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Note presented by Haim Brezis.

Abstract Let N > 5, a >0,Q be a smooth bounded domainid, 2* = 2N , 2= Z(N 1) and
|2 = |Vu|2 + alu|3. We prove there exists ary > 0 such that, Norall ¢ Hl(Q) \ {0},

S _ ||u||2(1+ lul )
2N N2 @0 2772
22N Jul, lull - Jul5!

This inequality implies Cherrier’s inequality. To cite thls article: P.M. Gir&o, C. R. Acad.
Sci. Paris, Ser. 1 334 (2002) 105-1082002 Académie des sciences/Editions scientifiques
et médicales Elsevier SAS

Uneinégalité dans un espace de Sobolev

Résumé Nous consnderonsv >5.a> O € un ouvert borné régulier d&", 2* = 2 2% —
2N-D) o ||u|h |Vu|2 + a|u|2 Nous prouvons qu'il existeg > 0 tel que pour toute
fonctionu € HL(Q) \ {0},

H
s <||u||2(1+ Jul3 )
2N N2 @0 272
22N Julg, lull - Jul5!

Cette inégalité implique I'inégalité de Cherrier. Pour citer cet article: P.M. Girdo, C. R.
Acad. Sci. Paris, Ser. | 334 (2002) 105-108.2002 Académie des sciences/Editions
scientifiques et médicales Elsevier SAS

LetN >5,a > 0,a >0, be a smooth bounded domaini’, 2* = 222 and Z = 2Z=1  we regard
a as fixed andr as a parameter. Denote thé and H norms ofu in Q by

Y 2 2\1/2
lulp = </|u|p) and |u||:= (IVu|2+a|u|2) ,

respectively. All our integrals are ovér. We define the functional : HY(Q) \ {0} — R, homogeneous of
degree zero, by

2#
|u|2#

2
lual] - |l
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and consider the system

1 2% 2¥4+1 ‘g
(1+ 50{6(14)) (—Au+au) + Eauz#_l = <1+ ;— a6(u)) u? 1 ingQ,

u>0 in, (Do
0

M _o onoQ.

av

We claim that the solutions of (1)correspond to critical points of the functior), : HY(Q) \ {0} — R
defined by

1 5 |u |2# /2 N/2
P (u) := { Slull ——I s )1+« W = o) (L+ad@)) " (2
u
In fact, since
P, = (L+ad) N2 [0f(1+ as) + § doad’]

and, forg € HL(Q),

2* "
8 (u)(p) = —M/(W -V +augp) +2#|5(—|”2i/(|u|2#2u¢) _ 20w (1u1* ~2ugp),
Ulow

lull? 2

the critical points ofb,, satisfy

4-N N ) oH N 1 1 1272
(—Au+au)( + () + N2 2 S(u))—i-Talulz# u( Jull 1 Jul3: >

2 a2 222 "2 Jlul
. 4—N 2N [|u))?
— uf? 2u(l+—a6(u)+ bl s ))
2 8 |3

in Q, (du/dv = 00nad2). However, multiplying this equation by and integrating over2 (i.e.,
differentiating (2) along the radial direction) we ggt||% = |u|2* Conversely, the solutions of (lare
solutions of the previous equation: multiplying 1y « and integrating oveR2 we get a quadratic equation

in ||u||/|u|§:/2, whose solution i$u||/|u|§:/2 =1. This proves our claim.
The functionalkd,, restricted to the Nehari manifold,
N i={u e HX(@)\ {0} : @, (w)u = 0} = {u € HX () \ {0} : [[ul|® = ul3.},
is £[B(L+ ad)IV/2, wherep : HL(Q) \ {0} — R is defined by

2
flae]l

Bu) =

|“|2*
So, we consider the functiond, : HX(Q) \ {0} — R, defined by
U, = B(1+ af).
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A least energy solution of (1), is a functionu € H1(2) \ {0}, such that

1
®,(u)=infd, = inf —(w,)N/2
Ot() N o Hl(Q)\{O}N( Ot)

We are interested in proving existence and nonexistence of least energy solutiong. dgInote that
every critical point ofd,, is a critical point of¥,. It is easy to check that the Nehari manifold is a natural
constraint ford,. So conversely, if is a critical point of¥,,, then there exists a uniqué:) > 0, such that
t(u)u is a critical point ofd, (1 (1) = (||ul|?/|u|3.)N=274).

We consider the minimization problem corresponding to

Sa i=inf{We () | u € HY(Q) \ {0} }.

