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Abstract In this paper we prove a comparison principle between the semicontinuous viscosity sub-
and supersolutions of the tangential oblique derivative problem and the mixed Dirichlet—
Neumann problem for fully nonlinear elliptic equations. By means of the comparison
principle, the existence of a unique viscosity solution is obtaiffedcite this article:
P. Popivanov, N. Kutev, C. R. Acad. Sci. Paris, Ser. | 334 (2002) 661-666. O 2002
Académie des sciences/Editions scientifiques et médicales Elsevier SAS

Solutions visqueuses du probléme avec une dérivée oblique dégénérée
pour une classe d'équations complétement non linéaires

Résumé On démontre dans cette Note un principe de comparaison entre les sous et supersolutions
visqueuses semi-continues du probleme avec une dérivée oblique tangentielle et aussi le
probléme mixte du type de Dirichlet-Neumann pour une classe d’équations elliptiques
complétement non-linéaires. En appliquant ce principe de comparaison on démontre
I'existence d’une solution visqueuse unig®eur citer cet article: P. Popivanov, N. Kutev,

C. R. Acad. Sci. Paris, Ser. | 334 (2002) 661-666. O 2002 Académie des sciences/Editions
scientifiques et médicales Elsevier SAS

Version francaise abrégée
Dans cette Note on considere le probléme avec une dérivée oblique tangentielle
F(x,u, Du, D*x) =0 dans, B(x,u,Du)=0 surdQ\ E,
ol B(x,u, Du) = du/dl + b(x,u), 3/dl = >_'_,a'(x)d/dx;, F est un opérateur elliptique non linéaire,

Q est un domaine borné daR$ et le champ vectoriel nondégéné(€) est tangentiel 22 en les points
d'une variété fermée et lisge de a2 de dimensiom — 2, maisi(x) n’est pas tangentiel &.
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Dans le cas linéaire ce probleme a été considéré pour la premiére fois par H. Poincaré en étudiant les
marées basses et les marées montantes dans les océans. D’un point de vue mathématique le probléme est
trés intéressant car la condition de Schapiro—Lopatinskii est violég .sur

Notons pan(x) la normale unitaire extérieured? et par(l(x), v(x)) le produit scalaire entr&x) et
v(x). Dans la théorie linéaire on considere les trois cas suivants de la structure géométrigue de

(i) ({(x),v(x)) conserve son signe sof2,
(i) (I(x),v(x)) change de signe sWw de plus a moins en traversaft dans la direction du champ
vectoriell| g,
(i) {I(x), v(x)) change de signe sdg2 de moins a plus en traversafitdans la direction d& g .

Les propriétés de notre probléme au bord dans les trois cas précédents sont trés différentes. Par exemple,
dans le cas (ii) une condition supplémentaifg = ¢(x) est toujours imposée, tandis que dans le cas (iii)
la solution est discontinue s en général.

On démontre dans cette Note un principe de comparaison entre les sous et supersolutions visqueuses
semi-continues de notre probléme au bord non linéaire dans les cas (i) et4ii; ¢. En utilisant ce
principe de comparaison et la méthode de Perron on obtient I'existence d’une solution visqueuse unique du
probleme non linéaire dans les cas (i) et i)z .

A l'aide de la méthode des solutions visqueuses on étudie d’une maniére similaire le probléme mixte du
type de Dirichlet—-Neumann pour la méme équation avec les données au bord suivantes :

B1(x,u, Du) =0 surd2, ol B1(x, u, Du) = du/dl + b(x,u) surl'y, Bi(x,u, Du) =u — ¢(x) surl'z
ety ={x €dQ; ((x),v(x)) >0}, T1UTN=9Q,T1NT2=0,T1NT2=E.

Let Q be a bounded domain iR" with C>1 smooth boundary. We consider the tangential oblique
derivative problem

F(x,u,Du,D’u) =0 inQ,  B(x,u,Du)=0 o0ndQ\E, 1)

du 3~ 0
B(x,u, Du) = =7 + b(x,u), 5:261’()5)%, @)
i=1 !

wherea’ (x) € CYL(Q), b(x,u) e CPL(Q x R), F(x,r, p, X) € C(2 x R x R" x §"). HereS" is the space
of all n x n symmetric matrices and the nonzero vector fieigl tangential t®d 2 at some closed — 2-
dimensional &1 smooth submanifol& of 522, but is not tangential t&, i.e., (/(x), v(x)) £ 0 ondQ\ E,
{{(x),v(x))=00nE, but{/(x), t(x)) # 0 on E for every nonzero vectar(x) tangential toE, wherev (x)
is the unit outer normal t6<2.

