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Abstract We prove existence and uniqueness of solutions of the equation:
—u”" +u+ul?=f inR, f>0,

without any condition at infinity on f. Theresult isgeneralized to other absorbing equations
of the same type and to the radial casein RY. To citethisarticle: A. Porretta, C. R. Acad.
Sci. Paris, Ser. | 335 (2002) 739-744.
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Unicité de la solution de certaines équations elliptiques sans
conditions a l'infini
Résumé On montre |’ existence et | unicité de la solution de I équation :
—u" +u+ul'?=f dansR, f>0,

sans conditions & l’infini sur f. Le résultat admet des généralisations a d’ autres eguations
avec termes d'absorption du méme type et au cas radia dans RY. Pour citer cet
article: A. Porretta, C. R. Acad. Sci. Paris, Ser. | 335 (2002) 739-744.
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Version francaise abrégée

Nous étudions ici I'unicité de la solution de I’équation (3), qui est un cas modele d’une classe plus
générale de problemes dlliptiques avec termes d absorption dependant du gradient, recemment etudiés
dans[4]. Laquestiondel’ unicité pour (3), sanssupposer conditionsal’ infini sur f, était posée par H. Brezis
danslebut de généraliser lerésultat de [1] concernant le probléme semilinéaire :

—Au+ulPtu=f dansRY, avec p > 1. (0]
Notre résultat principal ici est le suivant :
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THEOREME 0.1.— Soit f une fonction localement bornée gt= 0. Alors il existe une solution unique
ue Cl’l(R) de I'équation(3).

loc

Pour demontrer ce théoréme on construit d’ abord une solution maximalez commelimite des solutionsu,
del’equationsur I'intervale (—n, n) telsquelim, _, 1, u,, = +o0. Lasuite {u,} est une suite ponctuellement
décroissante qui satisfait des estimations a priori convenables pour que u,,, localement, converge vers une
solution de (3). Dans ce raisonnement on utilise de maniére essentielle |e principe de comparaison valable
pour le méme probléme dans un domaine borné. De fagon analogue on construit une solution u qui est
minimale parmi les solutionsu > 0. Aprés, on raisonne par |’ absurde en supposant quen > u, ce qui permet
de construire unetroisiéme solution v telleque v > y > 0 ol y est une constante positive. En étudiant alors
I” éguation pour ¥ — v on arrive a deduire que u pourrait ne pas exister sur R tout entier, ce qui conduit &
une contradiction. On déduit que# = u et donc I’ unicité des solutions u > 0. La démonstration se termine
par lefait que f > 0 implique u > O pour toute solution de (3).

Laméme méthode de démonstration permet d’ obtenir le résultat plus général suivant :

THEOREME 0.2. — Supposong(s) et g(s) fonctions continues satisfaisant les hypothgd@s et (13).
Soit f une fonction localement bornée et supposons qu'’il existe0O tel que f (x) > —m pour toutx € R.
Alors il existe une solution uniquee Cllég(R) de I'équation(11).

Remarquel. — Avec de petites modifications, on peut aussi adapter la démonstration du Théoréme 0.1
pour traiter le cas d’ une donnée f mesure de Radon non negative sur R. Dans ce cas, on obtient I’ unicité
dessolutionsu € HL (R) qui satisfont (3) au sensfaible.

Finalment, on peut utiliser |a méthode du Théoréme 0.1 pour traiter le casradial sur RV, N > 1. Enfait,
s f estunefonctionradiaeet f > 0, on démontrel’ unicité dansla classe de toutes les solutions possibles.
Gréce au fait que les solutions maximales et minimales sont radiales, I’ argument précédent reste encore
valable, sauf que la démonstration nécessite de quelques estimations supplémentaires a cause des termes
singuliers qui apparaissent dans les derivéesradiales. On arrive au résultat suivant concernant le probleme
modéle:

—Au+ul* T+ gw)|Vul?= f dansRY, 2
pour « > 0.

THEOREME 0.3.—Soita > 0 et soitg verifiant (13). Soit f une fonction radiale, localement bornée,

f > 0. Alors il existe une solution uniquee Wﬁ;é’, pour toutp < 400, de I'équation(2) etu est radiale.

