following. We set

t
F(m):Em{/ aldAs —uo(X3) A
0

We want to show that
F(m)=0, Psma.e.

Introduce F.(m) = E,[| fé asld(AS AcC) — uo(XS)(At A ¢)|], where A; A ¢ := min(A;,c). The map
m — F.(m) is bounded continuous a1 (H), and we have foV < +o0,

Ep, [|F(m) — Fo(m)|] < 2lluollEp, [En[(Ar — 0)4]].
From the density of occupation formula and an inequality of Barlow—Yor [1], we have fof &lH-co,
Ep, [En[A7]] <K@,
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whereK (¢) is some constant which depends onlyramd|juoll... We derive that for allvV < +o0,

K
£, [En (A - 04]] < 2.

Considers > 0, we can take large enough such that the last quantity is less th&o,
p l[Fm|] <e+Ep_[|Fe(m)|] =¢ + ||m Ep, [| Fe(m)|]

}

<2e+ I|m supE A

and
F()_(N)—‘N(N D (/aNV N (X! — X)) ds —uo( XO/NV (N(Xi— X/))d>‘
i#]
N .
] — J
TINN - 1)12(/‘”\';" —X{))ds N/ ;uo Xg)V XS))ds).

Now from (1) we have

Y i w0 (XHV (N (XL — X))
S VIN(XE = X))

i
=

a

and then

a; V(N (X5 = X)) =D uo(X3)V(N(X - X)) =0, Vs,i.

J#L JF#i
It follows that for all N < +o00, F(Xy) =0 and therEp_[|F(m)|] < 2¢ for all ¢ > O, which achieves the
proof.

Sep 5. Let X, = Xo+ B, + fé as; ds be a continuous semi-martingale, where-> a, is bounded
continuous, and is a Brownian motion. LeY be an independent copy &f. We have

t
Ey [uo(Yo) LOX — ¥),] =2 /0 E[uo(Xo) | X,] p(X,. 5) ds.

and

t t
Ey U anLO(X—Y)S] :2/ asp(Xs, s)ds,
0 0

wherep(x, s) is the density ofX.

Proof. — Similar to [6], Propositions 2.1, 2.3.
The following step achieves the proof of Theorem 1.

Step 6. For Py, a.e.m € M(H),
al =Eu[uo(X3) | X} dt ae.

Proof. — In fact from Steps 2 and 5, we have for al+ 0,

t t
En [/ asldLo(Xl—Xz)S|Xl} :/ atp(XLs)ds,
0 0
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and
t
0 [uo(X3) L0 = x2), 1] = [ Enfuo(xE) 1 X2]p(x1.s) .
0

Now from Steps 3 and 4, we get for ali 0,

t t
/ alp(XL,s)ds = / En[uo(X3) | X1 p(x2.5) ds.
0 0
We derive that
aslp(Xsl, s) =En [uo(X%) | XHp(X;L, s)ds a.e.

Now the property (x, s) > 0, forallx € R, s > 0, completes the proof.
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