In the theory of the tangential oblique derivative problem three cases are possible:

(I1(x), v(x)) preserves its sign on2; (3),
<l(x), v(x)> changes its sign o812 throughE from minus to plus in the direction of the
vector fieldl (x)|g; (3)i

<l(x), v(x)> changes its sign 082 throughE from plus to minus in the directiolix)|z. (3iii

The qualitative properties of the solutions in the above cases are quite different, for examplg, in (3)
in order to have uniqueness of the classical solutions for linear elliptic equations some extra condition is
necessary ot i.e.,

u(x)=¢(x) ONE 4)

while in (3);i the solutions are in general discontinuous function&disee [11]).
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To explain the big difference between (3nd (3jij we consider the simplest case of linear elliptic
operatorA with smooth coefficients instead &f and linear ternb (x, u) = hu:

0
Au=f(x), x€Q, a—l;+hu=g(x), x €0Q. (%)

In a standard way) can be reduced locally to the solvability of the following first order pseudodifferential
equation on the bounda# nearE: P (y, D)w = ¥ (y), w = ulsq, y € R""! and P+ has the principal
symboln1 +iy10(y, n), 6 <0 (6 > 0) in the case (3) ((3)iii). According to [6] the operataP_ is locally
solvable and possesses an infinite dimensional kernel, vils hypoelliptic but locally nonsolvable in
Schwartz distributions space. In order to kill the infinite dimensionalPkeusually Cauchy type extra
condition is prescribedw|,,—0 = ¢. The situation in case (@) is much more complicated because in
general a solution ofd) does not exist. As it is shown in [11], a classical solutionsQfwith (3);i exists if
and only if the right-hand sidéf, g) satisfies infinitely many compatibility conditions.

The previous comment motivates our considerations in the nonlinear case (1), (2) for vector fields
satisfying the conditions (3)(3)ii. The case (3) will not be considered here.

As for Eqg. (1) we suppose that(x, r, p, X) is degenerate elliptic and uniformly monotone with respect
tor,i.e.,

Fx,r,p, X) < F(x,r,p,Y), (5)
y(r—s)< F(x,r,p, X) — F(x,s, p, X) (6)

whenevel? < X,r >s5,xe€Q,r,seR, peR", X, Y € §*, y =const > 0.
Moreover, for the most general first order boundary operator (2) we supposg(that p) is monotone
with respect to, i.e.,

B(x,s, p) < B(x,r, p) (7

whenevers <r, x €92, r,s € R, p € R", andB is oriented in the direction of the outer normel) to
0Q, i.e.,

B(x,r,p—tv(x)) < B(x,r, p—sv(x)) (8)

whenever > s,7,s €R, (x,r, p) €92 x R x R".

The tangential oblique derivative problem (linear case) was considered for the first time by Poincaré in
connection with the study of the high and low tides on the surface of the earth. However, the first important
results on the subject were obtained about 50 years later. Another application of the same problem is in the
probability theory ¢ee the references in [11]). The problem (1), (2) is interesting from mathematical point
of view even in the linear case because the well known Schapiro—Lopatinskii condition is violated on
and we have a nonclassical elliptic boundary value problem.

For the time being, the tangential oblique derivative problem was investigated with energy methods in the
Sobolev spacesde [3,5,11]) or with the Schauder technique in the Holder spasaeg4,12—14]) mainly
for linear or weakly nonlinear elliptic and parabolic equations. Unfortunately, the Sobolev technique is
applicable only for linear equations, while the Schauder method is useful for nonlinear problems, but under
very restrictive conditions.

These problems were the motivation for us to investigate the tangential oblique derivative problem (1)
with the method of viscosity solutions introduced by Crandall and Lises[(]). The advantages of the
method of viscosity solutions are the minimal smoothness of the coefficients of the equations, the boundary
operator and the solutions which are continuous. Nevertheless, the weak solution is unique. Moreover, the
existence result is based on the Perron method [7,8,10] so that the subelliptic estimates of Hérmander and
Egorov type are not necessary. In this way, general fully nonlinear, even degenerate elliptic equations can
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be investigated. Note that in the cases &d (3); the method of viscosity solutions is naturally applicable
while in the last case (3)this method does not work.

Finally, let us note that the viscosity method allows us in a similar way to investigate the mixed Dirichlet—
Neumann problem (9)

F(x,u,Du,D’u)=0 inQ,  Bi(x,u,Du)=0 0nj<, )
where
Bl(x,u,Du)zz—L;+b(x,u) onl'q, Bi(x,u, Du)=u —¢(x) only
and

Flz{x689;<l(x),v(x)>>0}, Mur,=90Q, I'Nh=@g Ti1NT=E, To=T,.

Further on, we will use the notations and definitions in [1] in order to formulate the main results.

Let us recall the main assumptions guaranteeing a comparison principle for semicontinuous viscosity
sub- and supersolutions of (1) with nontangential Neumann’s conditemes[Z, Theorem 7.5] or [9,
Theorem 6.1]).