We recall thatS := inf{|Vu|3/|ul3. | u € LZ (RY), Vu e L2(RY),u # 0} is achieved by the instanton
U(x):=(N(N —2)/(N(N —2) + |x|%)N~2/2_ Our main result is

THEOREM 1. — There exists a positive real number «g = ag(a, Q) = minfor | ¥, = §/2%/V} such that

(i) if o < ag, then (1), hasaleast energy solution u,;

(i) if @ > ap, then (1), doesnot have a least energy solutionand S, > S/2%V . The constant §/2%/V is
sharp.

Remark 1.— Obviouslywg is a nonincreasing function ef. By testingy,, with constant functions and
instantons we can prove thas > max[S/(2|2))%/ "N — al/«/a, C(N)maxq H} where|Q| is the Lebesgue
measure of2, H is the mean curvature &f2 andC(N) is a constant that only depends & The least
energy solutions might be constantY=2/4) for a < §/(21QD% N if « <[S/2IQNYN —al//a.

COROLLARY 2.—For all u € HL(Q) \ {0},

2#
S ||u||2< |u| 5
— < 1+a—2 ).
2/N > 2 2%/2
22N Jul5. ol - luel 5

COROLLARY 3. —For all u € HY(),
S S 2
22W|u|%* < lull®+ aollull - lulz and W'”'g* < (IVul2 + ca,aplul2)”,

With ¢, oo = MaxXao/2, \/a + ag/a}.
Proof. — From Holder's inequalityu(2: < |ulzlul3/?, s08() < ulz/[lull. O

COROLLARY 4 (Cherrier's inequality). £et ¢ > 0. For all u € HY(),
S ol ol
sl < A+e)lul® + 22 ulf = (1 + &) Vul3 + (4—2 +ae) |ul3.

Sketch of the proof of Theorem 1. — By testing ¥, with instantons,S, < §/2%/V, for all « > 0. We
claim that if S, < §/2%V thens, is achieved. This is a consequence of the concentration-compactnes
principle. A minimizing sequence; with |ux|2+ = 1 is bounded and we can assume— u in H(),
iMoo [Vitg]3 = [Vul3 + [l and limk oo [uel3: = [uf3. + [v]| = 1, where(S/22/M)|[v[[%/2) < |u]|
(we remark that this inequality follows from Cherrier's inequality). We can wsite)s (v) = y (u)/B(u)
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for y(u) = |u|§/|u|§f. The key step in the proof of the claim is the following observation. Defirand
g:[0,1] > R, by

S

k * * sk S %
fx) = Bx¥% + 22W(l—x)z/z +ayx?/? \/ﬂx2/2 + oo (- 02

S S
> Bx+ 22W(l—x)—I—ozyx\/ﬂx—i— W(l_x) =:g(x).

Suppose mirf < §/2%/N It follows that 8 < §/2%/N, and this in turn implies thag is concave. Sincg
andg coincide at 0 and 1, the minimum gfoccurs at 1. This proves the claim.

A similar argument shows — S,, is continuous. In particular, the supremugr= sup«|S, < $/2%/N}
is either+oo or a maximum. The mag@ — S,, is strictly increasing ofi0, ao]. If @ € [0, ag[, then (1), has
a least energy solution. &f €]ag, +ool, then (1), does not have a least energy solution. It remains to prove
thatag is finite.

Supposexg = +o0o. Choosexy — +o0o0 ask — +oo and letu; be minimizer forS,, satisfying (1),.
It is easy to prove that ligl,cc Sy = S/2%/N, My := maxguy = ux(Py) — +00, iMoo [Vugl3 =

limi— o0 luxl3: = SM/2/2 and axd(ux) — 0. We can apply the Gidas—Spruck blow up technique to

(1)e, becausexs(ux) — 0. Definegy := M,:Z/(Nfz) andU,,y := e~ N=2/2y (£=2). We can prove that

iMoo axer =0, liMg o0 |Vug — VU, p, |2 =0 and Py, € 9€2, for largek.
At this point, using the ideas of [2], we follow the argument in [7], which applies with no modification.
We showW,, (uy) > §/22/N for largek. This is impossible. Therefows, is finite. O

Remark 2.— The functional behavior behind this inequality is also present, for example, in the Dirichle
problem for— Au —au+au’? =u"3in @ C R% with0 < a < A1(—A, H3(Q)). Inthis case := [ (u)]?/3

is the solution of a cubic equatiaiVu|3 — alu|3)s + a|u|i§§ — |u|18§§s3 —0.
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