1. Introduction, statements and proof of results

We study here the problem of uniqueness of solutions of the equation:
—u"+u+uld)>?=f inR. 3
Eqg. (3) isamodel case for a larger class of eliptic problems with gradient dependent absorption terms,
recently studiedin [4], for which it ispossibleto provelocal estimatesof sametypeasin[3,2] for semilinear
equations. The question concerning uniqueness of solutions in the whole space without any condition at
infinity was addressed by H. Brezisin order to possibly extend the result proved in [1] about the equation:
—Au+uPlu=f inRY withp > 1. (4)

We give here some partial answersto this question. Our first result is the following:
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THEOREM 1.1.— Let f be a nonnegative locally bounded function. Then there exists a unique solution
1,1
u € G- (R) of (3).

loc

Proof. —As a preliminary fact, we observe that a comparison principle holds for bounded domains, that
isif u1 and uo are solutions of the equationin (a, b) and if (u1 — u2) <0onad(a, b), then (u1 —uz) <0in
(a, b) from the maximum principle.

We start by proving that, for any n € N, there exists a solution %, of the problem:

—0 4Ty 4 |7, 2= f in (—n,n), 5
lim 7, (x) = lim 7, (x) = +00. ®)
X——n X—n

The existence of u,, is proved by monotone approximationswith solutionstaking constant increasing values
at x = +n. The fundamental estimate is given by the existence of a supersolution y, which solves:

VAt wlyp=M in(—n,n),
(@ =0, y (=41, (6)
Yn(@) =y (=x), lim y,(x) =+o0,

x—+n

with M =sup,_,, ,,; f- Indeed, in order to show the existence of y,, it is enough to observe that y, locally
exists near x = 0 and isimplicitly given by:

/yn dS _ |x|
L 2fE - Mt EDdg2 T T

Standard computations on the left side allow one to deduce that there is exactly one value of A for which
x = n correspondsto y = +o0, and thisis how one gets asolution of (6), whichin turnimpliesthe existence
of u, solution of (5). Again from comparison principle, we have that the sequence u,, is decreasing, that is
Uy (x) = ups1(x) forany x € (—n, n). Thenu, pointwise convergestowardsafunction; by local estimates
(proved as before and using Sobolev embeddings) we also have that the convergencetakes placein Cﬂég(R)
and then & isa solution of (3).

The existence of a solution isthen established. In fact, observethat u isthe maximal solution of (3), since
if u isany other solution, then using again the comparison principle, we have u < u,, in (—n, n) and thus
u < u everywhere. Similarly, by taking limits of Dirichlet problemsin (—n, n) (i.e., with zero boundary
conditions) one constructs a solution u which is the minimal solution in the class of nonnegative solutions.
Now our goal is to prove that # = u. Reasoning by contradiction, assume that u < u. We investigate the
equation of the difference of any two solutions of (3), say u1 and u2. Subtracting the two equations and
setting w = u1 — u2 we get:

—w’ +w(l+ |u’1|2) + uz|w' | + 2ugulyw’ =0, @)
which also reads as
(exp(—u3)w') = exp(—ud) (1 + |uy|*)w + uz exp(—u3) |w'|2. (8)

From (8) we deduce that for any two solutions u1, uz, the function exp(—u%)u/ is an increasing function.
Applying thiswith 1 = 7 and u» = u we get that exp(—u?) (@ — u)’ isincreasing. Let us assume now that

Ixg € R: (exp(—gz) (@ —uw)")(xo0) > 0. 9

741



A. Porretta / C. R. Acad. Sci. Paris, Ser. | 335 (2002) 739-744

If (9) is true, since exp(—u?)(@ — u)’ is increasing and since exp(—u?) < 1, we deduce that there
exists a positive constant c¢o such that (z — u)'(x) > co for every x > xg, which in particular yields
liMy s 400 (@ — u)(x) = 400. Actually, there was no loss of generality assuming (9) since, if such a point xg
did not exist, then exp(—u?) (@ — u)’ would be always negative and we could work similarly in an interval
(—00, x1) to get that lim,_, _oo(# — u)(x) = +o00. Thus hereafter we assume (9) and we will work in the
interval (xo, +00). Consider now the solution of the ordinary differential equation:

v(xo) = (#(xo0) + u(x0))/2, (10)

{v”=v+v|v’|2—f, X Z X0,
v’ (x0) = (@' (x0) + ' (x0)) /2,

which exists up to infinity, since by comparison u < v < u. Working on Eq. (8) for the difference of two
positive solutions, using that u (xg) < v(xo) < u(xo) and u’(xo) < v’ (x0) < u’(xo) we deducethat bothz — v
and v — u are positive increasing functions. In particular, there exists a constant y > 0 such that v(x) > y
for every x > xo. Taking Eq. (8) with uy =u and uz = v, we get (withw =u — v):

(exp(—vz) w/)/ = eXp(—vz) (1 + Iﬁ/lz)w +vy eXp(—vz) |w'|?.
Since w > 0 and (exp(—v?))? < exp(—v?), we deduce that the function z = exp(—v?)w’ satisfies:
7 >yz? forx > xo, z(x0) >0,

and by construction, z is defined in the whole interval (xg, +00), since such are w and v. This is a
contradiction, which provesthat u = .