Suppose that

|F(x7r’p’X)_F(x7r’Q7Y)| gw(|P_CI|+||X_Y”) (10)

forxeV, p,qeR" X,Y e 8", for some modulus of continuiy(s), » € C([0, 00)), w(s) > 0 fors > 0,
w(0) =0, whereV is some oneside neighbourhoodst;

F(y,r,p.Y) = F@x,r,p,X) <o(Nlx —y?+1x — yl(Ip] + 1)) (11)

whenever,y e Q,r €R, p e R?, X, Y € §" and the inequalities

I 0 X 0 I -1
_3N<0 1><<0 —Y><3N<—I 1) (12)

hold for every constanv > 1.

Under conditions (5)—(8), (10)—(12) it was proved in [9, Theorem 6& &lso [2, Theorem 7.5]) that
the comparison principle for semicontinuous viscosity sub- and supersolutions for the nontangential oblique
derivative problem (1) is valid.

The following theorem shows that under the same conditions the comparison principle holds for the
tangential oblique derivative problem in the case @)t with additional Dirichlet condition (4) oR'.

THEOREM 1. —Suppose (3)ii, (5)—(8), (10)—-(12)hold. If u € USC(Q), v € LSC(Q) are, respectively,
bounded viscosity sub- and supersolutions of (1), (2)with
B(x,r, p)= <l(x), p> +b(x,r) onoQ2; = {x € 0Q; <l(x), v(x)> > 0},
B(x,r, p)= —<l(x), p> —b(x,r) 0oNIQ2_ = {x S <l(x), v(x)> < O},
and B(x,r, p)=r —g(x) on E, thenu < v in Q.
Moreover, if u, u, u < u, are continuous viscosity sub- and supersolutions of (1), (2) satisfying the same

Dirichlet dataon E, i.e., u =% = ¢ on E, then there exists a unique viscosity solution « € C(£2) such that
u<u<uinQ,u=¢ponkE.
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In order to prove the same result in the case {3 need some precise anisotropic conditions of the
type (11), (12) which take into account the directign) on E where the boundary operator is tangential
to Q2. For this purpose, in a small compact neighbourh@gdf every boundary pointp € E we change
the variables

D(®L,..., oM
x=®(), ——=#0 13
D(x1,...,x,) 7 (13)
so that the vector fielél x) transforms into the constant directioh . .., 1) in Vo (see[3]). Suppose that in
the new variables Eq. (1) transforms into the equatien v(t), D, v(t), thv(t)) =0in Vg where

F=F(®),u(®®), Dv- (D@ 1) (@), D?v- (Dy®~1) (®(1)) + Dyv - (D2071) (0(1)))

and Vy transforms intoVo with the equatiorV~o ={t; t, < p(t1,...,1,—1)} and the modulus of continuity
wo(t) of the functiono (') neart)), 10 = ®(xo).
Using (13) we reformulate (11), (12) in a small neighbourhood df the following way

F(t’r7p7y)_F(s’r7p7X) gw(N<IN(t_S),t_S>+ |t/_s/||p/| + |tn _sn||pn|+|t_s|) (14)

whenever, s € Vo, r €R, p €R", X,Y € §" and the inequalities

IN 0 X 0 IN _IN
v (B )< (5 S) e () (15)

hold for each constaniv > 1, wherer = (¢, 1), s = (s', ), Iy = {diag(l,...,1,Cy)}, Cy =
(Nwo(N7Y2))72,

THEOREM 2. —Suppose (3);, (5)—(8)and (10)—(12), (14), (15)old. If u € USC(RQ), v € LSC(Q) are,
respectively, bounded viscosity sub- and supersolutions of (1), (2)with B(x, r, p) = ({(x), p) + b(x, u) On
9Q, thenu <vin Q.

Moreover, if u, u are continuous viscosity sub- and supersolutions of (1), (2), u < u, then there exists a
unique viscosity solution u € C(Q) such that u < u < u.

As for the mixed Dirichlet—-Neumann problem (1), (9) we do not need the extra conditions (14), (15) and
the comparison principle holds under the same assumptions as in Theorem 1.

THEOREM 3. —Suppose (5)—(8), (10)—(12hold. If u € USC(RQ), v € LSC(RQ) are, respectively, bounded
viscosity sub- and supersolutions of (1), (9), thenu < v in Q.

Moreover, if u, w u < u, are continuous viscosity sub- and supersolutionsof (1), (9), suchthatu =uw = ¢
on I'z, then there exists a unique viscosity solution u € C(Q), u <u <u,u=¢ onTy.

From Theorems 1-3, it follows that the existence of a viscosity solution holds under the additional
condition that the corresponding boundary value problem has a viscosity sub- and supersolution,
respectivelyy, u, such that < w. The construction of upper and lower barriers, in general, is not a trivial
problem because of the nonstandard boundary conditions. However under additional structural assumptions
on the equations or on the domain we can construct such functions. For example, barriers exist if Eq. (1)
is uniformly elliptic with subquadratic growth with respect to the gradient variables and the boundary
vector field/ # 0 is constant. The only case when no extra conditions are necessary is the case when the
assumptions of Theorem 2 are fulfilled.
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