We have proved so far that there is exactly one nonnegative solution. We are only left to show that, if
f =0, thenu > 0 for any solution u of (3). To thisgoal, define ¢ (s) = fg max(min(z, 0), —1) d¢; then the
function ¢ (1) satisfies:

()" = ug' W) +ug' @' 1>+ ¢" W' 1> — ¢ (u) f.

Since ¢’'(s) <0, ¢'(s)s >0, ¢"(s) >0, and since f > 0, we get that ¢(u) is a convex function. Without
loss of generality, assume that ¢ (u)'(x) > yo > 0 for x > xo; we deduce that ¢ (1) — 400 asx — +o0,
hence for large x we have u(x)¢’(u)(x) > c1l¢’(w)|? and then (o))" > c1|(¢(u))'|2. We conclude that
¢om)=0,henceu>0. O

Remark 1. — The same proof of Theorem 1.1 works for more general eguations of the type:
—u"+hw)+gwu'|?’=f inR. (11)
Moreover, it is enough to assume that there exists a constant m > 0 such that f > —m, so that we have
the following more general result:
THEOREM 1.2.— Assume thak(s) andg(s) are continuous functions satisfying
h isincreasing, 7(0) =0, lim h(s) =00, (12)
s—+o0
g is nondecreasing, g(s)s > 0 for everys # 0. (13)

Assume thaf is a locally bounded function and there exists a constant 0 such thatf (x) > —m for

anyx € R. Then there exists a unique solutiore Cllc;g(R) of Eq.(11).

Observe that the most general result, with no assumptions on f, allowing for instance f with
liminf,_, ;o f =—oo andlimsup, _, ., f = +oo, istechnically harder to handle and remains open.
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Remark 2. — Reasoning as in Theorem 1.2, one can deal with theinitial value problem:

{_u/’+h(u)+g(u)lu/|2=f in (0, +00), (14)
u(0)=a.

THEOREM 1.3.—Let f € Li5.([0, +00)), f > 0, and let(12) and (13) hold true. For any givem € R,
there exists a unique solutione Cﬂéé([o, +00)) of problem(14).

Remark3. — The result of Theorem 1.1 can be extended to the case that f is a nonnegative Radon
measure on R. In this case one obtains unigqueness of weak solutions. The proof remains mostly unchanged
but for minor modifications in order to give sense to previous arguments in a context of measure data
(see[3]).

THEOREM 1.4.— Given a nonnegative Radon measuyren R, then there exists a unique solutiorof

(3) in the sense that € H(R) and satisfies

/u’go’dx—i—/(u+u|u’|2)<pdx:/¢)df, Vo € C°(R). (15)
R R R

The method developed in Theorem 1.1 also allows to handle the same problem in any dimension N > 1
provided f isanonnegativeradial function. Consider the equation:

—Au+u+ulVul>=f inRV, (16)

where f isradia and nonnegative. We can prove uniqueness in the class of al classical solutions, that
is without restricting to radial nor to nonnegative solutions. Indeed, since f is radial, one proves that the
maximal and the minimal solutionsz and i (constructed from problems on balls) are radial; uniquenessin
the class of al solutions follows showing that w = u. To this purpose, one is reduced to study an ordinary
differential equation which isweighted due to radial derivatives. Most of the arguments used before can be
applied; if u < u, one provesthat it is possible to construct a third radial solution v of (16) which satisfies
u(r)y>v(@) =y >0foranyr e R,and (u — v)(r) isincreasing. The difference w =u — v satisfies:

(exp(—)') > exp(—22)w -y exp(—2) '~ T ep(—2?)w (17)

Using Young's inequality, and since w(r) is increasing, one still obtains that there exists C > 0 such that
(exp(—vHw') > C (exp(—v?w’)? for every r > r1, which contradicts the fact that there exist at least two
global solutions.

The same proof works for more general equations, although the last estimate on (17) is more delicate in
other examples. We obtain the following result (see [5]):

THEOREM 1.5.— Assume tha& > 0 and thatg satisfieq13). Let f be a nonnegative locally bounded
radial function. Then there is exactly one solutioa Wﬁ;é’, for everyp < +o0, for:

—Au+u*tu+gw)|Vul?=f inRY,

andu is a radial function. O
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